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We propose an efficient method to generate multiparticle entangled states of nitrogen-vacancy (NV) centers
in a spin-mechanical system, where the spins interact through a collective coupling of the Lipkin-Meshkov-
Glick (LMG) type. We show that through adiabatic transitions in the ground state of the LMG Hamiltonian, the
Greenberger-Horne-Zeilinger (GHZ)-type or the W-type entangled states of the NV spins can be generated with
this hybrid system from an initial product state. Because of adiabaticity, this scheme is robust against practical
noise and experimental imperfection, and may be useful for quantum information processing.
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I. INTRODUCTION

In recent years, much attention has been paid to the gener-
ation of multiparticle entangled states with different systems,
which play a key role in quantum computation, quantum
networks, quantum teleportation, and quantum cryptography
[1-7]. Thus far, a plenty of schemes for preparing multi-
particle entangled states have been proposed, with a variety
of setups such as ion traps, cavity QED, spin mechanics,
etc. [8-21]. Furthermore, some of these schemes have been
successfully implemented in experimentation [22—28]. Espe-
cially, hybrid quantum systems are reliable and promising
setups for quantum information processing due to their easy
scalability and longer coherence times [29-37].

Among all microscopic solid-state systems, nitrogen-
vacancy (NV) centers in diamond are particularly attrac-
tive due to their excellent spin properties, even at ambient
conditions [38—47]. Significant theoretical and experimental
investigations have been carried out to realize quantum log-
ical gates, quantum state manipulating, and entangled state
generation [48-50]. However, it is still a challenge to generate
multipartite entanglement among distant NV centers in hybrid
quantum systems [51-54].

In principle, the precondition for manipulating or entan-
gling NV spins is to acquire the strong coupling between
the NV spins and other quantum data buses [55-59]. Much
work has been proposed by taking advantage of the strong
magnetic coupling between NV center ensembles and super-
conducting microwave cavities or qubits [41,42,60-62]. In
fact, the more attractive investigation is the strong magnetic
coupling between nanomechanical resonators (NAMR) and
single NV centers or a few distant NV centers [63-68]. Based
on the spin-mechanical system, several promising theoretical
schemes have also been proposed to prepare entangled NV
spins by utilizing the NAMR as a data bus [54,55,68-71].
Since these schemes naturally rely on the dynamical evolution
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of the hybrid spin-mechanical system, the target state is in-
evitably disturbed by dissipations and ambient thermal noises.
Therefore, it is appealing to propose a high-efficiency and
more feasible protocol for preparing multiparticle entangled
NV spins.

In this work, we propose an efficient scheme for gen-
erating multiparticle entangled states of NV centers in a
spin-mechanical system, where an array of NV centers are
magnetically coupled to a nanomechanical resonator. With
the assistance of external microwave fields, we can ac-
quire collective interactions for NV spins with the form
of the Lipkin-Meshkov-Glick (LMG) type [72]. The LMG
Hamiltonian can be adiabatically steered from the isotropic
type to the one-axis twisting type by tuning the Rabi frequen-
cies slowly enough to maintain the NV spins in the ground
state. The collective NV spins undergo the ground-state tran-
sitions that allow us to obtain the adiabatic channels between
the initial separate ground state and the final entangled ground
state. We investigate this adiabatic scheme with analytical
results and numerical simulations for three different types
of adiabatic transfer processes. The results indicate that we
can acquire the Greenberger-Horne-Zeilinger (GHZ)-type and
the W-type entangled states for NV spins with very high
fidelity. Compared to previous works, this scheme is robust
against practical noise and experimental imperfection because
of adiabaticity.

II. THE SETUP

We consider the spin-mechanical setups as illustrated in
Figs. 1(a) and 1(b). The ground-state energy-level structure
of a single NV center is shown in Fig. 1(c). The electronic
ground triplet state |[m; =0, +1) is the eigenstates of spin
operator S, with 8, |m;) = m,|m;), and the zero-field splitting
between the degenerate sublevels |m; = 1) and |m; = 0)
is D =2m x 2.87 GHz [39,40,47]. A homogeneous static
magnetic field By is used to remove the degenerate states
|ms = 1) with the Zeeman splitting /g = 28, Bstatic. In
Fig. 1(a), the end of a cantilever NAMR with dimensions
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FIG. 1. The scheme diagrams. (a) An array of equidistant sharp
magnetic tips are attached near the end of a silicon cantilever NAMR,
under which are N distant NV centers with the same distance d. In
addition, two microwave fields are applied to drive the NV centers
between the state |m; = 0) and the state |m; = —1). (b) Another
feasible equivalent setup. An array of NV centers are embedded
equidistantly near the end of a diamond NAMR, above which are
N magnetic tips with the same distance d. Two microwave fields are
also applied to drive the transitions between the state |m; = 0) and
the state |[my, = —1) for the NV centers. (c) Level diagram of the
NV center ground triplet state and the feasible transition channels.
The blue and red solid arrows indicate the two different microwave
driving fields (with frequencies w;, and w,, and Rabi frequencies 2,
and €2,) applied between state |m, = 0) and state |m;, = —1).

(I, w, t) is attached with a row of equidistant sharp magnetic
tips. We assume that the magnetic tips have a transverse width
of 50 nm, a longitudinal height of 100 nm, and the radius of
curvature of the tip is about 20 nm [73-75]. An array of NV
centers are placed homogeneously and sparsely in the vicinity
of the upper surface of the diamond sample, just under the
magnet tips one by one with the same distance d ~ 25 nm.
In this scheme, to simplify the model we assume that the NV
axes of the different centers are aligned. The motion of the
cantilever attached with the magnet chip produces the time-
dependent gradient magnetic field B;(t), with the fundamen-
tal frequency v at the jth NV spin [63,65-68]. Meanwhile,
we apply the dichromatic microwave driving fields polarized
in the x direction B;’z(t) with frequencies w; and w, to
manipulate the NV centers’ triple ground states. To make

sure that the NV centers are all strongly and nearly equally
coupled to the cantilever, we restrict the tips within a small
region near the end of the cantilever. In order to ensure that
the magnetic dipole interactions between adjacent centers can
be ignored, we assume that the distance between the adjacent
NV centers (or the adjacent magnetic tips) is about 200 nm.
Furthermore, the distance between the adjacent magnetic tips
and NV centers is also about d ~ 200 nm. Therefore, for each
NV spin, the influence caused by the adjacent magnetic tips
can be ignored [76—79]. In this case, the number for available
NV centers is limited to at most ten NV centers [67,68].
Moreover, we assume that the dichromatic microwave fields
drive the NV centers homogeneously, because the microwave
length is much larger than the size of the cantilever.

Then, for the single jth NV spin, we can obtain the
Hamiltonian expressed as (i = 1)

n 0B ~: - 5.
H; = D8J* + 7352’, + gonp[B;()- S + (Bl )
+B2(1))31], (1)

where g, >~ 2 is the Landé factor of the NV center, up =
14GHz/ T is the Bohr magneton, and §i= (84,8, 87 is the
spin operator of the NV center. As v < D £ §5/2, we can
ignore the far-off resonant interactions between the spin and
the gradient magnetic fields along the x and y directions. Then
we can obtain the Hamiltonian

N Sr o~ L
Hj = D8P + 28/ + geps[ BI(1)S!
+ (BL(t) + B}(1))S!]. 2)

We assume B (1) ~ Gjzcosvt = Gjap(a + a’)cos vt, with
G; the first-order gradient magnetic field, & and a' the
corresponding annihilation and creation operators, and ay =
/Bi/2mv the zero-field fluctuation for this resonator of mass
m. In the rotating frame at frequency v,

, N VU DR
H; ~ DSZJ2 + EBSZJ +vata + E)»j(a —I—aT)SZ
+geup(BL(t) + BX(1))S], 3)

where A; = g.upGjap is the coupling constant between the
jth NV center and the NAMR. Taking B (t) = B cos ot
and B)%(t) = Bg cos wyt, we assume the frequencies of the two
driving fields w; and w, are far off resonance with respect
to the transition between the states |0) and | 4+ 1). Therefore,
this allows us to isolate a two-level subsystem comprised by
{10), | — 1)} for the single NV center. For the jth NV spin,
we can define 6/ = (] — 1) (=11 = 10);(0D, 61 = | — 1);{0],
and &’ = |0) j{—=1]. Then we can obtain the Hamiltonian

under the rotating-wave approximation,

H’_w—w’ 515 1A 5+ ahagd
14_701+vaa+§j(a+a)aZ

+60(Qe7 " + Qe + He, 4)

where w_ = D — 8p/2 is the energy transition frequency
between the level |0) and | — 1), and 2, , = geMBBé’2/2 are
the dichromatic Rabi frequencies.
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We can ignore the interactions between the adjacent NV
centers as long as the distance between the two adjacent NV
spins is far enough. Then we have the total Hamiltonian for
this hybrid system:

N
H, = va'a Z |:—0’ + =X +aT)a’

+61(Qe7 O + QeI 4 Hc:| 5)

The first and second items are the free Hamiltonian for the
NAMR and NV centers, the third item is the Hamiltonian
for describing the interactions between the NV centers and
the mechanical resonator, and the last item describes the
microwave driving for the transition between |0) and | — 1)
of the NV spins.

We can also implement such a spin-mechanical setup by
use of a suspended carbon nanotube resonator that carries dc
current. Recently, it has been shown that the suspended carbon
nanotube carrying dc current can enable the strong coupling
between mechanical motion and NV spins [55]. This setup is
particularly suitable for the investigation of an array of NV
centers coupled to a mechanical resonator.

Another equivalent setup is illustrated in Fig. 1(b). In
this system, a row of equidistant NV centers are set homo-
geneously and sparsely in the vicinity of the upper surface
near the end of the cantilever diamond NAMR. An array
of magnetic tips are fixed above these NV centers one by
one, with the same distance d. With the assistance of the
static magnetic fields and microwave driving fields, we can
also achieve the equivalent Hamiltonian for describing the
interactions as the first setup shown in Fig. 1(a).

Owing to the variations in the size and spacing of the
nanomagnets and NV centers, the coupling A; cannot be the
same for all of the NV centers. There will be slight differences
for each NV center, and this will give rise to a degree of
disorder in the system. Here we define A; = A + dA; and
nj=n+4n; = +8x;)/v, where |8n;| = |6A;]/v K 1 is
the disorder factor in this hybrid system [80-83]. Therefore,
the Hamiltonian in Eq. (5) can be expressed as

N
. _ | .
Hy =vala+ |:w—af SO+ 8@ +ahe]

L2
+61(Qe7 " + Qe i) + Hc:| (6)

For convenience, we define the collective spin operators for
all of the NV‘centers as J, = Z;VZI &l2, 7, = ZN 67,
J = Zj.vzl &7, and they alsoA saAtisfy the AangLAllarAmo-
mentum commutation relations [J;, J;] = ig;juJi, [J4, /-] =
2];, [fz, fi] = :I:fi. Therefore, Eq. (6) can be simplified as
H, =va'a +w_J, + @ +ahJ,
+ S (2177 + Qre7i?") + Hec.

N ~j
[oF
+ Y 8 +ah—- (7

j=1

First of all, we apply the unitary Schrieffer-Wolff trans-
formation U = e~ to H,, where P = in(at —a)JZ, and
n = X/v can be viewed as an effective Lamb-Dicke parameter
for this solid-state system [50,65,71]. Then we have H, —
U H, U':

H =vala+o_J. + 1" D(Qe7 " 4 Qye ')+ H.c.

=
—
=
&
~
o~

1 o
+y Soh@+ahe! - (8)
=1

j=1

where M; = néi;/4 is the coefficient of Ising interactions
Dy =Y 81+ ahs! '/2 and D, = S (M6 Y J, are
the expenmental disorder items in our system The first item
D, corresponds to the high-frequency oscillating item, and its
effective influence on the system can be discarded because
|82 ;] < v. The second item D5 corresponds to the major dis-
order, whose effect will be discussed in Sec. V. For simplicity,
we first assume that A; ~ A, and then we can discard the
item ﬁz because of M; >~ 0. As a result, we can acquire the
Hamiltonian without the disorder,

H ~vala + o_J.+J.e" D (Qre " + Qye ')+ He.
9

Second, we assume that the resonator is cooled sufficiently
with extremely low ambient temperature so that this hybrid
system satisfies the Lamb-Dicke limit (n + 1)77? < 1, where
7 = 1/(e""/*sT — 1) is the average number of the phonon for
this oscillation mode with temperature 7 [8—12]. Applying the
approximate relation et =) ~ 1 4 n(fﬁ —a)toEq. (9), we
can acquire the Hamiltonian in the interaction picture:

~ J+ela) l[l +n(A]L ivt &efivt)]
X (R 4+ Qpe~") + He. (10)

We define the detuning as A = w; — w_ >~ w_ — wy, and as-
sume the relations in this hybrid system v > X, |A| > |2} 2],
and {v, |A], |A £ v|} > n|Q2|. Since the NAMR stays in a
relatively lower energy state, we can eliminate the resonator
mode and ignore the items for the energy shift caused by this
mechanical oscillation mode. Then we can get the effective
Hamiltonian as follows [84]:

Her ~ a(ep1fot. + BLIE + B3 J7). (11)

where the effective coefficients are

o =27 A/(A =),

e ~2/aA,
Bi = Q1 — Qo
B = Q1 + 2. (12)

According to Eq. (11), the effective Hamiltonian for this
system evidently corresponds to the general LMG model for
describing the collective interactions of N spin-1/2 particles.

Therefore, in this solid-state system, we introduce the
single NV center’s decoherence factor as the dephasing rate
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TABLE 1. Different types of the LMG model with the physical parameters.

The different LMG model

Physical parameter conditions

o ) A
Hisotropy = qﬂz(&]z +J - JZZ)
H, = o} J?
H, =ap?Jj?

Q#0,Q2 =08 =8=48|A]#v.
Q) =Q,8=0,8#0, A #v.
Q=B £0, =0, ]A] £ .

ydjep ~ 1/ T, to the master equation with the expression

N
p = —ilHer. D1+ ) vie, D[8/ 1. (13)

Jj=1

III. GENERATING ENTANGLED STATES VIA ADIABATIC
TRANSITIONS

The parameters «, &, Bi, and B, in Eq. (12) can be
controlled by adjusting the relevant parameters such as the
detunings A, Rabi frequencies €2, », and coupling coefficients
A. We can get several special forms of the LMG model by
tuning these parameters, and we make a concise list in Table I.

The LMG model was first proposed by Lipkin, Meshkov,
and Glick for describing the monopole-monopole interactions
in nuclear physics [72]. In order to explore new physics from
this LMG-type interaction, so far, a great deal of theoretical
schemes have been proposed for simulating this kind of
interaction with different systems, such as the ion-trap scheme
[10], the cavity QED scheme [13], and the hybrid solid-state
qubit scheme [62,85]. The LMG-type Hamiltonian possesses
the particular symmetry under the exchange of particles.
Specifically, the isotopic ferromagnetic LMG model and the
simple (one-axis twisting) ferromagnetic or antiferromagnetic
LMG model can be solved exactly. Here we study the ground
states for these different types of LMG model and make a brief
list in Table II.

Let us make a brief discussion on these different types of
LMG model. When we choose the experimental parameters as
Q1 #0,Q2 =0, 81 =B, =B, and |A| # v according to the
first row in Table I, we can get the isotropic Hamiltonian with
the expression

I'Iisolropy = (xﬂz(gjz + sz + j}%)
= ap*(e], + I* - J2), (14)

where the coefficients are o = 2n2A/(A? — 12), ¢ = 2/a A,
and B = €, in which the collective spins operator is J? =
fxz + jyz + J;z = J(J + 1), with the maximum total angu-
lar momentum J = N/2 (J is the integer or half-integer
number). This isotropic LMG Hamiltonian can be solved
exactly in the representation of J. because of the relations
Hsotropy'mz) = c(.32[‘91”1 - mg + J(J + 1)]|mz)’ where m; €
{(—J,—J+1,...,J — 1, J},and {|m,)} represents the eigen-
states of J.. In order to describe the physics more visually,
in Fig. 2 we show the analysis graphics for the ground
states of the isotropy LMG Hamiltonian Hjsoropy in different
conditions.

As shown in Figs. 2(a) and 2(b), when @ < 0, |¢| > N,
and because of the symmetry breaking ¢ # 0, there must be a
unique ground state for Eq. (14), and the result is shown in the

first row of Table II, with |m, = N/2) = |11 --- 1) (¢ > 0)
and |m, =—-N/2)=|]]l ---|)(e<0).Here| 1) =|-1)
and | |) = |0). On the other hand, if we set « > 0 and |g| >
N, we can also give a convincing interpretation of the ground
state for Hisopopy according to Figs. 2(c) and 2(d). Then we
can get the unique ground state for Eq. (14) in the second
row of Table II, with [m, = N/2) =| 11 --- 1) (¢ <0) and
Im.=—=N/2) =1 ---|)(e>0).

By setting the parameters as the second and third rows in
Table I, we can also get the simple (one-axis twisting) LMG
Hamiltonian

Hy =afi ]}, (15)

where the parameters are Q2; = Q, 81 =0, 8 # 0, |A| # v,
and o = 2 A /(A% —1?):

H, = apiJ?, (16)

with the parameters 2 = —$2;, 81 # 0, f» = 0, |A| # v, and
o= Zr;ZA/(A2 —v2).

According to Egs. (15) and (16), when we change the
sign of o from the negative value to the positive one, the
collective spin system correspondingly undergoes the phase
transition from the ferromagnetic interactions (FI) to the
antiferromagnetic interactions (AFI). These transitions can

() Energy (b) Energy
\ ]
\ | 1
N N/2| ) A\ [ N2 )
e /N2 mz N2\ g2 mz
A | y N ’
[ A N m s
~ - ~>ground state ground state -
[mz=-N/2> [mz=N/2>

0<0, and e<—N. <0, and e>N.

(©) Energy () Energy

LN ,a"x
A /
\

| -N/2 / | \
{

| \N/z !
[ ez N2 \ N2 €2 Ymg

A
\

mz

ground state < I~ ground state
\m/:N/2> \m/:-N/2>

a>0, and e<—N. a>0, and e>N.

FIG. 2. The analysis graphics for the ground state of the isotropy
LMG Hamiltonian Hjgyyopy With four different conditions: (a) and (b)
are for the negative coefficienta < O withe < —N and ¢ > N, while
(c) and (d) are for the positive coefficient « > 0 with ¢ < —N and
e > N.
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TABLE II. The ground states for different types of the LMG model.

Hamiltonian for different types of LMG model

The ground state

Hismropy = aﬂz(gjz +j2 - jZZ) (le] > Nand o < 0)
Hismropy = aﬂz(‘?jz +j2 - jZZ) (|8| > Nand o > O)
H, = ap3Jj? (@ < 0)
H, = aﬁzzfvz (a > 0)
H, = af2)? (@ < 0)
H, =af}J? (@ > 0)

[t M e>0or| ] ---])e<0)

[t M e<Oor| |- - ])e>0)

| ++---H)or|——---—),

[(+)¥/2(—)N/?), (N is even) and |(+)NED/2(—)NFD/2) (N is odd)
[+ H)eor | = — o),

[(H)¥/2(—)N/?), (N is even) and |(+)NED/2(—)NFD/2) (N is odd)

also lead to the collective NV spins’ ground-state transitions
shown in Table II. When o < 0, Egs. (15) and (16) are
the Hamiltonians for describing the FI, whose ground states
are double-degenerate ones according to the third and the
fifth rows in Table II, with the expressions [m, , = N/2) =
|++---+),and |my,y,=—-N/2) =|——---—),,. Here
£ = (1) £ 1 4))/v/2 and [£), = (| 1) £i] ))/+/2. On
the contrary, if we set o > 0, we can have the Hamilto-
nian for AFI and obtain the ground states corresponding
to the fourth and the sixth rows in Table II, i.e., |m, , =
0) = [(+H)N2(=)N?),, (N is even) and |m,, ==+1)=
() NVEDR(—)NFD2) (N s odd).

In this work, we focus on the generation of the multiparti-
cle entangled states through adiabatically steering the Hamil-
tonian from the isotropic type Hisotopic t0 the one-axis twisting
one H,. The essential criteria for this scheme is that we need
to keep all spins in the ground states during the dynamical
evolution process. It is necessary to determine the slowly
varying functions of the Rabi frequencies €2; »(¢) versus the
evolution time. Then we tune the parameters 21 »(¢) slowly
enough to maintain the adiabatic conditions 7 > /i/AFE, in
which t is the characteristic time for the transfer process,
and AE is the energy difference between the ground state
and the next excited state. According to the discussion in
Ref. [10], the adiabaticity constraints will not change as we
increase the number of particles up to 50. In our scheme, the
number of the NV centers has been limited to N < 10; as a
result, the adiabaticity constraints will be valid. We consider
three different schemes: case I, « < 0, ¢ > 0; case I, « > O,
g >0and N is odd; case III, « > 0, ¢ > 0 and N is even.
These three different types of adiabatic processes are shown
in Fig. 3.

For case I, we set the coupling parameters to satisfy o < 0O,
&> N, Qinital) = Q1) L2inital) = 22¢) = 0,and B = o =
B, and assume that Eq. (14) is the initial Hamiltonian in this
hybrid quantum system, which corresponds to the first row in
Table 1. According to Fig. 2(b) and the first row in Table II,
we can analytically achieve the unique initial ground states
|m, = N/2) for Eq. (14), which is the separable multiparticle
state without any entanglement. With the adiabatic transfer
process i) N Qr and Q9 N Qr, we can transform the
LMG Hamiltonian from Eq. (14) into Eq. (15). As a result,
we can achieve the adiabatic transfer process af2(e J, + J* —

72 Adiabatie, a3 J? in this hybrid quantum system. Moreover,
since the Hamiltonian for this type of transition corresponds
to the FI, there is no need to discuss the odevity of the number
of NV centers. Owing to the particular symmetry of the
exchange of particles for this kind of LMG-type interaction

as in Egs. (14) and (15), we can get the adiabatic ground-state
transfer between the initial disentangled ground state and the
final target entangled ground state:

N\ o 1
‘mz = 3> — o) = —[

NG 2

N .
my — _>+ezn./

a7

Here |¢(1)) corresponds to the N-particle GHZ-type entangled
state in the jv representation, and the total number of spins
N can sensitively influence the entanglement due to the phase
factor ¢/™/. For example, when N = 4, we can have |¢q)) =
T+ ++4), ===

For another case, according to the first row in Table I and
the second row in Table II, we set the parameters as o > 0,
&> N, Qi) = Q1) L2inital) = 22¢) = 0,and B = o =
B. Therefore, for Eq. (14), the initial ground state can be
expressed as |m, = —N /2), which is also plotted in Fig. 2(d).
Taking advantage of the same adiabatic transfer process

Q13 BN Qr and Q9 N Qr, we can also achieve the transfer

PO 5. Adiabati A
process af’(eJ, + J* — Jzz) Adeas aﬂ%]ﬁ to prepare the

entangled ground states. Since « > 0, the initial Hamiltonian
is the form of FI, but the final Hamiltonian is the type of Al
In this adiabatic transfer process, the odevity of N needs to

J. Representation Jy Representation

mz=+N/2 &&...(ﬁ&) =t $$-"$$ @

m=N/2-1 5@ eee $$ N2

m~N2+1§ ¢ @ RS

m=N2 F L@ - bg) m~0

. my=N/2

my=+1/2 © my=-1/2

$$ ...$(\?$ $$...$$$

FIG. 3. The diagram for three different adiabatic transition
schemes (case I, case II, and case III) between the initial ground
states (left) and the final ground states (right) for all of the NV spins.

e I .
In case I, the transition is [m, = N/2) Q |@)), with the parameters

. .re . 1T
o <0 and € > N; in case II, the transition is |m, = —N/2) @

|@an), with the parameters o > 0, € > N and odd number of NV
spins; for case III, the transition is |m, = —N/2) am |damy), with
the parameters o« > 0, ¢ > N and even number of NV spins.
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be distinguished between odd (case II) and even (case III), as
illustrated in Fig. 3.

In case II, @ > 0 and the total number of NV spins N is
odd. The ground states for the final Hamiltonian H, = a3 J?
are two generate ground states such as |m, = £1/2), which
are both maximally entangled states. Moreover, owing to the
symmetrical interactions for exchanging the particles, we can
get the second adiabatic transition process in case II,

y = )
2

1
m;=——\)— o) = EH’”; = §> +i
(18)

2

where |¢an) is the N-particle W-type maximally entan-
gled state in the fy representation, with total angular mo-
mentum J = 1/2 for all spins. Similarly, when N =3,
we can obtain |m, =1/2) = %q + =)+ —++), +
|+ +=)y)and Imy = =1/2) = Z=(| = —+), + | = +=), +
| + ——),). Evidently, |m, = £1/2) are both W-type maxi-
mally entangled states in the fy representation.

For case Ill, @ > 0 and the total number of NV spins
N is even. With the final Hamiltonian H, =aﬂ22ff, we
have the unique nondegenerate ground state as |m, = 0) =
|(+)N/2(—=)N/2),, which is also the W-type maximally en-
tangled state. Then we obtain the third adiabatic transition
process in case 111,

N\ am

’mz = —7> — |pam) = Imy = 0), (19)
where |@aqm) is also the N-particle W-type maximally
entangled state in the JAy representation, with the total angular
momentum J = 0 for all NV spins. When N = 4, we have
the target state as |¢am)) = i6(| ++—=)y+I+—-+
T I e o R el e e e T ol e et R ol e
— ++),), which corresponds to the four-particle W-type
maximally entangled state.

IV. NUMERICAL SIMULATIONS

To confirm our theoretical schemes discussed above, we
assume that the frequency of the NAMR is about v/2w =
2.4 MHz and the dephasing rates for all the NV spins are
homogeneous, ydjep > Ygep- Then we make the numerical sim-
ulations through solving the master equation (13) and display
the results for different cases in Fig. 4. In these numerical sim-
ulations, we have set the dephasing rate yqe,/27 respectively
as 0, 0.1, 0.5, and 1.0 kHz.

The adiabatic ground-state transfer process for case I is
plotted in Figs. 4(a) and 4(b). We have assumed that the NV
spins are initially prepared in the ground state |m, = N/2)
and set the number of NV spins as N = 4. This adiabatic
process corresponds to the transition of the FI LMG model
between the isotropy type and the one-axis twisting type as
shown in Fig. 3. We apply the slowly varying dichromatic
microwave fields with the Rabi frequencies €2;(¢) and $2,(r)
according to Fig. 4(g) and obtain the dynamical evolution of
the population for the target state |¢y)).

In Fig. 4(a), the detuning is |A| = 1.1v and the coupling
is A ~ 0.1v, while in Fig. 4(b) the detuning is |A| = 1.1v

0 7,,=0kHz —/—y, =0.1kHz —O—y, =0.5kHz =1.0kHz
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FIG. 4. The dynamical evolution for the population of the target
entangled states |¢q)), |¢an), and |@an)) in the adiabatic transfer
scheme for case I, case II, and case III, respectively, with the
slowly varying Rabi frequencies €2;(¢#) = 0.3v[1 4 tanh(v¢/2000)]
and () = 0.3v[1 4 tanh(vz/1500)] as illustrated in (g). For case
I, (@A =0.1vand |[A| = 1.1v, and (b) A = 0.05v and |A| = 1.1v;
forcaseIl,(c) A =0.1vand |[A| = 1.1v,and (d) A = 0.1vand |A| =
0.9v; for case III, (e) |A| = 1.1v and X = 0.1v, and (f) |A| = 0.9v
and A = 0.1v.

and the coupling is A ~ 0.05v. We find that the collective
NV spins will be transferred to the GHZ state |¢)) at time
t ~4000/v. When the coupling strength between the NV
centers and the NAMR decreases, as shown in Fig. 4(b),
the time for reaching the target state will be much longer.
Furthermore, we find that in ideal conditions the system can
be steered into the target GHZ state |¢)) with a fidelity equal
to unity. However, when the spin dephasing effect is taken into
account, the population in the target state decreases.

For cases II and III, the adiabatic state transfer schemes
correspond to the transitions from the FI to the AFI as shown
in Fig. 3. In these cases, the target states depend on the
odd or even number of the NV spins. Therefore, for case
IT we have set the odd number of NV spins as N =3 and
assumed that the NV spins are initially prepared in the ground
state [m, = —N/2). With the assistance of the slowly varying
dichromatic microwave fields according to Fig. 4(g), we can
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acquire the dynamical evolution of the population for the
target state |¢()) in our numerical simulation.

As shown in Figs. 4(c)-4(d), we set A = 0.1v, |[A] = 1.1v
in Fig. 4(c), and A = 0.1v, |A| = 0.9v in Fig. 4(d). We find
that the collective NV spins will be transferred to the W-
type entangled ground state |¢qr) when ¢ ~ 4000/v under
different detunings. We can also find that the population of
the target W state |¢qr)) can reach unity in ideal conditions
but less than unity in real conditions because of the dephasing
effect.

For case Il we have set the even number of NV spins
as N =4 and assumed that the NV spins are also initially
prepared in the ground state [m, = —N/2). With the assis-
tance of the identical dichromatic microwave fields according
to Fig. 4(g), we can also obtain the dynamical evolution of
the population for the target state |¢q)), as illustrated in
Figs. 4(e) and 4(f). The parameters are chosen the same as
those in Figs. 4(c) and 4(d). Obviously, in spite of the different
detunings, the collective four NV spins will be transferred to
the W-type entangled ground state |¢m)) at time # ~ 4000/v.
We also find that the NV spins can be steered into the target
W-type state |¢m) with a fidelity equal to unity under ideal
conditions. However, when the spin dephasing effect is taken
into account, the population in the target state decreases.

V. EXPERIMENTAL IMPERFECTIONS

We now discuss the experimental imperfections. In this
scheme, the experimental imperfections are mainly the phys-
ical disorder and the dispersion of the control parameters.
Owing to the variations in the size and spacing of the magnetic
tips and NV centers, and according to the discussion in Sec. I,
the physical disorder is mainly caused by the inhomogeneous
coupling A; between the NV centers and magnetic tips. We
can make numerical simulations and display the effect of
different disorder distributions on our scheme [80—83]. We set
A =0.1v, |A] =0.9v, and the slowly varying Rabi frequen-
cies 21(¢) = 0.3v[1 4+ tanh(v¢/2000)] and £2,(¢) = 0.3v[1 +
tanh(vz/1500)]. In Fig. 5, we plot the transfer efficiency under
different disorder distributions. Moreover, according to the
different values of |§A;|, we consider four different cases
[disorder—(a,b,c,d)] in Fig. 5: |6A;] < A x 5% in Fig. 5(a),
|6 ;] < A x 10% in Fig. 5(b), |§A;] < A x 20% in Fig. 5(c),
and |84 ;| < A x 30% in Fig. 5(d).

In our simulations, we take four spins as an example. In
Fig. 5, we choose three different distributions for each dis-
order case. According to the numerical simulations as shown
in Figs. 5(a)-5(d), we find that the collective NV spins will
be transferred to the target ground state when the disorder
is about +5% ~ £30% of X, and this transfer process is
unaffected by these kinds of disorder.

The dispersion caused by the experimental control pa-
rameters is another experimental imperfection. In this
scheme, the dispersion mainly results from the dichro-
matic slowly varying Rabi frequencies €2;(¢) and €2,(z). We
assume 2(¢) = (¢ + 8¢1)[1 + tanh(vz/2000)] and 2,(¢) =
(¢ 4+ 8%2)[1 + tanh(vz/1500)], with the average value ¢{ =
0.3v, and the dispersions |§¢1 2| < ¢ x 10%. By setting A =
0.1v, |A| =0.9v, we plot the dynamical evolution for the
ground-state transfer efficiency in Fig. 6 under five different

1.0Ha) I{TW;;L;.”,___J 1.00(0) g
c R c g
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E fj © Lé
305 r §0 5 0
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—— disorder-(c)-2 —%*— disorder-(d)-2
0 [ disorder-(c)-3 0 ‘ disqrder—(d)—:i
-'ZPOOO 0 t 4000 8000 -29000 0 vt 4000 8000

FIG. 5. The dynamical evolution for the population of the target
entangled ground state |¢)) under different disorder distributions,
with the parameters A = 0.1v, and [A|=0.9v. (a) [6A;] <A X
5%, disorder-(a)-1: {—0.05A, 0.05A, 0.04A, 0.051}, disorder-(a)-2:
{—0.05A, 0.04x, —0.051, 0.051}, and disorder-(a)-3: {0.05x, 0.04A,
0.051, 0.041}. (b) |64;] < A x 10%, disorder-(b)-1: {0.1x, —0.054,
0.08A, —0.041}, disorder-(b)-2: {0.05A, 0.094, 0.07A, 0.011}, and
disorder-(b)-3: {—0.051, —0.03x, —0.024, 0.1x}. (c) [6A;] < A x
20%, disorder-(c)-1: {—0.2A, —0.01A, 0.15x, 0.071}, disorder-(c)-2:
{—0.12x, —0.15A, 0.2x, —0.11}, and disorder-(c)-3: {0.2A, 0.05A,
0.11x, —=0.01x}. (d) |64;] < A x 30%, disorder-(d)-1: {0.34, 0.22,
0.1A, —0.01A}, disorder-(d)-2: {—0.1x, —0.2x, 0.3A, 0.151}, and
disorder-(d)-3: {—0.2%, 0.3x, —0.1x, 0.011A}.

situations: {8¢; =0, §& =0}, {0.05¢, 0.05¢}, {—0.05¢,
0.05¢}, {0.05¢, —0.05¢}, and {0.1¢, —0.1¢}.

As illustrated in Fig. 6, we find that the collective NV
spins will be transferred to the target state with high efficiency
when the dispersion satisfies [6¢1 2| < ¢ x 5%. However, the
transfer efficiency will decrease when the dispersion becomes

Population
o
)

—— no dispersion dispersion-1

dispersion-2 ~ —7— dispersion-3
—— dispersion-4
0.0 : - ' -
-4000 0 vt 4000 8000

FIG. 6. The dynamical evolution for the population of the target
entangled ground state |¢)) under different dispersion distributions
of Q,(¢) and ©,(¢), with the parameters A = 0.1v and |A| = 0.9v.
The different dispersion distributions are respectively no disper-
sion: {8¢; = 0, §& = 0}, dispersion-1: {0.05¢, 0.05¢ }, dispersion-
2: {—0.05¢,0.05¢ }, dispersion-3: {0.05¢, —0.05¢ }, and dispersion-
4:{0.1¢, —0.1¢ }.
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larger. Hence, in order to prepare the target entangled state
with high efficiency in this scheme, the dispersion of the
control parameters should satisfy [6¢; 2| < & X 5%.

VI. THE FEASIBILITY OF THIS SCHEME

To examine the feasibility of our scheme in realistic ex-
periments, we now discuss the relevant experimental pa-
rameters. We consider a silicon cantilever with dimensions
(I, w, t). The fundamental frequency and the zero-field fluc-
tuation can be expressed as v ~ 3.516 x (¢/1*)/E/12¢ and
ay = /Ti/2mv, with the Young’s modulus E ~ 1.3 x 10!}
Pa, mass density o ~ 2.33 x 103 kg/m3, and the cantilever
resonator’s effective mass m = plwt/4 [86-92]. For re-
alistic conditions, when setting (I = 12.47, w = 0.05,¢ =
0.05) pm, the frequency for the NAMR is about v/2mw ~
2.4 MHz (with Q ~ 10°) and the zero-field fluctuation is
ag ~ 4.4 x 107 m [75,89,93,94]. The first-order gradient
magnetic field caused by the sharp magnetic tips is about
G ~ 107 T/m. We can obtain the magnetic coupling strength
between the NAMR and the NV center as A /27 ~ 0.24 MHz
[73—75]. The Rabi frequency is about Q1 ,/27 ~ 1.5 MHz,
and the detuning satisfies A /27 ~ 2.4 MHz. Assuming an en-
vironmental temperature 7 < 5 mK in a dilution refrigerator,
the thermal phonon number is about 77 = 1/(e""/*s7 — 1) ~
20. We can get an effective damping rate of the NAMR
as Y ~ 1(3)’ 5 < 2w x 10 Hz. Comparing with the effec-
tive couplings |aB’e| ~ 27 x 1.5 MHz and |aB?| ~ 27 x
0.1 MHz, we can discard the effect of the NAMR damping
rate in our numerical simulation [95,96]. Based on the pa-
rameters above, the time for transferring the NV spin ground
state adiabatically from the separate state to the maximal
entangled state will be about ¢ ~ 260 us. On the other hand,
the relaxation time of the NV spin triplet, ranging from
milliseconds at room temperature to several seconds at low
temperature, has been reported. In general, the single NV spin
decoherence in diamond is mainly caused by the coupling of
the surrounding electron or nuclear spins, such as the electron
spin P1 centers, the nuclear spin '*N spins, and *C spins
[97,98]. In type-Ib diamond samples, the free-induction decay
of the NV center spin in an electron spin bath (P1 centers)

can be neglected, and in high-purity type-Ila samples, the
decay time caused by the electron spin bath will exceed 1 ms
[97-99]. The coupling to the host '*N nuclear spin (~MHz)
induces the substantial coherent off-resonance errors, and
these errors have been solved experimentally [100]. For NV
centers in diamond with a natural abundance of '3C, the de-
coherence will be dominated by the hyperfine interaction with
the '*C nuclear spins, which mainly form the nuclear spin bath
[101-103]. With the development of the dynamical decou-
pling techniques [103—116], the dephasing time 7, of a single
NV center in diamond can be more than 2 ms [117-119].
Thus, the coherence time is sufficient for achieving the desired
NV spin entangled ground state.

VII. CONCLUSION

In summary, we have proposed an efficient protocol for
entangling the NV spins with the assistance of a high-Q
NAMR and dichromatic classical microwave driving fields.
In this protocol, we cannot only acquire the collective LMG-
type interactions for NV spins (N ~ 10), but also steer the
LMG Hamiltonian adiabatically from the isotropic type to the
simple (one-axis twisting) type by tuning the Rabi frequencies
slowly enough to maintain the NV spins in the ground state.
As aresult, the collective NV spins will undergo ground-state
transitions, which allows us to obtain the adiabatic channels
between the initial separate ground state and the final entan-
gled ground state. In this work, we have made the analytical
discussions and numerical simulations on three different types
of adiabatic processes for cases I, II, and III. We can acquire
the GHZ-type maximally entangled NV spin ground state in
case I, and the W-type ground states in cases II and III under
realistic conditions.
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