
PHYSICAL REVIEW A 98, 043829 (2018)

Quantum interference manipulation and enhancement with fluctuation-correlation-induced
dephasing in an atomic system

Jinze Wu,1 Jinhong Liu,1 Yanyan He,2 Yueying Zhang,2 Junxiang Zhang,1,2,* and Shiyao Zhu1,2

1State Key Laboratory of Quantum Optics and Quantum Optics Devices, Institute of Opto-Electronics, Shanxi University,
Taiyuan 030006, China

2Department of Physics, Zhejiang University, Hangzhou 310027, China

(Received 4 July 2018; published 15 October 2018)

We investigate the manipulation of the quantum interference (QI) in an electromagnetically induced trans-
parency (EIT) system via phase fluctuations and their correlation of interacting fields. We show that the field
fluctuation correlation and atomic dephasing rate have a similar effect to atomic coherence, and furthermore that
QI is dependent on the fluctuation and correlation. Using the theoretical model in a dressed-state representation,
the contribution of QI and Autler-Townes splitting (ATS) to probe absorption can be expressed in separate terms,
such that the obvious enhancement of QI is found with highly correlated fields while ATS remains unchanged.
In particular, when the relative large Rabi frequency of coupling field is applied, in which case the ATS plays
a more prominent role than QI, we can still modulate the QI to be higher than ATS with correlated fields. This
result could allow the strict EIT condition to be relaxed and be easily realized, or it may be a method to get a
narrow EIT window for applications in efficient light storage and quantum interface.
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I. INTRODUCTION

Electromagnetically induced transparency (EIT) [1–3] is
a phenomenon in which a deep transparent window appears
within a probe absorption spectrum with a linewidth even
narrower than the natural linewidth [4], and thus it leads to
extremely steep dispersion. EIT has been studied extensively
for many years due to its wide applications in the slowing of
light [5–8], optical storage [9–11], optical diodes [12], quan-
tum communication [13,14], and quantum computation [15].
Experimental and theoretical studies showed that EIT can be
used to enhance the nonlinear processes in atomic systems
[16,17], and the combination of EIT and four-wave mixing
(FWM) is a crucial way to generate narrowband biphotons
[18–20] and continuous-variable correlated twin beams at the
atomic transition wavelength [21–23], which are important
resources in quantum communication networks [24].

In general, the transparent window is a joint effect of
Autler-Townes splitting (ATS) [25,26] and quantum interfer-
ence (QI) in three-level atomic systems. ATS originates from
the dynamic Stark shifts of the two dressed states due to the
coupling field. QI between the two transitions from the two
dressed states to the ground state substantially deepens and
narrows the transparent window. When the Rabi frequency
of the coupling field is weaker than the decay rates, the two
dressed states are so close to each other that they can be
coupled to the same vacuum modes [27,28]. In this case, QI
play a crucial role while the effect of ATS can be ignored.
However, when the Rabi frequency of the coupling field is
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much stronger than the decay rates, the two dressed states are
well separated, resulting in a negligible QI and an obvious
ATS. Therefore, the Rabi frequency of the coupling field is
responsible for the discrimination and identification of the QI
and the ATS [29–32]. An objective method based on Akaike’s
information criterion (AIC) was proposed to discriminate
EIT and ATS from experimental data [29–31], and it has
been employed widely to quantitatively determine the relative
weights of the effects of EIT and ATS in various systems
[33–38].

Additionally, the nature of QI in the control of absorp-
tion via coupling fields was investigated for various atomic
schemes, showing that QI can be manifested through two
dispersive terms [39]. The narrow transparent window in an
EIT medium is actually a result of destructive QI. Theoretical
analysis showed that QI can be either destructive or construc-
tive by changing the dephasing rates, leading to a reduction
or enhancement of absorption [39,40]. In atomic media, it is
well known that the dephasing is caused by the atom-atom and
atom-environment collisions, which are difficult to precisely
control in experiments.

In this article, we investigate the manipulation of the
nature and strength of QI in a three-level atomic system
via controlling the phase fluctuations and correlation of the
coupling and probe fields. We show that the effect of the
phase fluctuations and correlation is to induce another type
of dephasing. This kind of dephasing, termed field-fluctuation
induced dephasing (FFID), can be controlled flexibly and
precisely by the phase modulation and locking techniques
in experiments. We calculate the probe absorption that is a
summation of an ATS term and a QI term in a dressed-state
representation, showing that QI is associated with not only
the Rabi frequency of the coupling field but also the dephasing
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FIG. 1. (a) �-type three-level system. (b) Dressed-state
representation.

rates. The dependence of QI on FFID and the Rabi frequency
of the coupling field is analyzed in detail. In particular, the
phase correlation between the coupling and the probe fields is
shown to be a key factor to enhance QI.

II. FIELD-FLUCTUATION INDUCED DEPHASING

Consider the �-type three-level atomic system as shown
in Fig. 1(a), consisting of an excited state, a ground state,
and a metastable state, for example |1〉 = |6P1/2, F = 4〉,
|2〉 = |6S1/2, F = 3〉, and |3〉 = |6S1/2, F = 4〉 in the D1
line of 133Cs. The spontaneous decay rate from |i〉 to |j 〉
(i, j = 1, 2, 3) is represented by γij , and the decoherence
rate between |i〉 and |j 〉 is �ij . �12 = (γ12 + γ13)/2 + γ

(d )
1 ,

�13 = (γ12 + γ13)/2 + γ
(d )

1 + γ
(d )

3 , and �23 = γ
(d )

3 . γ
(d )

1 and
γ

(d )
3 are the collisional dephasing rates, which are generally

caused by the collisions among atoms. γ12 = γ13 = 2.3 MHz,
γ

(d )
1 ≈ γ

(d )
3 ≈ 0, �12 = �13 = 2.3 MHz, and �23 ≈ 0 for

133Cs atoms. The frequency difference between the states |i〉
and |j 〉 is ωij = ωi − ωj . A strong-coupling field Ec(t ) =
Ece

−i[νct+ϕc (t )] + c.c. drives the transition |1〉 ↔ |3〉 reso-
nantly, while a weak probe field Ep(t ) = Epe−i[νpt+ϕp (t )] +
c.c. scans across the transition |1〉 ↔ |2〉 with detuning δp =
ω12 − νp. Here the field fluctuations are taken into account
by introducing the time-dependent random phases ϕc(t ) and
ϕp(t ), while Ec and Ep are deterministic variables. The equa-
tions of density matrix elements are

ρ̇22 = γ12ρ11 − i�pe−iϕp (t )ρ21 + i�peiϕp (t )ρ12, (1a)

ρ̇33 = γ13ρ11 − i�ce
−iϕc (t )ρ31 + i�ce

iϕc (t )ρ13, (1b)

ρ̇12 = −(�12 + iδp )ρ12 + i�ce
−iϕc (t )ρ32

− i�pe−iϕp (t )(ρ11 − ρ22), (1c)

ρ̇13 = −�13ρ13 + i�pe−iϕp (t )ρ23 − i�ce
−iϕc (t )(ρ11 − ρ33),

(1d)

ρ̇23 = −(�23 − iδp )ρ23 − i�ce
−iϕc (t )ρ21 + i�peiϕp (t )ρ13,

(1e)

where �c = d13Ec/h̄ and �p = d12Ep/h̄ are the Rabi fre-
quencies of the coupling and probe fields, respectively, and
they are assumed to be real. dij is the dipole moment of the
transition |i〉 ↔ |j 〉. The phases ϕc(t ) and ϕp(t ) undergo dif-
fusion: ϕ̇c(t ) = μc(t ) and ϕ̇p(t ) = μp(t ). ϕc(0) and ϕp(0) are
uniformly distributed between 0 and 2π , and μc(t ) and μp(t )
are δ-correlated Gaussian random processes with [41,42]

〈μc(t )〉 = 〈μp(t )〉 = 0, (2a)

〈μc(t1)μc(t2)〉 = 2κcδ(t1 − t2), (2b)

〈μp(t1)μp(t2)〉 = 2κpδ(t1 − t2), (2c)

〈μc(t1)μp(t2)〉 = 2κcpδ(t1 − t2). (2d)

Here the angular brackets denote the ensemble average with
respect to the distribution of random process μp(t ) or μc(t ).
2κc and 2κp represent the linewidths of the coupling and probe
fields, respectively, and κcp is the cross-correlation coefficient
of phase fluctuations between them. κcp > 0 (κcp < 0) means
phase correlation (anticorrelation) between the coupling and
probe fields. If, for instance, the two fields are provided by two
independent lasers, one has κcp = 0. The cross-correlation
coefficient κcp varies in the range [−√

κcκp,
√

κcκp]. For
a typical diode laser (for example, TOPTICA DL PRO)
commonly used in experiments, the free-running linewidths
κc,p ∼ 1 MHz. The linewidth of the laser can be adjusted up
to ∼100 MHz via modulating the driving current by a wide-
band white-noise generator. The correlation (anticorrelation)
between the phases of the two lasers can be controlled, e.g.,
using an optical phase-locked loop.

Introducing the variables

ρ̃12 = ρ12e
iϕp (t ), ρ̃21 = ρ̃∗

12, ρ̃13 = ρ13e
iϕc (t ),

ρ̃31 = ρ̃∗
13, ρ̃23 = ρ23e

i[ϕc (t )−ϕp (t )], ρ̃32 = ρ̃∗
23, (3)

Eqs. (1) become

ρ̇22 = γ12ρ11 − i�pρ̃21 + i�pρ̃12, (4a)

ρ̇33 = γ13ρ11 − i�cρ̃31 + i�cρ̃13, (4b)

˙̃ρ12 = −(�12 + iδp )ρ̃12 + iμp(t )ρ̃12 + i�cρ̃32

− i�p(ρ11 − ρ22), (4c)

˙̃ρ13 = −�13ρ̃13 + iμc(t )ρ̃13 + i�pρ̃23 − i�c(ρ11 − ρ33),

(4d)

˙̃ρ23 = −(�23 − iδp )ρ̃23 − iμp(t )ρ̃23 + iμc(t )ρ̃23

− i�cρ̃21 + i�pρ̃13. (4e)

Considering the normalization condition ρ11 + ρ22 +
ρ33 = 1, Eqs. (4) can be written as

Ṗi =
∑

j

AijPj +
∑

j

Bij (t )Pj + Ci, (5)

where Pi , Aij , Bij , and Ci are

P = (ρ22, ρ33, ρ̃12, ρ̃21, ρ̃13, ρ̃31, ρ̃23, ρ̃32)T, (6)

C = (γ12, γ13, −i�p, i�p, −i�c, i�c, 0, 0, )T, (7)
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A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−γ12 −γ12 i�p −i�p 0 0 0 0

−γ13 −γ13 0 0 i�c −i�c 0 0

2i�p i�p −(�12 + iδp ) 0 0 0 0 i�c

−2i�p −i�p 0 −(�12 − iδp ) 0 0 −i�c 0

i�c 2i�c 0 0 −�13 0 i�p 0

−i�c −2i�c 0 0 0 −�13 0 −i�p

0 0 0 −i�c i�p 0 −(�23 − iδp ) 0

0 0 i�c 0 0 −i�p 0 −(�23 + iδp )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (8)

B(t ) = diag(0, 0, iμp(t ), −iμp(t ), iμc(t ), −iμc(t ), −iμp(t ) + iμc(t ), iμp(t ) − iμc(t )). (9)

B(t ) satisfies 〈Bij (t )〉 = 0 and 〈Bij (t1)Bkl (t2)〉 =
2Qijklδ(t1 − t2) with Qijkl obtained using Eqs. (2).

The average of Pi over the distributions of ϕc and ϕp is

˙〈Pi〉 =
∑

j

Aij 〈Pj 〉 +
∑
jk

Qikkj 〈Pj 〉 + Ci

=
∑

j

Aij 〈Pj 〉 + Qiiii〈Pi〉 + Ci, (10)

where we have used the fact that Qijkl does not vanish only
when i = j and k = l since B(t ) is a diagonal matrix. From
Eqs. (2) and (9), we have

Q3333 = Q4444 = −κp, Q5555 = Q6666 = −κc,

Q7777 = Q8888 = −κp − κc + 2κcp. (11)

The equations of the mean density matrix elements are then

〈ρ̇22〉 = γ12〈ρ11〉 − i�p〈ρ̃21〉 + i�p〈ρ̃12〉, (12a)

〈ρ̇33〉 = γ13〈ρ11〉 − i�c〈ρ̃31〉 + i�c〈ρ̃13〉, (12b)

〈 ˙̃ρ12〉 = −(�̃12 + iδp )〈ρ̃12〉+i�c〈ρ̃32〉 − i�p(〈ρ11〉 − 〈ρ22〉),

(12c)

〈 ˙̃ρ13〉 = −�̃13〈ρ̃13〉 + i�p〈ρ̃23〉 − i�c(〈ρ11〉 − 〈ρ33〉), (12d)

〈 ˙̃ρ23〉 = −(�̃23 − iδp )〈ρ̃23〉 − i�c〈ρ̃21〉 + i�p〈ρ̃13〉, (12e)

with the effective decoherence rates

�̃12 = (γ12 + γ13)/2 + γ
(d )

1 + κp, (13a)

�̃13 = (γ12 + γ13)/2 + γ
(d )

1 + γ
(d )

3 + κc, (13b)

�̃23 = γ
(d )

3 + κc + κp − 2κcp. (13c)

Equations (12) and (13) specifically show that the phase
fluctuations and the correlation of the coupling and probe
fields (i.e., the linewidths and the cross-correlation coefficient
of the fields) have a similar effect to collisional dephasing only
on the off-diagonal elements of the density matrix. This means
that the phase fluctuations of fields cause the effect on the
off-diagonal coherence elements of the density matrix, e.g.,
the atomic coherence determined by ρ12 for the probe field.
We refer to this effect as field-fluctuation induced dephasing
(FFID) quantified by κc, κp, and κcp.

In general, the spontaneous decay rates γ12 and γ13 are only
determined by the selected atoms and cannot be changed, and

on the other hand, the collisional dephasing rates γ
(d )

1 and
γ

(d )
3 can be changed by changing the pressure of the buffer

gas filled in the atoms in a vapor cell [43,44]. However, it is
difficult to get the exact values of the dephasing rates, and one
cannot adjust γ

(d )
1 (γ (d )

3 ) while keeping γ
(d )

3 (γ (d )
1 ) unchanged.

Instead, changing the linewidths and the cross-correlation
coefficient of lasers is relatively easy and purposeful using
phase modulations and locking techniques. In the following
sections, we mainly discuss the effect of FFID on QI, therefore
we set γ

(d )
1 = γ

(d )
3 = 0, and also γ12 = γ13 = γ for normal-

ization.

III. MANIPULATION OF QI VIA FFID

To demonstrate the manipulation of QI by FFID, we calcu-
late the probe absorption of the atomic medium in the dressed-
state representation |±〉 = (|1〉 ± |3〉)/

√
2 [see Fig. 1(b)],

which is determined by the susceptibility

χ = Nd12

ε0Ep

1√
2

(〈ρ̃+2〉 + 〈ρ̃−2〉), (14)

where N is the atomic number density and ε0 is the permittiv-
ity of vacuum. 〈ρ̃+2〉 and 〈ρ̃−2〉 satisfy the equations

〈 ˙̃ρ+2〉 = −[i(δp − �c ) + ξ ]〈ρ̃+2〉 − η〈ρ̃−2〉

+ i�p√
2

(〈ρ22〉 − 〈ρ̃++〉 − 〈ρ̃+−〉), (15a)

〈 ˙̃ρ−2〉 = −[i(δp + �c ) + ξ ]〈ρ̃−2〉 − η〈ρ̃+2〉

+ i�p√
2

(〈ρ22〉 − 〈ρ̃−−〉 − 〈ρ̃−+〉), (15b)

with

ξ = (�̃12 + �̃23)/2 = γ /2 + (κc + 2κp − 2κcp )/2, (16a)

η = (�̃12 − �̃23)/2 = γ /2 + (2κcp − κc )/2. (16b)

ξ and η are the parameters characterized by the spontaneous
decay rate of atoms, the phase fluctuations of the coupling and
probe fields, and phase correlation of the fields.

Considering that the probe field is much weaker than
the coupling field, and keeping the probe field only up to
the first order and the coupling field up to all orders, we
obtain the mean density matrix elements 〈ρ̃+2〉 and 〈ρ̃−2〉 in a
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dressed-state representation:

〈ρ̃+2〉 = i�p√
2

i(δp + �c ) + ξ − η

[i(δp − �c ) + ξ ][i(δp + �c ) + ξ ] − η2
,

(17a)

〈ρ̃−2〉 = i�p√
2

i(δp − �c ) + ξ − η

[i(δp − �c ) + ξ ][i(δp + �c ) + ξ ] − η2
.

(17b)

The absorption of the probe field is then obtained,

Imχ ∝ ξ

(δp − �c )2 + ξ 2
+ ξ

(δp + �c )2 + ξ 2
+ �. (18)

The first two terms of Eq. (18) are two Lorentzian absorption
profiles with the same linewidth ξ and splitting width 2�c.
The third term is expressed as

� = −Re
2η

[
(iδp + ξ )(iδp + ξ − η) + �2

c

]
[
(iδp + ξ )2 + �2

c

][
(iδp + ξ )2 − η2 + �2

c

] . (19)

It can be seen from Eqs. (15), (18), and (19) that η

determines the quantum interference between the transitions
|+〉 ↔ |2〉 and |−〉 ↔ |2〉. If η = 0, we have � = 0, and
Eqs. (15a) and (15b) reduce to two independent equations,
meaning that the transitions |+〉 ↔ |2〉 and |−〉 ↔ |2〉 are

independent without interference. As a result, the absorption
is simply the superposition of the first two terms of Eq. (18),
characterized as ATS [45]. This effect can be understood
from the �-type EIT system in Fig. 1(a), in which EIT is
obtained under the condition that the spontaneous decay rates
γ12 and γ13 from the excited state |1〉 to the ground states
|2〉 and |3〉 are much larger than the nonradiative decay rate
γ23 between the states |2〉 and |3〉, i.e., γ12 (γ13) 
 γ23. In
this case, η = (γ12 + γ13)/4 − γ23/2 > 0. Any increase of the
nonradiative decay rate γ23 (i.e., η = γ /2 − γ23/2 ∼ 0, e.g.,
due to large collisional dephasing in atoms) will reduce the
EIT effect. On the other hand, Eq. (16b) also shows that the
phase fluctuation κc has a similar effect on EIT as γ23, while
the phase correlation κcp can compensate for this reduction.

The third term � of Eq. (18) is the contribution of QI
between the two transitions in the absorption spectrum. If
� < 0 (� > 0), the absorption is suppressed (enhanced) rel-
ative to the case of ATS (� = 0), which is referred to as
destructive (constructive) QI. A large (small) |�| indicates
that QI has a strong (weak) effect on the absorption. It is
therefore concluded that the nature of QI is determined by the
sign of � while the strength of the effect of QI is represented
by |�|.

Next, we analyze the effect of FFID on � at δp = 0
(for the case of resonance of the probe field), denoted as

FIG. 2. �0 vs κc and κp for κcp = √
κcκp (first column), κcp = 0 (second column), and κcp = −√

κcκp (third column) with �c = 0.3γ (first
row), �c = γ (second row), and �c = 3γ (third row). The regions I, the regions II, and the black lines indicate �0 < 0 (destructive QI), �0 > 0
(constructive QI), and �0 = 0 (no QI), respectively. The cross marks indicate the general EIT experiment condition, i.e., κc = κp = 0.2γ

(linewidths of ∼1 MHz).
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FIG. 3. �0 vs �c (a) for different κc with κp = 0.2γ and κcp = 0;
(b) for different κcp with κc = γ and κp = 0.2γ . The cross marks
indicate �c = �th = |η|.

�0 = −2η[ξ (ξ − η) + �2
c]/[(ξ 2 + �2

c )(ξ 2 − η2 + �2
c )]. Fig-

ure 2 shows the dependence of �0 on κc and κp for κcp =√
κcκp (the maximum phase correlation between the coupling

and probe fields), κcp = 0 (no phase correlation), and κcp =
−√

κcκp (the maximum phase anticorrelation), respectively.
Regions I represent �0 < 0 (destructive QI, i.e., EIT) while
regions II represent �0 > 0 (constructive QI). The black lines
in each figure are boundaries of the two regions and indicate
�0 = 0 (no QI). It can be seen from Fig. 2 that as κcp

changes from
√

κcκp to −√
κcκp, the region of destructive

QI (region I) becomes small, while the region of constructive
QI (region II) becomes large, showing that the FFID gives
rise to the manipulation of QI. One can improve the QI in
atoms using phase-correlated fields. The cross marks in each
figure of Fig. 2 show the case for the general EIT experiment
with two separate coupling and probe fields (the linewidth is
∼1 MHz, i.e., κc = κp = 0.2γ ). It is seen that QI is always
destructive (�0 < 0) in EIT experiments, and the EIT can be
enhanced (�0 decreases) using phase-correlated fields via the
phase-locking technique (κcp > 0).

�0 depends not only on κc, κp, and κcp, but also on �c [see
Eq. (19)]. It is seen from Fig. 2 that the effect of QI becomes
weaker for larger �c. In Fig. 3, we plot �0 as a function of �c.
�0 tends to zero as �c increases, implying that the effect of
QI becomes negligible. Actually, it can be easily verified that
lim�c→∞ �0 = 0 regardless of the values of κc, κp, and κcp.
This fact can be understood straightforwardly in the dressed-
state representation [see Fig. 1(b)] where the splitting between
the two dressed states |±〉 is 2�c. For a small �c, |±〉 are close
to each other and can be coupled to the ground state |2〉 by the
same vacuum modes [27,28], leading to strong QI between the
two transitions |+〉 ↔ |2〉 and |−〉 ↔ |2〉. On the other hand,
for a large �c, |±〉 are well separated and can only be coupled
to |2〉 by different vacuum modes, implying that the effect of
QI is negligible and the absorption is mainly due to the effect
of ATS.

Actually, the total absorption in Eq. (18) is determined by
the first two Lorentzian terms (characterized as ATS) and QI
terms of �. The relative weights of QI and ATS are the key
evidence to see which one is important. It is obvious in Figs. 2
and 3 that �c is one factor to determine the weight of QI,
and is characterized by a threshold �th = |η| as discussed in
Refs. [29–31]. When �th < |η|, the effect of QI is prominent
while the effect of ATS is negligible. When �th 
 |η|, the
effect of ATS dominates while the effect of EIT can be

FIG. 4. �th vs κc and κp for (a) κcp = √
κcκp , (b) κcp = √

κcκp/2, (c) κcp = 0, (d) κcp = −√
κcκp/2, and (e) κcp = −√

κcκp . The red lines
indicate �th = 0. The cross marks indicate the general EIT experiment condition, i.e., κc = κp = 0.2γ (linewidths of ∼1 MHz). �th vs κcp for
this condition is plotted in (f).
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ignored. For a moderate value of �c, both effects of EIT
and ATS are important. In our study, the threshold �th can
be manipulated by FFID. Figure 4 shows the dependence of
�th on κc and κp for different κcp. �th is intensely modulated
by κc, κp, and κcp, and can be enlarged. In this case, it is
possible to get prominent QI for larger �c. For example, when
κc = γ and κcp = 0 [see Fig. 4(c)], �th = 0 for any �c. In
Fig. 4(f), we plot �th as a function of κcp with typical EIT
experimental parameters κc = κp = 0.2γ [also cross marks in
Figs. 4(a)–4(e)]. In a typical experiment, κcp = 0 and �th =
0.4γ (0.92 MHz for 133Cs D1 line) thus the effect of EIT
dominates when �th < 0.4γ . As κcp increases to its maximum
value 0.2γ , �th increases up to 0.6γ (1.38 MHz for the 133Cs
D1 line), implying that the effect of EIT is prominent in a
wider range, i.e., �c < 0.6γ .

IV. CONCLUSION

In conclusion, we studied the quantum interference effects
induced by the phase fluctuations and their correlation of

the fields in a �-type EIT system. By calculating the probe
absorption in the dressed-state representation, we got the two
separated terms for Autler-Townes splitting and quantum in-
terference effects, respectively. The quantum interference and
the relative weights of Autler-Townes splitting and quantum
interference can be manipulated flexibly by field phase fluctu-
ations and the correlation. In particular, the weight of quantum
interference can be enhanced under the condition of a larger
Rabi frequency of a coupling field. This makes the EIT effect
easily obtained or enhanced under normal conditions.

ACKNOWLEDGMENTS

This work was supported by National Natural Science
Foundation of China (91736209, U1330203, and 11574188);
National Natural Science Foundation of China (11634008),
and Zhejiang Provincial Natural Science Foundation of China
under Grant No. LD18A040001.
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