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Clauser-Horne-Shimony-Holt Bell inequality test in an optomechanical device
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We propose here a scheme based on the measurement of quadrature phase coherence that is aimed at testing
the Clauser-Horne-Shimony-Holt Bell inequality in an optomechanical setting. Our setup is constituted by two
optical cavities dispersively coupled to a common mechanical resonator. We show that it is possible to generate
Einstein-Podolsky-Rosen-like correlations between the quadratures of the output fields of the two cavities and,
depending on the system parameters, to observe the violation of the Clauser-Horne-Shimony-Holt inequality.
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I. INTRODUCTION

In his seminal work, motivated by the work by Einstein,
Podolsky, and Rosen [1], Bell showed that theories relying on
local (possibly hidden) variables, which are bound to satisfy
certain inequalities, cannot describe all quantum-mechanical
predictions [2]. From the point of view of quantum theory,
a violation of these Bell inequalities (BIs) necessarily im-
plies entanglement between spatially separated subsystems
[3]. Beyond their intrinsic conceptual relevance, BI tests have
potentially important technological repercussions, allowing
one to certify the security of quantum cryptographic schemes
[4], making it relevant to explore the possibility of performing
such tests in different setups and for different physical sys-
tems.

Since the work of Bell, multiple experimental realizations
of BI tests have been conducted [5-18], the first one being
performed by Freedman and Clauser [5]. However, the confir-
mation that, without any additional assumptions, i.e., closing
all loopholes, predictions offered by locally realistic theories
cannot reproduce the experimental results has been obtained
only in the last few years [15-17]. Even more recently, based
on an early theoretical proposal [19] and resorting to an
experimental setup similar to that employed in the Bell test
performed by Ou and Mandel [20], a BI test relying on
continuous variable measurement has been performed [18].

Owing to the recent progresses in the concomitant manip-
ulation of mechanical and optical degrees of freedom at the
quantum level [21,22], cavity optomechanical systems repre-
sent one of the cornerstones for future quantum information
and communication technologies. On a more fundamental
level, these systems represent one of the most promising
platforms for experimental verification of physical theories,
with applications ranging from gravitational wave detection
[23] to the potential observation of quantum gravitational
effects [24] and entanglement between nearly macroscopic
mechanical objects [25-29].
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In this spirit, in this article, we investigate the test of the
Clauser-Horne-Shimony-Holt (CHSH) [30] BI in an optome-
chanical system. Our main focus is a two-cavity optome-
chanical setup, either in the microwave or in the visible-light
regime, allowing for unrivaled flexibility in the choice of
detectors and transmission lines for loophole-free tests. In
addition, the nature of the optomechanical interaction char-
acterizing our proposal opens up the possibility for BI tests in
mixed microwave and optical settings [31]. The two-cavities—
one-mechanics setup, which we consider here for the BI test
was discussed in the past in connection with the entanglement
properties of optomechanical systems [25,31,32] and was
experimentally realized in the context of multimode quantum
signal amplification of microwaves [33]. While other ideas
for testing Bls in an optomechanical setting have recently
been proposed [34,35], they are based on a rather different
setup than the one discussed here, for which, due to the
sequential nature of the pulsing scheme, closing all loopholes,
in particular the locality loophole, requires addressing extra
technical difficulties, as discussed in the supplementary mate-
rial of Ref. [34] which are not present in the setup discussed
here. On more general grounds, it is worth mentioning that
closing the locality loophole in a microwave setting represents
a formidable challenge due to the necessity of the noiseless
distribution of microwave signals. In this sense an all-optical
realization of our proposal would thus seem favorable. In the
following, however, in order to underline the relation to the
present state-of-the-art experimental capabilities, we mainly
focus on the experimental parameters of the microwave setup
discussed in Ref. [33].

While the previous BI tests mentioned above rely either
on the polarization degree of freedom of optical photons
[5-9,13,14,16,17], or on different realizations of two-level
systems in a condensed-matter context [10—12,15], our pro-
posal follows the ideas suggested by Tan et al. [36,37] and
considers the possibility of a CHSH BI violation through
the detection of the quadrature phases; in our case, in an
optomechanical setting.

The paper is organized as follows: In Sec. II we introduce
the model and discuss the conditions for the violation of the
CHSH BI. In Sec. III we describe the numerical results for the
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violation of the BI and we show its sensitivity to variations
of other system parameters. Lastly, we discuss the effect of
various noise sources on the violation of the inequality in our
setup.

II. MODEL AND EQUATION OF MOTION

The setup considered here is constituted by two electro-
magnetic resonant cavities (A and C)—either in the optical
or microwave regime—dispersively coupled to a mechanical
resonator. Following the standard description of optomechan-
ical systems [22,38—41], the Hamiltonian for the system can
be written as

H = waaTa + wccTc + a)mbTb

+(gaa'a + gecTe)(b! + b), (1

where a, ¢, and b represent the lowering operators associated
with cavity A and C and the mechanical modes, respectively;
w,, We, W, are their resonant frequencies and g, and g, are the
single-photon radiation-pressure couplings for modes a and ¢
with the mechanical mode.

Along the lines of the experiment discussed in Ref. [33],
we assume that each cavity is driven by a strong coherent
tone i, and oy (for cavity A and C, respectively). We
consider that the driving of each cavity is detuned from the
cavity resonance: we assume cavity A to be driven with a
frequency wg, = W, + Wy (blue mechanical sideband) and
cavity C with a frequency wg. = w. — @, (red mechanical
sideband). In our analysis, we employ the usual description of
the system in terms of quantum Langevin equations [42] for
the fluctuations around the cavity fields induced by the drives.
In this scenario, we consider the linearized dynamics of the
fluctuations around the pump tones and replace a — a + aa
and ¢ — ¢ + a¢ (see Appendix A).

Moving to a frame rotating at wq o and wq  for modes a and
c respectively and, defining Ay = wgx — wx (x = a, c), we
obtain the following equations of motion for the fluctuations:

a= (—iAa — %)a — iG+(bT + b) + JKkeaai + JKiaar,

(2a)
¢=(~ite- %)c —iG_(b! + b) + Kexci + e,

(2b)
b= (—a)m - %)b —iGi(at +a)—iG_(cT + )+ ybi,

(20)
where G4 = g,as and G_ = g.o are the linearized optome-

chanical couplings, and k,, k., and y are the linewidths of cav-
ities A, C, and the mechanical resonator. Moreover, we have
defined a;, ai, ci, c1, b; to be the input operators associated
with the external input and internal fields, respectively (i and
I), for cavities A and C and the mechanics, respectively.

It is possible to obtain the expression of the cavity fields in
frequency space by Fourier transforming Eqs. (2a)—(2c). The
transformation leads to the following set of linear algebraic

equations:
. . Ka . 1
—iwa = <—1Aa — ?>a —iGy(b"+D)

+ /Ke ali + /Kiaa1, (3a)
—iwe = (-mc — %)c —iG_(b 4+ b)

+ A/ Ke,cCi + /Ki,cCI, (3b)
—iob = —%b —iGy(a! +a)

—iG_(c" 4 ¢)+ /ybi, (3¢)

which can be solved through standard techniques. Further-
more, according to the input-output theory [42], the operators
for the output fields of cavity A are related to the cavity
operators and to the input noise operators by the relation
a, = ./Ke.a@ — ai, Where k. , is the external coupling rate for
cavity A—and analogously for cavity C.

These relations, combined with the solution of Egs. (3a)—
(3c), allow us to map the input cavity modes to the output
fields a,, ¢, in the frequency domain as

o = Agai + Axcl + N, (4a)
co = Caci + Cyal + N, (4b)

where the operators N, (N;) account for the noise associated
with the mechanical resonator and the internal losses of the
cavity. In addition to these noise sources, we consider that
the external ports of the device represent potential further
noise sources (see Appendix B). While the direct solution
of Egs. (3a)—(3c) outlined above is sufficient to determine
the value of the coefficients in Eq. (4a), a deeper physical
intuition into the mechanism leading to the quantum cor-
relations among the modes—required for the violation of
the BI—can be obtained by resorting to the rotating-wave
approximation (RWA): the full derivation of the expressions
for the coefficients given in Eq. (4a) within the RWA is given
in Appendix B, where we also compare RWA results with
the full solution of Egs. (3a)—(3c), which shows that, as it
is usually the case, RWA and full results coincide in the
so-called sideband resolved regime(wy,/k > 1). We outline
here the key points of such derivation. To do this, we write
the equations of motion (EOMs) in a frame rotating at the
resonant frequency of each mode

a= —%a — Gy (b + bexp[—2iwmt])
+ /Ke ali + /Ki 01, (5a)

Kc .

¢ = —5c- iG_(b" exp[iwmt] + b)
+ JKecCi + JKiccr, (5b)
b= —%b —iGi(al + aexpl—2iwmt])
—iG_(c+ ¢l expRiont]) + Vv bi, (5¢)

the RWA approximation consists of neglecting the (fast-
rotating) time-dependent terms in Egs. (5a)—(5¢), leading to
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the following simplified EOMs:

[1 = —%a — l(;-,-b]L + A/ Ke,adi + A/ Kiadi, (63)

¢ = —%c —iG_b + JkecCi + JKicct, (6b)
b= —%b —iGyal —iG_c+ Jybi. (6¢)

We rewrite Eqs. (6a)—(6c) in terms of two Bogoliubov
operators

1a = cosh&c + sinh £af, (7a)
ne = cosh&a + sinh €', (7b)
where coshé =G_/G, sinhé =G,/G, with G=

(G% — Gﬁ_)l/2 and rewrite Eqgs. (6a)—(6c) in terms of the
Bogoliubov modes n, and 7. as

X K .
Na = ——<Na — lgb + \/K_enﬂ,i + \/K_ir]a,ls (Sa)

2
. K

Ne = _Enc + \/K_enc,i + \/1717%,1, (8b)
b= —gb —iGn. + /7bi, (8¢)

where 1, ; = cosh&c; + sinh éaf, Ne.i = cosh £a; 4 sinh Ecif.
Equations (8a)—(8c) thus show that it is possible to recast the
problem in terms of the dynamics of two operators (1, and 7.)
resulting from the action of a two-mode squeezing operator
on the original field operators, suggesting that the output
modes of the field are entangled and therefore that, potentially,
nonlocal correlations are present. For an incoming signal at
the resonance frequency of either cavity, the RWA analysis
of the problem allows us to establish that, in the limit of
large cooperativity (C_ = 4G> /ky > 1), we have that Ay =
2re/(1 — 2 —1, Cq = —2rer2/(1 —r)—1, Ay =—-Cy=
2r.r/(1 — r?), where r = G, /G_ and r. = k./k is the ratio
of the external coupling rate to the total losses of the cavities.

Nevertheless, in our analysis, unless explicitly stated, we
show the results for the full solution of Eqgs. (3a)—(3c) (i.e.,
without resorting to the RWA) and we assume that both
cavities have the same environment coupling properties.

In our discussion, we consider that, in addition to the strong
coherent tone ap and o, cavity A and cavity C are also driven
by small coherent input fields o; and y;, respectively. In this
scenario, the relation between input and output fields given by
Eq. (4a) allows us to evaluate the response at the output of
each cavity to the fields «; and ;. The correlations between
a, and ¢, introduced by the combined dynamics of the two
cavities and of the mechanical resonator represent the key
ingredient for the generation of the correlations required to
violate the CHSH BI.

As anticipated, the protocol that we have in mind is based
on the measurement of the field intensity at two pairs of
detectors D1, E1 and D2, E2 corresponding to the photode-
tection scheme of the Ref. [36] after mixing the signals a, and
¢, emerging from the optomechanical device with two local
oscillators (LOs). This detection scheme is closely related to
a balanced homodyne detection setup; in the case discussed
here, however, both signals originating from the beam splitters

a/() CO
DI - D2 -
1 L= ——- 1 :
L e o
I I
. b A .
B1 = |B1] exp [i6]: B2 = |B2| exp [i¢]

FIG. 1. Schematic of the detection scheme. Outputs of the cav-
ities are directed to different beam splitters, where they are mixed
with local oscillator (LO) fields. The mixed signals are sent to
photodetectors D1, E1, D2, and E2, characterized by fields d,, e, da,
e,, respectively. Unlike the case of (balanced) homodyne detection
schemes, where the signals emerging from the two branches of each
beam splitter—in our case directed towards detectors (i) D1 and El
and (ii) D2 and E2—are combined, we keep track of all four signals
and their intensity correlations described by Egs. (9a)—(9d).

are recorded in order to measure the required correlations.
More specifically, the outputs a, and ¢, of the cavities are
directed to two detectors, constituted by a beam splitter and
two photodetectors each (see Fig. 1). At each detector the
signal field is mixed with a coherent field of a LO S,
by a 50:50 beam splitter. The signals originating from the
beam splitters are then measured at the photodetectors D1,
El, D2, and E2. To evaluate the correlations needed for the
verification of the violation of the CHSH inequality, we define
the correlation pairs D1, E1 and D2, E2 for different phases
of the LOs as

Ri1(0.¢) = (d|djdrdy), (%a)
Ry—(6,¢) = (dleferdy), (9b)
R_.(6,¢) = (eldidrey), (9c)
R__(8,¢) = (e]eleser). (9d)

where dy, e; and d,, e, are the fields associated with each
of pair of photodetectors, and 6 and ¢ represent the coherent
field phases of each LO. In the language of quantum optics,
R;; (i, j = %) represent the intensity correlations among pho-
tocurrents in the four detectors, e.g., Ry_ measures corre-
lations between the photocurrent in D; and that in E,. The
setup we are discussing here is analogous to the more con-
ventional polarization experiments [5-9,13,14,16,17]: in these
experiments each channel (D1, E1 and D2, E2) is selected by
adjusting the angle of a polarizer at each detection branch. The
parallel with the polarization experiments is represented by
the fact that, by changing the phase of the LO, we are selecting
the detection channel. We are thus essentially performing a
quadrature measurement of the output fields originating from
of the optomechanical system, since it is possible to relate
R;j in Egs. (92)—(9d) to the quadratures X,(6) = (ale' +
aoe™)/v/2 and X.(¢) = (cle'® + coei*)/+/2 of the out-
put fields given in Eqs. (4a) and (4b). More specifically,—
focusing, for instance, on the left-hand detector in Fig. |—we
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can write the fields d; and e; as the result of the mixing
between the LO field bro; and a,, the output field of cavity
A, as

di = /ma, +iy/1 —mbror, (10a)
e = /nibroi +iy/1 — niao, (10b)

where 7, is the transmissivity of the beam splitter associated
with the left-hand detector of Fig. 1. Therefore, as discussed
more in detail in Appendix C, we can express the correlators
in Egs. (92)—(9d) in terms of a, and c,.

Regardless of the physical implementation, either in the
optical or the microwave frequency range, the original for-
mulation of the CHSH inequality is given by the following
relation:

[S| = |E@1, ¢1) + E62, ¢2) + E(61, ¢2) — E(02, d1)| < 2,
(11)

where, in our case, we have
R.y,+R _—R —R,_
Riyy+R_+R . +Ry

In terms of correlations of the original optomechanical fields
a, and c,, Eq. (12) can be written as

E = Ccos[@ — @]+ Dcos[d + @], (13)

E@®,¢) =

(12)

where
C =2{ale,)l/Z,
D = 2[{acco)l/Z,

1/2
with Z = 2(a:§clcoao) / + (a:ﬂao + cj)co) and we have ab-
sorbed the phases of (a,c,) and (aj,co) into the definitions

of § and @, and |B1] = |Ba] = |B] = (abchcoas) - Tt can be
shown that the latter condition maximizes the violation of the
inequality given in Eq. (11)—see Appendix C.

The maxima of S occur whend =0, ¢ = —¢,0' = —n/2,
and ¢’ = ¢ and with a maximum value is given by

S =2v2/C2 + D?sin (¢ — ), (14)

where tan(¢y) = (C + D)/(C — D). It is clear that the CHSH
inequality given in Eq. (11), can be translated into the condi-
tion [36]

F=C*+D* < 1. (15)

The BI test in the optomechanical setting described by
Eq. (15) can be straightforwardly evaluated by considering the
definitions of C and D, and the input-output relations given by
Egs. (2a)—(2c).

III. RESULTS AND DISCUSSION

In Fig. 2 we plot the value of ¥ as a function of the ratio
between the linearized pump strengths r = G;/G_ and the
coherent inputs ¢; and y; in the absence of noise sources for
parameters compatible with present-day experimental capa-
bilities. From this figure one can see that there is a finite
parameter region for which the inequality is violated. In the
limit of large cooperativity (C_ > 1), the maximum value of

(@) 0.2

0.15

0.05

0 0.1 0.2 0.3 0.4

b) 0.2

0.15¢

0.05r

FIG. 2. (a) Value of ¥ as a function of ; and r = G /G_. Pa-
rameters: k, = k. = k = 0.1, k. = 0.9¢, y = 1x107>—all energies
are expressed in units of w,, (& = 1) throughout the manuscript. The
dashed curve corresponds to the exact boundary region ¥ = 1/2, as
determined from the solution of Egs. (2a)—(2c) (b) Boundary ¥ =
1/2 for different values of r. = «,/k. Smaller regions are associated
with smaller values of r.. For o; 2 0.2 it is possible to observe a
crossing between boundary regions for different values of r, hinting
at a nontrivial relation between entanglement and violation of the
CHSH BI (see text). The solid line corresponds to the exact boundary
as in panel (a), and the dashed line corresponds to the expression
given in Eq. (16).

r leading to a violation of the BI is obtained for «;, x; — 0 and
is given by 7 = (15 + 4+/14)~'/2. Furthermore, the maximum
violation of the BI # =1 is attained for «;, x; — 0 and
r — 0. More specifically, for large cooperativity (C_ > 1),
the value of # exhibits a discontinuity at oj,(= xin) = 0,
r = 0. As expected, for G = 0 (r = 0) modes a, and ¢, are
not entangled and F = 0.

We note here that the r dependence of the function ¥ is
contrasted by the r dependence of entanglement. From the
definition of the parameters Aq and Ay, following Eq. (4a),
it is possible to see that, since the squeezing parameter 7 =
arctanh[A,/Aq] — oo for r — 17, one obtains an infinitely
squeezed state in this regime. This seemingly contradictory
conclusion, analogous to the one derived in Refs. [36,37], is,
however, corroborated by observing that, for mixed states,
the relation between entanglement and nonlocality exhibits
aspects that are still not fully understood [3]: In particular it
can be shown that maximally entangled states (r — 17, in our
case) do not necessarily violate locality constraints, which,
conversely, can be violated by less entangled states [43—45].
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In our setup, this complex interplay between entanglement
and nonlocality is further exemplified by the crossing between
the ¥ = 1/2 boundary regions for different values of r.: as
can be seen in Fig. 2 for intermediate values of the coherent
drive (¢; >~ 0.1-0.2 in this case), larger values of 7, lead to a
reduction of the value of r for which the violation is observed.

It is clear that a violation of the CHSH inequality is
possible only for small values of the input fields o; and
Xi> and for small values of r, implying |A4| = |Cq| =~ 1 and
|Ax| = |Cx| < 1. Therefore, in spite of the fact that the setup
proposed here has been used for nearly-quantum-limited am-
plification [33], the requirements for the observation of the
violation of the BI dictate that (aiao) ~ | Aq)? (a]-T aj) ~ 0.1
and (cico) ~ |Cqy|? (ciT ¢;) ~ 0.1. This condition combines the
concomitant requirements that the value of # and the output
signals have to be maximized. To gain better insight into the
range of physical parameters for which the BI inequality is vi-
olated, we can establish an approximate analytical expression
for the maximum value of ¢; violating the inequality as

= /ref (1 — 47 — 672 — 1273) /(KoP2 + KiF +50),  (16)

where Ky = 28r62, K =2(1 —2re + 4r§), and K, =2(1 —
re)?. Equation (16) is obtained as a second-order expansion of
F in the input field intensity o? evaluated here for the RWA
solution of the problem.

So far, the discussion has focused on the ideal situation
for which the effect of noise is negligible. In the following,
we address the role played by the different environmental
noise sources. In particular, we take into account the presence
of a thermal environment for the mechanical resonator (72,
“mechanical noise”), for the two resonant cavities (77;, “inter-
nal noise”) and to the noise associated with the coupling of
the two resonant cavities to the input and output ports (i,
“external noise”). Without loss of generality, in Eq. (17) we
have assumed that the noise temperature for the two cavities
is equal and that all noise sources are independent. If we
consider the effect of the noise on ¥ to first order, we can
write

F=%F0— Fumitm — Felle — Filli, (17)
where 7 is the quantity previously considered for the viola-
tion of the BI, the second term represents the contribution as-
sociated with the mechanical noise, and the third (fourth) term
describes the external (internal) noise contribution due to the
thermal environment associated with the cavity modes. The
sensitivity of the BI violation to the noise terms is encoded in
the coefficients 7, ¥, and 7y, : the larger the coefficients, the
more each noise term contributes to the reduction of the value
of ¥ and, therefore, to the reduction of the region for which
the BI is violated. An approximate expression for the factors
appearing in Eq. (17) can be obtained by expanding the RWA
approximation for %o, ¥, Fe, i, to lowest order in 1/C_:

Fo = Q2r — 1> + 4r2,
L2 — D2+ 2r2(10r — 1)
C_ b

(18a)

Tmz

(18b)

(a) 0.8
o
e —MNi A
0.6 - — ||
K, 0.4 1
0.2 S
O L L ™ L L
0 0.05 0.1 0.15 0.2 0.25
nx
(b) 0.8
.
7:‘7;7‘11 ***************************** 7"’]/1
0.6 ) —e |
K 0.4
02} .
O yv L L L
0 0.5 1 1.5 2
Nx

FIG. 3. Dependence of the value of F (for r — rop and o,
Xxi = 0) on the thermal population baths associated with the me-
chanical noise (71,,, blue—flattest—curve), internal noise (77;, red—
intermediate—curve), and external noise (71, black—steepest—
curve). Solid lines correspond to the exact solution from the
equations of motion with each noise source considered indepen-
dently. Dashed lines are the approximations given in Eq. (7a) and
Eqgs. (18a)—(18d). Values of ¥ above the horizontal dashed line
at ¥ = 1/2 correspond to the violation of the BI. Parameters: (a)
k =0.01, k, =09k, G_=0.2, y = 1x1073; (b) k, = 0.99, all
other parameters are the same as in panel (a).

@r—1?+r216r — D) r2 +rf

Fe=— , (18¢)
r Fe
—1)? 2 _
_— @ =1+ r236r 1)ri. (184)
r

The portion of the noise associated with the mechanics and
described in the linear approximation by 7,—see Eq. (18b)—
can be modified by tuning the parameter C_. This dependence
can be understood as the result of a sideband cooling process
operated by the drive of cavity C, which is driven on the
red sideband. In addition, #; can be reduced by minimizing
the contribution of internal losses—see Fig. 3—, whereas ¥,
cannot be altered significantly and thus represents the most
critical parameter.

This conclusion is corroborated by Fig. 4, where we have
depicted the separate effects of different noise sources on
the value of #. It is clear that the input noise 7i. represents
the most sensitive parameter in the violation of the CHSH
inequality. In this perspective, we thus select a value of r
that, while representing a suboptimal choice (i.e., ¥ < 1) for
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a) 0.2 ‘
(a) Epe—
—ny = 10
0.15¢ —nm = 50]]

= 0.1r

0.05¢

0 0.1 0.2 0.3 0.4
Q; = Xj

0.057

a; = Xji

0.057

0 0.1 0.2 0.3 0.4

FIG. 4. Noise dependence of the ¥ = 1/2 boundary in the pres-
ence of a finite coherent input. Smaller regions correspond to a large
value of the noise. All parameters are the same as in Fig. 2(b).

the noiseless case, allows for the largest possible value of
n. and n; compatible with the violation of the BI given in
Eq. (15). In the linearized regime described by Eq. (17), and
in the presence of cavity (external and internal) noise only, the
relation describing the boundary for the violation of the BI can
be expressed as

Fo(r) + Fe(rine + Fi(rini = 5, 19)

where we have supposed that r. is held fixed. From
Egs. (18a)—(18d) we can write Eq. (19) as

Fo(r) — 3 + Fr(r)nr =0, (20)

where  Fi/ri = Fire/(r> +r}) =Fr and nr=(r}+
r})/rene + rini. From Eq. (20) nt = [1/2 — Fo(r)]/Fr(r)
can be straightforwardly maximized, yielding the optimal
value for r = rop.

We would like to stress, however, that the contribution
associated with n. assumes that the baths for the cavities are
uncorrelated with each other, which represents a somewhat-
worst-case scenario. The potential presence of correlated
noise can be considered, from the perspective of the BI
violation, as a contribution to the input signals ¢; and ;.

For a microwave setting, we can assume that the cav-
ity internal and external thermal populations are set by the
base temperature of the dilution fridge (T = 7mK, o, =
27 x 10 GHz) corresponding to n; = n. >~ 0.015, whereas for
an optical setting at room temperature (7 = 300K, w. =
27 x500 THz) we have n; = n, >~ 0.02. While in both cases
the deviation from ideality is significant, the BI is still clearly
violated both for the microwave setting (F >~ 0.56 for r. =
0.9, F >~ 0.58 for r. = 0.99) and for the optical case (¥ =~
0.59 forr. = 0.9, ¥ ~ 0.60 for r. = 0.99). In Fig. 3, it is pos-
sible to note that, for parameters compatible with microwave
realizations of the setup discussed in this article, the mechan-
ical noise does not contribute to the reduction of #. This
effect is closely related to the physics of the quantum-limited
amplifier discussed in Ref. [33]: in both cases the mechanics,
while mediating the interaction required to generate the output
fields, is concomitantly cooled by the pumping tones.

IV. CONCLUSION

We have discussed here a potential CHSH Bell inequality
test based on a quadrature phase coherence measurement in
an optomechanical setting. We have shown that it is possible
to violate the CHSH Bell inequality in an optomechanical
setting by weakly driving a two-cavity, one-mechanics device.
Furthermore, we have demonstrated that, while the thermal
noise associated with cavities and mechanical degrees of free-
dom degrades the performances of the device proposed here,
the latter is naturally suppressed by the working principle
of our device. We hypothesize that our proposal could be
implemented either in an optical or in a circuit QED setting.
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APPENDIX A: EQUATIONS OF MOTION

We derive here the equations of motion for the two cavities,
one mechanical resonator system given in Egs. (2a) and (2c)
of the main text. In the presence of a strong coherent tones at
blue (red) sideband for cavity A (C), the quantum Langevin
equations associated with the Hamiltonian given in Eq. (1) of
the main text can be written as

a= —(ia)a + %)a —ig.a(b +bh)

+ A/ Ke,adi + A/ Ki,adi, (Ala)
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¢ = —(iwc + %)c —igec(b+b')
+ VKe.cCi + Kiccr,

(Alb)

where k, = ke, + ki, 18 the total cavity decay rate, with «; ,
and x., being the internal and external cavity decay rates
(analogous relations hold for cavity C). The fields a;, cj,
and b;, represent the input fields driving the cavities and
the mechanical resonator, whereas a; and c¢; describe the
contributions from the internal noise for cavity A and cavity
C, respectively. In the main text we consider the case of a
strong drive for both cavities (with amplitudes «j, o and i, ¢
at frequencies wg o and wgq c, respectively). In this case, the
quantum Langevin equations given in Egs. (Ala)—(Alc) can
be linearized around the cavity fields induced by the pump
tones, leading to the following expression for the steady state
for the cavity fields:

&A — - . ain,A —iwg At — aAeiiwd‘At,
5+ i[wy — gaa(bs + b})]
(A2a)
&C — — . ainvc 7ia)d‘cl — ace*l’(udyct’
5 t+iloe — geac(bs + bf)]
(A2b)

while the equations for the fluctuations around the steady-state
values are given by

. . K .- +
a= —(la)a + —a>a —ig,0A(b+D") + JKeaai + JKiaar,

2
(A3a)
¢ = —(iw: + 5 )e = igedic(b + b) + Viecei + Vi,
(A3b)
b= —(iwm + g)b —ig.0a(a + aT)
—igeac(c+ch) + /ybi (A3c)

Moving to a frame rotating at wg a, @4, and wy, for cavity
A, cavity C, and mechanics respectively, by substituting the
values of @ and &c in Egs. (A3a)—(A3c), the corresponding
linearized quantum Langevin equations for the fluctuations
around the stationary values induced by the pumps [Eqs. (2a)
and (2¢) of the main text] are

. . K .
a= (—lAa — f)a — 1G+(bJr + D) + JKkeaai + JKiaa1,

(Ada)
¢ = (—iAC - %)c —iG_(b' +b) + \ferci + Jiger,
(Adb)
b= (—ia)m — g)b —iGi(a" +a)
—iG_(c" +¢) + /vbi, (Adc)

0.2 : :
—k/wy = 0.01
—kK/wy = 0.02
0.15¢ —k/wy =0.1 T
= 0.1} .
0.05 1

0 S
0 0.1 0.2 0.3 0.4

o = Xi

FIG. 5. Comparison between the value of ¥ calculated from the
full solution of the equations of motion (full lines, x = 0.01, 0.02,
0.1; larger values correspond to smaller regions for which 7 >
1/2), with the solution obtained in the rotating-wave approximation
(dashed line).

where G4 = g, and G_ = g.ac are the effective linearized
couplings (without loss of generality, we assume hereafter that
Ka = Kc = K).

APPENDIX B: INPUT-OUTPUT EQUATIONS
IN THE ROTATING-WAVE APPROXIMATION

While the coefficients A4, Ax, Cq, Cx—and therefore
the condition expressing the violation of the BI—given in
Egs. (4a) and (4b) of the main text can be obtained without
resorting to the RWA, in order to outline the essential physical
process behind our proposal, we determine here the explicit
analytical expression for these coefficients within the RWA.

In Fig. 5, it is possible to see how the validity of the RWA
in the determination of the BI violation relies on the condition
wm < 1 (good-cavity limit) as it is usually the case in the
description of sideband pumping setups in optomechanics.
To derive the expression of the input-output coefficients Ay,
Ay, Cq, Cx within the RWA, we define a Bogoliubov unitary
transformation of the optical-mode operator as

12 = cosh&c + sinh &a’,
ne = cosh&a + sinh &cf,

(Bla)
(B1b)
where coshé =G_/G, sinhé =G, /G with G=

(G* — G%)"? and rewrite Egs. (Ada)~(A4dc) in terms of
the Bogoliubov modes 7, and 1. as

. K .

i iGb + /KeNai + /Kina1,  (B2a)
. K

Ne = _Enc + \/K_enc,i + \/K_inc,la (B2b)
b=—Lb—iGn.+ b (B2c)

where n,; = cosh&c; + sinh éaiT, Nei = coshéa; + sinhEciT.
We then transform the quantum Langevin equations of the two
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Bogoliubov modes 7, and 7, to the Fourier domain: where ym = (5 — iw) ! and yx, = (5 - iw)~'. Since, ac-
Xa cording to the input-output theory [42], the operator for the
Na = l_i_—g2(\/’{_ena,i + VKina1) output field is related to the cavity and to the input noise
Xm Xa operator by the relation a, = /kea — ai and ¢, = \/ke¢ — ¢;
— i%gz JYhi, (B3a) by using the transformation @ = cosh £5, — sinh & 771 and c =
L+ XmXaG cosh &1, — sinh £n!, the outputs of the two cavity modes can
Ne = Xa(\//(_enc,i + \/K_inC,I)s (B3b) be written as
J
; G
ao = (KeHAaa — Daj + KeﬂacCiT + VKike Agaar + v/ Ki’ceﬂacc; + iv yKe+2bj, (B4)
(Xaxm)™ +G
Co = (KeAee — Dy + Keﬂcaaj + VKikeAccCr + &/ KiKe\?lcaalT - i'\/ V’Cef_lzbi’ (BS)
Xaxm)™ +G
where
Awa = Yacosh® & — xCsinh?&, A = xS cosh? & — x, sinh? &, (B6a)
Ase = (xa — x&) cosh & sinh &, Ay = (x5 — xa) cosh & sinh &, (B6b)

and x¢ = xa(1 + G*Xaxm)~ " represents the effective cavity response in the presence of the two-tone optomechanical drive. It is
possible to write Eq. (B4) and (B5) in a more compact form as given in Egs. (4a) and (4b) of the main text as

o = Agai + Acel + NG, (B7a)
co = Caci + Cxaj + N, (B7b)

where
M = Ad,IaI + AX,IC;[ =+ Ambi]L, /\/c = Cd,ICI + CX,I(JIT + Chnb;

represent the operators associated with the mechanical and cavity internal noise. Furthermore, the coefficients relating input and
noise operators to the output are given by

Ad=keAyy — 1, Ca=keAcc — 1, Am=+iSyvkeGixs/Xas
Ay = keHAye, Cx = keAca, Cm = —iJVKkeG_ X5/ Xas

Ag1 = VKikeAa,  Cax = JKikeAce,

Axl = VKikeAae,  Cxl = JKikeAca.

In the limit of large cooperativity C_ = 4G?/ky > 1 and at the cavity resonance, the coefficients can be written as

4 2r, | c 2r,r? ! A 2rr, c A ) 2r/re c
=T 5 — L = - - L x = 7T 5 = "Lx m= l—F—— 57 =TICq,
R T 1—r2 JC_(1—r2)

2. /et 2r JTer;
Aqr = T2 Ca1 = —1r*Aqr, A= T2 = —Cx 1,

wherer = G, /G_,r. = ke/k and r; = ki /k.

APPENDIX C: CLAUSER-HORNE-SHIMONY-HOLT VIOLATION

We derive here the relation between the usual condition for the violation of CHSH inequality expressed by Eqgs. (11) and (15)
of the main text. To this end, we evaluate the quantity defined in Egs. (92)—(9d) of the main text in terms of the output correlators
of the optomechanical system. For beam splitters of transmissivity given by 1, and 7,, the detected fields are given by

dy = /Mae +iy/1—mbroi, (Cla)

dy = Mco +iy/1 — mbrLoo, (Clb)
e = /mbroi + i1 — nao, (Cle)
er = /mbrox +iv/1—naco, (C1d)
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where b and b, are the fields of the local oscillators. With the definitions given by Egs. (Cla)—-(C1d) and assuming that the LO
state is described by a coherent state (b 1) = B exp[if], we can calculate

(dldyy = (1 = )b oybror) + milalae) — iv/m A = nDI(b] o a0) — (albron)]
= (1= n)IB1 > + mifalao) + vm (T = n)IBi(X7), (C2)

where
Xz = X*0 + 7/2) = —i(a, exp[—if] — ag explif]).
Similarly, one obtains

(eler) = mIBi* + (1 — n)lalao) — vmi (1 =)l I(XE), (C3)

and analogously for detector 2.
In addition to the intensities at the detectors D1, D2, E1, E2 we have to evaluate the correlations among them. To this end we

evaluate the full expression for (dlT d;dzdl), which is given by
Ry (0, ¢) = (d]dldrdy) = (1 = n)(1 = m)(b] o b] 0oPro2bron)
+iy/m = n)(1 = n)({alb] oobrosbror) — (b]o1bl0rbLo2de))
+iy/m(1 = m)(1 = n)({b{ orclbroabror) — (bl o1bf pacobror))
+m(l - m)(aZbIoszozao) + (1 — nl)(h£01clcobL01>
— 2y (= n)(1 = 12)({bl o, b 62Cotto) + {alcibroabron)
- <b£01CZbL02ao> (al bLozcobLOI )+ ivm( = n)m(la TeleobrLor) — <bi01clcoao>)
+iy/m(1 = m)m(alelbLorao) — (alb]pycaa0)) + mmalchcoas) (C4)
and, since we assume the LO to be in a coherent state, we have that by o, — |81 explif], bLoo — |B2| expli¢], we get
R4 (0, ¢) = (d|d}dody)
=1 =) =)l
+ (= m)Vm@ = n)IBPIBIXE) + (= n)Vma(l = m)I Bl 1B21{X?)
+ Vmnay/ A = DA = m)IBiBal( : XEX? )+ ni(1 = mo)I B2l (adao) + (1 = n)I B (clco)
+maym = nDIBil( s Xicleo o)+ my/m(L = m)lBal( - X2alao : )+ mima(alclcoo). (C5)
where with (::) we denote normal ordering, i.e.
(: XEX? ) = —(alc] expli (0 + @) + coo exp[—i(0 + )] — clao exp[—i (0 — $)] — alco expli (0 — $)]). (C6)

The other terms are obtained replacing (where appropriate) ./ — i+/1 —n; and 4/1 — n; — —i/n; in Egs. (C4) and (C5).
Using the expression of Ry (6, ¢) given by Eq. (C5) and assuming 50 : 50 beam splitters, i.e., n; = 1, = 1/2, the correlation
coefficient E(6, ¢) in Eq. (12) of the main text can be written as

1B1Bal(: X5 x )
|B1 P12 + |B1[(cheo) + 182 {agao) + (adcscoao)
In addition, it is possible to show [36] that the optimal value of the local oscillators for the violation of the Bell inequality is

given by 1 = B, = aococoao) 174 At this point, with the expression of the correlators given in Eqs. (C2)—(C6), we are in the
position to express the correlation function E(6, ¢) as

E©,9) = (C7)

E9,¢) = Ccos(@ — @)+ Dcos(@ + ¢), (C8)
where § —¢p =6 — ¢ — arg(aoco) 0+ d_z =0+ ¢ — arglalcl). .
The maxima of S occur when 8 =0, ¢ = —¢, 8 = —n/2 and ¢’ = ¢ and with a maximum value given by
S = 23/2/C2 + DZsin(¢ — ), (C9)
where tan(y) = (C 4+ D)/(C — D). The CHSH inequality, as expressed in Eq. (11), can be written as
F=C*+D* < 1, (C10)

as given in Eq. (15) of the main text.
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APPENDIX D: OUTPUT FIELD CORRELATORS

To verify the violation of the CHSH inequality in the setup described in the text, we evaluate

co 2l(asco)|
24/ (adebeoto) + (cheo) + (adao)
D= 2[{aoco)|

2/ (adebeoto) + (cheo) + (adao)

(D1)

(D2)

in the presence of two weak coherent drives for each cavity. In addition we consider the possibility of the presence of thermal
noise for the mechanics and both cavities. The latter can be divided into external, i.e., incoming through the driving ports, or
internal. In this case, we can write the input fields as a; = «; + ag and ¢; = x; + cg, where xi and ¢; represent the weak coherent

drives, while ag and cg are the operators associated with the external thermal noise.
In this framework, the correlations required to evaluate the CHSH inequality are given by

(alac) = |AqP(lul® + fiea) + [AxP(xil* 4 Flee + 1) + AjAxe %" + AL Aaeixi
+1Ad1 i + [Ax 1 (e + 1) + | Al (i + 1),
(cheo) = 1Cal*(xil* + Aie) + [Cx*(Jetil* + fie.a + 1) 4+ CjCxaf x;* + Ci Cactixi
+|Cail*fic + 1Cxal* (Fia + 1) + |Crn*im,
(alco) = AZCxa® + (ALCq + ATCOo! xi + AXCax2,
(@oCo) = AgCx(lotil* 4+ lca + 1) + AxCa(lxil* + fie.e) + AaCactixi + AxCxatf ;"
+ Ag1Cx (M50 + 1) + A 1Cailic + AnCumiim.
Additionally, the fourth-order correlator is
(alclaoco) =|AaCx*(Jil* + leul* + 4o [*ic.a + 12 )
+ 1ACalP (1l + 3117 + 41Xl Aie.e + 12 + 27 + 1)
+ |AalP(loi| + e )UCP (xil* + fle.e) 4 1Caa i + [Cul*(ia + 1) + [Crnl*im]
+ AP (Uil + e + DUCKP (o> + flea + 1) + |Caa*ic + [Cxil* (i + 1) + [Cinl*im]
+ |Ad1 PPl Cal* (il + e + [Cxl*(oi]* + fica + 1) + |Cat[* e + |Crnl*7im]
+ 1Al (i + DUCaP(xil* + fie.e) + [Cx P (eti]* + fiea + 1) + [Cxa | (Fia + 1) + |Cin | *Fim]
+ [Aml*Gim + DUCP( 5617 + fiee) + [Cxl*(ei]* + e + 1) + [Caal*ic + [Coal*(@ia + D]
+ [Ad1Cxal’ny + [Ax1Cail* (ng + 1) + [AnCil* (i, + 27 + 1)
+ AJC o X TACxa % + Aa1Cxiftia + Ax1Cai1(flic + 1) + AnCin(fim + 1)]
+ A;Cr(ail* + fie A Ca(l)il* + fiee + 1) + Ag1Cxiftia + Ax1Ca1(iic + 1) + Ay Cin(fim + 1)]
+ ALCi (Il + fiee + DIAGCx(ls]* + fie.a) + Aq1Cxitia + Ax1Cai(lic + 1) 4+ AnCin(fim + 1]
+ AiCiaixilAaCaaixi + Ad1Cxifiia + Ax1Ca1(fiic + 1) + AnCrn(fim + 1)]
+ A} C ol AaCaixi + AaCx(latil® + fica) + AxCa(|Xil* + e + 1) + AxCxor X}
+ Ax1Ca1(fiie + 1) + ApnCrn (fim + 1]
+ A% C (e + DIAaCaeixi + AaCx(latil® + fica) + AxCa(Xil* + fec + 1) + AxCxor 1]
+ Aq1Cx1flia + AnCm(iim + 1)]
+ AL CE(im + DIAaCactixi + AaCx(0i]* + Tiea) + AxCa(lxil* + fec + 1) + AxCxa 4
+ Aq1Cx1ilia + Ax1Ca1(i ¢ + 1)]
+ |AdPCCux (o lati] + 20 e a) + |Adl*CaC xi(eules | + 20tiic )
+ | AxPCCxef (1 X1 + 2 e +27) + 1 Ax P CaCan(xil xil* + 2xifte.c + 2x)
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+ A5 AL CalPo (1) + 2x ie.c + X7 + AaALICalP i (il xil* + 2xifte.c + Xi)
+ AL AL Co s (o o | + 20 i o + o) + AgALICx|* il |* + 20tifie o + o). (D7)
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