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The spin-averaged effective Hamiltonian of orders ma® and ma®(m/M) for a one-electron two-center
Coulombic system is derived by using the theory of nonrelativistic quantum electrodynamics (NRQED), without
assuming the Born-Oppenheimer approximation. The separated singularities from the first- and second-order

perturbations are shown to be canceled out analytically for both order ma

% and ma®(m/M) corrections

by regularizing the effective Hamiltonian. Our results can be used to perform high-precision spectroscopic

calculations of hydrogen molecular ions.
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I. INTRODUCTION

Atomic systems can be precisely described by bound-
state quantum electrodynamic (QED) theories, such as the
quasipotential method for light atomic systems [1] and the
two-time Green’s function method for medium and heavy
atomic systems [2]. Among various forms of bound-state
QED theories, the two-body relativistically covariant Bethe-
Salpeter equation is considered to be exact, but its kernel
has no closed expression even for a simple system such as
positronium [3]. For a light system consisting of more than
two charged particles, the leading-order relativistic correc-
tions to an energy level can be calculated using the many-
electron Dirac-Coulomb (DC) Hamiltonian, together with the
electron-electron Breit operator [4]. The radiative corrections
from high energy interactions can be treated using scattering
theory. In 1986, a different approach, called nonrelativistic
QED (NRQED), was suggested by Caswell and Lepage [5]
to expand a bound-state energy level of a light atom in powers
of the fine-structure constant «. In 2005, using NRQED theory
a complete set of contributions up to order ma® was derived
by Pachucki [6,7] in the nonrecoil limit. The order ma®
recoil corrections were obtained and calculated only recently
for atomic helium [8,9]. The validity of these calculations
has been precisely tested through comparisons with high-
precision experimental measurements [10-13].

For a molecular system, the transition frequency between
two rovibrational states is much more sensitive to the nucleus
to electron mass ratio than for an atomic system, due to the
nature of rovibrational structure of its energy levels. It was
recently demonstrated that a hydrogen molecular ion can be
used not only for testing QED theory, but also holds the
potential for deriving the proton (deuteron) to electron mass
ratio [14], as well as for determining the proton (deuteron)
charge radius [15], provided both theory and experiment can
reach a sufficiently high precision. The current status of theory
for hydrogen molecular ions is that the relative theoretical un-
certainty of fundamental transitions was reduced to the level
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of 7 x 1072 by taking into account the nonrecoil and recoil
corrections of orders ma® and ma’, and the contributions of
order ma® [16]. The whole procedure for achieving such a
level of precision can be divided into two steps. The first step
is three-body calculations of nonrelativistic energies [17] and
the leading relativistic and QED corrections of orders ma* and
ma? [18-23]. The three-body Schrodinger equation can be
solved variationally [24] in Hylleraas-type coordinates, which
allows nonrelativistic energies of the hydrogen molecular ions
to reach a precision of 10~15 [25,26] for a wide range of
rovibrational states and up to 10730 or lower [17,27] for some
particular low-lying rovibrational states. The order ma* con-
tribution is described by the Breit-Pauli Hamiltonian [28] and
the leading nuclear recoil effects are well understood [29,30].
For the order ma? contribution [21,31], it has been derived
from the NRQED in a way similar to what has been done for
the atomic helium [32,33]. All these contributions have been
calculated numerically to sufficiently high precision nonadia-
batically by treating three constituent charged particles on the
same footing.

The second step of the procedure is to derive higher-
order relativistic and QED corrections of orders ma®, mao’,
and ma?®. Korobov and coworkers have performed these
calculations with the adiabatic approximation applied to the
nonrelativistic wave functions [16,34,35], where the effective
Hamiltonian is built for the interaction of an electron with
the external field produced by the two nuclei [34] and the
calculations are carried out in the framework of the Born-
Oppenheimer (BO) approximation together with the adiabatic
corrections [36]. This way of treating higher-order corrections
is basically equivalent to a problem of an electron in an exter-
nal field [3]. Moreover, the nuclear recoil effects are handled
within the realm of two-body bound states. As an example,
the relativistic recoil contribution of order m(Za)®(m/M) is
taken from Ref. [37] and the radiative recoil contribution from
Refs. [38,39]. It is, therefore, desirable to derive the effective
Hamiltonian of order ma®, including the recoil terms, by
treating all three constituent charged particles of a hydrogen
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FIG. 1. The coordinates for a one-electron two-center system,
where O is the origin of the laboratory frame, the electron is denoted
as e, and the two nuclei are denoted as particle 1 and 2.

molecular ion on the same footing without explicitly resorting
to the Born-Oppenheimer approximation.

The aim of this work is to derive the spin-averaged or-
der ma® effective Hamiltonian for one-electron molecular
systems such as hydrogen molecular ions. We will give a
detailed description about how to analytically cancel out the
singularities in the first- and second-order corrections in order
to obtain finite expressions. The remaining part of this paper
is organized as follows. Section II introduces the NRQED
used to calculate the energy levels. Section III presents the
derivation of the spin-averaged effective Hamiltonian H© for
the ma®-order corrections. The divergent terms of ma®-order
corrections are separated and then canceled out in Sec. IV.
Section V gives a conclusion and discussion.

II. NRQED APPROACH

In this section, natural units are used where ¢ = & = 1 and
o = e?/(4m). In NRQED theory, an energy level of a light
system can be expanded in powers of «:

E(@)=E?P+EY+E®+EQ+E?D +0@®), (1)

where E® is a contribution of order ma" and may include
nuclear recoil terms. Each term E® can be obtained from the
expectation value of the corresponding effective Hamiltonian.

In Eq. (1), E®® = Ej is the eigenvalue of the nonrelativis-
tic Hamiltonian H® = Hy with the associated eigenstate ¢
satisfying Hy¢p = Ey¢, where

1
+2—P1+

Hy=

2 21Ze | 22Z2e | Z21R2
+a<—+—+— :
r L) r2

2

The Hamiltonian H, is expressed in a way of explicitly
embodying the kinetic energy operators for each particle in
the center-of-mass frame with p; + p, + p, = 0, as shown
in Fig. 1, where the adopted notations will be employed
throughout this paper. The relative vector positions between
particles are

2m

ri=r.— R, Nn=r.—Ry, rp=R—Ri. (3

For the sake of convenience, we denote the individual compo-
nents of Coulomb interactions as
2122 ZaZe

Ve=a—, V,=u« , a=1,2, 4
r12 Ta

and the total Coulomb potential is thus
V=Vi+V,+ Vo (5)

The term E™ in Eq. (1) is the expectation value of the
Breit-Pauli Hamiltonian H® [18,19,40], which represents all
ma*-order interactions between the constituent particles. It is
noted that the second-order perturbation of H® contributes
to the spin-averaged ma®-order correction. Since we are in-
terested in the nonrecoil and leading-order recoil corrections
of H®, we only consider the required operators here:

HY = Hp + Hg + Hs, (6)
where
pd o
Hp= -5 - Zzazgsm) (7)
8m; -
J
Zalel , r raq H
szz_mm <1+ 2)}1)5, (8)
+2a, 1 _ -
HS - Z —ZqZe0 2 3 X Pe
e d
l+a, 1. .
- +a 3VaXPai|‘Sev (9)
memg, r

a = 1, 2 runs over the two nuclei, and a, is anomalous mag-
netic moment of electron. Hg comes from the relativistic
correction of the bound electron, Hy is so-called the orbit-
orbit interaction between the electron and nuclei, and Hyg
stands for the interaction between the electron spin and the
magnetic field generated by the motions of all three particles.
The leading radiative correction E® [22,41] is not needed in
the present investigation. The next term E©® in Eq. (1) is the
subject of this work, which can be expressed as a sum of two
terms,

E® = (9|HD Q(Ey — (¢1H|g),

(10)

Hy)'QHW|¢) +

where Q = 1 — |¢)(¢] is the projection operator for the state
of interest. The first term, denoted as Eéﬁzj, is the second-order
contribution from H®, and H® in the second term is the
spin-averaged effective Hamiltonian of order ma®. It has been
pointed out that each term of E© has its own singular part
and all the singular parts from these two terms should yield a
finite result when added [6,36].

In the rest of this section, a brief introduction to the
NRQED theory will be presented. First, the nonrelativistic
expansion of the Dirac Hamiltonian will be obtained by us-
ing the Foldy-Wouthuysen (FW) transformation. Second, the
many-body Lagrangian density will be built. The interactions
corresponding to the exchanges of photons between particles
will then be carried out using Feynman rules based on the
Lagrangian obtained from the second step. Finally, combining
all necessary interactions will result in the required effective
Hamiltonian.

We start with the Dirac Hamiltonian in an external field,

H=a- -7+ Bm,+eA°, (11)
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-

where 7 = p,
[42]

— ¢A. The FW transformation is defined as

Hpw = €5(H —id,)e™"S, (12)

where the FW operator S is chosen to decouple the upper and
lower components of the Dirac wave function up to a specified
order in the 1/m expansion. According to Refs. [6,7], after
performing the FW transformation, the nonrelativistic expan-
sion of the Dirac Hamiltonian has the following form:

1 o
(n?—eG, - B)— ——(n*—{e5, - B, n%})

Hpw = eA°
Fw =€ +2me 83

SleV. - E + G, - (E x 7t — 7t x E)]

e

3e
- 16m 3{pevatE}+32me {Expe Oeape}
1 2 2 0 3 2 g2 0
+ Tag e [P A1 = g (02 ViceA™)]
6
Pe
" Tom3’ )

where the first term eA° is just the potential V defined in
Eq. (5), and

B=V,x A, (14)

E=-V,A" — 3A. (15)

It is noted that the expression Hpw depends on the choice
of the FW operator S, which means that Hgw is not unique.
The expression of Hgw in Eq. (13) differs from the one used
in Refs. [8,9] since their transformation has some additional
operators. However, all forms of Hpw should be equivalent
when taking matrix elements with respect to an eigenstate of
the Schrodinger equation.

Since we only consider the leading-order recoil terms, the
nuclei can be treated nonrelativistically, and the correspond-
ing Hamiltonian for nucleus a can thus be written in the
form

H, = Pa + zaeA)>. (16)

2m,

With this, we can now construct the following effective non-
relativistic QED Lagrangian:

L= ¢lid, — Hew)pe + Y ¢1(id — Ha)pa + Len, (17)

a=1,2

where Lgy is the Lagrangian for the electromagnetic field.
Then the Feynman rules for this Lagrangian can be used to
construct the effective Hamiltonian H©; see Refs. [6,7] for
details. The photon propagator in the Coulomb gauge is used:

1

Guy=1 * w=r=0 g
v = —1 k,‘kj . _
' g G ) w=ihv=i

Let us consider a typical interaction of exchanging one photon
G, (k) between two patrticles, for example the electron and

nucleus a:

(PIZ(Eg)ld) = zaze€? /(2 i Mu(k){(qﬁlj“(k)e’k"’

X ! U (—kye R gy
Eo—Ho—k0+i€ a

+ (e<—>a)}, (19)

where the operator X(Ey) is the irreducible contribution due
to the photon exchange, and j.' and ;! are, respectively, the
electromagnetic current operators for the electron and nucleus
a. Most calculations are carried out in the nonretardation ap-
proximation where k° = 0 is applied in the photon propagator
and the current operators. Then the k° integral is performed
after the symmetrization k% < —k°,

/ dk° 1 N 1 1
2) 27i| —AE—k4ie —AE+Kk0+ie| 2’
(20)

which leads to

(PIX(E0)) = — zazee /(2 X G (ko = 0. K)(1j!* (k)

x Ok () g). @1

The retardation corrections are considered separately.

For the electron, its current operator can be extracted from
Hpyw and its scalar and vector parts j* and ] are respectively
(see Eqgs. (33) and (34) of Ref. [6])

1 -
je(k)_1+ Ue kxpe——k2+...’ (22)
4m m

_.

ok = 25 4 =5, x k. 23)

e m€

On the other hand, the scalar and vector parts of the current
operator for the nucleus a are respectively

- 1
) =1+ 0(—2>, (24)
le
- Pa L -
Jatk) = — + G, x k. (25)
mg ng

The k integral in Eq. (21) is the Fourier transform of the
Coulomb gauge photon propagator in the nonretardation ap-
proximation

- d’k -
G,uv(r) = (27)3G;w(k)
1 —_— I,L =) =
= ’ rir . ’ . 26
471{ (5 +”), w=i, v=j. (26)

III. ma’-ORDER SPIN-AVERAGED EFFECTIVE
HAMILTONIAN

In this section the spin-averaged effective Hamiltonian
H© will be derived, including the spin-independent operators
and scalar contributions from the electron spin-spin inter-
actions. To this end we will follow Refs. [6-8]. Since we
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investigate the interactions involving the nuclei, the effective
Hamiltonian contains not only the nonrecoil terms but also the
first-order recoil ones. For recoil terms higher than the first
order, they are small enough to be ignored in the following
derivation.

Before deriving the effective Hamiltonian, let us introduce
some convenient notations. We employ the shorthand notation

(X) = (9| X]9). 27

The individual vectors for static electric fields are denoted as

"12 - 7a

€€y = Q12— 3 €€q = WZaZe—, a=12. (28)
r
' a

The static electric fields felt by the electron and two nuclei are
respectively

&, = e() + &), (29)

eEy = —e[3 + (=1)"Epl, a=1,2. (30)

The vector potential at the position of electron produced by
the two nuclei is

i J

: Zal r,ra DPa
A== 5 + ala ) P 31
€% 2ra( it r2 )m (3D

a a

and the vector potential at the position of nucleus a produced
by the electron and the other nucleus b is

e.Al ( )Pe + Zett (O, X3;:a)i
ra m, 2m, r
o rir
-2 3,-j+% iy (32)
Fab o niy

The spin-averaged H® can be expressed as a sum of
various contributions:

ij

8
H® = Z(SH;. (33)

In the above, §H, is the kinetic energy correction of order
ma®, which is the last term of Hgw in Eq. (13):

pe
16m3

8 H, is the total contribution from the remaining last three
terms of Eq. (13). Since we consider the spin-averaged op-
erators, the term involving &, can thus be ignored. Then the
correction § H; includes the Coulomb interactions between the
electron and nuclei:

0H, =

(34)

o >
] {p3,4n2zazea<ra)}.

| 3
= 128m? [P [p. V] 64m

(35)
8 Hj is the correction from the fifth term in Hpw of Eq. (13):
——{Pe, % E). (36)

163

Assuming that the electron interacts via this term and the
nucleus via the nonrelativistic coupling ¢A°, we can write

down this correction as an integral of one-photon exchange
according to Eq. (19):

dk 1 1 —
SE ale = ﬁeak iere
=Y e /<2n)4ik216mg{<¢|{p et

K o
x e kRg)
EQ—H()—k + i€
kO
Eo— Ho—k

— (gle "R

e P ke"”f}|¢>}
(37)

Performing the k° integral yields

2 3
ZaZe€ d’k 1 1
8E = - =y
3 Za: 2 (2m) k2 16m3

x (Hy — Eg)e *Re|p)
+ (ple R (Hy — Eg)p,. ke’ 7))} (38)

By using the commutation relation of (Hy — Eg)e *Ragp =
[p2/(2m,), e~'*Ra]¢, one can obtain the effective operator for
this correction,

1
dHy =) —M[lﬂi, (P2, Va]]- (39)

{1{Pe, ke'* )

8 Hy is the relativistic correction to the transverse photon
exchange between the electron and one of the two nuclei. The
nucleus is coupled to A by the nonrelativistic term

Zaeﬁa . A - Ca 851 : E (40)

my 2my

and the electron by the relativistic correction from the third
term of pr,
1 - e
4 = 2 e
3(7t —{eae . B,pe}) — —

e

8m
41

In the non-retardation approximation, the ée field of the
electron can be replaced by the static field A, produced by
the two nuclei. Thus after discarding the pure spin-dependent
terms, one obtains

Ze€
OHy =~ 8m{

e

1
,2De - Ae} = 2{pe,zyR} (42)

where Hg = z,p, - e.ﬁe is the transverse photon exchange
correction of order ma* that is part of the Breit-Pauli Hamil-
tonian H™, as shown in Eq. (8).
8 Hs comes from the coupling of the second term in Hgy,
2

A, 43
I (43)
Again, in the nonretardation approximation the A, field of
nucleus a is replaced by the static fields .4, produced by other
two particles. Therefore, § Hs has the following form:

8Hs = —A2+ > 5 uc” A2 (44)

_12
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Examining the expressions of ,Zlg and ;la in Egs. (31) and (32), § Hs contains some operators which contribute to the second-order
recoil correction and can thus be ignored in this work. The remaining § Hs can thus be recast as

2 2 2= - - -
b4 Zel rra pe p 507 Oy X Ty Gp X Ty
Xa: 2mg |20 \'7 T P2 2ra ra m, 4m? ré
8 Hg comes from the nonrelativistic one-transverse-photon exchange between the electron and the nuclei. One can write down
the corresponding integral for this interaction from Eq. (19) and perform the k° integration to obtain

o ’ / S (o klkj (@17, ()™ 1 (—k)e "R 1g) + (e <> a) (46)
= ZaZe€ ij — ¢ —K)e “ e a),
6 Zal (27{)32]( J .]e — HO — k]a
where k = |I€|. It can be further expanded by using the following expansion:
1 1 Hy—-E Hy — Eo)?
__L o (Ho 0) o @7

Ey— Hy—k k k2 K3

The first term gives rise to the Breit-Pauli Hamiltonian, the second term to £ )| and the third term to 8 E¢. It can further be split
into three parts of non-spin, single-spin, and double-spin terms. In this work, we will only consider the non-spin term,

A’k kik/ 7 7
SEqs = —ZaZe 2 - 61“ e [ ik-r, H,— E 2 —ik-F, E —H 2| ra 48
6 a; zze/(zn)32k4(1 ><¢| [ty = Eoe T~ (Eg— Hor | g, (48)
Using the commutator identity
L7 TR 7= 2 .7 =
M (Hy — EgYe % — (Eg — Hy)* = (Ho — Eo)(e™*™ — 1)(Eo — Eo) + (Ho — Eo>[2]:§ e 1]
2 2
ik7, Pa ikF P
@ — Hy— E «—1, , 49
+ |:e 2mei|( 0 o)+ I:Zma |:e 2me:|:| “49)
the effective Hamiltonian § Hg can be extracted from § E¢
2
o i ij j i| pij Pe j
§He = Xa: o {[pe, VXYV, pl] + P [X’(ra), 5 e][V, pé]}, (50)
where all the second-order recoil terms are ignored, and
. kiki = 1 . . .
i _ 3 S ik-r _ i ij. 2
Xf(r)—/dkk4</—?>(e —1)_§[rr/—38/r]. 5D

The next term, § Hy, is the ma®-order nonrecoil radiative correction that can be treated approximately as a bound electron in an
external field instead of the whole Coulomb three-body framework. It can thus be obtained from the bound-state hydrogen theory
using the external field approximation [3]. The nonrecoil radiative correction of order ma® can be expressed in the form [34]

J4m 139 W2 5 1 \[2179 10 , 3 9
SHy = o’ — — - = 28 — ==+ =22 = Z72%In2+ =2 (3) |z.8(Fa) §. 52
=’ m? {(128 2t 192) ) = (4712)[648 o™ T N2 5E0) |2d) (52)

8 Hg is the leading radiative recoil correction of order ma® due to the interactions between the electron and the nuclei. Again,
these interactions can be obtained from the bound-state hydrogen theory and § Hg can thus be written as

8Hy = 8Hg' + SHE + SHY (53)
where the first term comes from the pure recoil correction due to three-photon exchange [43],
m 7
SHg = W) = 1In2 — = |4m8(7,), 54
; Za:(za) a<" 8)n(r> (54)
the second term comes from the forward-scattering radiative recoil diagrams and has the form (see Fig. 1 and Eq. (8) of Ref. [38])
B _ M |3 6 14 .
SHy —;a(zua) m—a|:1+;§(3)—;—21n2 wé(ra), (55)
and the last contribution comes from the vacuum polarization-recoil correction (see Fig. 2 and Eq. (72) of Ref. [44])
oM (2 70
SHE =) a(zee) m—a(§7[2 27) 8(Fa). (56)

a
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IV. CANCELLATION OF SINGULARITIES

As has been demonstrated before [6,36], both the first-order and second-order contributions of ma®-order correction are
individually divergent; the divergence, however, cancels out analytically when summing up all the divergent terms.

A. The first-order correction

In this subsection, we investigate the correction from the first-order terms in Eq. (10). Using Eq. (33), the matrix elements
of the effective Hamiltonian are denoted as § E; = (6 H;) with i = 1-8, see Egs. (57)-(65). Since the procedure of separating
the singularity is very tedious, we move the derivation to Appendix A. Here we only present the final results (in atomic units
e=m,=h=1)

E) =o' SE;, (57)
i=1
where
1 .
SE| = 6 {E0[2< ) 4(Vi + Vz)pe> + 16(V;, V)] — 8E;(Vip) + 8818, + H@ViVa+ ViV + V2V12)PZ)
3
a1 2 )= 81— 2 ) + Vi + vio) - Ealv2]
a#b ¢
4 -
+ ——[leha) + 3(=1)"Eafio) + Eo @V + Vi + Va)pg) + 2Eo{Vipg) = Eg{pi)
a
= 3(Vi(p2 — p2)) — ((4ViVa + 5ViVip 4+ 5Va Vs + 3V +3V122)pa)]} (58)
1 1 4 . 6 2
0Es = { ( — —) 4(E,8p) — — (= 1) (Ea12)) + — (V7 (P2 — 7)) + —(wwi)}
P m a nmgy nmey

3 1 - - - 1 - 1 -
- g Zzaze{z(l - m—a)[Eow(ra)) = (Vo + Vi2)8Ga)) = (Vad (D) = —((8Ga)(pF — P)) — m—b(a(ra)pi)},

a

b#a
(59)
1 1 2 a+1/2 2
OEs =2 m—a{<aa) + (=D (EEn) ) (60)
b#a
1 . . VaV -
SEy=— Eo(Hg) — ) 3 {(PeVaVPa> <<pg Fa) =5 (Fa - pa>> + (eﬁ))}, (61)
a a a
SEs = Z ! (Pe Vi De) +3((Pe - ra)vz(ra ) +2(e2) (62)
— 8m, r2 “
1 N PO
dE¢ = Z _8 {7<(pe : Vu)_z(ra : pe)> - 3(PeVa2Pe>}a (63)
- My r2
8E; = 4w Z {0.7654055763 ... z2(8(7,)) + 0.02735334841 ... 2,(8(Fa)) }, (64)
1 - -
SEg = —4m Z —{0.1818528194 .22 (8(Fy)) + 0.4615527501 . ... zﬁ(S(ra))}. (65)
My
[
Here the convention v,v, = v; - v is used for some terms and
the common factor * has been pulled out from each §E;. S5 = ! (82) ’ (68)
In the above expressions, all the singularities are absorbed T 8m, S
into the matrix elements (83) and (Va3). Let us denote S; be S = _ 1 < 2) (69)
the singular part of § E;, which can be written as 4= 2m, Eals’
1
1 2 3 Ss = —(e2) (70)
Si=—|(1- =), —2(1—- = )(V2).| (66 : als’
e [ L (= [ (4 A i,
Se=8;=5=0. (71)

52=—%[7(1—mia>(e§)5—12< —m%(xﬂ) )} (67)
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Here the subscript S stands for the singular part of the corre-
sponding matrix element. Summing up all the singular parts,
one finally isolates the total singularity of (H®):

O )

a

(72)

B. The second-order correction of the Breit-Pauli Hamiltonian

The second-order correction E; 4 of the Breit-Pauli Hamil-
tonian Egs. (6) and (10) can be divided into three terms:

ES) = a*[Ep + Eg + Es], (73)
Ep = (HgQ(Eo — Ho) ' QHp), (74)

(HRQ(Eo — Hy) ™' QHp),
(75)

Er=(HpQ(Eo—Ho) ' QHg)+

Es = (HsQ(Eo — Hy)~' QHs), (76)

where Hg, Hg, and Hg are defined in Eqgs. (7)—(9) and
expressed in a.u. while the common factor a? has been pulled
out.

The singularities of the second-order terms are mainly
caused by the Dirac delta functions appeared in the Breit-Pauli
Hamiltonian Hp. Consider the Hamiltonian Hp acting on the
eigenstate ¢:

Hpp ~ Z (———)zazesmw (77)

Usually, a transformation for Hp is used to separate singular-
ities:
Hp = Hp — (Eo — Hy))U — U(E, — Hy), (78)
where
U=MVI+ 1V, (79)

The parameters 1 and A, are chosen below in such a way that
the Dirac delta functions can be eliminated from Hy¢:

1 3 1
ha=—z[1-—|+0(= ), a=12. @80
4 mg m;

a

From Eq. (78), the second-order correction E is thus trans-
formed to

Ep = (HpQ(Eo — Hy)™' QHp) + ({Hp, U}) — 2(U){Hjp)
— (U(Eo — Ho)U). 81

The divergent matrix element ({Hp, U}) above can be ex-
pressed as follows:

A
—<[{{pe.

2
+ 252.8(7))) ], (82)

where the divergent matrix elements 4mwz,z.(V,8(F,)) and
{ pj, V,}) can be found in Egs. (A10) and (A15) respectively.

<{H3,U}> = Va})+8n<Va(ZaZe8(?a)

Thus ({Hg, U}) becomes

- iprle]

a#b

1
ape> - _<Vap§)

mgy

({Hp, U})

Lo A 2\ alz 2
mb(Vap,,)} + mb(va Vpy) — 4[(€aEp)

4 N
+ (Va(Vy + Vi) p2)] + m—[(—l)““(zsaelz)

a

+ (Ve (P2 = P2)) + (VaVs + Vi) 3]
+ Sn[ZbZe“/aa(;h» + Zaze(vaa(’_;a))]

- 4(1 - L)(VMD?Va)}- (83)

The other divergent matrix element (U(Ey — Hy)U) in Ep
can be simplified to

1 1
(U(Eo — H)U) = =3 {5(1 + m—)ki(sﬁ)
a#b a

+ A«akb(gagb)}s (84)

where Egs. (A6)—(A9) have been applied. We can now iden-
tify the singular part of Ep as

we T3l -]

We now turn to Eg, which can be expanded using the
transformation Eq. (78):

Egr = (HyQ(Eg—Ho) ' QHg)+(HrQ(Eo — Hy) "' QHp)
+ ({Hg, U}) — 2(Hg)(U). (86)

The matrix element ({ Hg, U}) can be reduced to

Aa o
((HR, UY) == 3 —[(ed) — 2(zaze) (w8Go))]
1] . -
- Z_[(peVaUpa)
a Ma
N 17—
+ {(pe - 7a) " (ra-pa)>], (87)
where its singular part is
— ! 2
Sk = Z . (e2)- (88)

As for Ey it is convergent. We thus finally obtain the total

singular part of EE% by summing up Egs. (85) and (88)

=R 2a -2

(89)
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V. DISCUSSION AND CONCLUSION

The spin-averaged effective Hamiltonian H® of orders
m.a® and ma®(m/M) for a one-electron two-center system
has been obtained nonadiabatically in Egs. (34), (35), (39),
(42), (45), (50), (52), and (53) by using NRQED theory, where
we have considered not only the nonrecoil contributions but
also the first-order recoil contributions. The first two terms,
Egs. (34) and (35), are due to the ma®-order relativistic
correction for the electron, which can be taken directly from
Hpw. These two terms contain both nonrecoil and recoil
contributions that belong to the ma®-order and ma®(m/M)-
order corrections respectively. The other terms are pure recoil
corrections due to the interactions between the electron and
two nuclei. The nonrecoil effective Hamiltonian used for a
one-electron system [36,45] can be expressed as

HO = P +i[p2 [p? V]]‘I—ng
e ™ 1em3 T 128t e 8m3 ¢

e

3 2 >
+ 64_n/l;¢{pe’4ﬂzzazeg(ra)}a (90)

a

which corresponds to our first three effective Hamiltonians

6H| +8H, + 5H;

6
De 1 1
= o * 1ol [P VI = 0 [ [0 ]

3 5 -
- G {pe,4n ;zm(m}. 1)

The equivalence between H 1(68) and §H, + 6 H, + § H3 can be
explained by the equation

T%mﬁ@gﬂp_gggjwapawm

5 1
= Sellet o2 VIl + 4le2) @)

which comes from the identity

([02. (72 VI]) = =4(e2) = 3 —([p2. 2. v]]) - 99

a a

Although some similar operators can be read from Eq. (50)
of Ref. [8], it is not meaningful to compare our one-electron
results with the two-electron formulas derived in the dimen-
sional regularization scheme [8,9]. The obtained effective
Hamiltonian is also valid for a hydrogen-like system that
contains one nucleus, and thus only one pair of electron-
nucleus interaction needs to be considered.

In addition to the effective Hamiltonian H©® of the
first-order perturbation, the total spin-averaged contribution
requires the second-order perturbation by the Breit-Pauli
Hamiltonian Eq. (6). In Sec. IV, the singularities of the
first- and second-order corrections have been separated as
S5t of Eq. (72) and S»,q of Eq. (89) respectively, while the
remaining effective Hamiltonian is suitable for numerical cal-
culations. Both S; and Sy, contain not only the ma®-order
but also the ma®(m /M)-order singularities, and they cancel
out with each other, namely Siy + Song = 0. The complete

cancellation of the singularities between the first- and second-
order terms itself is a strong confirmation of the correctness of
our procedure. In addition, as shown in Appendix B, our re-
sults can be reduced to the known results of atomic hydrogen
obtained from the Dirac equation with the relativistic recoil
terms included. Finally our results are valid not only for the
hydrogen molecular ions but also for the antiprotonic helium.
Our finite operators of orders m,a® and ma®(m/M) can be
evaluated numerically to study relativistic and QED effects in
these two-center systems.
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APPENDIX A: DIVERGENT MATRIX ELEMENTS

In this Appendix, the singularities of the effective Hamil-
tonian H® and the second-order corrections are transformed
into terms of various regular and divergent matrix elements,
such as (VapSVa), ({pj, V.}), and (p?Vapf). Relations be-
tween these matrix elements will be established to separate
the singularities.

1. Matrix elements {V, p2V,), (V,p2V,), and 4 z,2.{V,8(F,))

Let us consider the matrix element ((1/ V(1 /r)). This
matrix element can be expressed in different forms:

<lv21> _ <lzv2> - z<i4v> - 4n<@>, (A1)
ror r r r

RIS RRT
roor] \ 2 ré 4

On the other hand, the matrix element of (%Vz) can be
expressed as

1_, 5 1 1 8(r) 1
Thus one can deduce the following results from Eqs. (Al)—
(A3):
1_,1 1 1
-vio) = (=) — (=), (A4)
ror r2 r4

4 @ — i lvz VLV (A5)
(7= ()5 ()

Similarly, one can derive the following formulas for a three-
body system:

(VapeVa) = (e2) + (Vi p2) (A6)

032502-8
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(Vapg Vb> — (3a8p) + (Va prg)’ (A7) transformed into
(Vap2Va) = (e2) + (V2p2), (A8) (Vipe)= 2(1 - ml> [Eo{VZ) = (Vi (Vs + Vio))]
(Vap2Vio) = (<D Eufio) + (VaViopl),  (A9) = (V20 - ) - o (V2RR)
4m242e{Vad (7)) = (e2) + (Vi PZ) = (PeViBe).  (AL0) ~ 2( L ) v, A12)
where @, b = 1,2 and b # a. mq

We now introduce the transformed Schrodinger equation where the singularity is absorbed into the matrix element

1 (V;). Thus, the singular part of (V, pg V,) can be isolated as
Pid = |:2(Eo -V)=> —pf}dh (A1)
Mg

1
a (Vap2Va)g = (e2)s — 2(1 — —)<V;)S. (A13)
m
which will be used extensively in the procedure of singularity ¢
separation. As an example, the matrix element (Va2 pZ) can be The matrix element (V, pg V.) in Eq. (A8) can be recast into
|
(VapaVa) = (ea) + (Vi pe) + (Vi (pa = p)) = (Vape V) + (Vi (pa = p2))- (Al4)

Since the matrix element (V2(p2 — p?)) is convergent, the matrix element (V, p2V,) has the same singularity as (V, p2V,).

2. Matrix element ({p?, V,})

By applying the transformed Schrodinger Eq. (A11) one can rewrite the matrix element ({ pj, V1}) in the form

1 1 N
({pd Va)) = 4Eo[<vap3> - m—(vapﬁ) - m—b(vapi)] — 4[(EaBp) + (Va(Vi + Vi2)p2)]

a

4 . 4 1
+ [~ i) + (Vi (p = P2)) + (Va Vi + Vio)pi]] + m—b(Va Vpi) — 4<1 - —)(Vapim, (A15)

a md

from which one can identify the singular part as

({pe. Val)s = —4<1 - L>(Vap§Va)S. (A16)

Mg

3. Matrix element (p2V, p?)
Using Eq. (A11) the matrix element (p2V, p2) can be recast into
(peZVa[ﬁ) =2Ey (Vapez) - L<Vapaz> - L<VaP}%> + L(V,;Vp;%)
m nyp mp

a

1 1 1
- z[<va<vb Vi) = L (VaV + Viadp?) — Sy (p2 — pz>>] - 2(1 - D)) e

Mg mg mg

where b # a. Using the expression Eq. (A12) for (V2 p2), the singular part of this matrix element is identified as

2
(peVapi)s = 4<1 - —)(Vf)s- (A18)

Mg

4. Matrix element {{p?2, 47 §(7,)})

The matrix element ({ pg, 47 8(7,)}) can be recast in the form

R 1 _ R R 1 _
({p?. 4n8(ra)})=4n{4(1 - m—)[Eow(ra» — (Vi + V12)3(Fa)) — (Va8 GOV — —({ps — 2. 8G)}) —

; s !

{p. 8@)})},
(A19)

where the expansion of 47 (V,8(7,)) can be taken from Eq. (A10).
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5. Matrix element (p¢)

The matrix element (p®) can be written in a symmetric form,

()= 20{nt) = ([ Vo)) = 32| ot V) + 5ot )

a

(A20)

where the matrix element ({ p;‘, V.}) is expressed in Eq. (A15). Concerning ({ p;‘, Vi2}), it is convergent and can be rewritten as

({pe. Via}) = 8[E§(Vi2) — 2Eo(ViaV) + (Vi V)] — Z mi[EO(VIZP,%) — (Vi2Vp2)]-

a a

The matrix element (1/m,){{p?, p2}) is expressible according to
1 8
—({p. p2}) = —[E3(pi) — 2Eo{VPs) +{VPi V)],
mg g
where the divergent matrix element (Vpa2 V)is
(VPiV) = (e + (=)&) + (V2 p2).

We can thus transform ( pg) into

(p) = 2Eo(p2) — 8[E3(Via) — 2Eo(ViaV) + (Vi V)] = 3 ({p2. Ve })

a

- Z - —2E((V + Vi2)p2) + 2{Va(Vi, + Vi) pZ) + (Vs + V12)* )

+ ( a (Pa — Pe )> + 2<V12VP62,> + 2(_1)a+1(561512> + (8122> + <Vapgva)]’

and its singular part can be deduced as

(p)s = Z4<1 - %)(Vapra)S.

a a

6. Matrix element (1/m,){[p2, [pZ, V.11)

The matrix element (1/m,){[ pﬁ, [ pg, V.11) can be written as

1 1
—([p%. [p2. Vall) = — (P2 p2Va) + (Vapir?) = (P2 Var?) = (p2Vapi)]

Using the transformed Schrodinger equation Eq. (A11), it can be simplified as
[ [Vl = = G+ (<D E),
m, a’ er Va m, a\ca 12

and thus its singular part is

4

L2 [ Vallly = ——e2)

Mg mg

7. Matrix element (W (ra)pepa V) 4+ (VWi (r,,)pepa)
Let us denote W/ (r) as

J
Wil (1) = 1[”+—”}
r

Then the sum of the divergent matrix elements (W (r,)p’ pa V) and (VW (r,)p! pa) can be expressed as

WY ar)pLplV)+ (VW ra)pipl) = WY (r) [ PL. [P Va]]) + WY ra)pLV L) + (WY (r) pLV PL).

where the first term involves singularity that can be further simplified as

ZaZe(Wij(ra)[pi’ [pi’ Va]]) = (82)’
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and the last two terms are regular:

. ) . . S . . I % A
2aze[WY ) p VL) + WY r)pi VL) = (BeVaV Pa) + <(pe Fa) =5 G p,,>>. (A32)

a

8. Matrix elements ([ pi, VIX" (r,)[V, pi1) and (pi[X" (r,), %](—i)&{)

Consider the following divergent matrix elements from & Hg:

01 = ([pl. V]XT [V, p}]) = (E:X" (ra)E]) (A33)
and
0> = <Pé |:X”(ra), f}(—i)ggf> = <P2X"’(ra)78(—i)5a]> - U<§P2X”(”a)(—i)5£{>
= <P2X”(Va)[76, (—i)5£{:|> - <|:76 Péxl](ra)(—i)5¢{:|>, (A34)

where the last term in Q, can be identified as Q. The sum of Q| and Q, will thus eliminate the singularities according to

S 2 . 1
Ql + Q2 = <p:zXl](ra)|:%’ (_l)gg]> = §[7((ﬁe . ;a)(va/ra)z(?a : ]_?)e)) - 3<ﬁevazﬁe)]s (A35)

where all the matrix elements are finite.

APPENDIX B: HYDROGEN LIMIT

In this Appendix, the effective Hamiltonian H® is studied for the case of atomic hydrogen in S states. Within the Breit
approximation, we will show that our results of the maS-order correction reproduce the known formulas for hydrogen derived
from the Dirac equation, including the recoil corrections.

Consider the hydrogen atom where the proton has a finite mass M. The nonrelativistic Hamiltonian is (in atomic units)

1
H=—p>+V, Bl
2P + (BI)
where the Coulomb potential V = Zz/r, with Z and z being the charges of the nucleus and the electron respectively, the
momentum operator of the proton P = —p,, and the reduced mass u has the expansion u" ~ 1 —n/M. For the sake of

convenience, a common factor ¢* has been removed from both the first- and second-order contributions in the following context.
We obtain the hydrogenic limit by assuming that the index a runs only over one nucleus in Egs. (34), (35), (39), (42), (45),
and (50). The effective Hamiltonian H® can thus be reduced to

6 4 3 1 1 o . 1
H® = f—g + ﬁ(l - M)[pj, [p2.V]]+ a{pf, AnZz8(F)} — g{pf, 2HR} + W(Zz)z[p;wf(r)wﬂ‘(r)p’;] + msz
1 ) ; ) T 2 )
_ M([p;, VXU o[pl, v]+ p;[xw(r), %][pg, v]), (B2)

where & = (Zz)F/r3, €2 = (Z2)*/r*, and Hg = (1/M)(Zz)p.Wi(r)p). The various operators in H® can be rewritten
according to

(p8) = 442 [E2 — 4 EX(V) 4+ 61E, (V) + (%) — 2u(V*))], (B3)

([p2. [pe. V]]) = —4ute®), (B4)

({p2. 47 Z28(F)}) = AulAm E, Z2(8(F)) — (62) + 2u(V?) — 2UE,(V?) + (P V7 Po)], (B5)

({P:, Hr}) = 8E.(Hg) + %ue% —(PeV2Pe) = ((Pe - IV /)T - o), (B6)

(Z (P (W (r)py) = §[<ﬁevzﬁe> +3{(Pe - V[P - po)l, (B7)

<[pé, VXU @lpl V]+ pe [X"f(r), pﬂ[pg : v]> = ém(ﬁe V)G - pe)) = 3(peV2 B, (BS)
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where we have used the identities
Pl = 2u(E, — V)¢, (B9)

(VPIV) = (%) = 2(V?) 4+ 2UE,(V?).

The expectation values of the relevant operators with respect
to an S-state hydrogenic wave function are

(B10)

En=—"5 (B11)
(V) =2E,, (B12)
4
(V) =2° =, (B13)
e
- Z(nZ 3
(Zz8(r)) = —;<7> , (B14)
=ML 2 BI15
(Hg) = i (F n—3) (B15)
e 2 8
(PeV?Pe) = u“zﬁ(—3n5 + 3n3) (B16)

o o - S 2 8
((Pe - YV - pe)) = 426(—3—+3 3) (B17)

Substituting these values into (H®) yields the first-order

correction
(0-Be- S-S
+ zé( > Ty L)
16n® 8n>  2n3
M\ 8n®  24n> = 6n3

For a hydrogen in an S state, the second-order correction is
Esec = EB + ER with

(H®) =

(B18)

Ep = (HyQ(E, — H)'QHp) +
— 2(Hp)(U) —

({Hp, U})

(UCE, — H)U), (B19)

Er =2(HyQ(E, — H) ' QHg) + ({Hg, U})—2(Hg){U),

(B20)
where
Hp = Hy —{U, E, — H}, (B21)
U=V, r= ! 1 3 (B22)
S T4 M)
1., -
Hy = —g[pe + 4w Zz8(7)]. (B23)

The operators appearing in £ and Eg can be reduced as
A
((Hp. UY) == w[21E} (V) —4p E5(V?) = () +20u (V).
(B24)

(U(E, — H)U) = — (&%), (B25)

A 2
({Hr, U}) = — — (&)

+ i[ A
" i (De e)
+ {(Pe - F)VZ/I)F - Pl

When Hp, acts on an S state wave function, it can be simplified
as

(B26)

e

1. .
Hy = —T(E,, - V)Y + Zie - De. (B27)

Therefore, the second-order correction of Hz/a can be ex-
pressed according to

Eo = (HyQ(E, — HY ' QHy) = Eb + EL + E},, (B28)

where
4
Ep = "T«En — VY QE, — H)"'Q(E, = V))), (B29)
| o o
Eg = 16 (8- P)QE, — H)'QGE - po)),  (B3O)
2
E) = -2 p)0(E, — HY ' Q(E, - V)). (B3]

By using the analytical form of the reduced Coulomb Green’s
function developed by Swainson and Drake [46], one can
evaluate the second-order corrections analytically and obtain
the following results:

E! 78 —— + 151 (B32)
8n®  n>  2nt 3 )
EX =uwz°( - ! —i+L , (B33)
0 24n5  Tn*  24n3
1 1 3 1
E} = ubz° —+ —+—). B34
o= H <46+4n5+2n4+2 ) (B34)

The second-order term Eqr due to Hi and Hj, has the
following analytical expression:

Eqr = 2(H, Q(E, — H)"' QHp)

(2 31 (B35)
M n®  6n5  n*  3n3)
Inserting all these values into E¢ yields
E 1 ! 13 (62) 4+ 1 ! 6 v
sec — T LA — — J{€ o I
32 M 8 M
L 5 B35
8nd  8n> 8n* 8n3
Z/ 15 125 3 1
4+ — - —). B36
M <8n6 24n3 + 8n* 24n3> (B36)

Summing up Es.. and (H®), we obtain the final result

E©® — 7z6( _ 5 +i_i_L
16n%  4n5  8n*  8n3

+Z6 1 1+ 3 n 1
M\2n% nS5  8n*  8n3)
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One can see that the singularities in Eq.. and (H®) totally cancel out with each other. Moreover, the nonrecoil part of E© is in
agreement with the exact solution of the Dirac equation by expanding

Ep = f(n)

: =11+
" f(n) T

2 7%
(Ze) } (B38)

1= (Za))?

at the order of a* a.u. Meanwhile, the recoil part of E® agrees with the derived result from the Breit equation [47,48],

Em

_1-Ej
2M

(B39)
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