
PHYSICAL REVIEW A 98, 043852 (2018)

Tunable single-photon diode by chiral quantum physics
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We investigate a single-photon diode realized by a one-dimensional waveguide chirally coupled to N spatially
separated �-type three-level emitters. An external laser is introduced to drive the emitters. The single photons
moving in opposite directions show different transmission probabilities, which underpins the diode behavior. In
the case of a single emitter, the single-photon diode works well at specific frequency points, which are tunable
by the external laser. In the case of multiple emitters, the optimal-working-frequency point of the diode can be
turned to a broad band.
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I. INTRODUCTION

Optical diodes, which allow unidirectional propagation of
light, require the ability to break Lorentz reciprocity [1].
Nonreciprocity in light propagation has been extensively stud-
ied by various physical mechanisms [2–39]. Single photons
are considered as the ideal carriers for quantum information.
The single-photon optical diode [15,28–32], with low loss, is
an indispensable element for future quantum networks [40],
which is prerequisite for optical quantum information and
quantum computation.

Recently, the nonreciprocity in single-photon propagation
has been well studied by chiral quantum optics, such as the
single-photon diode [31,39], single-photon circulator [37,38],
and single-photon routing [24,36,39]. In chiral quantum
optics, the emitter is driven by the photons propagating in op-
posite directions with different strengths [20,31,34,35,38,41–
57]. This could be underpinned by the spin-momentum
locking of the transversely confined light and the polarization-
dependent dipole transitions of the emitter. The single-photon
diodes realized work well at given frequency points. If the
input frequency point is greatly altered, the devices should be
actively reconfigured. The investigation of the largely tunable
single-photon diode, in which the working frequency point
can be adjusted, should be interesting. In addition, it is an
open problem to realize a single-photon diode with optimal
working frequency in broad bands.

In this paper, we propose a scheme to realize a largely
tunable single-photon diode that works well over broad fre-
quency bands. In our scheme, the photon is largely confined in
a one-dimensional (1D) waveguide, which is chirally coupled
to spatially separated three-level emitters. The system com-
posed by a one-dimensional (1D) waveguide chirally coupled
to spatially separated emitters has been extensively studied
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[45–53,55]. In particular, the Bragg reflection [46,55], en-
tanglement generation [45,48,49], and self-organization [50]
have been investigated by a 1D waveguide chirally coupled
to spatially separated two-level emitters. By chirally coupling
a 1D waveguide to a nonlinear cavity and a two-level atom,
the single-photon dark state has been achieved [51]. Here
we focus on the asymmetrical single-photon transmission,
which is underpinned by both the chiral coupling and the
emitter’s decay to the environment. We first study in detail
the case of a single emitter and show that the optimal working
frequency of the diode is at specific points. These points are
tunable by programming and actively adjusting the parameters
of the external laser. Note that the tunable single-photon
circulator composed by two waveguides chirally coupled to
a single emitter has been realized in Ref. [37]. The authors in
Refs. [30,38,39] have showed that the emitter chirally coupled
to two waveguides shows the diode behavior. Our tunable
diode containing one waveguide displays more convenience
in practice. Besides, in our scheme, the emitter’s final state
is the same as its initial state, which provides convenience
to the recycling. We then show that by chirally coupling a
1D waveguide to multiple spatially separated emitters, the
optimal working frequency of the tunable single-photon diode
is in broad bands.

II. MODEL AND HAMILTONIAN

We consider N identical �-type three-level emitters
chirally coupled to a 1D waveguide, as shown in Fig. 1. We
use xi to label the coordinate of the ith emitter. The states
of the ith emitter are denoted by |j 〉i (j = a, b, c), with
the corresponding level frequency ωj . We take ωb = 0 for
reference. The right- and left-moving guided photons are
coupled to the transition |b〉i ↔ |a〉i with strengths gR and
gL, respectively. The coupling strengths are assumed to be
independent of photon wave number, which is equivalent to
the Weisskopf–Wigner approximation. For simplicity and
without generality, we assume gR � gL. In the ideal chiral
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FIG. 1. Schematic configuration of the single-photon diode. A
1D waveguide is chirally coupled to N spatially separated �-type
three-level emitters. The emitters are driven by the external laser.

coupling case, the photon is perfectly circularly polarized at
the positions of the emitters and the polarization is orthogonal
for the opposite propagation. Consequently, the level transi-
tion |b〉i ↔ |a〉i can be solely coupled to the photon moving
in one direction. To measure the chiral coupling character,
we bring in the parameter C = |�R−�L

�R+�L
|. The parameters

�R = g2
R

vg
and �L = g2

L

vg
account for the spontaneous emissions

from the emitter’s excitation into the waveguide’s right- and
left-moving channels, respectively. The sign vg denotes the
group velocity of the guided photon. Obviously, C = 0 when
�R = �L, 0 < C < 1 when �R �= �L, and C = 1 in the
ideal-chiral-coupling case. We employ an external laser beam
with frequency ωL and Rabi frequency � to drive the level
transition |c〉i ↔ |a〉i by frequency selection. We assume
that the transition frequency between the levels |a〉i and |c〉i
is below the cutoff frequency of the waveguide and hence
the guided photon is decoupled to the transition |a〉i ↔ |c〉i .
When � �= 0, the system can be considered as a 1D waveguide
chirally coupled to dressed three-level emitters. Within
the rotating-wave approximation, the time-independent
Hamiltonian governing the system is [58,59]

H = −i

∫
dx[a†

R (x)∂xaR (x) − a
†
L(x)∂xaL(x)]

+
∑

i=1,...,N

[(
ωa − i

γa

2

)
σaa

i + (ωc + ωL)σ cc
i

]

+
∑

m=R,L

i=1, . . . , N

[
gm

∫
dxδ(x − xi )a

†
m(xi )σ

ba
i

+�σ ca
i + H.c.

]
, (1)

where σ kl
i = |k〉i〈l| (k, l = a, b, c) are the raising, lowering,

and energy-level population operators of the ith emitter. The
operator a

†
R (x) [a†

L(x)] creates a right- (left-) moving photon
in the waveguide at the site x. The parameter γa accounts for
the decay from the level |a〉i to the environment, such as the
spontaneous emission to the free space. We have taken h̄ = 1,
and the photonic group velocity vg = 1. The first line of the
Hamiltonian (1) denotes the free propagation of the guided
photon. The second line is the emitter’s energy including the
decay to the environment, which is represented by adding
the imaginary part −i

γa

2 to the corresponding level energy
in the quantum jump picture. Here we have assumed that

the states |b〉i and |c〉i are long-lived states, and |a〉i is the
excited state. The third line represents the coupling of the
waveguide photon to the emitters. The first term in the forth
line describes the interaction between the external laser and
the emitters. “H.c.” stands for Hermitian conjugate.

We consider that, initially, a photon with wave number k is
injected into the waveguide and all the emitters are in the state
|b〉i . The frequency of the guided photon is far from the cutoff
frequency of the waveguide so that the photonic dispersion
relation is approximately linearized. In the single-excitation
sector, the system scattering eigenstate has the form of

|�〉 =
{∫

dx[αR (x)a†
R (x) + αL(x)a†

L(x)]

+
∑

i=1,...,N

βiσ
ab
i +

∑
i=1,...,N

ζiσ
cb
i

}
|φ〉, (2)

where αR (x), αL(x), βi and ζi are the probability amplitudes.
The state |φ〉 means that all the emitters are in the state
|b〉i and zero photons are in the 1D waveguide. The first
and second terms in Eq. (2) indicate that the 1D waveguide
contains one right- and left-moving photons, respectively.
The third and forth terms indicate that the ith emitter is in
state |a〉i and |c〉i , respectively. The probability amplitudes
can be obtained from the eigenequation H |�〉 = E|�〉, with
eigenvalue E = vg|k| (see Appendix A for details).

III. SINGLE-PHOTON DIODE REALIZED
BY SINGLE EMITTER

First, we study single-photon scattering by a single emitter
chirally coupled to a 1D waveguide. We assume that the emit-
ter is coupled to the waveguide at the site x = 0. When the
input photon is injected from the left side of the waveguide,
we label the single-photon-transmission and -reflection prob-
ability amplitudes with tR and rR , respectively. The subscript
R denotes that the input photon is right moving. Similarly,
if the photon is input from the right side, the corresponding
amplitudes are represented by tL and rL, respectively. The
amplitudes are obtained as (see Appendix B for details)

tR = �k

(
δk + i

�R−�L−γa

2

) + �2

�k

(
δk − i

�R+�L+γa

2

) + �2
,

tL = �k

(
δk + i

�L−�R−γa

2

) + �2

�k

(
δk − i

�R+�L+γa

2

) + �2
, (3)

rL = rR = i
√

�R�L�k

�k

(
δk − i

�R+�L+γa

2

) + �2
,

where δk = ωab − vg|k| and �k = � − δk are detunings, with
� = ωac − ωL. When �R = �L = �, we can easily find

tR = tL = �k

(
δk − i

γa

2

) + �2

�k

(
δk − i

γa

2 − i�
) + �2

,

agreeing with the outcomes derived in a 1D waveguide sym-
metrically coupled to a three-level emitter [59]. Here we focus
on the case �R �= �L. The only difference between tR and tL is
the signs �R and �L in the numerators. This can be understood
from the symmetry of the system, which implies that the
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expression of tL (rL) can be obtained by exchanging the signs
�R and �L in tR (rR). If the emitter’s decay to the environ-
ment is neglected, i.e., γa = 0, the single-photon-transmission
probabilities TR = |tR|2 and TL = |tL|2 are equal, although
tR �= tL. The single-photon diode cannot be achieved. When
the decay rate γa is not negligible, TR and TL differ from
each other due to the chiral coupling. However, the reflection
probabilities RR = |rR|2 and RL = |rL|2 are equal in any
case. We label R = RR = RL. This can be understood from
the perspective of mode conversion. The photonic right- and
left-moving modes, with the same frequency, are considered
as two degenerate modes. The input photon moving towards
the emitter will be absorbed by the emitter and then be emitted
into the waveguide or into the environment. If the propagation
direction of the emitted guided photon is opposite to the input
photon, the photon in the left-moving (right-moving) mode is
converted to the right-moving (left-moving) photon. The con-
version efficiencies are essentially the reflection probabilities.
Obviously, the conversion efficiency from the left-moving
mode to the right-moving mode is equal to the efficiency from
the right-moving mode to the left-moving mode. This can also
be understood from the outcomes in Ref. [60], in which the
single-photon mode conversion by an emitter coupled to two
continuum modes and the environment is well investigated. If
the photon is emitted into the environment after scattering, we
consider that the input photon mode is converted to environ-
mental mode. The transmission implies that the input photon
is not converted to other modes. Therefore, the transmission
probability is essentially Tm = 1 − Cm→envi − CR↔L (m =
R,L), where Cm→envi is the conversion efficiency from mode
m to the environmental mode and CR↔L is the conversion
efficiency between the left- and right-moving modes. The
conversion efficiency Cm→envi relates to the parameters γa and
gm. The efficiency CR→envi is not equal to CL→envi in the chiral
coupling case, which results in TR �= TL. Therefore, both the
chiral coupling and the emitter’s decay to the environment are
necessary to realize the single-photon diode.

If the external laser is shut off, our scheme is a 1D
waveguide coupled to a two-level emitter. It is known that
a single-photon diode can be realized by a chirally coupled
two-level emitter [39]. Here we give a detailed investigation
on the single-photon transport property. In the symmetrical
coupling case, i.e., �R = �L, the single-photon scattering
by a two-level emitter has been extensively studied. It is
known that when the emitter’s decay to the environment is
neglected, the single photon moving towards the emitter will
be fully reflected by interference in the resonance case [61].
In the chiral-coupling case, the input single photon cannot
be fully reflected. This has been predicted in Ref. [39] by
qualitative analysis and observed in experiment [55]. For
completeness, here we give a detailed analysis of this case.
The maximum value of R is obtained as 1 − C2 in the reso-
nance case. In Fig. 2(a), we plot the single-photon reflection
probabilities scattered by a two-level emitter. The spectra are
shaped like the Lorentzian line. As the difference between
�R and �L increases, the maximum value of R = CR↔L

decreases. The conversion efficiency CR↔L reaches unity
only when �R = �L. The quantum critical coupling condition
[62] cannot be satisfied for any nonzero value of γa in the
symmetrical-coupling case. In the chiral-coupling case, when

δ
k
/Γ

R-5 50
0

0.5

1

Γ
L
/Γ

R
=1

Γ
L
/Γ

R
=0.3

Γ
L
/Γ

R
=0.1

(a) 2-LevelR

δ
k
/Γ

R-5 50

R

0

0.5

1

Γ
L
/Γ

R
=1

Γ
L
/Γ

R
=0.3

Γ
L
/Γ

R
=0.1

(b) 3-Level

δ
k
/Γ

R-5 50
0

0.5

1

ΔT
T

R

T
L

(c) 2-Level

Ts

δ
k
/Γ

R-5 50
0

0.5

1

ΔT
T

R

T
L

(d) 3-Level

Ts

FIG. 2. Single-photon transport properties against the detuning
δk . Panels (a) and (b) show the reflection probability R when γa = 0.
Panels (c) and (d) show the transmission probabilities TR , TL, and
�T when γa = �R − �L. Panels (a) and (c) represent the case of a
single two-level emitter, panels (b) and (d) denote the case of a single
�-type three-level emitter. The green dotted, red dashed dotted, and
blue solid lines in panels (a) and (b) denote the situations �L/�R =
0.1, �L/�R = 0.3, and �L/�R = 1, respectively. The red solid, blue
dotted, and green dashed dotted lines in panels (c) and (d) denote
the probabilities �T , TR , and TL when �L/�R = 0.1, respectively.
The other parameters in panels (b) and (d) are �2/�R = 2 and � =
0. The axis label T s in panels (c) and (d) denotes the transmission
probabilities.
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δk = 0 and γa = �R − �L, we obtain TR = 0, TL = ( �R−�L

�R
)2,

and R = �L

�R
. The resonant single photon injected into the left

port of the waveguide cannot be received from the right port
due to the quantum critical coupling. However, the single pho-
ton injected into the right port will be received from the left
port with a near unity probability when C → 1. In the ideal
chiral coupling case, the photon injected from the left side
will be completely decayed into the environment. The photon
injected from the right hand will be completely transmitted
because it is decoupled to the emitter. The difference between
the transmission probabilities corresponding to the opposite
transport directions is

�T = |TR − TL| = 4γa (�R − �L)

4δ2
k + (γa + �R + �L)2 .

We can see that �T reaches its maximum value only when
δk = 0 and γa = �R − �L. Figure 2(c) shows the transmis-
sion probabilities TR , TL, and �T against δk when � = 0,
�L/�R = 0.1, and γa = �R − �L.

When the external laser is turned on, our scheme is a 1D
waveguide chirally coupled to a �-type three-level emitter.
In this case, the single-photon-transmission and -reflection
probabilities have been obtained in Eqs. (3). When �k =
0, the single photon will be fully transmitted in any case
due to the interference, which corresponds to electromag-
netically induced transparency (EIT). This is similar to the
symmetrical-coupling case [59]. We plot the single-photon
reflection probabilities against the detuning δk when γa = 0
in Fig. 2(b). The spectra split due to the interaction between
the emitter and the laser. Similar to the two-level emitter,
the chiral coupling reduces the maximum value of R. When
γa = �R − �L and δk = [� ± (�2 + 4�2)1/2]/2, we obtain
TR = 0 and TL = ( �R−�L

�R
)2. In this case,

�T = 4γa (�R − �L)�2
k

4(�kδk + �2)2 + �2
k (γa + �R + �L)2

reaches its maximum value. In Fig. 2(d) we plot the single-
photon transmission probabilities in the case of a single �-
type three-level emitter. The maximum values of �T and TL

are equal to the corresponding values compared with the case
of a single two-level emitter. However, the �-type three-level
emitter underpins the tunable single-photon diode.

To ensure the diode works well, the frequency point
of the single photon cannot be arbitrary. For a two-level
emitter, the single photon should be nearly resonant to the
emitter, i.e., δk � 0. For a �-type three-level emitter, the
single-photon frequency point should satisfy the relation δk �
[� ± (�2 + 4�2)1/2]/2. The latter shows the advantage that
it is largely tunable. For various values of the input frequency
points, we can adjust the frequency and Rabi frequency of
the laser to satisfy this relation. Although this cannot be
satisfied for any arbitrary value of the input frequency, it can
be satisfied in a large range of values. This feasible range is
enough to obtain a largely tunable single-photon diode. We
plot the probabilities TR and �T against the laser parameters
in Fig. 3. It shows that, for a given input frequency point,
the single-photon diode works well at various values of the
laser frequencies and Rabi frequencies. This provides the
convenience to the selection of laser parameters.

FIG. 3. Single-photon-transmission probabilities against the fre-
quency and Rabi frequency of the external laser. Panels (a) and
(c) show the probability TR . Panels (b) and (d) show �T . We take
δk/�R = 3 in panels (a) and (b), δk/�R = −3 in panels (c) and (d).
The other parameters are �L/�R = 0.1 and γa/�R = 0.9.

The tunable single-photon diode can be understood in the
dressed-state representation. Our scheme can be considered
as a 1D waveguide chirally coupled to a three-level V -type
emitter [30,59] with states |b〉, |+〉, and |−〉. The dressed
states |±〉 are the eigenstates of the Hamiltonian

HAL = ωaσ
aa + (ωc + ωL)σ cc + �(σac + σ ca ),

with corresponding eigenenergies

E±
AL = ωa − � ± √

�2 + 4�2

2
.

The condition δk = [� ± (�2 + 4�2)1/2]/2 implies that the
single photon resonantly drives the transition |b〉 ↔ |±〉.

The decay-matching condition γa = |�R − �L| plays an
important role. The rate γa mainly relates to the environment
surrounding the emitter. The decay rates �R and �L relate
to the position of the emitter relative to the waveguide. For
the diode composed by an emitter coupled to two waveguides
[30,39], one of the waveguide channels plays the role of the
environment.

Our scheme also shows certain advantages of the single-
photon switch. The control of the single-photon transport
in 1D waveguide has been extensively studied, such as the
investigations in Refs. [58,59,61,63–65]. It is known that
when the emitter’s decay to the environment is neglected, the
single-photon-transmission probability can be zero or unity by
controlling the emitter. However, when the emitter’s decay is
considered, this perfect outcome cannot be realized. In our
scheme, we can ensure the single photon is fully transmit-
ted by EIT with the correct choice of the laser frequency.
Similarly, by adjusting the parameters of the laser, we can
ensure the single photon cannot be transmitted by quantum
critical coupling. It is interesting that the emitter’s decay to
the environment has been considered for these operations.

IV. SINGLE-PHOTON DIODE REALIZED
BY MULTIPLE EMITTERS

We proceed to study the case of multiple emitters to
realize the tunable single-photon diode working well in broad
frequency bands. We assume that the emitters are equally
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FIG. 4. Single-photon-transmission probability against the de-
tuning δk . The green dashed dotted, red dashed, and blue solid lines
denote the situations N = 1, N = 7, and N = 50, respectively. The
parameters are � = 0, �2/� = 3, and kL = 2mπ + π/2 with m

integer.

separated and take xi = iL. To investigate the single-photon
transport property in detail, we first study the case where
the emitters are symmetrically coupled to the 1D waveguide,
i.e., gR = gL = g. It is known that the photon transport
property scattered by spatially separated emitters [66–73]
shows essential difference compared with one emitter. The
nonreciprocal transmission of the single photon cannot be
realized in the symmetrical coupling case. Therefore, we label
t = tR = tL and r = rR = rL. The expressions of the single-
photon transmission and reflection probability amplitudes are
(see Appendix C 1 for details)

r = iAeikL

(1 − iA)e−ikL − sin [(N − 1)β] csc (Nβ )
,

t = sin β csc (Nβ )e−ikNL

(1 − iA)e−ikL − sin [(N − 1)β] csc (Nβ )
, (4)

with

A = ��k

�kδk + �2
,

cos β = cos kL − A sin kL.

The parameter � = g2

vg
. Here we have not considered the

emitters’ decay to the environment. It is easy to verify |r|2 +
|t |2 = 1. The single-photon transport property can be studied
by inserting

sin (Nβ ) =
(N−1)/2∑

n=0

C2n+1
N (−1)n

× cosN−1−2n β sin2n+1 β

into the amplitudes (4). The expressions (4) can be simplified
by Markovian approximation, in which the value of kL is
assumed constant.

To see the details of the single-photon-scattering prop-
erty, we plot single-photon-transmission probability T = |t |2
against the detuning δk in Fig. 4. The zero value of trans-
mission probability represents that the single photon is com-
pletely reflected. The single photon is scattered by the emitters
and the interference among the wave functions of the scattered
photon arises. The two dips of the spectra become flat and
show box-like shape when N is large. For a small value
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FIG. 5. Transmission probability of the right-moving single pho-
ton against the detuning δk . The blue dashed, green solid, and red
dashed dotted lines denote the situations N = 1, N = 6, and N =
12, respectively. We take � = 0 in panels (a) and (c), and take
�2/�R = 2 and � = 0 in panels (b) and (d). In panels (a) and (b), the
decay rate γa/�R = 0.3. In panels (c) and (d), we take γa/�R = 1.
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of N , our lines show similar behavior as in Ref. [66]. The
box-like dips show almost no change with the increasing
value of N . When N is large enough, the lineshapes show
high-frequency oscillation. This is similar to the single-photon
transport property in 1D coupled cavity array doped by two-
level emitters [71], in which the spectra have one dip.

We proceed to study the nonreciprocal transmission of
the single photon when the spatially separated emitters are
chirally coupled to the waveguide. We consider the ideal chiral
coupling case as done in Refs. [24,30,36,39]. In this case, the
dipole polarizations corresponding to the transition |b〉i ↔
|a〉i are orthogonal to the polarization of the left-propagate
guided photon, i.e., gL = 0. The photon injected from the
right side of the waveguide will be fully transmitted because
it is decoupled to the waveguide. The transmission probability
amplitude of the right-moving photon is obtained as (see
Appendix C 2 for details)

tN =
[

�k

(
δk + i

�R−γa

2

) + �2

�k

(
δk − i

�R+γa

2

) + �2

]N

. (5)

The phase shift, which can be adjusted by the parameters of
the laser, is imprinted on the transmitted single photon. When
the condition of EIT is satisfied, the phase shift is canceled.
Because the right-moving photon cannot be converted into
left-moving photon, the interference among the photonic wave
functions is absent, which is different from the symmetrical-
coupling case. The single photon is sequentially scattered
by the spatially separated emitters. Therefore, the amplitude
(5) does not relate to the emitters’ positions. However, the
locations of the emitters cannot be arbitrary because they are
strictly limited by the polarization of the guided photons.

We plot the transmission probability of the right-moving
photon, TN = |tN |2, in Fig. 5. The lines in Figs. 5(a)
and 5(c) represent the case of multiple two-level emitters.
Figures 5(b) and 5(d) denote the case of multiple �-type
three-level emitters. In Figs. 5(a) and 5(b), the values of γa and
�R differ greatly. The leakage probability of the single photon
to the environment increases rapidly with increasing N . The
diode composed by one emitter cannot work well although
the single photon is resonant to the single emitter. However,
when N is large, the diode works well for both resonant and
nonresonant cases, as shown in Figs. 5(a) and 5(b). Therefore,
in the multiple-emitter case, it is not necessary to ensure
the parameters γa and �R are equal. This would be much
more easily achieved in practice. For all the cases in Fig. 5,
the single-photon diode that works well in broad frequency
band can be achieved by a 1D waveguide chirally coupled to
spatially separated emitters. Similar to the single-emitter case,
the positions of the band relate to the laser parameters. The
width of the band increases as N increases. By the correct
choice of system parameters, the value of N up to the order
of ten is enough to realize the broad bands for preventing the
right-moving single photon.

We have assumed that the state |c〉i is long lived. If |c〉i is
an excited state, the decay from state |c〉i to the environment
can be incorporated by introducing an extra non-Hermitian
term −i

γc

2 σ cc into the Hamiltonian (1), with γc correspond-
ing decay rate. Consequently, the sign �k in Eqs. (3) and
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FIG. 6. Single-photon transport properties against the detuning
δk , in which the decay from the state |c〉i to the environment has
been considered. Panels (a)–(c) show the single-emitter case. We take
γc/�R = 0.9, 2, and 10 in panels (a)–(c), respectively. All the other
parameters in panels (a)–(c) are the same as in Fig. 2(d). The same as
Fig. 2(d), the red solid, blue dotted, and green dashed dotted denote
the probabilities �T , TR , and TL, respectively. Panel (d) corresponds
to the case in Fig. 5(d). Except for γc = �R , all the other parameters
in panel (d) are the same as in Fig. 5(d). The blue dashed, green
solid, and red dashed dotted lines denote the cases of N = 1, 3,
and 12, respectively. The axis label T s in panels (a)–(c) denotes the
transmission probabilities.
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(5) should be replaced with �k + i
γc

2 . In this case, the �-
type emitters can also be replaced by three-level emitters in
cascade configuration [65]. Figure 6 plots the single-photon
transmission probabilities, in which the decay from level |c〉i
to the environment is considered. Figures 6(a)–6(c) denote
the case of a single emitter. The only difference between
Figs. 6(a)–6(c) and Fig. 2(d) is the consideration of the
decay γc. We cannot observe EIT at the point �k = 0. The
increasing γc slowly increases the values of TR at the points
δk = [� ± (�2 + 4�2)1/2]/2, and rapidly decreases the val-
ues of TR at the point �k = 0. In the single-emitter case, for
certain value of γc, the significant asymmetrical single-photon
transmission can be realized in a broad frequency band. When
γc is large enough, the shape of the lines in Fig. 6(c) is similar
to that in the case of a single two-level emitter. This can be
understood by the fact that the transition between |c〉i and |a〉i
is approximatively decoupled to the laser when γc is large
enough. Figure 6(d) plots TN in the case where N emitters
are ideally chirally coupled to the 1D waveguide, in which
we take γc = �R . Compared with the situation of γc = 0 in
Fig. 5(d), the value of TR at point �k = 0 decreases rapidly
with the increasing N . When N is large enough, the peak of
the lines disappears and the dip becomes broader.

V. CONCLUSIONS

We propose a scheme to investigate the tunable single-
photon diode working well in broad frequency bands. The
diode is composed by spatially separated emitters chirally
coupled to a 1D waveguide. The single-photon diode is under-
pinned by both the chirally coupling and the decay from the
emitter to the environment. To make the single-photon diode
work well, the frequency of the single photon must satisfy
certain conditions. For a single �-type three-level emitter, the
diode can work well at various frequency points by adjusting
the external laser parameters. Different from the few-photon
diode in Ref. [12], the single-photon diode property is not
affected by the nonlinear effect in the �-type three-level
emitter. For multiple spatially separated emitters, the diode
works well in broad frequency bands. Our scheme can be used
to control single photons by integrated optical circuits.
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APPENDIX A: EIGENEQUATIONS

In the appendix, we obtain the amplitudes in Eqs. (3)–(5)
by using the technique in Refs. [58,59,69]. The system Hamil-

tonian can be easily diagonalized in the single-excitation
sector. From eigenequation, we find a set of equations

(−i∂x − k)αR (x) +
∑

i=1,...,N

gRδ(x − xi )βi = 0,

(i∂x − k)αL(x) +
∑

i=1,...,N

gLδ(x − xi )βi = 0,

δkβi + gRαR (xi ) + gLαL(xi ) + �ζi = 0,

−�kζi + �βi = 0. (A1)

Here we neglected the emitter’s decay to the environment.
We make an ansatz that the spatial dependent probabil-
ity amplitudes of the right- and left-moving photons have
the forms of αR (x) = ∑

i=0,...,N tie
ikxθ (xi+1 − x)θ (x − xi )

and αL(x) = ∑
i=0,...,N rie

−ikxθ (xi+1 − x)θ (x − xi ), respec-
tively. The function θ (x) is the Heaviside step function, and
ti (ri) denotes the probability amplitude of the right-moving
(left-moving) photon at the immediate right of the ith emitter.
Hence, we obtain

−i(t ′i − t ′i−1e
ikL) + gRβi = 0,

i(r ′
i − r ′

i−1e
−ikL) + gLβi = 0,

δkβi + gR

2
(t ′i + t ′i−1e

ikL) + gL

2
(r ′

i + r ′
i−1e

−ikL) + �ζi = 0,

−�kζi + �βi = 0.

(A2)

Here we have taken t ′i = tie
ikxi and r ′

i = rie
−ikxi for the sake

of simplicity. By eliminating βi and ζi in Eqs. (A2), we find

(
t ′N
r ′
N

)
= MN

(
t ′0
r ′

0

)
, (A3)

with the following elements of matrix M:

M11 = �k

(
δk + i �L

2 + i �R

2

) + �2

�k

(
δk + i �L

2 − i �R

2

) + �2
eikL,

M12 = i�k

√
�L�R

�k

(
δk + i �L

2 − i �R

2

) + �2
e−ikL,

M21 = −i�k

√
�L�R

�k

(
δk + i �L

2 − i �R

2

) + �2
eikL,

M22 = �k

(
δk − i �L

2 − i �R

2

) + �2

�k

(
δk + i �L

2 − i �R

2

) + �2
e−ikL.

Here we have used the condition that the emitters are equally
separated and xi − xi−1 = L. When the single photon is
injected from the left side, t0 = 1 and rN = 0. The single-
photon-transmission and -reflection probability amplitudes
are represented by tR = tN and rR = r0, respectively. When
the photon is injected from the right side, rN = 1 and t0 = 0.
The transmission and reflection probability amplitudes are
tL = r0 and rL = tN , respectively. Under given initial condi-
tion, the single-photon-transmission and -reflection probabili-
ties can be found by solving Eq. (A3).
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APPENDIX B: SINGLE-EMITTER CASE

In the case of a single emitter, the distance L is meaningless
and hence the terms e±ikL in the elements of matrix M should
be discarded. We assume that the coordinate of the single
emitter is x = 0. If the photon is injected from the left side,
we obtain (

tR
0

)
= M

(
1
rR

)
, (B1)

Therefore, the amplitudes TR and rR are

tR = �k

(
δk − i �L

2 + i �R

2

) + �2

�k

(
δk − i �L

2 − i �R

2

) + �2
,

rR = i�k

√
�L�R

�k

(
δk − i �L

2 − i �R

2

) + �2
. (B2)

Similarly, if the photon is injected from the right side, we
obtain (

rL

1

)
= M

(
0
tL

)
, (B3)

and hence

tL = �k

(
δk + i �L

2 − i �R

2

) + �2

�k

(
δk − i �L

2 − i �R

2

) + �2
,

rR = rL. (B4)

The decay from the emitter’s level |a〉i into the environment is
incorporated by replacing δk with δk − i

γa

2 . Having considered
the decay, the amplitudes (3) are obtained.

APPENDIX C: MULTIPLE-EMITTER CASE

1. Symmetrical-Coupling Case

When the 1D waveguide is symmetrically coupled by N

emitters, the elements of matrix M become

M11 = (1 + iA)eikL,

M12 = iAe−ikL,

M21 = −iAeikL,

M22 = (1 − iA)e−ikL.

The analytical expression of MN can be found by using
the method in Ref. [74]. The eigenvalues u1 and u2 of the
matrix M satisfy the equation u2

1 − 2 cos βu1 + 1 = 0 and
u2

2 − 2 cos βu2 + 1 = 0, and MN is found as a function of β:

MN = sin Nβ

sin β
M − sin (N − 1)β

sin β
I. (C1)

The relation (C1) can be verified by the mathematical induc-
tion. The transmission and reflection probability amplitudes
in Eqs. (4) are obtained by solving(

teikNL

0

)
=

[
sin Nβ

sin β
M − sin (N − 1)β

sin β
I

](
1
r

)
. (C2)

2. Ideal Chiral-Coupling Case

When gL = 0, the elements of matrix M become

M11 = �k

(
δk + i �R

2

) + �2

�k

(
δk − i �R

2

) + �2
eikL,

M22 = e−ikL,

M12 = M21 = 0,

The fact that the nondiagonal elements are zero implies that
the right-moving (left-moving) photon cannot be converted
into the left-moving (right-moving) photon by scattering. The
phases of e±ikL in M11 and M22 arises from the forms of t ′ and
r ′. The element M11 implies that the phase shift of

�k

(
δk + i �R

2

) + �2

�k

(
δk − i �R

2

) + �2

is imprinted on the right-moving photon after the photon is
scattered by any one of the emitters. The element M22 agree
with the fact that the left-moving photon is decoupled to the
emitters. When the photon is injected from the left side, the
Eq. (A3) becomes (

tReikNL

0

)
= P

(
1
0

)
, (C3)

with

P =
⎛
⎝

[
�k

(
δk+i

�R
2

)
+�2

�k

(
δk−i

�R
2

)
+�2

eikL

]N

0

0 e−ikNL

⎞
⎠.

Therefore, the transmission probability amplitude tR is ob-
tained as

tR =
[

�k

(
δk + i �R

2

) + �2

�k

(
δk − i �R

2

) + �2

]N

. (C4)

In Eq. (C4) we have not considered the emitters’ decay to
the environment and hence the right-moving photon is com-
pletely transmitted. However, when the decay is considered,
the photon can be fully converted into the environment under
certain conditions. By replacing δk in Eq. (C4) with δk − iγa

the amplitude (5) is obtained. To avoid confusion, we use
the sign tN to label the transmission probability amplitude in
Eq. (5).
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