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We propose a protocol using a tunable Xmon qubit chain to construct generalized Su-Schrieffer-Heeger (SSH)
models that support various topological phases. We study the time evolution of a single-excitation quantum state
in a SSH-type qubit chain and find that such dynamics is linked to the topological winding number. We also
investigate the adiabatic transfer of a single-excitation quantum state in a generalized SSH-type qubit chain
and show that this process can be connected with the topological Chern number and be used to generate an
entanglement-dependent topological pumping. All results have been demonstrated to be robust against qubit
coupling imperfections and can be observed in a short Xmon qubit chain. Our study provides a simple method
to directly measure topological invariants rooted in momentum space using quantum dynamics in real space.
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I. INTRODUCTION

Superconducting circuits nowadays have been widely
recognized as one of the leading quantum systems for quan-
tum computation [1-4]. The fundamental challenge in build-
ing a full-fledged superconducting quantum computer is to
balance high coherence and straightforward connectivity. Re-
markable experimental progress has recently been made in
this regard [5-12]. In particular, Xmon qubits have been
shown to possess excellent scalability simultaneously with
high coherence [5]. Meanwhile, the coupling between Xmon
qubits can be dynamically varied through a gmon coupler [6].
Moreover, it is now believed that a superconducting circuit
can be further scaled up to several tens of qubits and show
its quantum supremacy in the near term [13]. Such state-of-
the-art techniques enable superconducting qubit chains to be
a promising platform for implementing large-scale quantum
simulation [14-45].

On the other hand, searching topological states in cold
atoms as well as photonic systems has recently become a
rapidly growing research field [46—48]. In the context of
superconducting circuits, some topological states and effects
have also been theoretically studied [49-62]. Experimentally,
progress in studying topological phenomena recently has
been made in superconducting qubits and resonators [63—-69].
Specifically, topological concepts have been investigated in
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the parameter space of superconducting qubits [63-66], in-
cluding the topological Chern numbers and topological phase
transitions. Topological quantum walks and Zak phases have
been realized and measured in the phase space of mi-
crowave resonators [67,68]. Considering the-state-of-art in
Xmon qubits, a natural question to ask is whether we can
realize topological phases rooted in the momentum space of a
superconducting Xmon qubit lattice. It is also quite interesting
to study how to detect topological invariants in this qubit
lattice.

In this paper, we present an experimental protocol to realize
a generalized Su-Schrieffer-Heeger (SSH) model [70] in a
superconducting Xmon qubit chain with tunable qubit cou-
plings. This model has a variety of topological magnon bands
and supports different topological insulator phases character-
ized by topological winding numbers and Chern numbers. We
first investigate the quantum dynamics of a single-excitation
quantum state in a SSH-type qubit chain. Interestingly, we
find that the time average of the center of qubit excitation
difference (CED) associated with this quantum dynamics is
topology dependent and can be linked to the topological wind-
ing number. The winding number is one of the basic topolog-
ical invariants but its detection method is still lacking. Our
result thus gives a method to directly measure the topological
winding number using quantum dynamics of single-excitation
states in the real space.

We also study the adiabatic transfer of a single-excitation
quantum state in a generalized SSH-type qubit chain by
slowly ramping the qubit couplings. We show that the shift of
the center of qubit excitation (CE) after one periodic ramping
is exactly quantized as the topological Chern number. We
also find that both the amplitude and the direction of such
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a quantized shift are entanglement dependent. This process
thus creates an entanglement-dependent topological pump-
ing. Compared with topological Thouless particle pumping
[71-75], this pumping is with respect to a single-excitation
quantum state and quantum entanglement plays an important
role here. This pumping can also be used to directly detect the
topological Chern numbers. In contrast to recent experiments
on topological properties in superconducting circuits [63—-69],
which focus on the parameter space of the qubits and res-
onators, our study aims at the intrinsic topological properties
associated with Bloch energy bands and rooted in momentum
spaces.

This paper is organized as follows. In Sec. II, we construct
a generalized SSH model with a tunable Xmon qubit chain
and study its topological features. In Sec. III, we study the
time evolution of a single-excitation state in a SSH-type qubit
chain. In Sec. IV, we investigate the adiabatic transfer a
single-excitation state in a generalized SSH-type qubit chain
by slowing ramping qubit couplings. In Sec. V, we give a
summary for the main results presented in this paper.

II. TOPOLOGICAL STATES IN A TUNABLE
SUPERCONDUCTING XMON QUBIT CHAIN

The superconducting qubit chain we consider constitutes
an array of coupled Xmon qubits with tunable qubit couplings,
as shown in Fig. 1. Suppose each Xmon qubit has two energy
levels and the same transition frequency. The Hamiltonian of
such an Xmon qubit lattice can be descried by a spin-chain
Hamiltonian,

L
H =Y Jél65, +He., (1)
k=1

where 6,3 = |e)r(gl, Ji is the coupling strength between two
nearest-neighbor Xmon qubits. Here we omit the constant
qubit frequencies and only consider singe qubit excitation,
which can be precisely prepared with current superconducting
qubit technology [7]. Because the number of excitations is
conserved in our model, the above Hamiltonian can be re-
duced to single excitation subspace. Based on the Matsubara-
Matsuda transformation [76], the qubit chain can be rewritten
into the following magnon Hamiltonian:

L
H =) (Juhjri +He), o)
k=1

where the single excitation is called a magnon in a spin chain
and its annihilation operator is 71, = &, . Such an Xmon qubit
chain recently has been experimentally realized for studying
surface-code quantum error correction [77]. Motivated by
recent experiment using a gmon coupler to tune the Xmon
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FIG. 1. Superconducting circuit for the one-dimensional Xmon
qubit lattice. Two nearest-neighbor Xmon qubits Q; and Q4 are
inductively coupled and the coupling strength can be tuned through
the middle connected gmon coupler (CP).

qubit couplings [6], we assume the coupling strength
Je = 8o + g1cos2rk/p + 0), 3)

where gy and g; are the coupling constants, p is the number
of qubits in one unit cell, and 6 is the control parameter.

For p = 2, each unit cell contains two qubits labeled a and
b, respectively. The resulting qubit chain can be described by
the SSH model Hamiltonian

N
Ay = (halb, + hbla, +He), )

x=1

where &i = 6;: (¢ = a, b) is the magnon creation operator

for qubit at a, (by), J; = go + (—1)'gicos® (i = 1,2)and N
is the number of unit cells. To study its topological feature, we
rewrite it in the momentum space as A= Zkk n%}:fz(kx T
where 7, = (a,, by, )", @, and by, are the momentum space
operators,

hky) = d,t, +d, 1y, )

where d, = Ji + Jycos(ky), dy, = Jpsin(k,), and £, and £,
are the Pauli spin operators defined in the momentum space.
The energy bands of the Hamiltonian (4) are characterized by
the topological winding number [78],

1 1
v = —fdkxn x O, = =[1 4 sgn(gogicosb)], (6)
2 2

where n = (n,, ny) = (dy, dy)/vVd + dyz,. Let gog; be a pos-
itive number. We find that

lo
VvV =

0,
The winding number v = 1 (0) shows that the above SSH-type
qubit chain is in the topological nontrivial (trivial) insulator
phase.

For the case of p > 2, a generalized SSH model can be
formed, which supports p magnon bands. Different from the
p = 2 case, their topological features are characterized by
Chern numbers. In particular, in the p = 3 case, each unit

cell has three qubits labeled a, b, and c; the Hamiltonian
describing this generalized SSH-type qubit chain has the form

0 c(—m/2,1/2)

9 . (7
€ (n/2,3m/2)

N
Hy, = "(halb, + Lblé, + Jélac, +He),  (8)

x=1

where &l (e = a, b, ¢) is the magnon creation operator and
Jy=go0+ gi1cos(2rs/34+60) (s=1,2,3) is the coupling
strength. To explore topological features of the Hamilto-
nian (8), we rewrite it in the momentum space as A=

>k ”Ai}tﬁ(kx, 0, with il = (ax,, by, &),

hlke, 0)= Y~ hi§, ©)

i=1,4,5,6
where h| = Jy, hy = J3cos (ky), hs = —J3sin (ky), he = Ja,
and §; being the ith Gell-Mann spin operator. By combining
the momentum space of quasimomentum k, with the con-
trol variable 6, we have a synthetic two-dimensional space
with parameters k = (k,,0) . The energy spectrum in the
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first Brillouin zone {k, € (0, 27 /3], 6 € (0, 2]} of this syn-
thetic space has three energy bands. For the synthetic two-
dimensional space, the underlying topological properties of
the Hamiltonian (8) are characterized by the Chern number
defined in the first Brillouin zone. Denote the Bloch function
of the nth magnon band as |uk,). The Chern number for the
nth magnon band is defined as [79,80]

1
C, = —/ /dkxde ) (10)
2 k. Jo

where F,(ky, 0) = i(|{0puxn |0k, txn) — c.c.) is the Berry cur-
vature and c.c. refers to the complex conjugate. Using
Eq. (10), we calculate the Chern numbers for the first (bot-
tom), second (middle), and third (top) magnon bands. The
results are

{2’ _45 2}5 _g1/4 < g0 < 81/4
Ci,Cy, C5) = . a1
(&2 6) {{—1,2, 1}, otherwise (11

Equation (11) shows that the p = 3 generalized SSH-type
qubit chain supports two types of topological insulator phases
separated by the transition points gy = +g,/4.

III. TOPOLOGY-DEPENDENT QUANTUM DYNAMICS
AND WINDING NUMBER DETECTION

In this section, we will study the time evolution of a single-
excitation quantum state in a SSH-type qubit chain (p = 2).
Suppose the SSH-type qubit chain is initially prepared into a
single-excitation bulk state. As shown in Fig. 2(a), we choose
to excite one of the middle qubits into the excited state |e) and
the other qubits are in the ground state |g). Then the initial
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FIG. 2. (a) The schematic of the topology-dependent quantum
dynamics. The time-dependent average of the CED P,(t) vs time
is shown in (a) for 8 = 0.17 with v =1 and in (c) for 6 = 0.9
with v = 0. In the presence of qubit coupling imperfection, P,(¢) in
the above two cases is shown in (b) and (d), respectively, with the
imperfect strength W = 0.2g,. The other parameter is go = g;. g1 1S
used as energy unit in this work.

state of the system can be written as

[v(0)) =lgg...e...g8). (12)

The quantum dynamics of such a single excitation state is
governed by the Hamiltonian in Eq. (4). After an evolution
time ¢, the state of the system becomes

1Y (0)) = e |y (0)). (13)

The relation between the above quantum dynamics and the
topological feature of the SSH-type qubit chain can be re-
vealed through the CED in the qubit chain. The CED is
defined as

N
Py=> x(P: - Py) (14)

with f’; = |e)4(e| (¢ = ay, by). Then the time-dependent av-
erage of the CED associated with the above single-excitation
quantum dynamics is given by

Py(t) = (W ()| Pyl (1)). (15)

Furthermore, we transfer Eq. (15) into the momentum space
and get

_ 1 T o A
Py = o / dk, (Y ()] 6 i 2,67 H Ny (0)),

N D)
By substituting Eq. (5) into Eq. (16), we find that P,;(#) can be
connected with the topological winding number v defined in
Eq. (6),1.e.,

_ 1
Pi(t) = % - E/dkx cosd,t)m x den,  (17)

where d; = ~/J? + J? + 2J,J2 cos(k,). The second oscilla-
tion term in Eq. (17) vanishes at the critical times,

te = (2s + D /4 J2 + J2, (18)

where s is an integer number. At these times, the topological
winding number can be directly measured via CED, i.e.,

v =2B,(t). (19)

In the long-time limit, we can also obtain a relationship
between the winding number and the time-averaged CED, i.e.,

2 (T
v = lim —/ dt Py(t). (20)
T-ooT J

One can find that the time-averaged CED is just the oscil-
lation center of the CED varying with time, which depends
on the topology of the band structure of the qubit chain.
Thus our result demonstrates that the quantum dynamics of
a single-excitation state in a SSH-type qubit chain is topology
dependent, which can be employed for directly detecting the
topological winding number.

In Figs. 2(b) and 2(d), we have further numerically cal-
culated P,(t), when the qubit chain is in the topological
nontrivial and trivial phases, with the topological winding
numbers v = 1 and 0, respectively. The numerical results
show that P,(t) oscillates around the average values 0.5 and
0, respectively, which gives the topological winding numbers
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v = 1 and 0 according to Eq. (20). We have also calculated
P,(t) for different choices of qubit chain lengthes. We find
that the oscillation center of P,(t) in a chain of four qubits
is the same as the ones in longer qubit chains. It means that
the signatures of the topological winding number predicted in
Eq. (20) can be unambiguously observed in a qubit chain with
short length.

As revealed in Eq. (19), the topological winding number
can be directly detected by the CED at some critical time
points. In Figs. 2(b) and 2(d), our numerical results show that
the oscillation curves of P,(t) for different choices of qubit
chain lengths intersect at the time critical points ¢., with their
values P;(t.) = 0.5 and 0, respectively. According to Eq. (19),
P,(t.) directly gives the topological winding number v = 1
and 0.

In practical experiments, the qubit couplings cannot
be perfectly tuned to exact values due to the intrin-
sic imperfections in device fabrication. This imperfection

can be described by the Hamiltonian H; = ), SJlxa;bx +

8o biaH] + H.c., where the influence of the imperfection on
tuning qubit couplings is characterized by a disorder variable
8J1x2x = W4, with § € [-0.5, 0.5] being a random number
and W being the imperfect strength. In Figs. 2(c) and 2(e), we
have taken into account the influence of qubit coupling imper-
fection and numerically recalculated P,(z) for the topological
nontrivial and trivial cases, respectively. For each 8Jj; 2y,
we choose 30 samples to perform the numerical simulation.
The resulting CED P,(t) is obtained by averaging over the
results of all samples. The results clearly show that P,(¢) still
oscillates around 0.5 and 0. The critical time points where
P,(¢) intersects at the oscillation center are also the same
as the ones shown in Figs. 2(a) and 2(c) without considering
qubit coupling imperfection. Thus our results are quite robust
to the practical imperfections in qubit coupling engineering
and provide an experimentally promising method to directly
detect the topological winding number.

IV. ENTANGLEMENT-DEPENDENT TOPOLOGICAL
PUMPING AND CHERN NUMBER DETECTION

In this section, we will investigate adiabatic transfer of
a single-excitation quantum state in a generalized SSH-type
qubit chain by slowly ramping the control parameter 6. For
illustration, we take p = 3 and gg = g1, under which the three
magnon bands have the Chern numbers

Ciz=-1, C,=2. 21
Let the control parameter
6(1) = Qt + ¢y, (22)

where €2 is the ramping rate and ¢y is the initial phase. The
total time for one pumping period is then T, = 27 /2. Such
time-dependent coupling has recently been implemented in
superconducting Xmon qubits [43].

At time t = 0, let (0) = ¢y = 7. The coupling strengths
are then J;, =3g1/2 and J3 =0, i.e., the unit cells are
isolated with zero intercell coupling. The Hamiltonian for a
single isolated unit cell in single excitation space is H, =
J66, +6,67)+Hc. with J =3g;/2. The eigenstates

(a) \z..y\w

3 5 '
(b) (©)
[N 1R 1
2 1 3 1
0 0.5 1 0 0.5 1
t/T, t/T,
096 T T Ty
(d)
%
<t

-3 2 -1 0
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FIG. 3. (a) The schematic of the entanglement-dependent topo-
logical pumping. The time-dependent average of the CE P,(t) vs
time is shown in (a) and (b). The change of P, (¢) during one periodic
pumping 8 P, vs qubit coupling imperfections is shown in (c) and (d).
The ramping rate is 2 = 0.39g1. The qubit number is L = 18 and
8o = &1-

Ig[W/g]

for such a single-excitation Hamiltonian are

Ix13) = (legg) F 2lIgeg) + |gge))/2,
1x2) = (legg) — Igge))/ V2. (23)

The corresponding eigenenergies of the above three states
are £, = —\/EJ, E, =0, and E; = \/EJ, respectively. To
prepare the state |x;), we first decouple the selected unit cell
from the rest of the qubit chain by increasing or decreasing
the detuning of qubits in this unit cell from that of all other
qubits. From the ground state |ggg), a driving pulse in the
form of V5 = € cos (wqt)(6] — «/56;‘ + 67) is applied with
the driving frequency wy; = w, + V/2J . In the rotating frame
of wy, this driving field can be written as V;"‘ = Qo(6] —
V26 +67)/2. Tt can be shown that (x;|Vi®|ggg) =  and
(X2,3|\A/R|ggg) = 0. By applying this pulse for a duration of
ty = /28, the state |x;) is generated. The time duration of
this operation is also on the order of nanoseconds. Similarly,
the states |x») and |x3) can be generated by applying corre-
sponding driving pulses.

As shown in Fig. 3(a), we assume the qubits in one of the
middle selected unit cells are prepared in the state |x,) (n =
1,2, 3) defined in Eq. (23) and all other qubits are in their
ground states. Then the initial state of the qubit chain can be
written as

[Vnl0(0)]) = 888 -- - Xn - - 888)- (24)
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Note that |,,) is just the Wannier function of the nth magnon
band. When 6 is swept from t =0 to t = T,, the state in
the initial unit cell experiences an adiabatic pumping and the
entanglement will propagate to the other unit cells. Define the
CE as

N
P:Zx(ﬁ;+ﬁ,g +P). (25)
x=1

The time-dependent average of the CE for an initial excitation
|xn) (n =1, 2, 3) during the pumping is described by

Py(t) = (Y01 P[P, [6()]). (26)

We further write the above equation into momentum space
and get

1

A~ f dkxl (ukx,ﬁ,nwkx |ukx,9,n)

Pn(t) = o

; @7
=——/ﬁmAA@ﬁx
2

where the Wannier function |v,) has been rewritten in form
of the Bloch wave function as |y,,) = 1 fdk etk Uk, 0.n)-
Equation (27) indicates that the CE is related to the Berry
connection A, (ky, ) = i(uk, 0.,|0k, Uk, 0.n), Which depends
on the choice of the gauge in the Bloch state. Let 6 be changed
continuously from 6; to 6. The shift of the CE is then

P (tf)— P (t)) = — ! /dk A (kx,Qf)
2 28)
——/mmwm.
27

Using the Stokes theorem, Eq. (28) can be rewritten
in terms of F,(ky,0) with F,(k,,0) =V x A, (k,,0) =
i(]{0ptuxn| Ok, ukn) — c.c.). For a pumping circle of 2m, i.e.,
Qf =0, + 27, H®) = H(Gf) and the shift of the CE is
given by the integral of the Berry curvature on the torus
{k, € (0,2 /3], 6 € (0,2m]}. We thus find

1
—/ /dkdeV x A, k., 0)
T Jk, Jo
1
- / / dk,df F,(k,.0) (29)
T Jk, Jo

=Cna

Pn(Tp) - Pn(O) =

which shows that the shift of the CE during one pumping
circle is equal to the Chern number of the corresponding
topological magnon band and is gauge invariant.

In Figs. 3(b) and 3(c), we numerically calculate P 5(¢) and
P>(t) for a chain of 18 qubits (N = 6), where the qubits in
the third unit cell are prepared in the state |x;3) and |x2),
respectively. It is found that P; 3(¢) is shifted to the left by
one unit cell and P,(¢) is shifted to the right by two unit
cells. Moreover, the shifts of the CE are equal to the corre-
sponding Chern numbers C; 3 = —1 and C, = 2, respectively.
Such process yields an entanglement-dependent topological
pumping, where both the quantized shift number and pumping
direction are entanglement dependent. This pumping can be
realized with the following parameters: g;/27 = 100 MHz
and © = 0.39¢g;. The total pumping time is 7, =27 /Q =

25.5 ns, much longer than typical decoherence times of
superconducting Xmon qubits. Similarly, the entanglement-
dependent topological pumping also can be realized in the
generalized SSH-type qubit chain with p > 3.

We now analyze the influence of practical imperfec-
tions in tuning qubit couplings on the above entanglement-
dependent topological pumping. This imperfection can
be described by the Hamiltonian H; =) §J x&il;x +
8Ja bl &, + 8J3elacy ) + Hee., where 8J1, 5,3, = W8, with
6 € [—0.5,0.5] being a random number and W being the
imperfect strength. In Figs. 3(d) and 3(e), we have numerically
calculated

8Py = Py(Ty, W) — P, (0, W), (30)

where P,(t, W) (n =1,2,3) is the CE in the presence of
imperfect qubit coupling. For each 6Ji, 2, 3¢, We choose
50 samples to perform the numerical simulation. The final
derived P,(¢, W) is obtained by averaging over the results
of all samples. Our numerical results show that the entangle-
dependent topological pumping is robust against qubit cou-
pling imperfections. The quantized shifts of the CE § P; 3 and
8 P, have plateaus at the values —1 and 2 when the imperfec-
tion strength W < 0.1g;, which correspond to the topological
Chern numbers C; 3 = —1 and C, = 2, respectively.

V. CONCLUSIONS

In conclusion, we have proposed an experimentally fea-
sible protocol using a tunable Xmon qubit chain to realize
SSH and generalized SSH models that support a variety of
topological magnon phases protected by topological winding
numbers and Chern numbers. We have explicitly studied the
dynamics of a single-excitation quantum state in these qubit
chains and revealed topological phenomena, including the
entanglement-dependent topological pumping. We have also
found that the topological invariants can be directly mea-
sured from the dynamics of qubit excitation, which provides
a simple method to directly measure topological invariants
rooted in the momentum space using quantum dynamics in
the real space. Our work may open a prospect to realize
various topological models and explore topological effects in
well-controllable quantum computing platforms.
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