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We study topological properties of one-dimensional non-Hermitian systems without chiral symmetry and give
phase diagrams characterized by topological invariants vg and v, associated with complex energy vorticity
and summation of Berry phases of complex bands, respectively. In the absence of chiral symmetry, we find that
the phase diagram determined by v is different from v,,. While the transition between phases with different
vg is closely related to the band-touching point, the transition between different vy, is irrelevant to the band-
touching condition. We give an interpretation for the discrepancy from the geometrical view by analyzing the
relation of topological invariants with the winding numbers associated with exception points of the system. We
then generalize the fidelity approach to study the phase transition in the non-Hermitian system and find that
transition between phases with different v, can be well characterized by an abrupt change of fidelity and fidelity

susceptibility around the transition point.
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I. INTRODUCTION

Topological phases of matter have been one of the most
intriguing research subjects in condensed-matter physics.
Recently, topological phases in non-Hermitian systems have
attracted great attention [1-37], partially motivated by the
experimental progress on optical and optomechanical systems
with gain and loss, which can be implemented in a con-
trollable manner and effectively described by non-Hermitian
systems [38—45]. Recent studies have unveiled that the topo-
logical properties of non-Hermitian systems may exhibit quite
different behaviors from Hermitian systems, associated with
some peculiar properties of the non-Hermitian Hamiltonian,
e.g., biorthonormal eigenvectors, complex eigenvalues, the
existence of exceptional points (EPs), and unusual bulk-edge
correspondence [46-55]. Although non-Hermiticity brings
some challenges for carrying out topological classification
and properly defining topological invariants on biorthonormal
eigenvectors [22,23,54], the non—Hermitian system with novel
qualities has opened up new frontiers for exploring rich topo-
logical phenomena.

It is well known that symmetry and dimension play
an important role in the study of topological properties
[22-24,56]. For one-dimensional (1D) topological systems
with chiral symmetry, the topological properties of the Her-
mitian systems can be characterized by a winding number
vy, which is closely related to the Berry phase across the
Brillouin zone (Zak phase) of systems [16,57,58]. For the non-
Hermitian system with chiral symmetry, one can generalize
the definition of winding number v; as a topological invariant.
Furthermore, due to the eigenvalue being complex, we need
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to define another topological winding number vg, describ-
ing the vorticity of energy eigenvalues [11,15]. The phase
diagram of the non-Hermitian system with chiral symmetry
can be well characterized by vg and vy, which can take half
integers. In a recent work [16], it was demonstrated that
both vg and v, are related to two winding numbers v; and
vp, which represent the times of trajectory of the Hermi-
tian part of the momentum-dependent Hamiltonian encircling
the EPs.

In this work, we study 1D non-Hermitian systems without
chiral symmetry, which are found to exhibit quite different
behaviors from their counterparts with chiral symmetry. In the
absence of chiral symmetry, while vy remains a topological
invariant, the Berry phase for each band is not quantized
and the corresponding vy is no longer a topological invariant.
Nevertheless, the summation of vg for all the bands, denoted
by vy, is still quantized and can be taken as topological
invariant [6]. By studying a concrete two-band non-Hermitian
model, we find that the phase diagram determined by the
topological invariant vg is different from that characterized
by vir. While the phase boundaries of phase diagram char-
acterized by vg correspond to the band-touching points of
the nonchiral system, no band touching occurs at the phase
boundaries of vy. This is in sharp contrast to the chiral non-
Hermitian system, for which the phase boundaries between
phases with different vy also correspond to the band-touching
points. To understand the discrepancy of phase diagrams
of the nonchiral systems, we further unveil the geometrical
meaning of the topological invariants vg and v. Similar to
the chiral non-Hermitian system, we find that vg is related
to the winding numbers v; and v,, which count the times of
trajectory of the Hermitian part of the Hamiltonian encircling
the EPs of the nonchiral Hamiltonian. However, v is related
to different winding numbers v| and v}, associated with EPs of
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a Hamiltonian in the absence of the term breaking the chiral
symmetry.

For the Hermitian system, besides the general Landau cri-
teria for quantum phase transitions (QPTs), fidelity approach
provides an alternative way to identify the QPT from the
perspective of wave functions [59-63]. Generally one may
expect that the fidelity of ground state shows an abrupt change
in the vicinity of the phase transition point of the system as a
consequence of the dramatic change of the structure of the
ground state. So far the studies of fidelity as a measure of
QPTs are focused on Hermitian systems, for which either
the Landau energy criteria or the fidelity approach gives a
consistent phase diagram. In this work, we shall generalize the
fidelity approach to study phase transition in non-Hermitian
systems. To our surprise, we find that both the fidelity and
fidelity susceptibility exhibit obvious changes in the vicinity
of phase boundaries of phases characterized by vy, instead
of vg. This suggests that the phase transition between phases
with different vy, can be determined by the fidelity approach,
whereas the transition between different vg is closely related
to the band-touching (gap-closing) condition and can be de-
termined by the generalized Landau criteria.

The paper is organized as follows. In Sec. II, we first give
a general framework to expound the basic characteristics of
a two-band non-Hermitian system. In Sec. III, we introduce
a non-Hermitian model without chiral symmetry and analyze
the spectrum of the system. We also calculate the topological
invariant vy and give the phase diagram characterized by
ve. In Sec. IV, we calculate the other topological invariant
Vot associated with the Berry phase, and the phase diagram
characterized by vy,. We find discrepancy of phase diagrams
characterized by vg and vy, and unveil that the two topo-
logical invariants are related to different winding numbers
associated with the EPs of the Hamiltonian with and without
chiral symmetry. We also analyze the effect of a hidden
pseudoinversion symmetry on the topological property of
eigenstate. Then, we calculate the fidelity of a given eigenstate
and the corresponding fidelity susceptibility to identify the
phase transition characterized by vi,;. A summary is given in
the last section.

II. TOPOLOGICAL INVARIANTS OF 1D TWO-BAND
NON-HERMITIAN SYSTEMS

In general, a two-band non-Hermitian system can be
described by

HEK)=hk) -6 =nk) -0 +iy(k) -0, (1)

where h(k), n(k), and y (k) may include three components
x,y,z and o, . is the Pauli matrix. In general, the non-
Hermitian system can be divided into the summation of Her-
mitian and non-Hermitian parts: h(k) = n(k) + iy (k), with
n(k) and y (k) being real functions of k. The energy square
of the non-Hermitian Hamiltonian is E2 = |n|?> — |y|? + 2in -
y := E} = E3 (E; = —E»). It is clear that the two bands
touch at zero when n(k) L y (k) and |n(k)| = |y (k)|.

The eigenvalue E| ; is smoothly continuous with k. Since
the eigenvalue is generally complex, we can represent it as
E, = |E|e'% = —E,, with 6, the angle of eigenvalue. As k
goes across the Brillouin zone (BZ), we can always define the

winding number of energy vg as [11,15]

1 1
VE = E%dk o arg (AE) = E%dk o arg (E) — Ey).
(2

For the Hermitian system, vg is always zero as 6, takes either
zero or . See Appendix A for the detailed calculation of vg.

On the other hand, the eigenstates of the non-Hermitian
Hamiltonian [Eq. (1)] satisfy H(K)|y{,) = E12|¢,), and
|1//fz) do not form an orthogonal basis. In order to describe
non-Hermitian properties, we need also consider the eigen-
states of HT, Hf(k)llﬂfz) = ET,2|¢IL’2>, which together with
[¥,) form biorthogonal vectors and fulfill (y/|y ) = i,
by properly choosing the normalization (wlelﬂfz). For sim-
plicity, we choose

1

V2E12(E1p—hy)

where the superscript T is transpose operation, and

E1,2 - hz)T,

sz) = (hy —ihy

(VflL,2| =

(hy +ihy Eip—hy).

1
V2Ei12(E12 — hy)
Similar to the definition of the winding number related to
the Berry phase of eigenstate in a Hermitian system, one
can generalize the definition v, directly to the non-Hermitian
system [8,16,21], which can be written as

1
Vi = — 75 dk(yl|iog|yF), 3)

where « = 1,2 indicate the band labels. Substituting the
concrete forms of | *) and (yZ| into the above equation, after
some simplifications, we can represent vy as (Appendix B).

1 hydihy — hydih,
T 27 Eo(Eq —h.)

where E| and E; are eigenvalues of the non-Hermitian Hamil-
tonian.

For the case with chiral symmetry, it has been shown that
both vg and v , can only take some half-integers. In a recent
work, it has been demonstrated vg and v; , are related to the
winding numbers v; and v, of trajectory of the Hermitian part
around two different EPs, respectively [16], and thus explain
why they are topologically invariant with half integers. The
phase diagrams can be determined by different values of either
Vg Of Vg4, Or equivalently v; and v,. For the general case
without chiral symmetry, vg remains a topological invariant;
however, v;, is generally a complex number which is not
quantized, suggesting that v, , is no longer a topological
invariant. Nevertheless,

; “4)

US.C(

Viot = Vs, 1 + Vg2

has been demonstrated to be a topological invariant, which
takes integers [6]. As shall be discussed in detail in the
following section, we find that phase boundaries of the phase
diagram determined by vy are consistent with the band touch-
ing curves determined by E| = E, = 0. On the other side, we
can also get a phase diagram determined by topological invari-
ant vy, which displays obviously different phase boundaries
from phase boundaries determined by vg. To understand this
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discrepancy, we further analyze geometrical origins of vg and
Vyot» associated to the Hamiltonian (7). While vg can be related
to the winding numbers around two EPs of the Hamiltonian
(7) via vg = :I:%(vz —v1), we find no relation of v with
v; and vy; instead we have v = V] + v, where v| and V)
are winding numbers around EPs of the Hamiltonian in the
absence of the chemical potential term.

III. MODEL AND SPECTRUM

For simplicity, we consider a 1D non-Hermitian model
by choosing the Su-Schrieffer-Heeger (SSH) model as the
Hermitian part of the non-Hermitian Hamiltonian, and intro-
duce an off-diagonal non-Hermitian part by taking different
hopping amplitudes along the right and left hopping directions
in the unit cell [16,54]. A diagonal non-Hermitian term is also
introduced by alternatively adding imaginary chemical poten-
tial £ip on the A/ B sublattice. Explicitly, the Hamiltonian is
given by

H = Z(r + 5)6‘1,”6‘3,” +(t — S)CL_”CA,H + t/ci\_’anB,,,

n
t/ T ; i _ i 5
+1Cp  Cant1 T IUCy ,CaAn — IUCE ,CB p, 3

with ¢/ =1 as the unit of energy in the following discus-
sion. Under the periodic boundary condition, we can make
a Fourier transformation: ¢, , = 1/v/N Y, ¢**"c, 1, where N
is the number of the unit cells and « takes A or B. Then the
Hamiltonian can be written in the form of

H(k) =Y p{HK)¢. ©)
k
where ¢Z = (cz’k, chk), and
_ in t+8+e ik
=nk)-o +ido, +iuo,. (7

Here the Hermitian partis n(k) - ¢ = n,(k)ox + n,(k)o, with
ny =t+cosk and n, = sink. When p = 0, the term of o,
vanishes and the model reduces to the chiral non-Hermitian
SSH model which fulfills the chiral symmetry [16]:

o H(k)o, = —H (k).

The chiral symmetry is broken when u # 0.
From Eq. (7), it is straightforward to get the square of
eigenvalues given by
E*(k) = 1>+ 142t cosk — 8% — u? — 2i8 sink,

which suggests the existence of two solutions E; and E, with
E, = —E,. The ith band energy E;, can be represented as
E; (k) = |E; (k)| ® (i =1, 2), where 0,(k) = 0,(k) + 7 =
6(k) + m. Substituting E| , into Eq. (2), we can simplify vg to

1 on,
VE = 7 ngn(S)sgn(W K[>

csen((2 = 8= 12)] ). ®

where k = K; is the ith solution of n, =0, which gives
k=0 and 7. In Fig. 1 we show the phase diagram of the

#=05 (b)

FIG. 1. Phase diagram characterized by the winding number of
energy vg. (a) t versus § by fixing u = 0.5 and (b) 7 versus u
by fixing § = 0.5. The light yellow shallow represents the winding
number of energy vy = 0.5 and the light pink shallow represents
vp = —0.5, while other regimes are vy = 0. The phase transition is
accompanied by the band touching (close of band gap).

model (5) with different phases characterized by different
vg. In Fig. 1(a), the phase diagram is plotted for ¢ versus §
by fixing u = 0.5 and Fig. 1(b) is for ¢ versus u by fixing
8 = 0.5. We find that the phase boundaries can be determined
by 82+ u? = (¢t &+ 1)%, which is consistent with the band-
touching (gap-closing) condition E (k) = E,(k) = 0, i.e., the
two bands touch together at the phase boundaries.

It is shown that in some regions of the phase diagram vg
takes the half integer 4+1/2, which suggests the definition
Eq. (2) is not a true winding number in the geometrical mean-
ing. The reason behind this is that in this region the complex
eigenvalue E| (k) or E, (k) does not form a closed curve when
k goes around the BZ. To see it clear, we show E; (k) versus k
in Fig. 2, in which E; (k) changes continuously and smoothly
with k. As shown in Fig. 2(b), neither E| nor E, form a
closed curve as k changes from —x to 7; instead they switch
each other with E|(r) = E,(—m) and E,(r) = E{(—m), in
contrast with the phase regimes with vy = 0 corresponding to
Figs. 2(a) and 2(c), where both E; >(k) forms a closed curve
and we have E;(7) = E;(—m).

Furthermore, we demonstrate that the definition Eq. (2) is
equivalent to half of the difference of two winding numbers,
ie.,

vE = 1sgn(§) (v — vy), 9)

where vy, = 5= § dk V¢, with ¢, » defined by

ny

ny + /’L2+82’

ny
nx_vl'b2+82'

It is clear that v; and v, represent the winding number
of the closed curve formed by [n.(k),n,(k)] in the

two-dimensional space surrounding the EPs (—/u? + 82, 0)
and (/2 + 82, 0), respectively.

tan ¢y = tan ¢, =
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FIG. 2. Energy distribution in different parameter regions. The green curve and the black one represent E; and E,, respectively. The
detailed parameters are shown in the figure. Panels (a) and (c) correspond to v = 0 and (b) corresponds to vy = 0.5.

IV. TOPOLOGICAL PROPERTIES OF EIGENVECTORS
A. Topological invariant of eigenvectors

By using the expression of Eq. (4) and substituting it into
Vot = Vs,1 + V5,2, WE get

1 h,oghy, —h,0ch,  h,och, — h,0ih,
vmtz—%dk[ e AR A e e Bl }
2w E\(Ey —h) Ey(Ey — hy)

With the help of the relation £, = —E, the above equation
can be rewritten as

Lfdk hyOghy — hyoxhy
2r E\(Ey — hy)

1 yg iy =y
V]

E} — h?
Since E} = h} + h} + h?, we can get
1 hyoghy — hyochy
D = _fdkM
m

h2+n:
where hy =n, =t +cosk and hy =n, +iy, =sink +id.
We notice that vy, is independent of ., although its definition
is related to the eigenvectors of H (k).

In Fig. 3, we show the phase diagram characterized by
different values of v In Fig. 3(a), the phase diagram is
plotted for ¢ versus § by fixing a u = 0.5, and Fig. 3(b) is for
t versus pu by fixing a § = 0.5. Figure 3(b) clearly indicates
that the phase diagram is irrelevant to u as the expression of
Vot 18 independent of /. From the expression of Eq. (10), we
can see that the phase diagram shown in Fig. 3(a) is identical
to the phase diagram of the Hamiltonian in the absence of
the &, term, i.e., the non-Hermitian Hamiltonian with chiral
symmetry given by

Vot =

hdih, — hyakhx}
E(E1+hy)

(10)

Hehiral (k) = (t + cosk)oy + (sink +id)o,. (11

The expression Eq. (10) does not represent a winding number
in the geometrical meaning as &, (k) is not a real function.
Following the same derivation for the case with chiral sym-
metry [16], we can represent vy, as the summation of two true
winding numbers

’ ’
Vot = V; + Vs,

where v] , = 5= § dk V¢ ,, with ¢| , defined by

12)

mny

ny —8°

tan ¢ = tan ¢ =

ny
ny+38°

It is clear that v} and v} represent the winding number of the
closed curve formed by [n,(k), n, (k)] in the two-dimensional
space surrounding two points (-4, 0) and (8, 0), respectively.
These two points are not EPs of the Hamiltonian (7); instead
they are EPs of Hpira (k). Consequently, the phase boundary
of the phase diagram determined by vy is the same with
the band touching condition for the system described by
Henira1 (k), but is different from the phase diagram determined
by vg.

Alternatively, we can also understand the geometrical
meaning of the topological invariant vy, from trajectories of
eigenvectors by projecting the eigenvectors onto a 2D unit
spherical surface. In general, the right eigenvector can be
parametrized as

COS%
Wrtew B = | iy 2, )

(13)

For each eigenvector corresponding to E; or E;, we
may calculate the sphere vector defined as R(k) =
(cos a sin By, sin o sin By, cos B;), where ay and fB; corre-
spond to the azimuthal and polar angles of R(k), respectively.
In Fig. 4, we plot the evolution of two eigenvectors on the
Bloch sphere across the Brillouin zone. Their trajectories form

@ , p=0.5_ (®, §=0.5
0
2 2
1 1 1
w 0] 2 0 {0 2 1 0
& 1 -1
2 -2
0
-3 -3
0 1 2 0 1 2

t t

FIG. 3. Phase diagram characterized by topological invariant vy,.
(a) t versus § by fixing u = 0.5 and (b) ¢ versus u by fixing § =
0.5. The number in different color areas represents the topological
invariant vy = V51 + Vs 2.
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(a) (b) (0)

FIG. 4. Unit sphere vector R(k) (red curve with eigenvalue E,;
and black one with eigenvalue E,). The parameter ¢ in (a), (b), and
(c) takes 0, 1, and 2, respectively, with other parameters u = 0.5 and
8 = 0.5. The blue line connects the north and south poles.

separately two closed curves as shown in Figs. 4(a) and 4(c),
or form together a closed curve in Fig. 4(b). The topological
invariant v, can be viewed as a winding number which
accounts for times of the trajectories passing around the z axis
connecting north and south poles.

Generally speaking, v is not quantized for a system
without the chiral symmetry. However, for the model de-
scribed by Eq. (7), the Hamiltonian satisfies a pseudoinversion
symmetry:

o H(k)o, = Hi(—k), (14)

and we find that the real part of v, is quantized in some
parameter regions due to the existence of the pseudoinver-
sion symmetry. Given that H(k)|¥ R (k)) = Eq(k)|¥ R (k)), it
follows that

Hi(—k)or [yl (k) = Eo (K)o [y (k).

Noticing that H'(—=k)|WL(—k)) = EX(=k)|yLE(—k)), we
have E (k) = Ej(—k) if the state fulfills O'X|1ﬁ1R(k)) =
|1p1L(—k)> or Ey(k)=E;(—k) if the state fulfills
o, |Wf(k)) = |¥¥(—k)). The difference between these
two cases can be distinguished by whether the real part of v ;
is quantized or not. The real part of vy ; is quantized in the
case of E|(k) = E{(—k), and vy, is not quantized but real in
the other case. In Fig. 5, regions labeled by quantized number
0, 0.5, 1 correspond to the case of E;(k) = Ej(—k) with
quantized real part of v, ;. Regions without labeled numbers
correspond to the case of E (k) = E3(—k), for which v, is
no longer quantized. The boundaries between these two cases
can be determined by Elz’z(k = 0) = 0 (see Appendix B for
details).

When the chemical potential term %, is no longer imagi-
nary, i.e, h; = n, + iy, = n + i with nonzero 5, the pseu-
doinversion system is broken and the real part of vy 1,5 is not
quantized. Nevertheless, vy is always quantized and takes the
same value no matter which form /, takes, i.e., the expression
of Eq. (12) is irrelevant to the term of #,.

B. Detection of phase boundaries via fidelity approach

We have demonstrated that the phase diagram determined
by v displays quite different phase boundaries from the
band-touching conditions. As vy, reflects the global geo-
metrical properties of wave functions, we apply the fidelity
approach to detect the phase boundaries. The fidelity approach
has been widely used to study the phase transitions in various
quantum many-body systems [59-63]. Given a Hamiltonian
H (1), which depends on the driving parameter X, the quantum
fidelity is defined as the overlap between two eigenstates with

(a) 2 1=0.5 (b)2 0=0.5
1,
<0/ 1] 05 |0
10
NN
0 1 2
t t

FIG. 5. Phase diagram characterized by the real part of Berry
phase v, ;. (a) ¢ versus § by fixing u = 0.5 and (b) ¢ versus u by
fixing 6 = 0.5. The number in different color areas represents the
quantized Re(v; ), and in the regions without the number Re(v; ;)
is not quantized. The blue solid curve represents the phase boundary
of phase diagram characterized by Re(v,,;), and the red dashed is
corresponding to the phase boundary of vy.

only slightly different values of the external parameter and
thus is a pure geometrical quantity. For the non-Hermitian
Hamiltonian studied in this work, the driving parameter A can
be taken as 7, §, or u. In terms of the eigenstates |z (1))
of H(A), the Hamiltonian can be reformulated as H(\) =
> on EnQ)IYR n (M) (W n(A)]. Therefore, we can generalize
the definition of the state fidelity to the non-Hermitian sys-
tem, which is defined as the half sum of the overlap be-
tween |V (A +€)) and | (X)) and the overlap between
Y210+ ©) and [Yrg.1 (). ie.,

F(h,€) = S iMIYr 1 (A + €))
+ (Yr1)| YL 1 (A +€))l,

where |k (1)) is the wave function corresponding to the
parameter A with eigenenergy E; and € is a small quantity.
It is obvious that the fidelity is dependent of €. The rate of
change of fidelity is given by the second derivative of fidelity
or fidelity susceptibility

S(h) = 111% 32 InF(x, €),
€—

15)

(16)

which is independent of €. We note that the first derivative
of fidelity defined by Eq. (15) gives zero, which is consistent
with the Hermitian system [60-62].

In Fig. 6, we display the fidelity and fidelity susceptibility
versus the driving parameter ¢, i.e., we take A = ¢, by fixing
8§ =0.5 and p = 0.5. It is shown that both the fidelity and
fidelity susceptibility exhibit an abrupt jump in the vicinity
of the transition points, which are consistent with the phase
boundaries of the phase diagram determined by vy. If we
take the driving parameter as § by fixing ¢ and p, similarly
we find an abrupt jump of the fidelity and fidelity suscep-
tibility in the vicinity of the transition points. Our results
demonstrate that the phase transition point determined by
the fidelity approach is different from that obtained by using
Landau’s energy criterion, which gives the phase boundaries
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1.04 6
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3 2
1
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0.98 : : - 2 o=
0 05 1 15 2 0 05 1 15 2

FIG. 6. Fidelity (a) and fidelity susceptibility (b) as a function of
t.Here we take A = ¢, u = 0.5,and 6 = 0.5.

by the band crossing condition. For the Hermitian system,
it has been demonstrated that the fidelity susceptibility and
the second derivatives of ground energy play an equivalent
role in identifying the quantum phase transition. However, for
the non-Hermitian system, they play different roles and may
give different phase boundaries when the chiral symmetry
is broken. This also explains why the discrepancy of phase
diagrams determined by vz and v, may arise for the non-
Hermitian system.

V. SUMMARY

In summary, we have studied 1D general non-Hermitian
systems without chiral symmetry and found the existence of
discrepancy between phase diagrams characterized by two
independent topological invariants vg and vy, which are
quantized for our studied systems. While the phase boundaries
between phases with different vg are determined by the band-
touching condition, the phase boundaries between different
Vyor are irrelevant to the band touching of the nonchiral system.
The discrepancy of phase diagrams can be further clarified
from the geometrical meaning the topological invariants vg
and vy, which can be represented as vg = (v, — v;)/2
and v = v; + vy, where v; and v, are winding numbers
counting the times of trajectory of the Hermitian part of the
Hamiltonian encircling two EPs of the nonchiral Hamiltonian,
and v and v} are winding numbers associated with two EPs
of the Hamiltonian in the absence of the chiral-symmetry
breaking term. The fact that the topological invariant vy, is
independent of the chiral-symmetry breaking term suggests
that the corresponding transition between different vy is
irrelevant to the band-touching points; instead it is equal to
the winding number which counts times of trajectories of
vectors by projecting the eigenstates onto a 2D unit sphere
passing around the z axis connecting north and south poles.
Furthermore, we find the existence of a hidden pseudoinver-
sion symmetry and the real part of v; 4 is quantized when the
eigenvalues of the system satisfy E| »(k) = Efz(—k).

We then generalize the definition of fidelity and use the fi-
delity and fidelity susceptibility to identify the phase transition
in the non-Hermitian system. Our results show that an abrupt
change of fidelity and fidelity susceptibility occurs around
transition points between phases with different vy, which
suggests that the fidelity approach can witness topological
phase transitions characterized by v, accompanied with no
gap closing in the non-Hermitian system. Our work unveils
that the non-Hermitian systems may exhibit some peculiar

properties, which have no correspondence in the Hermitian
systems and are worthy of further investigation. A question
that remains open is to find physical observable quantities to
detect the topological invariants in the non-Hermitian models
without chiral symmetry.
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APPENDIX A: WINDING OF EIGENENERGY vg

The winding number of energies vg can be written as

1
VE = —/Vkarg(AE)dk,
2

where AFE represents the difference of energies between
any of the two bands. Generally speaking, a two-band non-
Hermitian system can be described by the Hamiltonian in
Eq. (1), with eigenvalues EIZA2 = |h(k)|?> (E, = —E»). Hence
the angle of AE is half of the angle of E7 ,, and as a result vg
can be interpreted as the half of the winding number of E} ,
in the complex plane around the origin. In Hermitian systems,
the energy E| ; is real and vg is always zero.

Similar to Ref. [64], the winding number of vg can be
written as

X [sgn(“m L) K>sgn[Re(E%2)<K >1}

(AL)
with K; being the ith solution of Im(E?,) = 0. For the
Hamiltonian described by Eq. (7), the eigénvalues satisfy
E}, =1>+1+42f cosk — 8% — u? + 2i8 sink. It’s easy to
get the s1mpliﬁed form of vg,

= Z sgn(a)sgn(ik |K)

x sgnf(t* + 1 + 2t cosk — 8% — 1?) g1, (A2)

with Kj being the ith solution of sin k = 0. This is different

from the Hermitian cases where K; is determined by fzo =0.
Now we give the geometric meaning of the winding num-

ber vg. To see this, we parametrize the square of energies by

E12,2 = |EP%,
with
28 sink
2+ 142t cosk — 62 — u?

. Im(E%,z
B Re(EIZ’Z)

~—

tan 26, =

Then the winding number can be written as
1
2nvg = ‘(ﬁdk Vi = %dkz cos 20V tan 20

2Re(E7,)
Lt

Im(E%,z)
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(@) A Im(E2,) (b) n

————————— a- Im(Efl) y

\6,

»
>

RC(E |2,z) £y

FIG. 7. (a) Schematic diagram of compressive deformation E 12’2.
(b) A schematic diagram shows the geometrical meaning of ¢; and
(]52 with Ny/y = Re(ax/}).

_ %dkRe(Elz,z)VkIm(Elz.z) —Im(E7,) ViRe(ET,)
2|l

Re( 12)Vk“1m( 12) “Im(Elz,z)VkRe(E%,z)

zfdk

2[Re(E,) +a2Im(E2,)’]

= sgn(a) ygdk A\
m 2 . .
where tan 260’ = al;e((é‘:)). Here o is independent of k and

taken to be ¢ = ¥ M o ; thus sgn(«) = sgn(§). The winding
number of 6 is now represented by the winding number of 6,
as shown in Fig. 7(a). Furthermore, we have

Re(E},) + i Im(ET,)

= V[Re(EL) +octm(E2,) ]

= V[Re(ED,) +em(ED,) ] e,
with tan¢; = rw"\/—m and tan¢, = nr"ﬁ, where
ny =t +cosk and n, = sink. Here ¢; and ¢, are the angles
of vector n(k) around the two EP points EP; and EP, as
shown in Fig. 7(b), respectively. Finally, the winding number
vg becomes

1 1
Ve = sgn(8)—— f dk Vo' = F5en(@)(vy —v), - (A3)

where v; = % 9§ dk V¢;. Hence vg measures the differences
of winding number v; and v,, which is similar to the case of
the chiral Hamiltonian discussed in Ref. [16].

APPENDIX B: WINDING OF EIGENSTATE v,
The eigenstates for the non-Hermitian Hamiltonian satisfy
HOYih) = Ei2|¥i),
(WialH ) = (vi,|Era,
with

(hy —ihy, E1o —hy)",

1
R\ _
93] V2Ei12(Eip —h)

1
L | _
W V2E12(Eip —h)

(hy +ihy, E1p — hy),

where the superscript T is transpose operation. The Berry
phase v of the state is defined by

1
v = iyt vl

Substituting the expression of |1ﬁlR ), (WIL | into this equation,
Vg 18 rewritten as

Vg1 = —

1
dk———————(h, 1 E,—h
n?g N

X iak

1 hy —ihy
V2E((E, —h)\ E1 —h,
_ lffdkhxakhy—hyakhx.

T 2E1(E1 — hy)

Summing up the Berry phases of the two bands, the total Berry
phase is

Vtot—Usl"i_UsZ—_%

which can be proved to be quantized.

In a Hermitian system, a Hamiltonian having inversion
symmetry means there is a unitary operator satisfying
UH(k)U™' = H(—k). As a comparison, we can define a
pseudoinversion symmetry in the non-Hermitian system.
Because of H (k) # H'(k), the pseudoinversion symmetry
now requires U H(k)U~' = H'(—k), while the operator U
is still unitary. For example, if U is chosen to be o, the
pseudoinversion symmetry gives some constraints on the
Hamiltonian, i.e.,

ity = hydihy
Y h2 ’

hy (k) = hi(=k),

hy (k) = —h3 (=),

h (k) = —h7(=k).
Besides, the eigenvalues should satisfy Ej(k) = E}(—k) or
E (k) = E5(—k). Now we study the Berry phase for these
two cases, respectively.

In the first case, we have E(k) = E}(—k), and the Berry
phase vy ; is

1
V51 = — dk(% |’akW1 )

_ _/' dk qi 0y (k) = hy (k)3 h.c (k)
2E\(K)[E (k) — h- (k)]
T —h(=k)okh(—k) + hi(=k)dh(—k)

T Jon 2EF(—K)[ET(—k) + h*(—k)]
1 / diy R = (kYD (k)
T Ja 2E{ (=K)[Ef(—k) + h1(—k)]
(k - —k)
LT RERB(K) — )k (k)
T r )T 2ER(RIEs () — hi (k)]

l L
= | dkvsliodvs)

%
= l)s,z.
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Similarly, we can see vs,zzv;"l. As a result, the to-
tal Berry phase v = Vs 4 Vs2 = V5,1 + V5, is real and
quantized. The real and imaginary part’ of vs; sat-
isfies Re(vs1) = Re(vs2) = %Re(vml); Im(vs,1) = Im(v,).
This phase is called pseudoinversion symmetry unbroken
phase, in which the real part of Berry phase v ; is quantized.

In the second case, E;(k) = EJ(—k). The Berry phase
Vs,1 18

1 T
v =— [ dk(yl]ioc|yf)
T —TT
— l 7Tdkdkh)r(k)akhy(k)_hy(k)akhx(k)
T Jon 2E((k)[E (k) — h (k)]

LT =R R)R(—K) + (KB (—k)
). 2E3(—k)[E3(—k) + h*(—k)]
LT R0 — B (a0

7). 2EOIET (k) — hE (k)]

Lo

= 2 [ arutlindvi]

-7
%
= l)s’].

In this case, the v, and v, are real but not quantized. The
phase is called pseudoinversion symmetry broken phase.
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