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We develop a classical theory of nonlinear inverse Thomson scattering of a two-wavelength laser beam, which
is valid for laser beams with linear or circular polarization and arbitrary intensity and wavelength. We reveal
that an electron inside a circularly polarized two-wavelength laser field undergoes a cycloid motion in the
transverse plane and radiates an electromagnetic wave forming a spiral phase structure. Its photon energy is
proportional to a linear combination of the product between the initial laser photon energies h̄ω01 and h̄ω02, and
their harmonic numbers n1 and n2, namely, n1h̄ω01 + n2h̄ω02. The orbital angular momentum of a photon due to
the spiral phase structure is given by (n1 + n2 ± 1)h̄. We show that a combination of two wavelengths differing
by one order of magnitude or more is advantageous for producing gamma rays carrying a large orbital angular
momentum of ∼10h̄. Moreover, this work indicates that a helical undulator with two magnetic periods is capable
of producing photons with a large orbital angular momentum. This radiation process plays an important role in
the development of optical vortex beams and even in astrophysical environments.
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I. INTRODUCTION

An optical vortex forming a helical wave front has a spiral
phase structure of exp(imφ), where m is an integer called
the topological charge and φ is the azimuthal angle in the
plane transverse to the propagation axis [1]. An important
characteristic of an optical vortex is that it has an annular
intensity distribution in the transverse plane associated with
a phase singularity. In 1992, Allen et al. pointed out that an
optical vortex with a spiral phase term has orbital angular
momentum (OAM) equal to mh̄ around the propagation axis
in addition to spin angular momentum (SAM), where h̄ is the
Planck constant divided by 2π [2,3].

Fundamental and applied studies on optical vortices using
visible wavelength lasers are ongoing [4,5]. Recent theoretical
works show that optical vortices at ultraviolet, x-ray, and MeV
gamma-ray frequencies likely trigger new phenomena in pho-
toionization [6], a dichroic effect [7], Thomson and Compton
scattering [8–11], photodisintegration [12], and photonuclear
reactions [13]. The highest photon energy of optical vortices
ever generated is 9–25 keV using synchrotron radiation [14–
20]. The generation of higher-energy x-ray and gamma-ray
vortices is challenging, and extensive research is ongoing.
Recently, it has been proposed that gamma-ray vortices can
be produced using optical vortex lasers via inverse Compton
scattering [21,22] and laser-plasma interactions [23].

We proposed another method to produce high-energy vor-
tex photons based on nonlinear inverse Thomson scattering
(NITS) of a circularly polarized intense laser beam [13].

*yoshitaka-taira@aist.go.jp

Inverse Thomson scattering occurs when a relativistic electron
interacts with a laser photon and a high-energy photon is
backscattered. Here we consider that inverse Thomson scat-
tering is a scattering process where the energy of the scattered
photon is much smaller than the initial electron energy. When
an electron interacts with an intense laser beam characterized
by a laser strength parameter a0 � 1, the nonlinear effect
of the inverse Thomson scattering becomes prominent, and
higher harmonic photons are emitted. In NITS with a circu-
larly polarized intense laser beam, the mth harmonic gamma
rays have a spiral phase term exp{i(m − 1)φ} and have OAM
equal to (m − 1)h̄ [13]. The transverse circular motion of
an electron induced by a circularly polarized laser beam is
essential for producing gamma-ray vortices [24]. Our previous
theoretical work is supported by an experimental result, which
shows the annular intensity distribution of second-harmonic
x rays generated from NITS of a circularly polarized laser
beam [25].

The efficiency of NITS in generating gamma-ray vortices
seems to be higher than the method using inverse Compton
scattering of optical vortex laser beams [21], roughly by
the Lorentz factor for an electron, which is typically ∼1000
[13]. Although laser-plasma interactions require an extremely
intense laser beam with a0 > 100 to generate gamma-ray
vortices [23], NITS can produce gamma-ray vortices using
less intense laser beams with a0 ∼ 1.

In inverse Thomson scattering, when a 1 eV photon is
backscattered by a 1 GeV electron, an ∼10 MeV photon is
produced. The scattered gamma rays have a tunable energy,
high intensity, and a short pulse, and are quasimonochromatic
and highly polarized. Gamma-ray sources based on inverse
Thomson scattering have been investigated and utilized in
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FIG. 1. (a) Coordinate system used to calculate NITS for a two-wavelength laser beam. (b) Typical transverse electron motion induced by
a two-wavelength laser beam circularly polarized in the x-y plane.

various research fields. Uses include the nondestructive mea-
surement of industrial products [26], nuclear physics [27],
electron beam diagnostics [28–30], detection of nanometer-
scale vacancies inside a thick material [31–33], and generation
of polarized positron beams for a linear collider [34]. Inverse
Thomson scattering and Compton scattering in the nonlinear
region have been theoretically investigated in several works
as sources of x rays and gamma rays, not only in laboratories
but also in astrophysical situations [35–50]. The develop-
ment of high-power lasers has enabled experimental studies
of NITS using an electron accelerator [25,51–54] and laser
wakefield acceleration [55–58]. Although a previous work on
NITS studied a single-wavelength laser beam, Sakai et al.
theoretically investigated NITS for a linearly polarized two-
wavelength laser beam [59]. They showed that an electron has
a superimposed trajectory in the two-color laser beam and it
emits photons with a multipeaked energy spectrum.

In this paper, we develop a theory to describe NITS for a
two-wavelength laser beam, which is applicable to an electron
with arbitrary energy and to a laser beam with linear or
circular polarization and arbitrary intensity and wavelength.
Explicit expressions for the electric fields, energy, intensity
distributions, and the number of scattered photons are derived
and numerically evaluated. Compared with a previous work
[59], which has only investigated linearly polarized laser
beams and has not addressed OAM of emitted photons, our
current work shows that an electron inside two circularly
polarized laser beams has a cycloid trajectory in the plane
transverse to the direction of motion and photons emitted
from such an electron have a spiral phase term and OAM.
It has been demonstrated that photons emitted from an elec-
tron obeying a circular trajectory have a spiral phase term
and OAM [24]. Here, we show that optical vortices can be
generated from the cycloid motion of an electron. We show
that a combination of two wavelengths differing by one order
of magnitude or more is advantageous for producing intense
gamma rays with a relatively large OAM of ∼10h̄, in contrast
to NITS using a one-wavelength laser beam in which the
number of photons rapidly decreases with increasing OAM.
Our theory will pave the way for the generation of high-energy
photons with large OAM from relativistic electrons, which
will provide research opportunities in laser physics, atomic
physics, nuclear physics, high-energy physics, astrophysics,
and material sciences.

This paper is organized as follows. In Sec. II, we derive
theoretical equations for the electron motion and scattered
radiation field for two laser beams with linear or circular

polarization. In Sec. III, we show the results of our numerical
calculation and discuss the properties of the scattered radia-
tion field for circularly polarized lasers. In Sec. IV, we discuss
the optimum laser parameters to produce intense gamma rays
with a large OAM.

II. THEORY

A. Electron trajectory inside a two-wavelength laser beam

We assume that an electron moves along the z axis, that the
two laser beams simultaneously propagate in the −z direction,
and that one photon is emitted from the electron in a direction
with an angle θ with respect to the z axis and an angle φ with
respect to the x axis, as shown in Fig. 1(a). To simplify the
calculation, we assume that the electron and the lasers interact
head-on. Inverse Thomson scattering of a two-wavelength
laser beam in the linear region has been investigated [60–62].
In this paper, we treat the radiation process of NITS in which
one photon is emitted via an interaction between the electron
and the two laser beams.

The normalized vector potential, a = (ax, ay ), of a two-
wavelength laser beam is defined as

a =
{

a01√
2

√
1 + δ01 cos(k01η) + a02√

2

√
1 + δ02 cos(k02η)

}
ex

+
{

a01√
2

√
1 − δ01 sin(k01η) + a02√

2

√
1 − δ02 sin(k02η)

}
ey.

(1)

Here, a0 is a dimensionless laser strength parameter, a0 =
0.855 × 10−9λ0(μm)I 1/2

0 (W/cm2), where λ0 = 2π/k0, k0,
and I0 are the wavelength, the wave number, and the intensity
of the laser, respectively. δ0 = 0 for circular polarization and
δ0 = 1 for linear polarization (and additional subscripts 1 and
2 indicate the first laser and the second laser, respectively).
η = z + ct is an independent variable. c is the speed of light,
t is time, and ex and ey are the unit vectors along the x

and y axes, respectively. In Eq. (1), we consider cases where
the major polarization axes of the two laser beams coincide.
Although the following mathematical approach can be applied
to more general cases, to simplify the analytic expressions, we
restrict the analysis to the conditions given above, which may
be applicable to many practical applications. For the same
reason, the handedness of circular polarization and the initial
phases of two laser beams are considered to be the same in
Eq. (1). The former will be discussed later and the latter in
Appendix B.
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The electron momentum normalized by the electron rest
energy during the interaction with the laser is u = γβ, where
γ and β are the Lorentz factor and the normalized velocity
of the electron, respectively. The vector components of u can
be derived by solving the relativistic Lorentz equations [44]:
ux = ax , uy = ay , and

uz = γ 2
0 (1 + β0)2 − 1 − (

u2
x + u2

y

)
2γ0(1 + β0)

. (2)

Here, γ0 = 1/

√
1 − β2

0 and β0 are the Lorentz factor and the
normalized velocity of the electron before the interaction,
respectively.

The electron orbits, re = (xe, ye, ze ), are derived using the
relation dre/dη = u/{γ0(1 + β0)} [44]:

xe = r01

√
1 + δ01 sin(k01η) + r02

√
1 + δ02 sin(k02η) + x0,

(3)

ye = −r01

√
1 − δ01 cos(k01η) − r02

√
1 − δ02 cos(k02η) + y0,

(4)

and

ze = β12η − z01δ01 sin(2k01η) − z02δ02 sin(2k02η)

− 1
2z

(−)
012{

√
(1 + δ01)(1 + δ02)

+
√

(1 − δ01)(1 − δ02)} sin(k01η − k02η)

− 1
2z

(+)
012{

√
(1 + δ01)(1 + δ02)

−
√

(1 − δ01)(1 − δ02)} sin(k01η + k02η) + z0. (5)

Here, x0, y0, and z0 are the initial positions of the electron
along the x, y, and z axes, respectively, and the other parame-
ters are given by

r01,02 = a01,02√
2γ0(1 + β0)k01,02

, (6)

β12 = γ 2
0 (1 + β0)2 − 1 − (

a2
01 + a2

02

)
/2

2γ 2
0 (1 + β0)2

, (7)

z01,02 = a2
01,02

8γ 2
0 (1 + β0)2k01,02

, (8)

and

z
(±)
012 = a01a02

2γ 2
0 (1 + β0)2(k01 ± k02)

. (9)

B. Scattered radiation field

1. General expression

The electric field emitted by a single electron in an ar-
bitrary trajectory and velocity can be calculated from the
Lienard-Wiechert potentials (Sec. 14.5 in [63]). The Fourier
component of the electric field is

E = −i

√
e2k2

32π3ε2
0

eikR

R

×
∫ ∞

−∞
dt{n×(n×β )}eik{ct−n·re (t )}, (10)

where e is the elementary charge. k = ω/c and ω are the
wave number and the angular frequency of the emitted photon,
respectively. ε0 is the permittivity of a vacuum, R is the
distance from the origin to the observation point, n is a unit
vector pointing from the origin to the observation point, and
re is the electron orbit described in Eqs. (3)–(5). Equation (10)
can be written using the spherical coordinate system (r, θ, φ)
with unit vectors (er , eθ , eφ ) as in [45,64] as follows:

Eθ = i

√
e2k2

32π3ε2
0c

2

eikR

R

∫ η0

−η0

dη
dre

dη
· eθ e

iψ (11)

and

Eφ = i

√
e2k2

32π3ε2
0c

2

eikR

R

∫ η0

−η0

dη
dre

dη
· eφeiψ . (12)

Here, ψ ≡ k{ct − n · re(t )}, η0 = N01λ01/2 = N02λ02/2, and
N01 and N02 are the number of periods of the two laser
beams interacting with the single electron. The variable 2η0

corresponds to the longitudinal pulse width of the two laser
beams [44]. Here, we assume that the pulse widths of the
two laser beams are the same. The unit vectors (er , eθ , eφ ) are
given by Eqs. (23a)–(23c) in [44].

2. Circular polarization for both laser beams

In the following calculation, we assume that both laser
beams are circularly polarized, which we will see is the best
way to produce optical vortices with a large OAM. Other po-
larization states are discussed later and in Appendix A. When
both laser beams are circularly polarized (δ01 = δ02 = 0), the
electron orbits can be expressed using Eqs. (3)–(5):

xe = r01 sin(k01η) + r02 sin(k02η) + x0, (13)

ye = −r01 cos(k01η) − r02 cos(k02η) + y0, (14)

and

ze = β12η − z
(−)
012 sin(k01η − k02η) + z0. (15)

This electron orbit has a cycloid trajectory in the x-y plane,
as shown in Fig. 1(b). Although the electron trajectory is
not closed for one laser period in general, when λ01/λ02

is an integer, it is closed and has λ01/λ02 − 1 nodes, as
shown in Figs. 2(j)–2(l). Equations (13)–(15) show that the
electron moves counterclockwise when the observer is facing
the oncoming electron. We say that this electron motion has
positive helicity.

The phase term of Eqs. (11) and (12) can be expressed as

ψ = ψ0 + kgη − b1 sin(k01η − φ) − b2 sin(k02η − φ)

+ b
(−)
12 sin(k01η − k02η), (16)

where

ψ0 ≡ −k{x0 sin θ cos φ + y0 sin θ sin φ + z0(1 + cos θ )},
(17)

g ≡ 1 − β12(1 + cos θ ), (18)

b1,2 ≡ kr01,02 sin θ, (19)
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FIG. 2. (a)–(c) Energy spectra of gamma rays emitted by NITS with two circularly polarized laser beams at angle θ = 0.5/γ0 and
calculated using Eq. (27). Red and black arrows show the fundamental scattered energy calculated using h̄ω(n1 = 1, n2 = 0) = 4γ 2

0 h̄ω01/{1 +
γ 2

0 θ 2 + (a2
01 + a2

02)/2} and h̄ω(n1 = 0, n2 = 1) = 4γ 2
0 h̄ω02/{1 + γ 2

0 θ 2 + (a2
01 + a2

02)/2}, respectively. (d)–(f) The number of gamma-ray
photons integrated up to θc = 3/γ0 and calculated using Eq. (29). The harmonic number n2 = 0. (g)–(i) Same as (d)–(f) but n2 = 1. (j)–(l)
Projection of normalized transverse electron trajectories inside two circularly polarized laser beams for −5λ01 < η < 5λ01, as calculated
using Eqs. (13)–(15). The calculation parameters are γ0 = 2000, λ01 = 10 μm, a01 = 1, a02 = 1, N01 = 150, and Ne = 109 electron s−1. The
wavelength of the second laser λ02 is indicated above each panel.

and

b
(−)
12 ≡ kz

(−)
012(1 + cos θ ). (20)

The final expressions of Eqs. (11) and (12) are

Eθ =
∞∑

n1=−∞

∞∑
n2=−∞

∞∑
s=−∞

i

√
e2k2λ2

01N
2
01

32π3ε2
0c

2

sin(kη0)

kη0

eiψ0+ikR+i(n1+n2 )φ

R

{
1

2
k01r01 cos θ

(
Jn1+1,n2 + Jn1−1,n2

)

+ 1

2
k02r02 cos θ

(
Jn1,n2+1 + Jn1,n2−1

) − β12 sin θJn1,n2 + 1

2
(k01 − k02)z(−)

012 sin θ
(
Jn1+1,n2−1 + Jn1−1,n2+1

)}

≡
∞∑

n1=−∞

∞∑
n2=−∞

iCθ

eiψ0+ikR+i(n1+n2 )φ

R
(21)
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and

Eφ =
∞∑

n1=−∞

∞∑
n2=−∞

∞∑
s=−∞

√
e2k2λ2

01N
2
01

32π3ε2
0c

2

sin(kη0)

kη0

eiψ0+ikR+i(n1+n2 )φ

R

{
1

2
k01r01

(
Jn1+1,n2 − Jn1−1,n2

)

+ 1

2
k02r02

(
Jn1,n2+1 − Jn1,n2−1

)} ≡
∞∑

n1=−∞

∞∑
n2=−∞

Cφ

eiψ0+ikR+i(n1+n2 )φ

R
. (22)

Here, n1, n2, and s are integers, Jn1,n2 ≡ Jn1+s (b1)Jn2−s (b2)Js (b(−)
12 ), and Js () is the Bessel function of the first kind. Equations

(21) and (22) have a peak at a wave number given by

k ≡ kg − n1k01 − n2k02 = 0. (23)

This equation indicates that n1 and n2 are the harmonic numbers of the initial laser energies as described in Eq. (28).
The photon is emitted into a narrow angle, θ ∼ 1/γ0, around the z axis because of a relativistic effect. To show the phase

structure in the transverse plane perpendicular to the z axis, we express the electric field in a Cartesian coordinate system as in a
previous work [13,64]:

E = Ex − iEy√
2

e+ + Ex + iEy√
2

e− + Ezez

=
∞∑

n1=−∞

∞∑
n2=−∞

eiψ0+ikR

R

{
i(Cθ cos θ − Cφ )√

2
ei(n1+n2−1)φe+ + i(Cθ cos θ + Cφ )√

2
ei(n1+n2+1)φe− − iCθ sin θ i(n1+n2 )φez

}
. (24)

Here, the electric field is expressed using complex orthogonal
unit vectors e± ≡ (ex ± iey )

√
2. The helicities of the circu-

larly polarized electric fields are positive and negative, respec-
tively. For the positive helicity, the rotation of the electric field
corresponds with the helicity of the electron. In the paraxial
approximation (θ � 1), the longitudinal electric-field compo-
nent along the z axis of Eq. (24) is generally smaller than
the transverse component. Equation (24) indicates that the
electric field of the emitted photon is elliptically polarized in
the transverse plane, which can be decomposed into circularly
polarized components with positive and negative helicities.
The positive helicity component has +h̄ SAM and has a spiral
phase term exp{i(n1 + n2 − 1)φ} with OAM equal to (n1 +
n2 − 1)h̄. Conversely, the negative helicity component has −h̄

SAM and has a spiral phase term exp{i(n1 + n2 + 1)φ} with
OAM equal to (n1 + n2 + 1)h̄.

The energy of the scattered photon depends on the initial
wavelength of the two laser beams, as shown in Eq. (28).
However, the parameters kr01, kr02, and kz

(−)
012 in Eqs. (19) and

(20) and kλ01 in Eqs. (21) and (22), calculated using Eq. (23),
are a function of λ01/λ02. Therefore, the electric fields of the
emitted photons have the same form for different wavelengths,
λ01 and λ02, as long as λ01/λ02 is constant and k = 0.

When the wavelength and the laser strength parameter of
the two laser beams are the same (λ01 = λ02 and a01 = a02),
the phase term and the inner products in Eqs. (11) and (12)
reduce to the expressions for NITS using one laser [Eqs. (12),
(15), and (16) in [13]].

Up to this point, we considered circular polarization with
the same helicity. Here, we briefly describe when the two laser
beams are circularly polarized but have opposite helicities.
The normalized vector potential of the two laser beams is

defined as

a =
{

a01√
2

cos(k01η) + a02√
2

cos(k02η)

}
ex

+
{

a01√
2

sin(k01η) − a02√
2

sin(k02η)

}
ey. (25)

The electron orbit also has a cycloid trajectory in the x-y
plane. Although we do not show the detailed equations,
the calculated electric fields include a spiral phase term,
exp{i(n1 − n2)φ}. The sign of the harmonic number n2 is
inverted because the helicity of the second laser is inverted,
as shown in Eq. (25). The emitted photons have OAM equal
to (n1 − n2 − 1)h̄ for positive helicity and (n1 − n2 + 1)h̄ for
negative helicity.

C. Properties of the scattered radiation field

The degree of circular polarization of the emitted photon
for the harmonic numbers n1 and n2 can be represented by the
Stokes parameter, S3/S0, which is expressed as (Sec. 7.2 in
[63])

S3

S0
= −2CθCφ cos θ

C2
θ cos2 θ + C2

φ

. (26)

The radiation energy per unit angular frequency and the
solid angle are expressed as (Sec. 14.5 in [63])

d2I

dω d�
= 2ε0cR

2|E|2

= 2ε0cR
2(|Eθ |2 + |Eφ|2). (27)

Here, d� = dφ dθ sin θ .
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The spectrum given by Eq. (27) peaks at a specific photon
energy, which can be calculated from Eq. (23). In the limit
θ � 1, it can be expressed as

h̄ω � 4γ 2
0 (n1h̄ω01 + n2h̄ω02)

1 + γ 2
0 θ2 + (

a2
01 + a2

02

)
/2

. (28)

Here, ω01 and ω02 are the angular frequencies of the two
laser beams. Equation (28) gives the energy of the scattered
photon via NITS of two laser beams and is common to any
polarization combination including circular polarization with
the opposite helicity, in which the sign of n2 related to OAM is
inverted. The harmonic numbers n1 and n2 can take arbitrary
integers, including minus values, unless the scattered photon
energy is less than or equal to zero [65].

For the harmonic numbers n1 and n2, the number of
photons emitted per second for a scattering angle up to θc can
be approximately calculated from Eq. (27) [13]:

Nn1,n2
γ = Ne�ω

h̄ω

∫ 2π

0
dφ

∫ θc

0
dθ sin θ

d2I n1,n2

dω d�

= Ne

h̄(n1N01 + n2N02)

∫ 2π

0
dφ

∫ θc

0
dθ sin θ

d2I n1,n2

dω d�

= Ne

h̄(n1 + n2λ01/λ02)N01

×
∫ 2π

0
dφ

∫ θc

0
dθ sin θ

d2I n1,n2

dω d�
. (29)

Here, Ne is the number of electrons interacting with the two
laser beams per second and d2I n1,n2/dω d� is the radiation
energy for the harmonic numbers n1 and n2. Here, we did the
calculation by approximating k = 0 and using the bandwidth
of the scattered photons with a finite number of periods for
the two laser beams, �ω/ω = 1/(n1N01 + n2N02). Equation
(29) indicates that the number of photons is proportional to
N01 and N02.

III. RESULTS OF THE NUMERICAL CALCULATION FOR
GAMMA-RAY VORTICES

A. Intensity of the scattered radiation field

High-power pulsed lasers, which can be used in the non-
linear region, are available in the submicrometer to 10 μm
range [25,54,66–68]. First, we show the properties of photons
emitted for a combination of λ01 = 10 μm and λ02 = 0.5,
1, and 5 μm for circular polarization with the same helicity.
For simplicity, we assume the laser strength parameters a01 =
a02 = 1. We shall discuss the dependence of the laser strength
parameter later.

Figures 2(a)–2(c) show the energy spectra of gamma-ray
photons emitted at an angle of θ = 0.5/γ0 and calculated
using Eq. (27). One can clearly see that the energy spectra
have sharp peaks with an interval of 4γ 2

0 h̄ω01/{1 + γ 2
0 θ2 +

(a2
01 + a2

02)/2}, which is related to the photon energy of the
longer wavelength laser. As shown in Fig. 2(c), when the
second laser has a long wavelength close to that of the first
one, the intensity decreases as the energy increases. On the
other hand, when the second laser has a significantly shorter
wavelength than the first one, one can see strong peaks around

the two fundamental energies, denoted by red and black
arrows, and the intensity between these peaks is reduced, as
shown in Figs. 2(a) and 2(b). This result is consistent with a
previous work [59].

Figures 2(d)–2(i) show the number of photons for the
harmonic numbers n1 and n2 integrated up to θc = 3/γ0 and
calculated using Eq. (29). The results only for n2 = 0 and 1
are displayed because the number of photons for n2 � −1 and
n2 � 2 is relatively small. The number of photons for n2 = 0
decreases as the harmonic number n1 increases, as shown in
Figs. 2(d)–2(f), which is consistent with NITS using one laser
beam [13]. However, when n2 = 1, the dependence of the
number of photons on the harmonic number is much different.
The number of photons is high in a wide range from negative
values up to the harmonic number n1 ∼ λ01/λ02 and it reduces
as the harmonic number increases, as shown in Figs. 2(g)–2(i).

The behavior of the intensity spectra has a strong corre-
lation with the number of nodes of the cycloid motion. The
transverse trajectories of an electron inside two circularly
polarized laser beams are shown in Figs. 2(j)–2(l). Since the
number of nodes of the cycloid motion, which is given by
λ01/λ02 − 1, increases, intense gamma rays are emitted up to
the harmonic number n1 ∼ λ01/λ02 for n2 = 1. We emphasize
that the above result implies that the combination of long-
wavelength and short-wavelength laser beams is advantageous
for producing intense gamma-ray vortices with a large OAM.

B. Polarization and the spatial
distribution of the radiation energy

In the following calculation, we show the numerical results
for intense gamma rays calculated with the combination of
long-wavelength (λ01 = 10 μm) and short-wavelength (λ02 =
1 μm) circularly polarized laser beams with the same helicity
for n2 = 1. The combined laser beam with strength param-
eters of a01 = 1 and a02 = 1, wavelengths of λ01 = 10 μm
and λ02 = 1 μm, and numbers of periods of N01 = 150 and
N02 = 1500 has an energy density of 7 × 104 J/cm2 and a
pulse width of 5 ps.

The degree of circular polarization of the emitted pho-
tons calculated for different values of the Stokes parameter
[Eq. (26)] is shown in Figs. 3(a)–3(d). Stokes parameters
of S3/S0 = 1 and −1 indicate 100% circular polarization
with positive and negative helicities, respectively. The degree
of circular polarization has different distributions depending
on the harmonic number n1. For most values of the Stokes
parameter, there is circular polarization with positive helicity
around the z axis, except for n1 = −2 [Fig. 3(a)].

The spatial distributions of the radiation energy of the
emitted gamma rays for each harmonic number are shown
in Figs. 3(e)–3(h). The spatial distributions and OAM show
a strong correlation. When the emitted photons have OAM,
which satisfies n1 + n2 − 1 �= 0 for positive helicity, one can
clearly see annular shapes with zero intensity at the center
axis, as shown in Figs. 3(f) and 3(h). Moreover, the diameter
of the annular shapes increases as the OAM increases for
n1 � 1. These features are consistent with the characteristics
of an optical vortex [3]. On the other hand, when the emitted
photons do not carry OAM, which means n1 + n2 − 1 = 0 for
positive helicity and n1 + n2 + 1 = 0 for negative helicity, the
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FIG. 3. (a)–(d) Line distributions of the Stokes parameter for gamma rays emitted by NITS for two circularly polarized laser beams with
the same helicity. The Stokes parameter has cylindrical symmetry because Eq. (26) is not a function of φ. (e)–(h) Spatial distributions of
the radiation energy of gamma rays calculated using Eq. (27). Each spatial distribution is normalized by the maximum value of n1 = 0. The
calculation parameters are γ0 = 2000, λ01 = 10 μm, λ02 = 1 μm, a01 = 1, a02 = 1, and n2 = 1. The harmonic number n1 is indicated above
the panels. Note that the scale for the horizontal axis in (a) and (e) is different from that in the other panels.

intensity at the center axis does not reduce to zero, as shown
in Figs. 3(e) and 3(g).

C. OAM, the number of photons, and
energy of the gamma-ray vortices

The OAM of the emitted gamma rays for n2 = 1 increases
as the harmonic number n1 increases, since it is calculated
using n1 + n2 − 1 for positive helicity, as shown in Fig. 4(a).
Figure 4(b) shows the number of photons integrated up to
θc, where this angle contains more than 90% of the cir-
cular polarization with positive helicity as calculated with
the Stokes parameters of Figs. 3(a)–3(d). For NITS with a
one-wavelength laser beam, the number of photons decreases
as the harmonic number n1 increases. However, for NITS
with a two-wavelength laser beam, the number of photons

is a maximum at n1 = 5, where the gamma rays have OAM
equal to 5h̄, as shown in Fig. 4(b). This is because the solid
angle containing more than 90% of the circular polarization
with positive helicity is a maximum at n1 = 5. The maximum
energy of the gamma rays (θ = 0) is shown in Fig. 4(c).
The fundamental photon energies for the laser beams with
λ01 = 10 μm and λ02 = 1 μm are 1 and 10 MeV, respectively.
The energy of the gamma rays increases by 1 MeV as the
harmonic number n1 increases by 1. Each OAM state is well
separated by energy.

IV. DISCUSSION

In this section, we discuss the optimum laser parameters to
generate intense gamma-ray vortices with a specific OAM. We
calculated the number of photons for different wavelengths
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FIG. 4. (a) OAM of gamma-ray vortices calculated using n1 + n2 − 1 for positive helicity as a function of harmonic number n1. (b)
The number of gamma-ray photons integrated for a solid angle up to θc, which contains more than 90% of the circular polarization with
positive helicity. (c) Maximum energy of gamma-ray vortices (θ = 0) calculated using Eq. (28). The calculation parameters are γ0 = 2000,
λ01 = 10 μm, λ02 = 1 μm, a01 = 1, a02 = 1, N01 = 150, N02 = 1500, n2 = 1, and Ne = 109 electron s−1.
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FIG. 5. Number of gamma-ray photons integrated over the solid
angle up to θc, which contains more than 90% of the circular polariza-
tion with positive helicity. The calculation parameters are γ0 = 2000,
λ01 = 10 μm, a01 = 1, N01 = 150, n2 = 1, and Ne = 109 electron
s−1. The other parameters are (a) a02 = 1 and n1 = 5, (b) a02 = 1
and n1 = 13, and (c) λ02 = 1 μm and n1 = 5.

of the second laser and for harmonic numbers n1 = 5 and
n2 = 1. This gives the most intense gamma-ray vortex, which
has OAM equal to 5h̄ when λ01 = 10 μm and λ02 = 1 μm.
As λ02 becomes longer, the diameter of the annular shape
gradually increases. On the other hand, the maximum angles
containing more than 90% of the circular polarization with
positive helicity increase until λ02 = 1.0 μm as λ02 becomes
longer, and they decrease for λ02 > 1.0 μm. The number of
photons integrated in the solid angle up to θc, which contains
more than 90% of the circular polarization with positive
helicity, is a maximum at λ02 = 1 μm because of these effects,
as shown in Fig. 5(a).

We calculated the number of photons for gamma-ray vor-
tices with harmonic numbers n1 = 13 and n2 = 1 and with
OAM equal to 13h̄ using a similar calculation method for
0.3 � λ02 � 1.0 μm. As shown in Fig. 5(b), the number of
photons is a maximum at λ02 = 0.5 μm. We should empha-
size that there is an appropriate combination of wavelengths to
produce gamma-ray vortices with a specific OAM. When the
first laser beam has a wavelength of 10 μm, a second 1 μm
laser beam can produce intense gamma-ray vortices with an
OAM equal to 5h̄. To produce gamma-ray vortices with a
larger OAM, such as 13h̄, we can use a second laser beam
with a wavelength of 0.5 μm.

The number of gamma-ray vortex photons generally in-
creases as the laser strength increases, and it saturates for
a0 > 2 for NITS using one laser beam [64]. Figure 5(c) shows
the number of photons for more than 90% of the circular
polarization with positive helicity for different laser strengths
of the second laser and for harmonic numbers n1 = 5 and
n2 = 1. As a02 increases, the diameter of the annular shape
gradually increases. On the other hand, the maximum angles

containing more than 90% of the circular polarization with
positive helicity increase as a02 increases until a02 = 1.0,
and they shrink for a02 > 1.0. The number of photons is a
maximum at a02 = 1.4 when a01 = 1.0, as shown in Fig. 5(c).

The number of photons rapidly decreases as the harmonic
number n2 increases when both a01 and a02 are smaller than
the unity. As a result, plateaus appearing in Figs. 2(g) and 2(h)
disappear in this condition. Therefore, intense laser beams
of a0 ∼ 1 are indeed necessary for generating gamma-ray
vortices carrying a large OAM.

The generation of optical vortex photons by NITS is phys-
ically similar to undulator radiation, as discussed in the liter-
ature [38,44,69–71]. The laser strength and the wavelength of
the laser are like the undulator strength parameter, K , and the
period length of the undulator, respectively. The generation
of optical vortices from helical undulators was theoretically
proposed [72] and later experimentally verified [73–76]. The
phase term, exp{i(m − 1)φ}, can be seen in the complex am-
plitude of an emitted photon. An annular intensity distribution
was observed only for the higher harmonics (m � 2).

An electron with a cycloid motion can be achieved by
a two-frequency undulator. Although linear polarization has
been considered in the previous works [65,77–81], a two-
frequency helical undulator may be realized with, for exam-
ple, a superconducting bifilar solenoid (Sec. 14-7-1 in [82]).
Such a device would emit photons at ultraviolet and x-ray
wavelengths. They would have a spiral phase term exp{i(n1 +
n2 ± 1)φ} and a large OAM. Although we treated a spiral
phase term of radiation emitted from an single electron in
this work, an effective electron beam inside an accelerator
device has the finite emittance. The emittance of an electron
beam affects the detection of a helical wave front of an optical
vortex. As discussed in the references of [73,75], interference
fringes are smeared out by the emittance.

NITS has been discussed as a candidate for radiation
processes in astrophysical environments, e.g., pulsars [39–
41]. In our other work, we have theoretically demonstrated
that optical vortices are naturally produced by NITS in as-
trophysical situations where electrons interact with intense
electromagnetic waves at arbitrary angles [64]. Intense elec-
tromagnetic waves are thought to exist near pulsars [83] and
may be emitted during gamma-ray bursts [84] at various
frequencies from radio to infrared. In such environments,
intense electromagnetic waves with various wavelengths and
high-energy electrons likely coexist, and high-energy photons
with a large OAM would be produced via NITS.

Thomson scattering, which is considered in this paper,
occurs when the energy of the scattered photon is much
smaller than the initial electron energy, i.e., h̄ω � γ0mec

2,
as described in [44], where mec

2 is the electron rest energy.
Using Eq. (28), we can write

γ0 � 1 + γ 2
0 θ2 + (

a2
01 + a2

02

)
/2

4(n1h̄ω01 + n2h̄ω02)
mec

2. (30)

When λ01 = 10 μm, λ02 = 1 μm, a01 = a02 = 1, n1 = 5,
n2 = 1, and θ = 0, Eq. (30) gives γ0 � 1.4 × 105 and h̄ω �
70 GeV. Therefore, our result is valid for gamma-ray vortex
generation in the MeV energy range up to ∼1 GeV.
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V. CONCLUSIONS

In this paper, NITS using a two-wavelength laser beam
was investigated. We found that an electron inside two cir-
cularly polarized laser fields follows a cycloid trajectory in
the transverse plane, the electric fields emitted from such an
electron have a spiral phase term exp{i(n1 + n2 ± 1)φ}, and
the electron has OAM equal to (n1 + n2 ± 1)h̄ in addition to
SAM. Spatial distributions of the radiation energy of emitted
photons have annular shapes when OAM �= 0, which is typical
of an optical vortex. In NITS with a one-wavelength laser,
an extremely high-power laser with a0 > 10 is required to
produce gamma-ray vortices with large OAM [64]. How-
ever, NITS with a two-wavelength laser beam can produce
intense gamma-ray vortices with a large OAM of ∼10h̄

using two less intense laser beams with a0 ∼ 1. Each OAM
state of the gamma-ray vortices characterized by harmonic
numbers is well separated by energy. This may be beneficial
for applications. The theory developed could be applied to
a two-frequency helical undulator, which would enable the
generation of ultraviolet and x-ray vortices. Moreover, this ra-
diation process may play an important role in the astrophysical
environments.
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APPENDIX A: SPATIAL DISTRIBUTION OF RADIATION
ENERGY WITH LINEAR POLARIZATION

Here, we derive the equations when both laser beams
have linear polarization to calculate the spatial distribution
of the radiation energy, which is not described in a previous
work [59]. We assume that the two laser beams are linearly
polarized along the x axis [δ01 = δ02 = 1 in Eqs. (3)–(5)]. The
phase term of Eqs. (11) and (12) is

ψ = ψ0 + kgη − b′
1 sin(k01η) − b′

2 sin(2k01η) − b′
3 sin(k02η)

− b′
4 sin(2k02η) + b

(−)
12 sin(k01η − k02η)

+ b
(+)
12 sin(k01η + k02η), (A1)

where

b′
1 ≡

√
2kr01 sin θ cos φ, (A2)

b′
2 ≡ −kz01(1 + cos θ ), (A3)

b′
3 ≡

√
2kr02 sin θ cos φ, (A4)

b′
4 ≡ −kz02(1 + cos θ ), (A5)

and

b
(+)
12 ≡ kz

(+)
012(1 + cos θ ). (A6)

The electric field for linear polarization can be expressed
as

Eθ =
∞∑

n1=−∞

∞∑
n2=−∞

∞∑
m=−∞

∞∑
s=−∞

i

√
e2k2λ2

01N
2
01

32π3ε2
0c

2

sin(kη0)

kη0

eiψ0+ikR

R

{
1√
2
k01r01 cos θ cos φ

(
J ′′

n1+1,n2
+ J ′′

n1−1,n2

) + 1√
2
k02r02

× cos θ cos φ
(
J ′′

n1,n2+1 + J ′′
n1,n2−1

) − β12 sin θJ ′′
n1,n2

+ k01z01 sin θ
(
J ′′

n1+2,n2
+ J ′′

n1−2,n2

) + k02z02 sin θ
(
J ′′

n1,n2+2 + J ′′
n1,n2−2

)
+ 1

2
(k01 − k02)z(−)

012 sin θ
(
J ′′

n1+1,n2−1 + J ′′
n1−1,n2+1

) + 1

2
(k01 + k02)z(+)

012 sin θ
(
J ′′

n1+1,n2+1 + J ′′
n1−1,n2−1

)}
(A7)

and

Eφ =
∞∑

n1=−∞

∞∑
n2=−∞

∞∑
m=−∞

∞∑
s=−∞

i

√
e2k2λ2

01N
2
01

32π3ε2
0c

2

sin(kη0)

kη0

eiψ0+ikR

R

×
{
− 1√

2
k01r01 sin φ

(
J ′′

n1+1,n2
+ J ′′

n1−1,n2

) − 1√
2
k02r02 sin φ

(
J ′′

n1,n2+1 + J ′′
n1,n2−1

)}
. (A8)

Here, m is an integer, J ′′
n1,n2

≡ Jn1+m+s (b′
1, b

′
2)

Jn2−m+s (b′
3, b

′
4)Jm(b(−)

12 )Js (b(+)
12 ) and Jm(xt , yt ) is the

two-variable (xt , yt ) generalized Bessel function of the
first kind [85–87], defined by the series expansion:

Jm(xt , yt ) =
∞∑

r=−∞
Jm−2r (xt )Jr (yt ). (A9)

Its integral representation can be expressed as [86]

Jm(xt , yt ) = 1

π

∫ π

0
d� cos{m� − xt sin � − yt sin(2�)}.

(A10)

From Eqs. (A7) and (A8), the spiral phase term appearing
with circular polarization is not seen for linear polarization.
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FIG. 6. Spatial distribution of the radiation energy of gamma rays emitted by NITS with two linearly polarized laser beams, calculated
from Eq. (27). Each spatial distribution is normalized by the maximum values of n1 = 5 and n2 = 1. The calculation parameters are γ0 = 2000,
λ01 = 10 μm, λ02 = 1 μm, a01 = 1, and a02 = 1. The harmonic numbers n1 and n2 are indicated above each panel. Note that the scales of the
horizontal axes in (g) and (h) are different from those of the other panels.

However, when the polarization of one laser beam is circular
and the other is linear [δ01 = 0 and δ02 = 1 in Eqs. (3)–(5)],
the calculated electric fields include the spiral phase term
exp(in1φ). Therefore, the higher harmonic photons in the first
laser beam have OAM.

The radiation energy per unit angular frequency and the
solid angle can be calculated using Eq. (27). The number of
photons integrated up to θc = 3/γ0 almost has the same trend
as shown in Figs. 2(d)–2(i). The spatial distributions of the
radiation energy of intense gamma rays are shown in Fig. 6.
The spatial distributions for n2 = 0 in Figs. 6(a) and 6(b)
correspond to those of NITS with one laser beam [45]. The
intensity of the even harmonics vanishes at the center axis
(θ = 0), but the odd harmonics have a peak at the center axis.
Any particular harmonic n1 has n1 peaks along the direction
of polarization. On the other hand, the distributions of the
radiation energy for n2 = 1 are complicated. When n1 + n2 is
greater than or equal to 1, the intensity of the even harmonics
vanishes at the center axis, but the odd harmonics have a peak,
and any particular harmonic n1 + n2 has n1 + n2 peaks along
the direction of polarization, as shown in Figs. 6(e)–6(h).
When n1 + n2 is smaller than 1, the intensity vanishes at the
center axis, and the distribution varies with n1 + n2, as shown
in Figs. 6(c) and 6(d).

APPENDIX B: INITIAL PHASE OF THE VECTOR
POTENTIAL OF THE TWO LASER BEAMS

In the main text, we assumed that the initial phase of the
two laser beams at η = 0 was the same, as shown in Eq. (1).
The vector potential of the two laser beams, including the
initial phases φ01 and φ02, can be expressed as

a =
{

a01√
2

√
1 + δ01 cos(k01η + φ01)

+ a02√
2

√
1 + δ02 cos(k02η + φ02)

}
ex

+
{

a01√
2

√
1 − δ01 sin(k01η + φ01)

+ a02√
2

√
1 − δ02 sin(k02η + φ02)

}
ey. (B1)

The initial phase shifts of the incident laser beams, φ01 and
φ02, contribute only to the constant phase shifts of the scat-
tered radiation field by adding the phase term exp(−in1φ01 −
in2φ02) to Eqs. (21) and (22). They can be incorporated into
the constant phase term, ψ0.
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