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Transient gain from N2
+ in light filaments
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We present our results on the emissions from N2
+ pumped with ultrafast filaments using high-resolution pump

probe. Our result shows the phase relation between transition lines at earlier delays. We show that the gain on
transition lines extends beyond the time when coherence is lost.
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I. INTRODUCTION

Nonlinear light propagation in the atmosphere is of great
interest as it can export the high-intensity optical fields from
the laboratory to the real world, with applications to remote
sensing and atmospheric studies. Since no optomechanical
device can control the properties of a beam propagating freely
through the atmosphere, the understanding of light matter
interaction is an essential tool to control radiation, intensity,
and profile of the beam in space. Light filaments [1,2] contain
confined regions of high intensity, which can trigger nonlinear
interactions, leading to supercontinuum, terahertz generation,
strong field ionization, and stimulated emission. The latter
mechanism is of particular interest because it can lead to
forward and backward air lasing [3]. In this context, the
mechanism of stimulated emission of the molecular nitrogen
ion itself is of particular interest. Various mechanisms for
gain have been proposed; electron recollision [4], strong field
ionization [5], superradiance [6], and strong field interaction
with plasma [7] with gain observed in laser dressed states [8].

In this paper, optical gain between electronic transitions
in the vibrational ground states of N2

+ is analyzed with
high spectral resolution. The time evolution of the plasma
following a 795 nm pump is indirectly measured by analyz-
ing the stimulated emission driven by an ultrashort delayed
broadband seed around 400 nm. The transitions of interest
(first negative band) are between the electronic states of
B2�+

g (upper state) and the X2�+
g (lower state), both in the

vibrational ground state (ν = 0). The gain at the wavelengths
corresponding to the transitions between the rotational levels
is observed as a function of delay between the ionizing 800
nm pulse and the frequency doubled seed whose spectrum
overlaps with the transitions. The delay-dependent gain re-
veals a signature of the rotational wave packet launched into
the system by the ionizing 800 nm pulse. Lei et. al [9]
concluded that inversion is established between the upper and
lower state by comparing the amplitude of the wave packets
in those states. Other authors [10,11] highlight the effect
of the seed itself in creating stimulated Raman process in
the medium and further modulation of the gain. Liu et. al
[12] reported that the near-resonant coherent Raman process
provides laserlike emission. As all these measurements are

either performed in time or frequency, our representation and
analysis of the data in both domains provide a complementary
picture to the emission and gain process. In this work, by
performing high-resolution spectroscopy of the gain versus
time, we observe a well-defined phase relation between the
transitions. The ultrafast probing of the emission between
individual rovibrational states suggests that two processes of
resonant stimulated Raman scattering and stimulated gain are
working in parallel, resulting in an intricate emission spectrum
that depends on the phase and population of the relevant
states. The coherence waveform generated by phase locking
of rovibrational states in upper and lower state combined with
the population modulation in stimulated Raman scattering
result in a transient gain.

The fluorescence emission of N2
+ with a lifetime of 62

ns [13] has been observed for centuries in the aurora bore-
alis. Given the vibrational quantum number ν and the rota-
tional quantum number J , the energy levels can be tabulated
through:

E = ωe

(
ν + 1

2

) − Xeωe

(
ν + 1

2

)2 + Yeωe

(
ν + 1

2

)3

+BνJ (J + 1) − DeJ
2(J + 1)2 + Te. (1)

The first three terms are vibrational, the fourth and fifth terms
are rotational, and the last term is the energy level of the elec-
tronic state for J = 0 and ν = 0. The subscripts ν and e refer
to vibration and equilibrium states. The values for selected
levels are (in cm−1) ν ′ = 0, Te = 0, ωe = 2207.00, ωeXe =
16.10, ωeYe = −0.040, αe = 0.01881, Be = 1.93176, De =
6.1 × 10−6 for the X state (ion ground state) and Te =
25461.4, ωe = 2419.84, ν ′′ = 0, ωeXe = 23.18, ωeYe =
−0.537, αe = 0.024, Be = 2.07456, De = 6.17 × 10−6 for
the B state [14]. Bν is calculated as Bν = Be − αe(ν + 1

2 ).
The selection rules for transitions between rotational states are
�J = 0,±1. Since both electronic states under consideration
are � states, �J = 0 (Q branch) is forbidden. The transitions
from X to B states proceed along two branches known as P
(lower-energy) and R (higher-energy) branches. Historically
the spectrum was taken for absorption spectroscopy and the
final state is usually referred to as the state with higher energy,
so �J = Jupper − Jlower = 1 results in higher-energy photons
and �J = −1 in lower-energy ones.
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A nonresonant ultrashort pulse excites the rotational states
in neutral and ionized molecules, particularly when the pulse
length is much shorter than the characteristic revival time
of 1/(2Bc), where B = Bν is the rotational constant for a
particular vibrational state. Such an ultrashort pulse has a
spectrum that spans the full bandwidth of rotational ener-
gies in neutral and ionic states. In nonadiabatic regime of
molecular alignment with ultrashort pulses [15], the molecular
response is too slow to follow the rapidly changing potential.
The impulsive excitation imparts a fixed phase relation on
the rotational states. All diatomic molecules (including those
that are ionized by the high field), are given a torque, which,
quantum mechanically, modifies the J distribution through
Raman transitions with �J = ±2. Since this Raman excita-
tion proceeds via discretely spaced levels at a well-localized
initial time, a wave packet is created [16]. The discrete
frequencies separated by 4Bc will rephase at time intervals
of 1/(2Bc), in analogy to the mode-locking process taking
place in an ultrashort pulse laser, where equidistant modes
are phased such that ultrashort pulses are generated at each
cavity round trip. The restoration of wave packets at equal
time intervals referred to as revivals [17] takes place as long as
the phase coherence is maintained. The change of alignment
induced by linearly polarized light can be simply monitored
by 〈cos2 θ (t )〉, where θ is the angle between the molecular
axis and the light polarization, and 〈 〉 indicates an average
over the ensemble of molecules. For a linearly polarized weak
ultrashort probe pulse propagating through this medium the
refractive index is a time-dependent quantity proportional to
〈cos2 θ (t )〉. The carrier frequency of the probe beam is shifted
by the derivative of the phase proportional to d/dt〈cos2 θ (t )〉
[18,19]. The time-dependent index of refraction results in a
bandwidth change of the probe, and also divergence of the
seed beam. Also, the time evolution of molecular alignment
is monitored through the transient index of refraction, which
causes a shift in the wavelength of the probe pulse [18,19].

II. EXPERIMENTAL SETUP

A train of 50 fs pulses (FWHM of intensity) at 1 kHz
repetition rate, 1.3 mJ energy each, centered at 795 nm, is
generated by a Ti:sapphire oscillator-regenerative amplifier
(Coherent-Hidra). The beam is focused (N.A 0.01) into a
meter-long cell filled with nitrogen. A seed pulse is created
by frequency doubling a 10% split-off from the main beam.
A dichroic mirror is used to overlap the 795 nm pump beam
with its second harmonic. The 940 μJ pump and 40 nJ seed
are focused into a nitrogen cell with pressures ranging from
100–760 Torr. The 795 nm beam ionizes the medium, while
the second harmonic beam is used to seed the X (ν = 0) ←
B (ν = 0) transitions at 391 nm. The delay between seed
and pump is stepped with 7 fs increments. At each step
the spectrum of the N2

+ emission is measured over a 4 nm
bandwidth with a resolution of 0.2 cm−1. The intensities at
the focus for those pulses, considering only linear focusing,
are 5 × 1015 watt/cm2 for the pump and 6 × 1011 watt/cm2

for the seed pulse. Nonlinear focusing and defocusing of the
light propagating in air limits the intensity of the 795 nm pump
pulse in the range of 5 × 1013 to 1014 W/cm2 [20].

The polarization of each beam is controlled with appro-
priate wave plates. In this study pump and seed are linearly
polarized with parallel polarization. The pump and amplified
seed are separated by a dichroic mirror two meters away
from the focus. The 400 nm beam is further divided by an
unpolarized beam splitter (96/4) and sent to two separate
spectrometers. The smaller fraction goes to a large bandwidth
and low-resolution instrument (Ocean Optics HR2000) to
monitor the seed fluctuations and modulations; the major por-
tion of the transmitted blue is focused onto the entrance slit of
a high-resolution spectrometer. The latter is a 1.6 meter Fastie
Ebert spectrometer with reciprocal line dispersion of 3 Å/mm.
A background image with blocked pump is subtracted from
each frame and the image at each delay is normalized to the
fluctuations of the seed at 392 nm far from the emission lines
of N2

+. The spectra are normalized to the seed, which has
two benefits. First it mitigates the impact of noise due to the
laser fluctuations. Second, it reduces the temporal and spatial
variations of the seed propagating in a medium with time-
dependent index of refraction [18,19]. Spectral calibration is
assured by comparing each spectrum with that of a nitrogen
calibration spectral lamp.

The spectrum of N2
+ emission X(ν = 0) ← B(ν = 0) is

recorded at each delay increment, and integrated for one
second, which is orders of magnitude longer than the lifetime
of the emission. This results in a series of spectra where each
spectrum is a vertical stripe of pixels in Figs. 1(b) and 1(c)
as a function of delay. Some selected rotational energy levels
are shown on the Fig. 1(a). The collinear pump and probe are
focused through a nitrogen cell at 760 Torr.

The spectrum at each delay is a vertical strip of the image.
The integration time of the spectral recordings is one second,
hence orders of magnitude longer than the lifetime of the
emission. The temporal resolution in these measurements is
solely due to the precision in determining the time delay
between the center of the pump and probe ultrashort pulses.
It should be noted that no emission is observed in the absence
of seed pulse, which implies that the radiation is associated
with a gain mechanism rather than a spontaneous emission or
fluorescence. This confirms also that there is not enough spec-
tral broadening of the 795 nm pump to create self-seeding.

Each horizontal line in Fig. 1(b) shows the time evolution
of the emission as a function of pump-seed delay for individ-
ual PJ or RJ transition, with J being the rotational quantum
number of the upper state. All the emissions undergo a strong
intensity modulation at times corresponding to a multiple of
half-revivals of N2

+. The exact contribution of B and X wave
packet in the observed modulation in time will be discussed
in the Fourier transform analysis (Fig. 4).

Each rotational line is modulated with a period much
smaller than the revival period. This fast modulation (visibly
increasing with J in the R branch) is due to stimulated Raman
emission that couples a state J to rotational states spaced by
|�J | = 2 [Fig. 1(b)]. The amplification of the seed persists
for longer delays even in a cell at atmospheric pressure,
when faster oscillations are not visible [Fig. 1(c)]. The strong
modulation at revivals seen as dark and bright vertical lines
are recorded for delays up to 150 ps (limited by the range of
the translation stage) [Fig. 1(c)].
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FIG. 1. (a) Energy diagram of the P branch (in red) and the R branch (in blue). The wave numbers are indicated on the left scale in
cm−1. The lines are calculated from reference [14]. The transitions are labeled by the rotational quantum number of the upper state. (b) The
seed undergoes amplification on narrow lines corresponding to the rotational transitions X(ν = 0) ←B(ν = 0) as a function of pump-seed
delay. The time-dependent gain is visible as a function of delay between pump at 795 nm (940 μJ) and seed at 400 nm (40 nJ) for pure
nitrogen at 760 Torr. The color coding shows the intensity increasing from blue to red. The signal strength is plotted in logarithmic scale
as log10[1 + (y − ymin )/(ymax − ymin )] in which ymax/ymin is the highest/lowest pixel in all frames of the scan. Each individual rotational
transition exhibits two time-dependent modulations. The oscillations are almost in phase for all transitions at times corresponding to multiples
of half-revivals. Each rotational line undergoes oscillation with a shorter period that increases with the rotational number. Note that the
emissions in P and R branches are not in phase. This can be seen by looking at the change of brightness on a vertical line. (c) The amplification
of the seed persists for delays up to 150 ps in a cell at atmospheric pressure with a lower gain. At longer delays the fast modulation on
transitions is not visible, only modulation at revivals is visible.

III. ANALYSIS AND DISCUSSION

It is a common practice to present the time-dependent gain
by integration over groups of transitions, mainly because of
limitation in resolving power of the spectrometer [21]. Our
spectral resolution enables us to distinguish the rotational
emission lines of the R branch, and some in the P branch. The
gain integrated over all transitions of the R branch (red) and
P branch (blue) is displayed in Fig. 2(a). Such a presentation
provides physical insight into the dynamics of seed amplifi-
cation. A steep rise of the gain is visible as the seed follows
the pump laser. The exponential decays are fitted to both P
and R emissions [black lines in Fig. 2(a)] as a function of
seed delays from zero to 45 ps. Both signals decay to 1/e of
their maximum after 30 ps for nitrogen at 760 Torr (100 ps for
nitrogen at 100 Torr).

Both P and R emissions are modulated at revivals and
fractional revivals with the oscillation period increasing at
larger time delays and the modulation depth decreasing. The
oscillations of the integrated P and R emissions are not quite
in phase as shown in the inset of Fig. 2(a).

While one would be tempted to associate the exponential
decay seen in Fig. 2(a) with a decay of population inver-
sion [21], the fact that gain is observed up to 150 ps delay
contradicts this interpretation. The gain at R12 in Fig. 1(c)
is 2% of its value compared to average gain at delays in
Fig. 1(b). One might speculate that decoherence is driven by
random local fields due to the plasma environment in which

the molecules—neutral and ionized—move and collide. The
optically driven cation dipoles responsible for emission ex-
perience dephasing due to collisions and randomly varying
environmental field. The former are modeled by a phase
relaxation time T2, and the latter by a cross relaxation time
T3, a situation well known for dyes in solution [22].

Figures 2(b) and 2(c) show the time-dependent emission
from individually selected rotational lines (labeled by the
rotational number of the upper state) as a function of seed
delay from the same pump and seed intensity interacting with
a nitrogen cell at 100 Torr. The highest rotational lines visible
in the R branch are selected in Fig. 2(b).

A collective emission followed by absorption of the cation
molecules, triggered by the seed, is observed at half-revival.
This coherence driven gain has been referred to as superradi-
ance [23] in recent papers [6,9]. The in-phase emission from
the adjacent R lines only lasts for 400 fs. The fast oscillation
period decreases with rotational number. This oscillation, as
can be seen in Fig. 1(b), is no longer visible after the gain
drops to 1/e of its maximum [Fig. 1(c)], which suggests
that the coherence enhanced gain is lost after a certain de-
lay. The gain at each rovibrational transition depends on
the phase of states involved in the stimulated emission. The
probability of emission is proportional to the dipole moment
〈�J,B |μ.e|�J−1,X〉, which, for an R transition from upper
state J , has a time-dependent phase of 2πc{[BBJ (J + 1) −
BXJ (J − 1)]}t . If we assume that the ionizing pulse sets
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FIG. 2. (a) Gain in P (top) and R (bottom) emission integrated
over transitions from B to X with �J = −1 and �J = +1 versus
delay between pump and seed. This is another representation of
the measurements of Fig. 1. Inset (a): time evolution from 6–10 ps
showing oscillations visible in the P and R branch, out of phase
with different frequency components. (b) Gain evolution for R
transitions from states J = 22 (green/gray), 23 (red/dark gray), and
24 (black/black). (c) Emission for R24 (lower curve) and P24 (upper)
from the same upper state. Vertical axis: ratio of integrated spectrum
at time t with respect to that in the absence of pump beam. The spec-
tral integration domain is chosen for each graph, according to a par-
ticular region of interest [in (a) over the P and R branch and in (b) and
(c) only the area under the individual line transition is considered].

the time zero for the rotational states, each state evolves
based on its rotational constant and angular momentum.
The emission stimulated by the seed undergoes maxima

and minima based on the relative phases of the connecting
states.

The emission from individual lines at the high energy
is presented in [Fig. 2(b)], in which both gain and ab-
sorption are realized. Our measurements suggest that the
relative phase between the rotational states has a major
role in the amplification of the seed, dominating any pos-
sible contribution from population inversion. The nearest
Raman transitions impart a population modulation upon
each state J proportional to α exp[2iπcB�(J + 2)(J + 3)t] +
β exp[2iπcB�(J − 2)(J − 1)t], where α and β are probabili-
ties of Raman transitions for �J = 2 and �J = −2, respec-
tively. The oscillation frequency on each rotational transitions
is increasing with the rotational state number J as shown in
Fig. 2(b).

At delays corresponding to fractional revivals both ab-
sorption and emission are observed (e.g., at a half-revival,
the emission is enhanced at 4.2 ps and the absorption is
recorded at 4.32 ps). For other time delays, the emission from
rotational lines is modulated over a zero floor and no absorp-
tion is recorded. The observation of absorption on individual
emission lines suggests the possibility of coherent population
trapping, in which the wave packet no longer interacts with
light. In this case any population in the upper state can make
transitions to the state orthogonal to the trapped one [24].
Absorption or gain will be observed depending on the phase
of the rovibrational states.

Comparing the seed amplification from a common upper
state B reveals the importance of dynamics in the ground state
X. In Fig. 2(c), the two transitions from upper state J = 24 to
lower state J = 23 and J = 25 result in two distinct lines of
R24 and P24, respectively. It can be seen that at delays outside
of the revival times, the two lines are 180 degree out of phase,
a phase opposition that we attribute to the stimulated Raman.
When the population is transferred by stimulated Raman from
J = 23 to J = 25 in the X state, the transition probability
of the R24 line is enhanced at the expense of lowering the
transition probability of the P24. The nearly perfect out-of-
phase relation in the emissions observed from the same upper
state suggests that the gain is enhanced by transient inver-
sion due to the phase relation between the states. Both lines
experience synchronized emission and absorption at times
corresponding to alignment and antialignment. The in-phase
emission is not perfect for all rotational states as is visually
observed by following the brightness of a vertical line in
Fig. 1(b). This suggests a role of stimulated Raman in shifting
the wave-packet population in favor of �J = 1 or �J = −1.
The Fourier analysis of individual emission lines had been
discussed in the literature [10,11]. In this work we are more
interested in the time picture and the phase relation of these
emissions.

In order to gain a better understanding of the time dynam-
ics of the emission, we made a simulation using the time-
dependent Schrödinger equation. In our model two electronic
levels of N2

+ were considered: X(ν = 0) and B(ν = 0) with
a dipole transition independent of the rotational states. Rota-
tional states were uniformly populated at time zero from J =
0 to J = 20, with their phases set to zero. The populations
were set to P (X) = 0.7 and P (B) = 0.3. A seed pulse with
an intensity of 4 × 1010 W/cm2 and a duration of 24 fs caused
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FIG. 3. Simulation of the time-dependent gain defined as
Iout/Iin = exp{−2kLIm[χ (ω)]} where k is the wave vector, and L

the length of the medium. The X(ν = 0) and B(ν = 0) states were
considered, with J = 0 to J = 20. The states are dipole coupled
by a probe pulse centered at 391 nm that mixes populations. The
emission is calculated from the induced polarization of the system
over a period of 12 ps. The P branch modulation is not clear due to
Moiré effects.

electric dipole coupling between the states and redistributed
the population, depending on the relative phases of the states.

The total dipole moment of the system versus time was
calculated for 12 ps, from which the linear susceptibility χ (ω)
of the medium in the frequency domain was calculated. The
gain or loss of the seed spectrum was calculated from the
imaginary part of the susceptibility (Fig. 3).

The simulation resembles the experimental observation
of time-dependent gain at each individual transition. The
parabolic structure of spectrum-delay graph replicates the ex-
perimental observation in Fig. 1(b). The phase delay between
emission lines is also captured in the simulation by following
the brightness in a vertical line of the figure. The simulation
shows the modulation of the gain with stimulated Raman
process driven by the seed pulse. Since the simulation is based
on unimolecular interaction with light, the collective effect of
in-phase emission at revivals is not observed.

A qualitative representation of the rotational wave-packet
distribution is obtained through a Fourier transform of the
emission lines in both P and R sections of the spectrum. The
absolute values of the Fourier transforms of the integrated
emission from the two branches are presented in Fig. 4
for the nitrogen cell at 100 Torr. The Fourier transform of
the P (red/bottom) and R (blue/top) branches are presented
separately in two plots with vertical grid lines corresponding
to the Raman transitions of �J = −2 in the B and X branch.
Dashed lines correspond to the upper states with odd rota-
tional numbers and solid lines correspond to the even states.

The Fourier transform of the emission is well aligned with
the grid of the Raman transitions from cations. The spin
statistics of nitrogen leads to having the population ratio of
two to one between even and odd states of the thermal sample,
which does not hold for the stimulated emission [25]. The
Fourier transform reveals the signature of the wave packet
in both B and X states, with a distinct shift in distribution.
The distribution is shifted to the higher rotational states in

FIG. 4. The Fourier amplitude of R (top) and P (bottom) branch
emissions. The horizontal axis is the frequency in the unit of cm−1.
The Fourier transform is plotted on a grid defined by Raman transi-
tions of �J = −2 in B and X states. The distribution of X is shifted
to higher rotational states for both cases. The R branch connects to
lower states of X as compared to P. This result is in agreement with
exchange of orbital angular momentum to higher (P) and lower (R)
values.

the ground state as compared to the excited state. This can
be visualized by comparing the Fourier transform component
of adjacent rotational lines in B and X. For transitions from
lower rotational numbers the amplitude of B is higher than
X. This trend is reversed for rotational states higher than 10 in
the R branch and higher than 12 in the P branch. For example,
the ratio of B to X contribution at rotational number 6 in the
R branch is 3/2, while at rotational number 14 the same ratio
is 2/3 in the R branch emission. The shift in distribution had
been explored by Azarm et al. [25] by comparing stimulated
and spontaneous emission.

The shift in the wave-packet distribution in B and X
states suggests that the two states have different interaction
with ultrashort pulses. Both distributions are shifted to higher
rotational numbers than a thermal distribution [26], with X
state occupying the highest rotational numbers. By comparing
the Fourier amplitude of B and X in lower rotational states one
might conclude that the B state has a higher population that
the X state, hence the stimulated emission would be governed
by a traditional population inversion. Gain is observed for
all the rotational states contributing in the observed Raman
process of Fig. 4, independently of the ratio of B/X. We
conclude therefore that the gain is not determined by the
population inversion but by the coherence in the system. This
coherence has been referred to as lasing without inversion
[27,28]. This gain could be further tailored by engineering the
wave packet in the system with a two pulse alignment [29] or
a chirped seed counteracting the chirp in the level spacing of
the rotational levels.

IV. CONCLUSION

We have performed high-resolution spectroscopy of N2
+

emission X(ν = 0) ← B(ν = 0) in a pump-seed setup, us-
ing ultrashort pulses. By careful measurements of the time-
dependent emission from well-identified rotational lines, we
observe the coherence involved in obtaining gain from ni-
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trogen molecular ions created by ultrashort high-energy laser
pulses. Our study suggests that the transition between high
gain and low gain, in pump-seed studies, could be due to a
loss of coherence in the system. This loss of coherence can be
due either to collisions, or to the varying field evolution as the
electrons and ions evolve towards a steady-state plasma [30].
The gain survives for up to 150 ps (even at atmospheric pres-
sure), when the phase relation between individual emissions
is lost. Resonant stimulated Raman scattering is responsible
for the transients of the gain in the medium. When the phase
of the levels is preserved this gain is further enhanced by
coherence in the system. This effect is further enhanced at
times corresponding to the rotational revival of the molecules,

in which various rotational states are in phase. Our study
suggests that coherent control of the rotational states in the
molecular ion may result in control of the brightness of such
emissions.
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