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Above-threshold ionization in molecules by intense multiple-frequency
circularly polarized laser pulses
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We present molecular above-threshold ionization (ATI) by multiple-frequency circularly polarized laser pulses.
Simulations are performed on aligned H2

+ by numerically solving corresponding time-dependent Schrödinger
equations. Molecular ATI spectra show maximum cutoff and multiple ionization trajectories which depend on the
pulse frequency combination. We describe the laser-induced electron dynamics by multiple frequency circularly
polarized pulses in a rotating frame where the total ponderomotive energy of electrons is defined by the average
frequency of the pulses. The influence of Coriolis effects in the photoionization is also studied. The present
results illustrate the dependence of molecular photoionization on the pulse frequency combination and helicity,
thus allowing for the control of circular-polarization electron dynamics in the more complex molecular systems.
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I. INTRODUCTION

Following rapid developments in laser technology, numer-
ous novel high-order nonlinear optical phenomena in the field
of light-matter interaction have been studied widely [1,2].
Ultrashort laser pulses have led to photoimaging techniques
such as laser Coulomb explosion for nuclear motion [3,4] to
laser-induced electron diffraction (LIED) for coupled electron-
nuclear motion [5,6]. Electrons have great potential for probing
the time-resolved transient structure of molecules, materials,
and even biological systems via ultrafast electron diffraction
[7] due to their large scattering cross sections. In these schemes,
a laser-induced rescattering mechanism occurs through re-
combination with the parent ion [8,9] with linear polarization
electron wavelengths controlled by the laser intensity through
laser-induced ponderomotive energies Up = e2E2

0/4meω
2 for

electric-field amplitude E0, corresponding to an intensity
I0 = cε0E

2
0/2 and frequency ω.

Above-threshold ionization (ATI) [10] in atomic and molec-
ular systems as one of the most fundamental strong-field
phenomena has attracted considerable attention in both exper-
imental and theoretical studies. In general a cutoff of energy
2Up is produced in the ATI spectra [11]. For linear polarization,
electron rescattering trajectories also make a considerable
contribution to the ATI energy spectra [12–15]. Laser-induced
electron recollision and rescattering leads to the maximum
energy up to 10Up [16,17]. An important application of ATI
spectra in strong-field physics has been the imaging of electron
orbitals using recolliding electrons by LIED [5,6,18] and,
recently, by photoelectron holography [19,20]. For circular
polarization processes, the electron recollision dynamics was
shown to be suppressed by single circularly polarized pulses
as early as 1989 with CO2 lasers [11] and confirmed by a
classical model [9] for atoms. We have shown that, in stretched
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molecules, an extension of ATI can be obtained with energies
up to 32Up due to laser-induced electron collisions with
neighboring ions [21]. The interference between the direct
liberated electrons and those scattered by neighboring ions can
also produce the phenomenon of photoelectron holography
in molecules [22]. Recently, ATI of rare-gas atoms by a
bicircular field has been theoretically investigated by means of
improved strong-field-approximation (SFA) methods [23] and
confirmed experimentally by using a velocity map imaging
photoelectron spectrometer and tomographic reconstruction
techniques [24,25]. The enhancement of electron recollision
with parent ions by intense counter-rotating bichromatic cir-
cularly polarized femtosecond pulses was predicted as early as
1995 [26–29], and is now a main source of circularly polarized
high-order harmonic generation [30–37]. As a consequence
of electron interference between the forward-scattered and
nonscattered trajectories, multiple holographic patterns are
observed in ATI momentum distributions [38], thus providing
a way to image molecular structure.

The study of laser-induced electron dynamics by multiple
frequency circularly polarized laser pulses is of great interest
in, for example, electron vortices [39–43], ultrafast magnetic
fields [44], and circular chiral dichroism [45–47]. However,
it still remains difficult to exactly describe the laser-induced
electron dynamics in photoionization processes. In the present
work we focus on molecular ATI processes by multiple-
frequency circularly polarized laser pulses. The molecular
ion H2

+ is used as a benchmark system to describe the
circular polarization electron dynamics. Results are obtained
from numerical solutions of the corresponding time-dependent
Schrödinger equation (TDSE). Molecular and atomic ATI
spectra have been well established both experimentally and
theoretically, and many numerical methods have been sug-
gested, including the closed-form analytic formulas [48]. From
the numerical simulations we find that ATI spectra show
maximum cutoff energies which can be described well by the
laser-induced electron dynamics in a rotating frame [26,27].
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The effects of light helicity, i.e., Coriolis effects, and pulse
phases are also presented.

The paper is arranged as follows: in Sec. II, we briefly
describe the numerical and computational methods. Simulation
results obtained by time-dependent quantum electron wave-
packet calculations from the corresponding TDSE for aligned
H2

+ are presented and discussed in Sec. III. We analyze
such molecular ATI spectra based on laser-induced electron
dynamics in a rotating frame. Finally, we summarize our
findings in Sec. IV. Throughout this paper, atomic units (a.u.)
are used unless otherwise noted.

II. NUMERICAL AND COMPUTATIONAL METHODS

To simulate ATI spectra in molecules with multiple-
frequency circularly polarized laser fields, we numerically
solve the corresponding TDSE for the aligned molecule H2

+
within a static nuclear (Born–Oppenheimer approximation)
frame,

i
∂

∂t
ψ (r, t ) = H (r, t )ψ (r, t ), (1)

with the field-molecule Hamiltonian H (r, t ) = H0(r) +
HL(r, t ). H0(r) = T (r) + Vc(r), where T (r) is the kinetic
operator and Vc(r) is the molecular two-center Coulomb
potential. HL(r, t ) = r · E is the field-molecule interaction
term which is described in the length gauge. The electron
dynamics is described in the polar coordinates r = (x, y) =
(ρ cos θ, ρ sin θ ) [49]. Then the corresponding kinetic operator
T (ρ, θ ) is given by

T (ρ, θ ) = −1

2

(
1

ρ

∂

∂ρ
ρ

∂

∂ρ
+ 1

ρ2

∂2

∂2θ

)
. (2)

We solve the TDSE in Eq. (1) by using a second-order-
accurate split-operator method with time step δt and com-
bined with a fifth-order finite difference method and Fourier
transform technique in the spatial steps δρ and δθ [50]. The
time step is taken to be δt = 0.01 a.u. = 0.24 as. The spatial
discretization is δρ = 0.25 a.u. for a radial grid range 0 �
ρ � 1024 a.u. and the angle grid size δθ = 0.025 radian. To
prevent unphysical effects due to the reflection of the electron
wave packet from the boundary, we multiply ψ (ρ, θ, t ) at
each time step by a “mask function” or absorber with the
form g(t ) = cos1/8[π (ρ − ρa )/2ρabs], ρa � ρ � ρmax. For all
results reported here we set the absorber domain ρa = ρmax −
ρabs = 896 a.u. with ρabs = 128 a.u.

Molecular photoelectron distributions (i.e., ATI spectra)
are calculated by a Fourier transform of the time-dependent
electronic wave function ψ (ρ, θ, t ) in Eq. (1), which exactly
describes the electron dynamics in the continuum [51]:

Jl (θ, E)|ρf
=

∫ ∞

tp

ψ (θ, t )|ρf
eiEtdt,

Jr (θ, E)|ρf
=

∫ ∞

tp

∂ψ (θ, t )

∂ρ

∣∣∣∣
ρf

eiEtdt, (3)

J (θ, E) ∼ Re

[
1

2i
J ∗

l (θ, E)|ρf
Jr (θ, E)|ρf

]
,

where tp is the time after the pulse turns off and ρf = 890 a.u.
is an asymptotic point before the wave packet is absorbed.

E = p2
e /2 is the kinetic energy of an ionized electron with

wave vector k = pe = 2π/λe, and pe = (p2
x + p2

y )1/2 is the
momentum of a photoelectron of wavelength λe. ATI energy
spectra are obtained by integrating over the angle,

J (E) =
∫

dθJ (θ, E). (4)

III. RESULTS AND DISCUSSIONS

The purpose of the present work is to study molecular
ATI spectra and electron dynamics by multiple-frequency
circularly polarized laser pulses. We use the hydrogen molec-
ular ion H2

+ as a benchmark system which can be fully
investigated in theory and experiment [52]. The molecule
H2

+ is aligned along the x axis and the circularly polarized
laser pulse with its field vector polarized in the (x, y) plane
propagates along the z axis. The ATI spectra obtained from
Eq. (4) reflect the laser-induced electron dynamics in the
circularly polarized pulse. We derive equations of electron
motion for circular polarization ionization in a rotating frame
to understand these ATI phenomena. For H2

+ the molecular
vibrational and rotational periods on femtosecond (10−15 s)
and picosecond (10−12 s) timescales are larger than that of the
electron motion on attosecond (10−18 s) timescales. Therefore,
the frozen nuclei calculation is valid for describing the ultrafast
electron dynamics by ultrashort laser pulses.

A. Above-threshold-ionization spectra by bichromatic
(ω1, ω2) circularly polarized laser pulses

We first consider the cases of molecular photoionization by
bichromatic circularly polarized laser pulses. To understand
the ATI process in bichromatic circularly polarized laser fields,
we describe the laser-induced electron dynamics in a rotating
frame. Modulation of the envelope at frequency ω of a single
circularly polarized pulse of frequency ω̄ in the (x, y) plane is
represented by the radiative, laser-matter, Hamiltonian HL,

HL(t ) = 2E0 cos (ωt )[x cos (ω̄t ) + y sin (ω̄t )]

= E0{x cos [(ω + ω̄)t] + y sin [(ω + ω̄)t]}
+E0{x cos [(ω − ω̄)t] − y sin [(ω − ω̄)t]}. (5)

H0(r) is a field-free static nuclei (Born–Oppenheimer) Hamil-
tonian. Equation (5) demonstrates that a single circularly
polarized pulse of frequency ω̄ with an envelope modulated
at frequency ω corresponds to two independent circularly
polarized pulses of frequencies ω1 =ω + ω̄ and ω2 = ω − ω̄,
rotating in the (x, y) molecular plane. For modulation fre-
quencies ω > ω̄ (ω2 > 0) one has two counter-rotating (op-
posite helicity) pulses whereas for ω < ω̄ (ω2 < 0), Eq. (5)
represents two corotating (same helicity) pulses. Applying
the unitary transformation T = exp(iω̄t lz), a rotation in the
(x, y) molecular plane around the perpendicular z propagation
direction gives the new Hamiltonian at the rotating frequency
ω̄ = (ω1 − ω2)/2 with the mean frequency ω = (ω1 + ω2)/2
[26,27,31,53,54],

H ′ = H ′
0 + ω̄lz + 2xE0 cos (ωt ). (6)
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FIG. 1. ATI energy spectra in the molecule H2
+ aligned along

the x axis by bichromatic counter-rotating circularly polarized laser
pulses at frequencies (a) ω1 = ω0 and ω2 = 2ω0 (ω = 3ω0/2) and
(b) ω1 = ω0 and ω2 = 3ω0 (ω = 2ω0), where ω0 = 0.057 a.u.,
corresponding to λ0 = 800 nm. The intensity and duration are
I0 = 2×1014 W/cm2 (E0 = 0.0755 a.u.) and T = 21.15 fs. Vertical
lines indicate the ATI energies at 2Up , where the ponderomo-
tive energy defines Up = (2E0)2/4ω2, with the average frequency
ω = (ω1 + ω2)/2. Arbitrary units in ATI spectra are used.

Equation (6) shows generally that coplanar bichromatic cir-
cular pulses in the rotating frame ω̄ correspond to a linear
driving-field term 2xE0 cos(ωt ) in competition with a rotation
angular-momentum term +ωlz (around the z axis) responsible
for Coriolis forces. The laser-driving term in Eq. (6) cou-
ples different angular-momentum terms, thus also pumping
energy into circular current motion. One therefore predicts
that the maximum ATI spectra appear at energies 2Up, where
Up = (2E0)2/4ω is the ponderomotive energy.

In Fig. 1 we display simulation results of ATI spectra in
the molecule H2

+ aligned along the x axis by bichromatic
counter-rotating circularly polarized laser pulses, i.e., ω > ω̄

in Eq. (6). The form of the driving laser pulse reads

E(t ) = E1(t ) + E2(t )

= E0f (t ){êx[cos(ω1t ) + cos(ω2t )]

+ êy[sin(ω1t ) − sin(ω2t )]}. (7)

êx/y are the laser polarization directions and ω1 and ω2 are
pulse frequencies. A trapezoid envelope f (t ) for a duration of
T = 8τ = 21.15 fs, where 1τ = 2π/ω0, with two-cycle rise
and fall is used. E0 = 0.0755 a.u. is the maximum amplitude
of the field, corresponding to the pulse intensity I0 = 2×1014

W/cm2. Two frequency combinations ω1 = ω0 and ω2 = 2ω0

[Fig. 1(a)] and ω1 = ω0 and ω2 = 3ω0 [Fig. 1(b)], where ω0 =
0.057 a.u. servers as a fundamental frequency, corresponding
to λ0 = 800 nm, are used to simulate molecular ATI spectra.
The H2

+ molecular ion is prepared initially in the ground
1sσg electronic state and its eigenfunction is obtained by
an imaginary-time-propagation method using the zero-field
TDSE in Eq. (1).

From Fig. 1 we see that the maxima of ATI spectra occur
at energies 1.56 a.u. at ω1 = ω0 and ω2 = 2ω0 [Fig. 1(a)] and
0.9 a.u. at ω1 = ω0 and ω2 = 3ω0 [Fig. 1(b)], corresponding
to 2Up with the average frequency ω = (ω1 + ω2)/2 predicted
in Eq. (6) (vertical green lines in Fig. 1). This cutoff energy
results from the direct ionization process. We confirm these
results from a quasiclassical laser-induced ionization model of
an electron moving in the rotating frame by a linear driving
laser field 2E0 cos(ωt ) in Eq. (6). The corresponding induced
electron velocity reads

ẋ(t ) = −2E0

ω
[sin(ωt ) − sin(ωt0)], (8)

where t0 is the ionization (birth) time of the liberated electron.
From Eq. (8) one then obtains that the cutoff energy 2Up oc-
curs at t0 = 0 and t = (n + 1/2)π/ω,n = 0,±1,±2,±3, . . . ,
where x(t0 = 0) = 0. The corresponding rotation angle ω̄t =
π/6 indicates that, during the ionization process, the electron
lies mainly along the linear x polarization direction and the
Coriolis effect is negligible. After the energies 2Up, ATI
spectra decrease in amplitude. From Eq. (8) the maximum
kinetic energy ẋ2(t )/2 = 8Up should be predicted at ωt −
ωt0 = (2n + 1)π , which however cannot occur for laser pulses
because the electron is ionized via tunneling since the electric
field at the initial phase ωt0 = π/2 is zero and the tunneling
probability is zero as well.

In Fig. 2 we display angle- and energy-resolved ATI spectra
by bichromatic circularly polarized laser pulses with the two
frequency combinations ω1 = ω0 and ω1 = 2ω0 (ω = 3ω0/2)
[Fig. 2(a)] and ω1 = ω0 and ω1 = 3ω0 (ω = 2ω0) [Fig. 2(b)].
It is found that various ionization trajectories are produced. At
ω1 = ω0 and ω2 = 2ω0 (ω = 3ω0/2) three ionization trajecto-
ries appear at about angles 45◦, 155◦, and 285◦ whereas at ω1 =
ω0 and ω2 = 3ω0 four ionization trajectories are produced at
about angles 30◦, 120◦, 210◦, and 300◦. The ATI spectra show
K ionization trajectories with angle intervals 2π/K , where
K = k1 + k2 and ω1/ω2 = k1/k2. The ionization trajectories
illustrate the symmetry of the net laser fields. The electric field
in Eq. (7) is 2πk1/ω1 time periodic and exhibits a K-fold
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FIG. 2. Angle- and energy-resolved ATI spectra in the molecule
H2

+ aligned along the x axis by bichromatic counter-rotating circu-
larly polarized laser pulses at frequencies (a) ω1 = ω0 and ω2 = 2ω0

(ω = 3ω0/2) and (b) ω1 = ω0 and ω2 = 3ω0 (ω = 2ω0), ω0 = 0.057
a.u. corresponding to λ0 = 800 nm. The intensity and duration
are I0 = 2×1014 W/cm2 and T = 21.15 fs. Arbitrary units in ATI
distributions are used.

symmetry,

E(t + n�/ω1) = �(n�)E(t ), (9)

where � = 2k1π/K and �(n�) is the rotation matrix around
the z axis with angle n�. That leads to three- and fourfold
symmetries for the ω1/ω2 = 1/2 and ω1/ω2 = 1/3 fields.
The total molecule-field Hamiltonian also presents K-fold
symmetry. The ionization repeats itself over time, following a
similar symmetry as the fields in Eq. (9). Therefore, the angular
nodes of the ionization trajectories illustrate the symmetry fold
of the net laser fields.

The bichromatic circularly polarized laser pulses with
counter-rotating components can also lead to electron

recollision with the parent ions. When a recolliding electron
is backscattered by the parent ions in the field in Eq. (6), its
velocity becomes

ẋ(t ) = 2E0

ω
[sin(ωt − ωtrc ) + sin(ωtrc + ωt0) + sin(ωt0)],

(10)

for t > trc. trc is the recollision time of electrons with the
parent ion, and the corresponding maximum kinetic energy
is ẋ2(trc )/2 = 3.17Up. From Eq. (10) the corresponding
asymptotic energy of the ionized electron is ẋ2(t )/2 = 10.2Up

[16,17]. Of note is that, due to Coriolis effects, these electron
recollision and rescattering trajectories rotate far from the
laser polarization x direction. As a result, the ionization is
suppressed by molecular Coulomb effects and the ATI spectral
intensity with high energies is very weak.

In the counter-rotating cases in Figs. 1 and 2 the rotating
frequency ω̄ = (ω2 − ω1)/2 is smaller than the average fre-
quency ω = (ω1 + ω2)/2. We next compare the results of ATI
processes by a bichromatic corotating circularly polarized laser
pulse, i.e., ω̄ > ω in Eq. (6). The form of the laser pulse is given
by

E(t ) = E1(t ) + E2(t )

= E0f (t ){êx[cos(ω1t ) + cos(ω2t )]

+ êy[sin(ω1t ) + sin(ω2t )]}. (11)

Figure 3 displays the corresponding ATI spectra in the
molecule H2

+ aligned along the x axis. The laser parameters
are the same as in Fig. 1, except with corotating components.
For the case in Eq. (11), the rotating frequency in Eq. (6) is ω̄ =
(ω1 + ω2)/2 and the mean frequency of the linearly polarized
driving field is ω = (ω2 − ω1)/2. At frequencies ω1/ω2 = 1/2
and 1/3, the corresponding cutoff energies should be predicted
at 2Up = 14.05 a.u. and 3.5 a.u., where Up = (2E0)2/4ω2, by
Eq. (6). However, as shown in Fig. 3 the corresponding results
obtained from numerical simulations are respectively 3.4 a.u.
and 1.75 a.u., smaller than those predictions in Eq. (6). The
difference indicates the importance of the Coriolis effects.

In the corotating component cases in Fig. 3, the rotating
frequency is lager than the mean frequency, ω̄ > ω. The
Coriolis force leads to the electron far from the polarization
direction of the linearly driving field in Eq. (6). As a result,
the ATI spectra are suppressed. The ATI energy spectra in
Fig. 3 mainly arise from the liberated electron along the
x polarization direction. During the ionization, the electron
is driven by the field 2E0 cos(ωt ). The maximum kinetic
energy should occur at t = π/2ω̄, where the rotation angle
ω̄t = π/2, perpendicular to the laser x polarization direction.
As predicted by Eq. (8), the corresponding maximum energy
gives ẋ2(t )/2 = 2E2

0 sin2(ωt )/ω2. For the cases at frequencies
ω1/ω2 = 1/2, the corresponding maximum energy is Up/2 =
3.5 a.u. and Up = 1.75 a.u. at frequencies ω1/ω2 = 1/3. The
simulations from numerical calculations agree with very well
the theoretical predictions in Eq. (8) from the classical model
in a rotating frame. The suppression of ionization in Fig. 3 with
the corotating components reflects essentially the effects of the
Coriolis force, i.e., ω̄lz, in the ATI processes.
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FIG. 3. ATI energy spectra in the molecule H2
+ aligned along the

x axis by bichromatic corotating circularly polarized laser pulses at
frequencies (a) ω1 = ω0 and ω2 = 2ω0 (ω = 3ω0/2) and (b) ω1 = ω0

and ω2 = 3ω0 (ω = 2ω0), with ω0 = 0.057 a.u. corresponding to 800
nm. The intensity and duration are I0 = 2×1014 W/cm2 and T =
21.15 fs. The insets show the field vectors. Arbitrary units in ATI
spectra are used.

For comparison, we also present the ATI process of the
atom H. Figure 4 shows ATI energy spectra produced by
bichromatic ω1 = ω0 and ω2 = 2ω0 circularly polarized pulses
with counter-rotating [Fig. 4(a)] and corotating [Fig. 4(b)]
components. The other laser parameters are the same as those
used in Figs. 1–3. It is found that similar results are produced
for both counter-rotating and corotating processes, as for H2

+
in Figs. 1(a) and 3(a). The ATI energy spectra of H2

+ and H
show the maxima with the same kinetic energies, which reflects
the similar circular polarization electron trajectories by the
laser fields. After tunneling ionization, the liberated electron
does not significantly interact with the parent ion. Of note is that
we focus here on the low-order ATI spectra, i.e., the electron
is released directly from the atomic and molecular centers.
However, the liberated electron can also be driven back to the
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FIG. 4. ATI energy spectra in the atom H by bichromatic ω1 =
ω0 and ω2 = 2ω0 circularly polarized laser pulses with (a) counter-
rotating component, ω̄ = (ω1 − ω2)/2 and ω = (ω1 + ω2)/2, and (b)
corotating component, ω̄ = (ω1 + ω2)/2 and and ω = (ω1 − ω2)/2.
The intensity and duration are I0 = 2×1014 W/cm2 (E0 = 0.0755
a.u.) and T = 21.15 fs. Arbitrary units in ATI spectra are used.

parent ion, leading to high kinetic energies, as predicted by
Eq. (10). The rescattering electron that encodes the structural
information of the parent ions [55] therefore provides insight
into the coherent electron dynamics [56,57].

B. Four-frequency circular polarization
above-threshold-ionization processes

We present ATI processes in four-color circularly polarized
laser fields at different frequencies with the form

E(t ) = E1(t ) + E2(t ) + E3(t ) + E4(t )

= E0f (t ){êx[cos(ω1t + φ1) + cos(ω2t + φ2)

+ cos(ω3t + φ3) + cos(ω4t + φ4)]

+ êy[sin(ω1t + φ1) − sin(ω2t + φ2)

+ sin(ω3t + φ3) − sin(ω4t + φ4)]}. (12)
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FIG. 5. (top) ATI energy spectra in the molecule H2
+ aligned

along the x axis by four-color circularly polarized laser pulses at fre-
quencies ω1 = ω0, ω2 = 3ω0, ω3 = 2ω0, and ω4 = 4ω0, where ω0 =
0.057 a.u. corresponding to λ0 = 800 nm. The intensity and duration
are I0 = 2×1014 W/cm2 (E0 = 0.0755 a.u.) and T = 21.15 fs. The
CEPs are φn = 0, n = 1, 4. Vertical lines indicate the ATI energies
at 2Up1 and 2Up2 with Up1 = (2E0)2/4ω2, ω = (ω1 + ω2)/2, and
Up2 = (2E0 )2/4ω′2, ω′ = (ω3 + ω4)/2. (bottom) The corresponding
angular and energy resolved ATI spectra. Arbitrary units are used.

In Fig. 5 we show the numerical result of ATI spectra for
the molecular ion H2

+ aligned along the x axis by four-color
circularly polarized laser pulses. The pulse frequencies are
chosen as ω1 = ω0 (wavelength λ1 = 800 nm), ω2 = 3ω0

(λ2 = 266.7 nm), ω3 = 2ω0 (λ3 = 400 nm), and ω4 = 4ω0

(λ4 = 200 nm), where ω0 = 0.057 a.u. (λ0 = 800 nm) is
the fundamental frequency. The pulse intensity I0 = 2×1014

W/cm2 (E0 = 0.0755 a.u.) and duration T = 21.15 fs are
fixed. The carrier envelope phases (CEPs) φn, n = 1, 4 are
always set as zero. Results show that two maximum peaks
are generated at energies 0.5 a.u. and 0.9 a.u. It is also
found that the ionization trajectories are strongly asym-

metric. The photoelectron is mainly localized around the
angles 270◦ ± 20◦.

The multiple frequency circular polarization ATI spectra
in Fig. 5 are composed of double bichromatic circular po-
larization ionization processes. We next describe the four-
color laser-induced electron dynamics in a rotating frame.
In the presence of intense circularly polarized laser pulses
with different frequency-modulated envelopes f (t ) cos(ωt )
and f (t ) cos(ω′t ), the field-molecule interaction Hamiltonian
is given, in the length gauge, by

HL(t ) = HL1(t ) + HL2(t )

= 2E0f (t ) cos(ωt )[x cos(ω̄t ) + y sin(ω̄t )]

+ 2E0f (t ) cos(ω′t )[x cos(ω̄′t ) + y sin(ω̄′t )], (13)

where the two Hamiltonian terms are, respectively,

HL1(t ) = r · [E1(t ) + E2(t )]

= E0f (t ){x cos[(ω + ω̄)t] + y sin[(ω + ω̄)t]}
+E0f (t ){x cos[(ω − ω̄)t] − y sin[(ω − ω̄)t]},

(14)

and

HL2(t ) = r · [E3(t ) + E4(t )]

= E0f (t ){x cos[(ω′ + ω̄′)t] + y sin[(ω′ + ω̄′)t]}
+E0f (t ){x cos[(ω′ − ω̄′)t] − y sin[(ω′ − ω̄′)t]}.

(15)

Equation (13) demonstrates that two single circularly po-
larized pulses of frequencies ω̄ and ω̄′ with envelopes
f (t ) cos(ωt ) and f (t ) cos(ω′t ) modulated at frequencies
ω and ω′ correspond to four independent circularly po-
larized pulses of frequencies (ω1 = ω − ω̄, ω2 = ω + ω̄)
and (ω3 = ω′ − ω̄′, ω4 = ω′ + ω̄′) rotating in the (x, y)
molecular plane. Applying the unitary transformation T =
exp[i(ω̄ + ω̄′)t lz/2], a rotation in the (x, y) molecular plane
around the perpendicular z propagation direction gives the
Hamiltonian

H ′
L(t ) = 2E0f (t ) cos(ωt ){x cos[(ω̄ − ω̄′)t/2]

+ y sin[(ω̄ − ω̄′)t/2]} + 2E0f (t ) cos(ω′t )

×{x cos[(ω̄ − ω̄′)t/2] − y sin[(ω̄ − ω̄′)t/2]}. (16)

Equation (16) corresponds to two pulses of opposite helicity at
the frequency ω̄ − ω̄′ and different modulations at frequencies
ω and ω′. We consider the case with the same rotating
frequencies of the two counter-rotating pulses at frequency
combinations (ω1, ω2) and (ω3, ω4), i.e., ω̄ = ω̄′. Then the
radiative Hamiltonian in Eq. (16) reduces to two linearly
polarized pulses,

H ′′
L = 2xE0f (t )[cos(ωt ) + cos(ω′t )]. (17)

Equation (17) shows generally that coplanar four-color ωn,
n = 1, 4, circularly polarized pulses in the rotating frame
correspond to two linearly polarized driving-field terms
2xE0f (t ) cos(ωt ) and 2xE0f (t ) cos(ω′t ), in competition with
a rotation angular momentum term ω̄lz or ω̄′lz (around the z
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axis) responsible for Coriolis forces, which do not commute
with each other because lz = −i[x∂/∂y − y∂/∂x].

From Eqs. (13)–(17) we note that the total pulse is composed
of two counter-rotating circularly polarized pulse combina-
tions, in Eqs. (14) and (15), i.e., a 800 nm and 266.7 nm
combination with a fourfold symmetry and a 400 and 200 nm
combination with a threefold symmetry. In the rotating frame,
the two linearly polarized driving fields 2E0f (t ) cos(ωt )
and 2E0f (t ) cos(ω′t ) give rise to cutoffs of ATI spectra at
energies 2Up1 = 0.88 a.u. and 2Up2 = 0.39 a.u., where Up1 =
(2E0)2/4ω2, ω = (ω1 + ω2)/2 and Up2 = (2E0)2/4ω′2, ω′ =
(ω3 + ω4)/2. These values correspond to the two ATI peaks
(green lines) in Fig. 5. Of note is that around the energy
2.2 a.u., a plateau of ATI spectra is produced as well. From
Eq. (17), the corresponding laser-induced electron velocity is
given by

ẋ(t ) = −2E0

[
sin(ωt ) − sin(ωt0)

ω
+ sin(ω′t ) − sin(ω′t0)

ω′

]
.

(18)

The ionization processes induced by the linearly x polar-
ized field 2E0f (t ) cos(ωt ) are modulated by the second
2E0f (t ) cos(ω′t ) field. As predicted in Eq. (18), the two-
color direction ionization gives rise to a maximum cutoff
energy of ẋ2(t )/2 = 2.2 a.u., where t0 = 0 and t = (2n ±
0.2)π/ω0. Therefore, the extension of the ATI cutoff spectrum
is produced, as shown in Fig. 5 (blue line). Moreover, the
two linearly x polarized driving fields 2E0f (t ) cos(ωt ) and
2E0f (t ) cos(ω′t ) in Eq. (17) lead to a asymmetric net field.
Consequently, the total field-molecule Hamiltonian is not
periodic. Since ionization trajectories follow the total field
vector, asymmetric angular distributions of ATI are produced
in Fig. 5(b).

In Fig. 6 we display ATI spectra at different relative phases
φ by four-color circularly polarized laser pulses. The CEPs
φ1 = φ2 = 0 are fixed and φ3 = φ4 are set at π/2 [Fig. 6(a)]
and π [Fig. 6(b)], i.e., their relative phases are respectively
φ = π/2 and π . From Fig. 6 one sees that the ATI spectra
are modulated by varying the relative phase φ between the
two field components in Eqs. (14) and (15). At φ = π/2
the ATI spectra around energies 1.5 a.u. are enhanced in
amplitude, and at φ = π an extension of ATI spectra is
obtained with energies 2.5 a.u. However, around the 2Up1

and 2Up2 cutoff energies, varying CEPs only gives rise to a
slight variance of ATI spectral amplitudes. The enhancement
of ATI spectra at high-energy regions illustrate the laser-
induced electron dynamics. In the rotating frame, for the two
linearly polarized fields, their relative phases will influence
the ionization processes by steering tunneling electrons. The
maximum energy of the electron wave packet is dependent on
the CEP of the driving pulses, leading to a modulation of ATI
spectra. Similar phenomena have been obtained in high-order
harmonic spectra by multiple-color laser pulses; see, e.g.,
Refs. [58,59].

In the present work we simulate ATI spectra by solving
TDSEs. Comparison of the results for the molecule H2

+ and the
atom H shows that Coulomb potentials play a minor role in the
low-energy (�2Up) ionization process. The low-energy ATI
spectra mainly result from direct ionization by the bichro-
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FIG. 6. ATI energy spectra in the molecule H2
+ aligned along the

x axis by four-color circularly polarized laser pulses at frequencies
ω1 = ω0, ω2 = 3ω0, ω3 = 2ω0, and ω4 = 4ω0, where ω0 = 0.057 a.u.
corresponding to λ0 = 800 nm. The CEPs of pulses are (a) φ = π/2,
i.e., φ1 = φ2 = 0 and φ3 = φ4 = π/2, and (b) φ = π , i.e., φ1 = φ2 =
0 and φ3 = φ4 = π . The intensity and duration of pulses are I0 =
2×1014 W/cm2 (E0 = 0.0755 a.u.) and T = 21.15 fs. Arbitrary units
in ATI energy spectra are used.

matic circularly polarized laser pulses. The electron-ion
rescattering process is therefore negligible. Such processes
can also be reproduced by carrying out classical trajectory
Monte Carlo (CTMC) numerical simulations [25] with and
without Coulomb potentials. The ATI energy spectra reflect the
classical trajectories of the liberated electron by the linearly
polarized driving laser fields in the rotating frame. Of note
is that, during the ionization processes, the subcycle interfer-
ence effects of electron wave packets [19,20] can also lead
to more complex structure in the photoelectron momentum
distributions, as illustrated in Fig. 2. Such interference effects,
however, are absence in the results of CTMC [25]. The
interference patterns are shown to depend on the molecular
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geometry and orientation [60], which allows us to retrieve the
molecular orbital.

IV. CONCLUSIONS

We have studied molecular ATI processes in aligned H2
+

by using multiple-frequency circularly polarized laser fields.
Photoionization obtained from numerical solutions of corre-
sponding TDSEs shows that ATI spectra exhibit maximum
cutoff energies which depend on the frequency combinations of
pulses. We first consider bichromatic ω1 and ω2 circular polar-
ization processes with co- and counter-rotating components. It
is found that, for counter-rotating cases, the maximum 2Up cut-
off occurs, where the ponderomotive energyUp = (2E0)2/4ω2

with the average frequency ω = (ω1 + ω2)/2. However, for
corotating cases, the cutoff of ATI spectra is suppressed, which
is attributed to the strong effects of the Coriolis force in a
rotating frame with frequency ω̄ = (ω1 − ω2)/2, larger than
ω. The angular ATI spectra correspond to the photoionization
trajectories, illustrating the symmetry of the net laser field. We
also present four-color ATI processes. In the rotating frame,

the field-molecule Hamiltonian corresponds to a bichromatic
linear polarization process. The pulse modulation thus leads to
an extension of ATI spectra.

The present demonstration in principle paves the way
to control ultrafast electron dynamics by multiple-frequency
circularly polarized laser pulses. The dependence of the
photoelectron trajectories on the frequency combination and
helicity of ionizing laser pulses allows us to characterize the
property of laser pulses and probe atomic and molecular struc-
ture by photoelectron holography [19,20]. Although a simple
single-electron molecular ion H2

+ is used, similar electron
dynamics phenomena should be predicted in more complex
molecules [36,45,61,62], thus opening an opportunity for
structure determination of molecules from the measurements
of ATI processes.
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[29] D. B. Milošević, W. Becker, and R. Kopold, Phys. Rev. A 61,

063403 (2000).
[30] K. J. Yuan and A. D. Bandrauk, Phys. Rev. Lett. 110, 023003

(2013); J. Phys. B 45, 074001 (2012).
[31] F. Mauger, A. D. Bandrauk, and T. Uzer, J. Phys. B 49, 10LT01

(2016); A. D. Bandrauk, F. Mauger, and K. J. Yuan, ibid. 49,
23LT01 (2016).

[32] A. Fleischer, O. Kfir, T. Diskin, P. Sidorenko, and O. Cohen,
Nat. Photon. 8, 543 (2014).

[33] O. Kfi, P. Grychtol, E. Turgut, R. Knut, D. Zusin, D.
Popmintchev, T. Popmintchev, H. Nembach, J. M. Shaw, A.
Fleischer, H. Kapteyn, M. Murnane, and O. Cohen, Nat.
Photon. 9, 99 (2015).

023413-8

https://doi.org/10.1103/RevModPhys.72.545
https://doi.org/10.1103/RevModPhys.72.545
https://doi.org/10.1103/RevModPhys.72.545
https://doi.org/10.1103/RevModPhys.72.545
https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1103/PhysRevLett.82.3416
https://doi.org/10.1103/PhysRevLett.82.3416
https://doi.org/10.1103/PhysRevLett.82.3416
https://doi.org/10.1103/PhysRevLett.82.3416
https://doi.org/10.1088/1361-6455/aab5aa
https://doi.org/10.1088/1361-6455/aab5aa
https://doi.org/10.1088/1361-6455/aab5aa
https://doi.org/10.1088/1361-6455/aab5aa
https://doi.org/10.1016/0009-2614(96)00786-5
https://doi.org/10.1016/0009-2614(96)00786-5
https://doi.org/10.1016/0009-2614(96)00786-5
https://doi.org/10.1016/0009-2614(96)00786-5
https://doi.org/10.1126/science.1157980
https://doi.org/10.1126/science.1157980
https://doi.org/10.1126/science.1157980
https://doi.org/10.1126/science.1157980
https://doi.org/10.1103/PhysRevLett.100.013903
https://doi.org/10.1103/PhysRevLett.100.013903
https://doi.org/10.1103/PhysRevLett.100.013903
https://doi.org/10.1103/PhysRevLett.100.013903
https://doi.org/10.1103/PhysRevLett.70.1599
https://doi.org/10.1103/PhysRevLett.70.1599
https://doi.org/10.1103/PhysRevLett.70.1599
https://doi.org/10.1103/PhysRevLett.70.1599
https://doi.org/10.1103/PhysRevLett.71.1994
https://doi.org/10.1103/PhysRevLett.71.1994
https://doi.org/10.1103/PhysRevLett.71.1994
https://doi.org/10.1103/PhysRevLett.71.1994
https://doi.org/10.1103/PhysRevLett.42.1127
https://doi.org/10.1103/PhysRevLett.42.1127
https://doi.org/10.1103/PhysRevLett.42.1127
https://doi.org/10.1103/PhysRevLett.42.1127
https://doi.org/10.1103/PhysRevLett.62.1259
https://doi.org/10.1103/PhysRevLett.62.1259
https://doi.org/10.1103/PhysRevLett.62.1259
https://doi.org/10.1103/PhysRevLett.62.1259
https://doi.org/10.1016/S1049-250X(02)80006-4
https://doi.org/10.1016/S1049-250X(02)80006-4
https://doi.org/10.1016/S1049-250X(02)80006-4
https://doi.org/10.1016/S1049-250X(02)80006-4
https://doi.org/10.1088/0953-4075/39/14/R01
https://doi.org/10.1088/0953-4075/39/14/R01
https://doi.org/10.1088/0953-4075/39/14/R01
https://doi.org/10.1088/0953-4075/39/14/R01
https://doi.org/10.1088/0953-4075/43/12/122001
https://doi.org/10.1088/0953-4075/43/12/122001
https://doi.org/10.1088/0953-4075/43/12/122001
https://doi.org/10.1088/0953-4075/43/12/122001
https://doi.org/10.1016/B978-0-12-396482-3.00003-X
https://doi.org/10.1016/B978-0-12-396482-3.00003-X
https://doi.org/10.1016/B978-0-12-396482-3.00003-X
https://doi.org/10.1016/B978-0-12-396482-3.00003-X
https://doi.org/10.1103/PhysRevLett.72.2851
https://doi.org/10.1103/PhysRevLett.72.2851
https://doi.org/10.1103/PhysRevLett.72.2851
https://doi.org/10.1103/PhysRevLett.72.2851
https://doi.org/10.1088/0953-4075/31/24/010
https://doi.org/10.1088/0953-4075/31/24/010
https://doi.org/10.1088/0953-4075/31/24/010
https://doi.org/10.1088/0953-4075/31/24/010
https://doi.org/10.1103/PhysRevA.85.053417
https://doi.org/10.1103/PhysRevA.85.053417
https://doi.org/10.1103/PhysRevA.85.053417
https://doi.org/10.1103/PhysRevA.85.053417
https://doi.org/10.1126/science.1198450
https://doi.org/10.1126/science.1198450
https://doi.org/10.1126/science.1198450
https://doi.org/10.1126/science.1198450
https://doi.org/10.1103/PhysRevA.84.043420
https://doi.org/10.1103/PhysRevA.84.043420
https://doi.org/10.1103/PhysRevA.84.043420
https://doi.org/10.1103/PhysRevA.84.043420
https://doi.org/10.1103/PhysRevA.84.013426
https://doi.org/10.1103/PhysRevA.84.013426
https://doi.org/10.1103/PhysRevA.84.013426
https://doi.org/10.1103/PhysRevA.84.013426
https://doi.org/10.1364/OE.22.002519
https://doi.org/10.1364/OE.22.002519
https://doi.org/10.1364/OE.22.002519
https://doi.org/10.1364/OE.22.002519
https://doi.org/10.1364/OE.24.006413
https://doi.org/10.1364/OE.24.006413
https://doi.org/10.1364/OE.24.006413
https://doi.org/10.1364/OE.24.006413
https://doi.org/10.1103/PhysRevA.91.031402
https://doi.org/10.1103/PhysRevA.91.031402
https://doi.org/10.1103/PhysRevA.91.031402
https://doi.org/10.1103/PhysRevA.91.031402
https://doi.org/10.1103/PhysRevA.93.053406
https://doi.org/10.1103/PhysRevA.93.053406
https://doi.org/10.1103/PhysRevA.93.053406
https://doi.org/10.1103/PhysRevA.93.053406
https://doi.org/10.1142/S0218863595000227
https://doi.org/10.1142/S0218863595000227
https://doi.org/10.1142/S0218863595000227
https://doi.org/10.1142/S0218863595000227
https://doi.org/10.1103/PhysRevA.68.043408
https://doi.org/10.1103/PhysRevA.68.043408
https://doi.org/10.1103/PhysRevA.68.043408
https://doi.org/10.1103/PhysRevA.68.043408
https://doi.org/10.1103/PhysRevA.52.2262
https://doi.org/10.1103/PhysRevA.52.2262
https://doi.org/10.1103/PhysRevA.52.2262
https://doi.org/10.1103/PhysRevA.52.2262
https://doi.org/10.1103/PhysRevA.61.063403
https://doi.org/10.1103/PhysRevA.61.063403
https://doi.org/10.1103/PhysRevA.61.063403
https://doi.org/10.1103/PhysRevA.61.063403
https://doi.org/10.1103/PhysRevLett.110.023003
https://doi.org/10.1103/PhysRevLett.110.023003
https://doi.org/10.1103/PhysRevLett.110.023003
https://doi.org/10.1103/PhysRevLett.110.023003
https://doi.org/10.1088/0953-4075/45/7/074001
https://doi.org/10.1088/0953-4075/45/7/074001
https://doi.org/10.1088/0953-4075/45/7/074001
https://doi.org/10.1088/0953-4075/45/7/074001
https://doi.org/10.1088/0953-4075/49/10/10LT01
https://doi.org/10.1088/0953-4075/49/10/10LT01
https://doi.org/10.1088/0953-4075/49/10/10LT01
https://doi.org/10.1088/0953-4075/49/10/10LT01
https://doi.org/10.1088/0953-4075/49/23/23LT01
https://doi.org/10.1088/0953-4075/49/23/23LT01
https://doi.org/10.1088/0953-4075/49/23/23LT01
https://doi.org/10.1088/0953-4075/49/23/23LT01
https://doi.org/10.1038/nphoton.2014.108
https://doi.org/10.1038/nphoton.2014.108
https://doi.org/10.1038/nphoton.2014.108
https://doi.org/10.1038/nphoton.2014.108
https://doi.org/10.1038/nphoton.2014.293
https://doi.org/10.1038/nphoton.2014.293
https://doi.org/10.1038/nphoton.2014.293
https://doi.org/10.1038/nphoton.2014.293


ABOVE-THRESHOLD IONIZATION IN MOLECULES BY … PHYSICAL REVIEW A 98, 023413 (2018)

[34] T. Fan, P. Grychtol, R. Knut, C. Hernandez-Garcia, D. D.
Hickstein, D. Zusin, C. Gentry, F. J. Dollar, C. A. Mancuso,
C. W. Hogle,O. Kfir, D. Legut, K. Carva, J. L. Ellis, K. M.
Dorney, C. Chen, O. G. Shpyrko, E. E. Fullerton, O. Cohen,
P. M. Oppeneer et al., Proc. Natl. Acad. Sci. USA 112, 14206
(2015).
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