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Simultaneous cooling of coupled mechanical resonators in cavity optomechanics
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Quantum manipulation of coupled mechanical resonators has become an important research topic in
optomechanics because these systems can be used to study the quantum coherence effects involving multiple
mechanical modes. A prerequisite for observing macroscopic mechanical coherence is to cool the mechanical

resonators to their ground state. Here we propose a theoretical scheme to cool two coupled mechanical resonators
by introducing an optomechanical interface. The final mean phonon numbers in the two mechanical resonators
are calculated exactly and the results show that the ground-state cooling is achievable in the resolved-sideband
regime and under the optimal driving. By adiabatically eliminating the cavity field in the large-decay regime,
we obtain analytical results of the cooling limits, which show the smallest achievable phonon numbers and the
parameter conditions under which the optimal cooling is achieved. Finally, the scheme is extended to the cooling

of a chain of coupled mechanical resonators.
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I. INTRODUCTION

The radiation-pressure coupling between electromagnetic
fields and mechanical oscillation is at the heart of cavity
optomechanics [1-3]. This coupling is the basis for both
the control of the mechanical properties through the optical
means and the manipulation of the field statistics by me-
chanically changing the cavity boundary [4—12]. In recent
years, much attention has been paid to optomechanical systems
involving multiple mechanical resonators [13—18]. This is
because the multimode mechanical systems can be used to
study macroscopic mechanical coherence such as quantum
entanglement [19-26] and quantum synchronization [27,28].
Moreover, coupled mechanical systems have been widely ap-
plied to sensors for detecting various physical signals [29,30],
especially in nanomechanical systems [29-33].

To observe the signature of quantum effects in mechanical
systems, a prerequisite might be the cooling of the systems
to theirs ground states such that the thermal noise can be
suppressed. So far, several physical mechanisms such as
feedback cooling [34-38], backaction cooling [39,40], and
sideband cooling [41-49] have been proposed to cool a single
mechanical resonator in optomechanics. Moreover, various
schemes have been proposed to cool mechanical resonators,
such as transient cooling [50,51], cooling based on the quantum
interference effect [52—-55], and quantum cooling in the strong-
optomechanical-coupling regime [56,57]. In particular, the
ground-state cooling has been realized in typical optomechan-
ical systems, which is composed of a single cavity mode
and a single mechanical mode [58,59]. Correspondingly, to
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manipulate the quantum coherence in multimode optomechan-
ical systems, it is desired to cool these mechanical modes for
further quantum manipulation [60-62]. Nevertheless, how to
cool multiple mechanical resonators remains an unresolved
question.

In this paper, we present a practical scheme to cool two
coupled mechanical resonators in an optomechanical sys-
tem which is formed by an optomechanical cavity coupled
to another mechanical resonator. Here, the two mechanical
resonators are coupled to each other through the so-called
position-position coupling, which can be physically realized
either by using a piezoelectric transducer in paired GaAs-based
mechanical resonators [31] or by introducing an electrostatic
force between the two resonators [32,33,63,64]. In the strong-
driving regime, the system is linearized to a three-mode
cascade system, which is composed of a cavity mode and two
mechanical modes. To include the cooling channel and the en-
vironments, we assume that the cavity field is connected with a
vacuum bath, and the two mechanical resonators are connected
with two heat baths at finite temperatures. Physically, the
vacuum bath of the cavity field extracts the thermal excitations
in the mechanical resonators via a manner of nonequilibrium
dynamics, and then the total system reaches a steady state.
By exactly calculating the final mean phonon numbers in the
resonators, we find that the ground-state cooling of the two
mechanical resonators can be realized simultaneously under
the optimal driving detuning and in the resolved-sideband
regime. Specifically, the cooling limits of the two mechanical
resonators are analytically derived by adiabatically eliminating
the cavity field in the large-decay regime. Finally, we extend
the optomechanical scheme to the cooling of a chain of
coupled mechanical resonators. The results show that ground-
state cooling is achievable in multiple mechanical resonators,
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FIG. 1. (a) Schematic of the three-mode optomechanical system.
A single-mode cavity field with resonance frequency w, is coupled
to an oscillating end mirror with resonance frequency @; via the
radiation-pressure coupling. The movable end mirror is coupled to
another mechanical resonator with resonance frequency @, via the
“position-position” interaction. (b) By adiabatically eliminating the
cavity mode, the model in (a) is simplified to a system of two coupled
mechanical modes b; and b,, with the coupling strength 7y. The
mechanical resonator b, ; is coupled to the heat bath with the decay
rate y; and thermal occupation number 77;. Additionally, the mode b,
is coupled to an effective optical bath with the effective decay rate
Yopt and thermal occupation number 7iqp.

and that the cooling efficiency is higher for the mechanical
oscillator, which is closer to the cavity.

The rest of this paper is organized as follows. In Sec. II, we
introduce the physical model and present the Hamiltonians.
In Sec. III, we derive the equations of motion and find the
solutions. In Sec. IV, we calculate the final mean phonon
numbers, analyze the parameter dependence, and derive the
cooling limits of the two mechanical resonators. In Sec. V, we
extend our studies to the case of a chain of coupled mechanical
resonators. Finally, we present some discussions and a brief
conclusion in Sec. VI. Two appendices are presented to display
the detailed calculations of the final mean phonon numbers and
the cooling limits.

II. MODEL AND HAMILTONIAN

We consider a three-mode optomechanical system, which
is composed of one cavity mode and two mechanical modes,
as illustrated in Fig. 1(a). The cavity-field mode is coupled to
the first mechanical mode via the radiation-pressure coupling,
and the two mechanical modes are coupled to each other via
the so-called position-position interaction. To manipulate the
optical and mechanical degrees of freedom, a proper driving
field is applied to the optical cavity. The Hamiltonian of the

system reads (i = 1)

~2 2
le m,a)l X i
—wcaa—i— E ( —)—)»aaxl
P 2my 2

+n(x; — x2)* + Q(ale ™ + ael“th), (1

where a and at are, respectively, the annihilation and creation
operators of the cavity mode with the resonance frequency
.. The coordinate and momentum operators x; and p,; are
introduced to describe the /th (I = 1, 2) mechanical resonator
with mass m; and resonance frequency @;. The optomechanical
coupling between the cavity field and the first mechanical mode
is described by the A term in Eq. (1), where A = w./L denotes
the optomechanical force of a single photon, with L being the
rest length of the optical cavity. The n term depicts the me-
chanical interaction between the two mechanical resonators.
The parameters w;, and Q2 are, respectively, the optical driving
frequency and driving amplitude, which is determined by the
driving power via the relation Q2 = /2Py k /wr, where Py is
the power of the driving laser and « is the decay rate of the
cavity field.

For convenience, below we introduce the normalized res-

onance frequencies wj—j, = 1/(7)12 4+ 2n/m; and the dimen-

sionless position and momentum operators q;—1» = /M;w;X;

and pi—12 = /1/(m;w)) py ([qi, pi]1 = i) for the mechanical
resonators. Then, in the rotating frame defined by the unitary
transformation operator exp(—iwyta'a), the Hamiltonian of
the system becomes

Aaa—f—z
=12

—2n0q1¢2 + Qa' +a), 2)

(g7 + p}) — roa'aq

where A, = w. — w/ is the driving detuning of the cavity field,
and Ay = A/ 1/(mwy) and ny = ny/1/(mimrwiw,) denote
the strength of the optomechanical coupling and the mechani-
cal coupling in the dimensionless representation, respectively.
The Hamiltonian (2) is the starting point of our consideration.
Below, we will study the cooling performance by seeking the
steady-state solution of the system.

III. THE LANGEVIN EQUATIONS

Quantum systems are inevitably coupled to their environ-
ments. To treat the damping and noise in our model, we
consider the case where the optical mode is linearly coupled
to a vacuum bath and the two mechanical modes experience
the Brownian motion. In this case, the evolution of the system
can be described by the Langevin equations,

—[k +i(Ac — dog))]la — i+ V2kay,  (3a)

a =

G =wp, =12, (3b)
pl = —w1q1 — Y1P1 —+ )\,OaTCl + ZUOQZ + %_11 (3C)
D2 = —w2q2 — Vap2 + 2n0q1 + &2, (3d)

where « and y;—; » are the decay rates of the cavity mode and

the /th mechanical mode, respectively. The operators aj, (aiTn)
and &_, , are the noise operator of the cavity field and the
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Brownian force which acts on the /th mechanical resonator,
respectively. These operators have zero mean values and the
following correlation functions:

(an(®al 1)) =8¢t — 1), (al (Dan()) =0, (4a)
N d_w —iw(t—t") @
(E(DE&()) = o / 5 ¢ w[coth (2kBT1> + 1:|,

(4b)

where kg is the Boltzmann constant, and 7;—; , is the bath
temperature of the /th mechanical resonator.

To cool the mechanical resonators, we consider the strong-
driving regime of the cavity such that the average photon
number in the cavity is sufficient large and then the lineariza-
tion procedure can be used to simplify the physical model.
To this end, we express the operators in Eq. (3) as the sum
of their steady-state mean values and quantum fluctuations,
namely, o = (o), + o for operators a, af, qi=1.2,and p;_ .
By separating the classical motion and the quantum fluctuation,
the linearized equations of motion for the quantum fluctuations
can be written as

8a = —(k +iA)sa +iG8q, + v 2kai, (5a)

8¢ = wdpy, =12, (5b)
8p1 = —018q1 — Y18p1 + 2n0dq> + G*8a + Gda' + &,

(5¢)

3p2 = —28q2 — v28p2 + 2nodq1 + &2, (5d)

where A = A. — Xo{(q1)ss 1S the driving detuning normalized
by the linearization and G = X(a)ss denotes the strength of
the linearized optomechanical coupling. Here, the steady-state
solution of the quantum Langevin equations in Eq. (3) can be
obtained as

(@)ss = i (62)
Fles = +iA’ a
A Ngo(@)ss
(1) = 2022000 (6b)
wywy — 41
2)\‘ T SS SS
(o) = 20000 s ()ss (6¢)
wiwy — 4ng
<p1)ss = (p2>ss =0. (6d)

The cooling problem can be solved by calculating the
steady-state solution of Eq. (5). This can be realized by
solving the variables in the frequency domain with the Fourier
transformation method. Under the definition for operator r
(r = 8a, 8q;, 8py, ain, &) and its conjugate 1,

r(t) = «/%_n [ : e F(w)dw, (7a)
ri@) = \/% /_ N e (w)dw, (7b)

the equations of motion (5) can be expressed in the frequency
domain as

i0da(w) = —(k + i A)sa(w) + iG8G1 (w) + 2k (o),

(8a)
iwég(w) = widp(w), 1 =1,2, (8b)
iwdp1(w) = —w18§1(w) — Y18 p1(w) + G*da(w)

+Gdal () + 2m08G> (@) + &1 (), (8¢)
w8 Pr(w) = —w28G2(w) — Y28 Pa(@) + 200841 (@) + & (),

(8d)

which can be further solved as

8a(w) = (iGC1(0)a) (@) + [iGC}(—w) + v 2k B(w)]
X Gin(@) + iG Wi ()€1 (@) + i G Wa(w)Er ()}

X [k +i(A 4+ o) ' B (w), (9a)
841(w) = [C1 (@)}, (®) + C(=0)ain(@) + Wi (@)1 ()

+ Wy (0)E(0)]1B~ (), (9b)
842(@) = [C2()i (@) + C3(~ )i (@) + Wa (@)1 (w)

+ W3(@)&2 ()] B~ (@), (9c)

where we introduced the variables

B(w) = (iyla) — w4 w%)(—iyza) + o’ — w%)[(ic + ia))2
+ A’ 4 20 (iy20 — * + @3) |G A
+awiomglc + iw)” + A%, (10a)

Ci(w) = V2kGoy[yr0 + i (0 — &3)|(—ik + o+ A),

(10b)
Cr(w) = —2v2knoGwianlk + i(w + A)], (10¢)
Wi(0) = o1 (—ipo + o* — 03)[(k +io)* + A*],  (10d)
Wa(@) = —2mwianl(c + iw)® + A%, (10e)
Wi(w) = 2w1wz|G|2A + a)g(—iyla) +?— w%)

x [k +iw)* + A?]. (10f)

In principle, the expressions of these quantum fluctuations
da, 8qi=1 2, and §p;—; 7 in the time domain can be calculated by
performing the inverse Fourier transformation. For our cooling
task, we will focus on the steady-state mean values of the
phonon numbers in the mechanical resonators.

In the above consideration, we do the linearization around
the steady state of the system. Therefore, we need to analyze
the stability of the system. By applying the Routh-Hurwitz
criterion [65], it is found that the stability condition, under
which the system reaches a steady state, is given by

Ag > 0, (11)

where the expression of Ag is defined in Eq. (A6). In the
following consideration, all the used parameters satisfy this
stability condition.
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IV. COOLING OF TWO MECHANICAL RESONATORS

In this section, we study the cooling efficiency of the
mechanical resonators by calculating the final mean phonon
numbers and deriving the cooling limits.

A. The final mean phonon numbers

For the purpose of quantum cooling, we prefer to calculate
the fluctuation spectra of the position and momentum oper-
ators for the two mechanical resonators, and then the final
mean phonon numbers in the mechanical resonators can be
obtained by integrating the corresponding fluctuation spectra.
Mathematically, the final mean phonon numbers in the two
mechanical resonators can be calculated by the relation [45]

1
nl = > [(8a7) + (op7) 1], (12)
where the variances § q,2 and$ p,2 of the position and momentum

operators can be obtained by solving Eq. (8) in the frequency
domain and integrating the corresponding fluctuation spectra,

1 oo
(8q7) = 5/ Sp(@dow, 1=1,2, (13a)
—00
2 1 =
(5p,)=§ Sp(@)dw
-0
(>,
= Sra? /_ooa) Sp(@)dw, 1=1,2. (13b)

Here the fluctuation spectra of the position and momentum
of the two mechanical oscillators are defined by

oo

So(w) = / e T(So(t + 1)0(1))d, (14
—00

for o = ;=1 » and p;—; ». Here the average (-)s are taken over

the steady state of the system. The fluctuation spectrum can

also be expressed in the frequency domain as

(80(0)36(e))ss = So(@)(w + ') (0= qi, p).  (15)

Based on the results given in Egs. (9) and (15), and the corre-
lation function (4) in the frequency domain, the position and
momentum fluctuation spectra of the mechanical resonators
can be obtained as

_ 2
Sy (@) = Bl {|C1(w)|
2]/10) w
W @)P 2 [1 + coth (2kBTl>:|
2 V20 w
+ |Wa(w)] _a)2 |:1+coth(2kBT2>i|}, (16a)
Sp(@) = —— {|c< )2
= Bp T

Yiw w
1% 221 th
W) [ teo (Zk,m)}

+|W3(w)|m—w[1+coth< @ )“ (16b)
w7 ZkBTz

2
S, (@) = (%) Sy(@), 1=1,2. (16¢)

In terms of Eqgs. (12), (13), and (16), the exact analytical
results of the final mean phonon numbers in the two mechanical
resonators can be obtained (see Appendix A for details).

B. Ground-state cooling

Based on the above results, we now study the cooling of
the two coupled mechanical resonators by the optomechanical
coupling. Physically, the system becomes, by linearization, a
chain of three modes with the bilinear-type coupling between
the neighboring modes. As a result, the excitation energy can
be exchanged between the two neighboring modes by the
rotating-wave term (namely, the beam-splitter-type coupling)
in the near-resonance and weak-coupling regimes. In this
system, the two mechanical resonators are connected to two
heat baths and the cavity field is connected to a vacuum bath.
Hence the final mean phonon numbers in the two mechanical
resonators would be finite numbers, which should be smaller
than the thermal phonon occupations in the heat baths because
the thermal excitations can be finally extracted to the vacuum
bath. In this sense, the mechanical resonators can be cooled
by the optomechanical coupling. Below, we will show how the
final mean phonon numbers in the two mechanical resonators
depend on the parameters of the system.

/

In Fig. 2, we plot the final mean phonon numbers n;

and ng as a function of the driving detuning A/w; and the
cavity-field decay rate x /w;. Here we choose the mechanical
frequency w; as the frequency scale so that we can clearly see
the relationship between the optimal driving detuning and the
phonon sidebands, and the influence of the sideband-resolution
condition on the cooling performance. When k/w; < 1, the
phonon sidebands can be resolved from the cavity-emission
spectrum, and this regime is called the resolved-sideband
limit. We can see from Fig. 2 that the two resonators can
be cooled efficiently (n'lf , nf « 1) in the resolved-sideband
limit and under the driving A/w; ~ 1, which means that the
ground-state cooling is achievable in this system. For the
used parameters, the minimum phonon numbers for the two
resonators are n{ ~ (.15 and nzf ~ 0.35. For a given value of
the ratio « /w;, the optimal driving detuning is given by A ~
wi. This is because the energy extraction efficiency between the
cavity mode and the first mechanical mode should be maximum
at A = w;, and the small deviation of the exact value of w; in
realistic simulations is caused by the counter-rotating-wave
term in the linearized interaction between the cavity mode and
the first mechanical mode. Physically, the generation of an anti-
Stokes photon will cool the mechanical oscillator by taking
away a phonon from the mechanical resonator. For the optimal
cooling detuning A & w, the frequency w; of the phonon
exactly matches the driving detuning A and hence A/w; = 1
corresponds to the optimal cooling. At the optimal driving
A = wy, the final mean phonon numbers become worse with
the increase of the ratio « /w;. In order to clearly illustrate the
dependence of the mean phonon numbers on the parameters,
we show a rough boundary of ground-state cooling (n{ and

nzf = 1), as shown by the black solid curves in Figs. 2(a)
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FIG. 2. The final mean phonon numbers (a) nlf and (b)
n% in the two mechanical resonators vs the effective driving
detuning A/w; and the decay rate «/w;. The used parameters
are given by w;/2m =w,/2mr =10 MHz, y /w1 = y/o1 =
1075, w./w; = 2.817 x 107, no/w; = 0.04, m; = m, =250 ng,
i, =i, = 1000, L =0.5 mm, P, =50 mW, and A = 1064 nm.
The black solid curves correspond to nlf = n{ =1

and 2(b). These results are consistent with the sideband cooling
results in a typical optomechanical system [41,42,45,46].
Since the cavity provides the direct channel to extract
the thermal excitations in the first mechanical resonator, the
optimal driving (corresponding to a resonant beam-splitter-
type interaction) is important to the cooling efficiency. At
the same time, the coupling between the two mechanical res-
onators provides the channel to extract the thermal excitations
from the second mechanical resonator, as a cascade-cooling
process. Consequently, the cooling efficiency of the second
mechanical resonator should depend on the rotating-wave
coupling between the two mechanical resonators, which is
determined by the resonance frequencies of the two resonators
and the coupling strength between them. To see this effect,
in Fig. 3 we plot the final mean phonon numbers n{ and ng
as a function of the mechanical coupling strength 7 between
the two resonators when the cavity decay rate takes different
values. Based on the fact that the second mechanical resonator
will not be cooled at ny = 0, we confirm that the coupling
between the two mechanical resonators provides the cooling
channel for the second resonator. With the increase of 1y,
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FIG. 3. The final mean phonon numbers (a) n{ and (b) nz’r as a
function of ny/w; when the cavity-field decay rate takes different
values «/w; = 0.5, 1, and 1.5. The inset in (b) is a zoomed-in plot
of n{ as a function of ny/w;, which clearly shows the dependence
of nf on the cavity-field decay rate. Here we consider the optimal
driving case A = w;, and other parameters are the same as those used
in Fig. 2.

the phonon number nlf increases, while the phonon number

nzf decreases. This is because the first resonator provides
the cool channel of the second resonator by extracting its
thermal excitations, while the second resonator will encumber
the cooling efficiency of the first resonator. Additionally, the
final mean phonon numbers are larger for larger values of
the decay rate «/w;, which is consistent with the analyses
concerning the dependence of the cooling efficiency on the
sideband-resolution condition.

This cascade-cooling process can also be seen by consider-
ing the case where the two mechanical resonators have different
resonance frequencies. In Fig. 4, we display the dependence of
the final mean phonon numbers n{ and ng on the frequency w,
of the second resonator. Here we choose A = w; such that the
cooling efficiency of the first resonator is optimal. The result
shows that both of the resonators have good cooling efficiency
when the two resonators are resonant and near resonant (w»
around w;). With the increase of the detuning between the
two resonance frequencies, the cooling efficiency becomes
worse. The reason for this phenomenon is that the efficiency
of energy extraction from the second resonator decreases with
the increase of the detuning |w; — w»|, and that the counter-
rotating-wave interaction terms, which simultaneously create
phonon excitations in the two resonators, become important
when the frequency detuning becomes comparable to the
mechanical frequencies. When w,/w; > 2, the cooling of the
second resonator is almost turned off because the interaction
between the two resonators is approximately negligible under
the condition 1y /|w; — w;| < 1. Inthis case, the cooling of the
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FIG. 4. The final mean phonon numbers (a) n{ and (b) ng vs the
ratio w, /w;. The inset in (b) is a zoomed-in plot of n; as a function
of w,/w; from 0.8 to 1.2. Here we choose A = w; and k/w; = 0.2.
Other parameters are the same as those given in Fig. 2.

first resonator becomes better because the thermalization effect
induced by the bath of the second resonator is turned off, and
then the system is reduced to a typical optomechanical system
with one cavity mode and one mechanical mode.

We note that the final mean phonon numbers n{ and n{
in the two resonators also depend on the mechanical decay
rates y; and y». In Fig. 5, we show the final phonon numbers
as a function of the decay rates. Here we see that n( and nzf
increase with the increase of the mechanical decay rates. This
is because the energy exchange rates between the mechanical
resonators and their heat baths are faster for larger values of
the decay rates, and then the thermal excitation in the heat bath
will raise the phonon numbers in the mechanical resonators.

05— 0.5
(b) v

0.4} 0.4} n

| // —I’lf;
03 B 03 r // __ _nfz'
0.2} 02t )/
0.1 0.1F

0 . . r 0 . . .
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%107 x107

N/, ¥,/ o,

FIG. 5. The final mean phonon numbers n,f and nzf as a function
of (a) y; and (b) y,. Here we take A = w; and «/w; = 0.2. Other
parameters are the same as those given in Fig. 2.

In the plots in this section, we see that the first mechanical

resonator is cooled better than the second resonator, i.e., n{ <

ng under the same parameters. This phenomenon is a physical
consequence of the cascade-cooling process in this system. The
vacuum bath of the cavity plays the role of the pool to absorb
the thermal excitations extracted from the two mechanical
resonators. The cavity extracts the thermal excitations from the
first resonator and transfers the excitations to its vacuum bath.
The first resonator extracts the thermal excitations from the
second resonator. Each mechanical resonator is connected to
an independent heat bath, and the two heat baths have the same
temperature. Hence, the relation n{ < n{ can be understood
from the point of view of the nonequilibrium physical process.

C. The cooling limits

Our exact results show that the ground-state cooling (with

nlf , < 1) is achievable for the two mechanical resonators
under proper parameters. However, the cooling limits (i.e.,
the smallest achievable phonon numbers) of the resonators
remain unclear. In this section, we derive the approximate
cooling results in the bad-cavity regime such that analytical
expressions of the cooling limits can be obtained. This is
achieved by eliminating adiabatically the cavity field in the
large-decay regime (k >> G) and then calculating the final
phonon numbers in the two mechanical modes under the
rotating-wave approximation (w;, 3> G). In this case, the
system is reduced to two coupled modes b; and b,, where
mode b is contacted with the optomechanical cooling channel
(Vopt and 7iope) and one heat bath (y; and 1), and mode b is
contacted with the heat bath (y, and 1), as shown in Fig. 1(b).
Without loss of generality, we assume that the resonance
frequencies of two mechanical resonators are the same, namely,
w| = wy; = wy,. By alengthy calculation (see Appendix B), the
approximate expressions of the final mean phonon numbers
can be obtained as

f._ i Yoptflopt + X711, x

s 17
& Fl Fl — 4)( ( a)
nf & P2 X (17b)
X+
with
2
_ K
Nopt = —4(wm T A)2 s (18a)
(4 +T
ni, = vaia(dx +T'y) 7 (18b)
T+ )X +72)
i1 + Y2i2 + Yoptilo
na, = Vil + Yang =+ Yoptlt pt, (18¢)

i+

where I'1 = y1 + yop. We also introduce the effective decay
rates Yop = 4|G|*/k and x = 413/(y1 + Yop) corresponding
to the optomechanical channel and the mechanical coupling
channel, respectively. The parameter relations in this case are

w12 3> k3> G > T1, Yopr) > Vo (19)

In the optimal-detuning case A = w,,, the corresponding cool-

ing limits n}™ and n™ can be obtained with figy = k2/(1602).
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FIG. 6. The final mean phonon numbers (a) n{ and (b) né as
a function of «/w,,. The exact results are given by Eq. (AS) (blue
solid curve) and the approximate results obtained by the adiabatic
elimination method are given by Eq. (17) (red dashed curve). In
addition, we take A = w,,, y1/Wn = V2/0n = 107°, and no/wm =
0.02. Other parameters are the same as those given in Fig. 2.

To evaluate the approximate cooling results, we compare
the approximate results given in Eq. (17) with the exact results

given in Eq. (AS5). In Figs. 6 and 7, we plot the final mean

phonon numbers n{ and n{ as a function of « and 1y when

the optimal effective detuning A = w,,. It shows that the
approximate and exact mean phonon numbers coincide well
witheach otherink ~ 0.1w,, ~ 0.5w,, and ny =~ 0 ~ 0.05w,, .
Figure 6(a) shows that the difference between the approximate
result and the exact result increases when « < 0.1w,,. This is
because the adiabatic elimination procedure only works under
the condition ¥ > G. In Fig. 7(a), we see that the two results
do not match well for a large 5 (for example, ny/w,, > 0.05 in
our simulations). This phenomenon can be explained based on
the parameter requirement of the stability in the approximate
analyses after the elimination of the cavity field. As shown
in Eq. (B8), we can see that to ensure the stability of the
equations of motion, the real part of the eigenvalues of the

1.0 - - 1.0
(@) (b)
——exact ——exact
0.8 - - -approximate ] 0.8H - - -approximate
y
™ n’; 1000
06p L | 06
500
0.4} 002t 1 04f
0.01 | 0
0.2 0 0002 ooo4 A 02f 0 001 002 |
Ly K 70 /Oy
oEe——=—=" ~ oL . .
0 0.03 0.06 0.008 0.03 0.06
o | Wy o /Wy

FIG. 7. The final mean phonon numbers (a) nlf and (b) nzf as
a function of 7ny/w,,. The exact results (blue solid curve) and the
approximate results (red dashed curve) are given by Eqgs. (AS)
and (17), respectively. The insets are zoom-in plots of the phonon
numbers in a narrower range of 7y/w,,. We take A = w,,, k/w, =
0.2, and P, = 70 mW. Other parameters are the same as those given
in Fig. 6.
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FIG. 8. The final average phonon numbers n]f and nf in the

two mechanical resonators vs the driving laser power P,. The used
parameters are given by A = w,,, «/w,, = 0.2, and y, ,/w,, = 107°.
Other parameters are same as those used in Fig. 2.

coefficient matrix M should be positive [65]. In the case of
Q) &~ w, and y; = y», the parameter condition is reduced to
Yopt > 4x. Corresponding to Fig. 7(b), when no/w,, > 0.05,
the stability condition y,p > 4x of the equations of motion in
the approximate analyses is violated.

The key physical mechanism in this cooling scheme is that
the effective optical vacuum bath successively extracts the
excitation energy from the two mechanical modes through the
optomechanical cooling channel and the mechanical coupling
channel. This physical picture can also be seen from the
parameter relation yope > 4x >> y1,2, which indicates that the
rate of the cooling channel should be much larger than the
thermalization channel. The physical picture can also be seen
by analyzing the following special cases. When we turn off
the mechanical coupling channel, i.e., n = 0, then the first
mechanical resonator will be cooled in the same manner as
the typical optomechanical sideband cooling scheme [41,42],
and the second resonator will be thermalized to a thermal
equilibrium state at the same temperature as its bath.

In our above simulations, the final average phonon oc-
cupations in the mechanical resonators are smaller than 1.
To better test interesting quantum effects in the resonators,
the redundant single-phonon probability could be further
suppressed by choosing mechanical resonators with smaller

decay rates. In Fig. 8, we plot the final average phonon
f

occupations n; and ng as a function of the laser power P,
when higher quality factors of the two resonators are taken
(e.g., Qimipa=wi/yi = 10°). Here we see that the phonon
numbers in the two resonators can be effectively decreased
from 1000 to 0.035 and 0.045, respectively. In these cases, the
mechanical resonators are cooled to sufficiently low phonon
number (n{ , < 1) to test interesting quantum effects. This is
because the mechanical resonators are prepared in their ground
states with high fidelities.

V. COOLING OF A CHAIN OF COUPLED
MECHANICAL RESONATORS

In this section, we extend the optomechanical cooling
means to the cooling of a coupled-mechanical-resonator chain.
Concretely, we consider an optomechanical cavity coupled to
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an array of N mechanical resonators connected in series. The
nearest-neighboring mechanical resonators are coupled to each
other through “position-position” coupling. Without loss of
generality, we assume that all the mechanical resonators are
identical, having the same frequency, decay rate, and thermal
occupation number. Meanwhile, the couplings between the
mechanical resonators are much smaller than the mechanical
frequency and hence the rotating-wave approximation is justi-
fied. Similarly, we consider the strong driving case of the cavity
and then perform the linearization procedure to the system. In
this case, the Hamiltonian of the system can be written in a
frame rotating at the driving frequency as

N
H; = Ad'a+w, Y blb; — (Ga'b + G*bla)
Jj=1
N—1
= > no@lb + bl b))+ Qa' +a), (20)
j=1

where a (a) and bj_y_y = (q; +ip;)/¥2 [b} = (q; -
ipj)/ V2] are the annihilation (creation) operators of the
cavity mode and the jth resonator. The parameter A is the
driving detuning after the linearization of the optomechanical
coupling, G is the strength of the linearized optomechanical
coupling, and w,, and n are the frequency of these resonators
and the coupling strength between the neighboring mechanical
resonators, respectively. To include the dissipations, we assume
that the cavity is coupled to a vacuum bath and the mechanical
resonators are coupled to independent heat baths at the same
temperatures. Then the evolution of the system can be governed
by the quantum master equation

) K
p=ilp, Hil+ 3 apa' —alap — pa'a)

N
Ym

Jj=1

- N
YmNm T i f
+T E (ij,obj—bjbjp—pbjbj), 2D
Jj=l1

where p is the density matrix of the coupled cavity-resonator
system, 1,, is thermal phonon number of the heat baths of these
mechanical resonators, and k and y,, are the decay rates of the
cavity mode and the mechanical resonators, respectively.

To evaluate the cooling efficiency, we solve the steady-state
solution of quantum master equation (21) and calculate the
average occupation numbers in the cavity and these mechanical
resonators. As examples, we consider the cases of three and
four mechanical resonators (i.e., N = 3, 4) in our simulations.
In Fig. 9, we plot the final mean phonon numbers in these
mechanical resonators as a function of the effective driving
detuning A for the cases of (a) N = 3 and (b) N = 4. We see

that the ground-state cooling is achievable and the final phonon
numbers successively increase from n{ to n,{, at the optimal
effective detuning A = w,,. This means that the closer to the
optomechanical cavity the resonator is, the smaller the final
phonon number in this resonator is. The physical reason for
this phenomenon is that the system is a cascade system and the

vacuum bath of the optomechanical cavity provides the cooling

1.0 . 10
\(a) _nfl /I
0.8}
0.6
0.4}
02}
05 1.0 15 05 1.0 15
A/a)m A/a)m

FIG. 9. The final mean phonon numbers in the mechanical res-
onators as a function of the effective driving detuning A when
(@) N =3 and (b) N = 4. Other parameters are given by G/w,, =
0.2, no/wn = 0.1, k/w,, = 0.3, Yu/0n = 1073, and 7 = 1000.

reservoir to extract the thermal excitations in these mechanical
resonators, which are thermally excited by their heat baths.
After the linearization, the system is reduced to an array of
coupled bosonic modes. Then the vacuum bath provides the
cooling channel of the cavity, and the cavity provides the cool-
ing channel of the first mechanical resonator. Successively, the
former resonator provides the cooling channel for the next res-
onator. In this way, the thermal occupations can be extracted to
the vacuum bath and then the system approaches to a nonequi-
librium steady state. As a result, the cooling efficiency is higher
for a mechanical oscillator which is closer to the cavity.

VI. DISCUSSIONS AND CONCLUSION

Finally, we present some discussions on the understand-
ing of the cooling problem in the mechanical normal-mode
representation. In our system, the first mechanical resonator is
coupled to the cavity field through the radiation-pressure inter-
action, and the neighboring mechanical resonators are coupled
to each other by the so-called position-position coupling. By
diagonalizing the coupled mechanical resonators, the present
physical model is reduced to a multimode optomechanical
model which is composed of a single-mode cavity field coupled
to all the mechanical normal modes [60]. In the presence
of the mechanical coupling, the frequencies of these normal
modes are different, and this hence provides a natural method
to remove the dark-mode effect, which is a major obstacle
of the cooling of many mechanical resonators coupled to a
common cavity [60]. In principle, we can calculate the cooling
problem in the representation of the mechanical normal modes.
However, the physical mechanism could be explained clearly in
the cascade-cooling picture because we consider the cooling of
these mechanical resonators in the bare-mode representation.

It is worthwhile to present some discussions of the relation-
ship between the coupled-mechanical-resonator system and
the multiple modes in a single-mechanical-resonator system.
In a realistic single-mechanical-resonator system, there are
many normal modes with different resonance frequencies and
these normal modes decouple from each other. Therefore, each
of these normal modes can be cooled to its quantum ground
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state by introducing the optomechanical cooling scheme. In
a coupled-mechanical-resonator system, these coupled me-
chanical resonators can be diagonalized and then this system
can be described by a similar Hamiltonian as that of the
single-mechanical-resonator system. Basing on the fact that
the frequencies of these diagonalized mechanical modes are
governed by the coupling strength between these coupled
mechanical resonators, we can design proper driving fields for
realizing ground-state cooling of these diagonalized mechan-
ical modes. Here, the dark-mode effect induced by the many
mechanical resonators coupled to a common cavity field should
be avoided by utilizing the frequency differences among these
coupled mechanical resonators.

In conclusion, we have proposed a scheme to realize the
ground-state cooling of coupled mechanical resonators in a
three-mode optomechanical system where an optomechanical
cavity is coupled to another mechanical resonator. By the
linearization, the system is reduced to a cascade-type three-
mode coupled system; then the thermal excitations in the
mechanical resonators can be extracted to the vacuum bath of
the cavity and the system can be cooled by the optomechanical
coupling channel. We found that the coupled mechanical
resonators can be simultaneously cooled to their ground states
when the system works in the resolved-sideband regime and
under a proper driving frequency. In the large-decay limit,
we derived analytical expressions of the cooling limits by
adiabatically eliminating the cavity field. We also extend the
optomechanical method to the cooling of a chain of coupled
mechanical resonators. The numerical results show that the
ground-state cooling is achievable in this system.
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APPENDIX A: CALCULATION OF THE
FINAL MEAN PHONON NUMBERS

In this appendix, we present the detailed calculations of the
final mean phonon numbers in the two mechanical resonators.
As shown in Sec. IV A, the exact results of the final mean

J

phonon numbers in the two mechanical resonators can be
obtained by calculating the integral in Eq. (13) for the position
and momentum fluctuation spectra. Below, we consider the
high-temperature limit case kp7; > hw; 2; then it is safe to
perform the approximation

w ho
y,— coth
o <2kBTz

In this case, the integral kernels in Eq. (13) take the form
gn(w)/[h,(w)h, (—w)]. This kind of integral can be calculated
exactly by the following formula [65]:

/OO gn(w) do —
— 2  dw=
—00 hn(w)hn(_w)

where the functions g,(w) and h,(w) in the integral kernels
take the form

>%y1(2ﬁ1+1), I=1,2. (Al

imt M,
ap An '

(A2)

gn(w) = bO(l)z’H2 + 171602’174 st by,
hp(@) = ap@” + 10" " - + ay, (A3)

with by 12, and ag ;... being the coefficients. The variables
A, and M, in Eq. (A2) are defined by

ap as as e 0
ap as as 0
An — 0 a) as 0
0o 0 O an
bo bl bz R bn,1
aop as as 0
Mn — 0 aj as 0 , (A4)
0 0 O an
where | - | stands for the determinant. By using the above

formula, the integrals in Eq. (13) can be calculated exactly and
then the final mean phonon numbers in the two mechanical
resonators can be obtained as (n = 6 for our three-mode

system)
s 1{iD" imMV
ny == + -1,
2\ 2A¢ 2A¢

Ag = as{a4( — aiaxas + ag + a12a4) + [—a2a3 + al(a§ — 2a4)]a5 + ag} — [a% — ayaz(aras + 3as)

+ alz(a3a4 + 2a2a5)]a6 + afaé,

=12
Dés ) = [—0304615 + 6132% + as(azas — 61106)]b(15) + (1116146!5 - ag - alasas)bé” + (—alazas + azas + ‘11206)ng)

s 1
+ [—a% —atay + ay(aas + as)]bi )+ a_[
6

—2a4as + a3a6)]b§3),

1 /iD®  im®
nd =[5 4 e ), (AS)

2\ 2A¢ 2A¢

Here, we introduce the variables
(A6)
2 202 2
344 — apazas + as + a; (a4 — a2a6) + a (—a2a3a4 + aas

(A7)
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and

_ 1
(s=1,2)
M= =

s

+ [—azasas + ajag + as(azas — a1a6)]b§‘) + (arasas — ai — a1a3a6)b§) +

—2(—{615 [—axazas + azas + as(ayas — apas)| +

[—a1a3a4 + apazas + az(a§ — 2a1a5)]a6 +a a6}b(3)

(—arazas + azas + a%a6)bff)

+[—a3 — ajas + ai(aras + as)]b?)), (A8)
where the coefficients in our three-mode system are defined by
ap =1,
a; = =ik +y1 +y2),
ay = —[K* + yiy2 + o] + @) + A% + 2 (1 + )]
a3 = i[(K> + A1 + 1) + 2 (N2 + 0] + ©3) + Yoot + N3],
= (k> + A (V172 + 0] + 03) + 2k (0] + 1103) + w s (w12 — 415) — 201 |G*A,
as = —i{k* (0] + 1©3) + 2k (0102 — 403) + A[3 A + 01 (2G> + w1 A)]},
ag = wlwz{A[2w2|G|2 —wimm A + 477(2,A] + Kz(—a)1a)2 + 47)(2))}, (A9)
by’ =0,
b = (1 42y,
by = b1"[262 + yi — 2(w3 + A)] + 201k |G,
bgl) = b(ll)[K4 + 2/{2()/22 — 2a)§ + Az) + a)2 2y, AT+ A+ 4a)2 2] + 4b§2)n(2)w% + 2w%|G|2K [K2 + )/22 — 26()% + Az],
by = b [203(k* — AY) + (v3 — 203) (k* + AY?] + 86wl (k? — A?) + 2k} |G P[wh + (v — 203) (k% + AD)].
b = (b w5 + 4b7Pw?) (K + A% + 2kl wi(c* + AY)|GI, (A10)
and
by =0,
b = (14 272) 903,
b = b2 + ¥ — 2w} + A?)],
by = b7 [k + 23 (pf — 20} + A?) + A% (A2 = 2p7 + 407) + 0} — 4G Pw Al + 4b) w3n?,
by = bP[AIGPAw (2cyr + 1% + f + A?) + (yE — 207) (k% + A2 + 20 (1> — A?)]
+ 8y wing (k> — A%) + 8| Gk (wi1am0)’,
b = bP 0 it 0?4+ (<21G 1 + 0 A)[—2|GP A + (A2 + 2cH)w  Al} + 46Vl nd(c? + A%)?
+8|G P (@10amo)’ (k> + A?). (A1)
[
Note that the results given by Eq. (AS) are exact but com- The Hamiltonian (2) can then be expressed as
plicated. In the large-decay regime, the cavity field can be
Concie expesion of e coorng .M = et 37 onbfr—m] + b6+
APPENDIX B: DERIVATION OF EQS. (17) - L/\oafa(bf +b) + Q' +a), (B2)

In this appendix, we show a detailed derivation of the
cooling limits, which are obtained by adiabatically eliminating
the cavity field in the large-decay regime. For calculation con-
venience, we introduce the annihilation and creation operators
of the mechanical modes as

bisiz = (@ +ip)/N2, bl 5= (@ —ip)/V2. (BD)

V2

where A, = w. — w; denotes the detuning between the cav-
ity frequency and the driving frequency. By performing the
linearization, we write the operators of the system as a
summation of their steady-state values and fluctuations: a —
(a)ss + 6a, by — (b1)ss + 6by and by — (b;)ss + by, where
(0)ss represents the steady-state value of the operator o, and
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éa, 8by, and 8b, are the corresponding fluctuations. The
Langevin equations of these fluctuation operators become

8a = (—k/2 —iA)da + iG(8b + 8by) + /kan, (B3a)
8by = (—y1/2 — iw;)8by + ino(8b} + 8by)
+(iG*8a +iGdal) + yibin1, (B3b)
8by = (—y2/2 — i@2)8by + ino(8b] + 8b1) + /Vabin.2.
(B3c¢)

where A = A, — Ao({b1)5 bi)ss)/ /2 is the normalized
detuning and G = Ag{a)s/ «/5 18 the strength of the linearized
optomechanical coupling.

To obtain the cooling limits of the mechanical modes, we
consider the parameter regime w; » > k > G> ¥1,2. In this
case, the cavity field can be eliminated adiabatically and then
the solution of the operator da(z) at the timescale ¢ > 1/k can
be obtained as

iG
k/24+i(A+ wp)
iG
+ K/2+i(A—wp)

Sa(t) ~ 8bi (1)
3bi (1) + Fain(1), (B4

where we introduce the noise operator

t
Fuin(t) = Jice™C/2HAS / /TS g (s)ds.  (BS)
0

J

Substitution of Eq. (B4) into Egs. (B3b) and (B3c) leads to
the equations of motion

5610) = _(1—11/2 + in)Sbl(l) + inoabz(l) + iG*Fa,in(t)
FiGE (1) + Vb (1), (B6a)

8by(t) = inodbi (1) — (y2/2 + i@2)8ba(t) + /V2bin2(1),
(B6b)

where T'i =y + Vopr and Q) = 0| — wopr With Yo =
41G|?/« and wep = |G|*/(2w1), which denote the decay rate
and frequency shift induced by the cavity coupling channel,
respectively.

The final mean phonon numbers (namely, the steady-state
expected values of the phonon number operators) can be
obtained by solving Eq. (B6). To be concise, we reexpress
Eq. (B6) as

v(t) = —Mv(t) + N(¢), B7)
where v(t) = [8b;(¢), 8b,(¢)]", and M and N(¢) are defined
by

M=<F1/2+ZQI —177(). )’
—ing V2/2 +iw;
t )
N(l): lG Fam(t)"'lGFam(t)'F«/ﬁbm,l(t) ) (BS)
\/%bml(t)

The formal solution of Eq. (B7) can be written as

v(t) = e ™Mv(0) +e™ f M N(s)ds. (B9)

fo

The final mean phonon numbers can be obtained by calculating the elements of the variance matrix. By a lengthy calculation,
we obtain the approximate analytical expressions for the final mean phonon numbers as

lu+2(01 — y2) 4 4i(Q) — w)|?

S

7 1 _ (=2 — ) —4i(2) — wz)l2
1 = —2 ylnl m
4lul A1+ AT

[u—2(T1 — yp) — 4i (21 — w)][u* + 2(I"

)\24—)\,*

+ 2Re
{ A+ )\.E

— ) —4i(Q2) — w)] })

(k + A5 4+ 2)lu + 2(T1 — y2) + 4i(Q1 — o))

N |G|2[ (k425 4+ Al — 2Ty — y5) — 4i(Q — w)))?

i+ AD|5 + 41 +iAf

(hy + A% )|2+x2+zA|

}, (B10)

K+)L1+)»T

IG|?
i+ 405 + 11 +iaf

( + 21+ 2D +2(T' — y2) —4i(21 — w)][u — 2(T'1 — y2) — 4i(Q21 — w2)]
+ 2Re
Ga+ )5 +r +id)(5+25—iA)
M+ A7+ 22+ 2DIAT + A2 +25) + (A + A + 23)]
+64770]/2n2 " " "
AT+ A0S + A2) (A + A2) (A1 + A%)
I 1 [ _ (M — AT =AM + AT + A + A%)
n, = 04 770
4uf? ()»* + AR5 + A)(A] + A2)(Ag + A%)
K+)\.2+)\,* K+)\1+)\§

+
(A2 + 23 )|2+k2+1A|

Re -
[(xl +23)(5 + A +iA) (5 + 15—

zll)
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[ lu 42T — ) +4i( Q1 —w)* | |u = 2Ty — y2) — 4i (21 — w)|?
+ Yotz " + "
A+ A} Ay 4+ A5
=2 — 4i(2; — 2Ty — 4i(2; —
+2Re[[u ('t —y2) +4i (S wz)][u*—i- ('t — y2) +4i (S wz)]“]’ B11)
AL+ A5
where A; and A, (A] and A3 are complex conjugate) are the eigenvalues of the coefficient matrix M,
1 1. 1 ;

Alp = Z(Fl +V2)+§l(91 +w2):F§u, u =\/4[(F1 — 1) +2i(Q — w)]> — 64n3. (B12)

Under the parameter condition w; » > « > G > (I, Yopt} > V1,2, wehave w1 > wop. Inthe case of w; = wy = w,,, Egs. (B10)

and (B11) can then be reduced to the results in Egs. (17).
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