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Dyakonov waves in biaxial anisotropic crystals

Evgenii E. Narimanov
School of Electrical and Computer Engineering and Birck Nanotechnology Center, Purdue University, West Lafayette, Indiana 47907, USA

® (Received 30 May 2018; published 11 July 2018)

We present the general analytical theory for Dyakonov surface waves at the interface of a biaxial anisotropic
dielectric with an isotropic medium. We demonstrate that these surface waves can be divided into two distinct
classes, with qualitatively different spatial behavior. We obtain explicit expressions for the Dyakonov waves’

dispersion and the parameter ranges for their existence.
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I. INTRODUCTION

Electromagnetic surface waves, strongly localized near the
interface of two different media, play an important role in
many areas of science and technology—from optical mi-
croscopy [1] and biosensing [2] to nano-optical tweezing [3]
and photonic integrated circuits [4]. Electomagnetic surface
waves are responsible for such phenomena as superlensing
[5,6], enhanced Raman scattering [7,8], and extraordinary light
transmission through subwavelength holes [9], While there
exists a number of different kinds of surface electromagnetic
waves, such as e.g., surface plasmons at the interface of a metal
and a dielectric [10] or Tamm-Shockeley states [11-13] at
the boundary of a photonic crystal [14-16], a new class of
surface electromagnetic modes has recently gained consider-
able attention [17-23]. These Dyakonov surface waves exist at
the interface of an isotropic and anisotropic dielectric media.
They can be supported by transparent optical materials and
thus do not suffer from the metallic absorption that plagues
surface plasmons [24]. Compared to the Tamm-Shockley state,
a Dyakonov wave does not require any periodic patterning
of the material forming the system, with the resulting light
scattering due to the inevitable disorder as a result of an
imperfect fabrication of such lattice.

The presence of Dyakonov waves at the isotropic-
anisotropic interface has been firmly established in the ex-
periment [23] and a number of adequate theoretical methods
exists for their quantitative description [18,19,21]. However,
due to the inevitable complexity of the boundary conditions
at the interface of a fully anisotropic dielectric, the resulting
theoretical description generally leads to a system of nonlinear
equations that must be solved numerically. While this may be
considered a straightforward task, Dyakonov waves are usually
extended over many wavelengths [21] and are therefore close to
the propagation wave threshold—which makes the numerical
solution more challenging. What is even more important,
with the theoretical “toolbox” limited to numerical methods,
the root-finding algorithm may even miss an entire class of
possible solutions.

In this work, we present a complete analytical solution for
the Dyakonov surface waves at the interface of an isotropic
and a biaxial dielectric medium. We show that, depending on
the magnitudes of the dielectric permittivity components in the
system, the interface can simultaneously support two different
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classes of surface waves, with qualitatively different spatial
behavior.

II. MODEL

We consider the interface of an isotropic dielectric with the
permittivity €y, with a biaxial anisotropic medium, with the
permittivity tensor

& 0 0
e=|o ¢ ol (1)
0 0 e

We furthermore assume that one of the symmetry directions
of the anisotropic crystal (which will be referred to as the
axis z in our coordinate system—see Fig. 1) is normal to the
surface, as this is generally the case for a high-quality interface.
While a nonorthogonal orientation of Z with respect to the
plane of surface is possible, this would lead to a relatively high
density of surface defects—thus making the theory for surface
waves at an ideal planar interface irrelevant for most practical
applications. For convenience, the coordinate system origin
z = 0 is chosen at the plane of the interface—see Fig. 1.

In this work, we focus on guided surface waves with the
in-plane momentum q = (¢x,q,),

E(r,7) = Eq(2) exp(igyx + iqyy — iwt), 2
B(r,t) = By(z) exp(igcx + iqyy — iwt), 3)

where
Eq(lz] = 00) = 0, By(lz] — o0) — 0. @

III. ELECTROMAGNETIC WAVES IN A BIAXTAL MEDIUM

For an evanescent wave that decays away from the z = 0
interface, we have

Eq(z) = e exp(—«z), ®)

By(z) = b - exp(—«2). (6)

Note that, for a complex «, the expressions (5) and (6) also
describe the propagating waves in the medium.
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FIG. 1. Schematics of the coordinate system at the planar inter-
face of a transparent isotropic medium (orange, bottom) and biaxial
anisotropic dielectric (green area, top).

Substituting (2) and (3) with (5) and (6) into Maxwell’s
equations, we obtain

c .
bx = ;(dez - lKey)a (7)
by = £(iKex - qxez)’ ®)
w
c
bz = ;(Qxey - qyex)’ (9)
and
ex
Mle, | =0, (10)
eZ
where
Ay (k) qx4qy iKqy
M= aay A kg, |, (1n
iKqy iKqy AL (k)
and
w\2
Ar(i) = € (?) —q; + 12, (12)
w\2
A, (K) = €, <Z> —q? + 2 (13)
)2
A (k) = ez<?) —q; —4q;. (14)

From (10) we find the electrical field components in terms of
the amplitude a,

e, = i/cqx(qy2 — Ay(/c))a, (15)
ey = quy(q)% — AX(K))a, (16)
e: = (As(k) - Ay() — q2q3)a, 17

which together with (7)—(9) define the entire electromagnetic
field (e, b) in (5) and (6).
Also, from Eq. (10) we obtain

det[M] =0, (18)
which yields

ez;c4 + [ez(ex + q)(%)z —(ex + ez)qf
2
—(ey + ez)qi],cz + |:6Z<§> — qf - qy2i|
X |:exey (2)2 — exq2 — eyq2:| =0. (19)
c . Y

Equation (19) is a quadratic equation for « 2, with the straight-
forward solution

1| e 2
K2 =— 6+ezqf+6y+ezq2—(ex+ey) 2) £+l
€ Y c

2 €, 2
(20)

where the discriminant

2 2
) €, — €, €, —¢€
D=[(ex—ey)<—> + =g+ 2 zqi]
c €. €,

(ex - €z)(éy - éz) 2
2 x
€;

+4 q;. Q1)
When the discriminant is positive, there are three distinct
possibilities for the nature of the waves supported by the
anisotropic dielectric. If the right-hand side of Eq. (20) is
positive for k2 and «2, both waves with the “in-plane”
momentum q = (g,,q,) are evanescent. In the opposite case,
when the right-hand side of Eq. (20) is negative in both cases,
the corresponding two waves are propagating. Finally, when
it’s positive for one choice of the sign in (20) and negative
for the other, we find that for the given in-plane momentum
q the dielectric interface supports one propagating and one
evanescent wave.

As follows from Eq. (21), the discriminant is positive-
definite (for any q) in each of the following cases: (i) any
uniaxial dielectric (e, =€, or €, =€, or €, = ¢;), (ii) €; <
min[e,,e,], and (iii) €, > max[e,€,].

The boundaries that separate different portions of the
(qx,qy) phase space that respectively support only the prop-
agating waves, or only the evanescent fields, or a mixture of
evanescent and propagating waves, are given by

2
w
a; +4q; =€ (;) (22)
and
2 2 2
Ly Do <9) . (23)
€ €& c
This behavior is illustrated in Fig. 2.
However, if
minfe,,e,] < €; < max[e,,€,], 24)

013818-2



DYAKONOV WAVES IN BIAXIAL ANISOTROPIC CRYSTALS

PHYSICAL REVIEW A 98, 013818 (2018)

)

- 2 propagating waves

- 1 propagating & | evanescent

2 evanescent waves

Ve w
@ s e s
2 2
1 1
e C
— q, —
Vew 2 0 Vew 2 0
-1 -1
-2 -2
-3 -3
-3 =2 -1 0 1 2 3 3 -2 -1
(4 c
G Gx
Ve w Ve w

FIG. 2. “Phase space” for the waves with “in-plane” momentum q [see Eqgs. (5) and (6)] supported by an anisotropic dielectric. Panels
(a), (b), and (c) correspond to a uniaxial dielectric, with €, =€, > €, (a), €, = €, < €, (b), and €, = €, > €, (c), respectively. Panels (d) and
(e) represent the case of a biaxial dielectric, correspondingly with €, < €, < €, (d) and €, < €, < €, (e). The red line [the inner boundary in
(a),(b),(d) and the outer boundary in (c),(e)] corresponds to Eq. (22) and the green line [the outer boundary in (a),(b),(d) and the inner boundary in
(c),(e)] represents Eq. (23). The dielectric permittivity tensor components satisfy (a) e, = €, = 3.5¢,, (b) e, =€, =3.5¢,, () &, =€, = €,/4,

(d) ex =2¢; and €, =3.5¢;,(e) €, = €. /4,and €, = €, /2.

the discriminant in Eq. (21) can, and does, become negative
for certain ranges of the values of g, and g, . In this case, k4 is
complex, with nonzero values for both its real and imaginary
parts. These “ghost waves,” recently described in Ref. [25],
combine the oscillatory behavior of the propagating waves with
the exponential decay characteristic of the evanescent fields
and represent the third class of the waves that can be supported
by a transparent dielectric medium.

When the inequality (24) is satisfied, the boundaries of the
portion of the (g.,g,) phase space of the ghost modes are
defined by the four equations

AP [CET P s L
€ € ¢

z 2

Figure 3 shows the phase space of a biaxial anisotropic dielec-
tric that supports ghost waves. Note its nontrivial structure near
the point corresponding to the intersection of the boundaries
described by Egs. (22) and (23) in the magnified view of its
panel (b).

When the permittivity €, in the normal-to-the-interface
direction approaches the value of one of the in-plane permit-
tivities €, or €,, the ghost regions in the phase space collapse
to increasingly narrow strips parallel to either the g, (when
€, — €;)or g, (fore; — €,) axis. This “collapse” is however
relatively slow, and substantial ghost regions are still present

even when the permittivity is within 1% of the critical value,
as seen in Fig. 4.

Most importantly, ghost regions have substantial presence in
actual biaxial anisotropic crystals. This is illustrated in Fig. 5,
where we show the phase space for the sodium nitrite NaNO,,
with the dielectric permittivity tensor components [26] €, =
1.806, €, = 2.726, and ¢, = 1.991.

While Egs. (7)—(17) adequately describe the general case
of a dielectric crystal with arbitrary degree of anisotropy, the
isotropic limit €, — €, — €, — ¢ is singular, as here both

k4 and x_ are identical,
ki(€x,€y,6; — €0) = K_(€x,€y,€6;, = €9) = Ko, (26)

with

w 2
Ko =4q; +q, —m(;) : 27)

and direct substitution of (26) and (27) into (15)—(17) and (7)—
(9) yields
ex,ey,ez,by,by b, — Oay, (28)

withay — oo. This uncertainty can be removed if we explicitly
introduce s and p polarizations, correspondingly with ¢! = 0

and b7 = 0:

eff) = q,4a;, (29)
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FIG. 3. Phase space for the waves with in-plane momentum q [see Egs. (5) and (6)], supported by a biaxial anisotropic dielectric with
€ < €; < €,. Note the presence of the ghost waves in the regions bounded by four orange (straight) lines defined by Eq. (25). As in Fig. 2,
the red (gray) line corresponds to Eq. (22), and the green (light gray) line represents Eq. (23). Panels (a) and (b) show the “full” and the
“magnified” view of the phase space. Panel (c) displays real-space field profiles for a propagating wave (oscillatory violet curve, calculated for
qx = /€ w/c, q, = 0.5 \/€; w/c), an evanescent wave (monotonic cyan curve, calculated for g, = 1.01 /€, w/c, g, = 0), and a ghost wave
(decaying oscillatory orange curve, calculated for g, = ,/€; w/c, g, = 0.525 /€, w/c). Here €, /e, = 0.5 and €, /€, = 2.

e = —q.aj, (30)
e =0, 31)
iCK()
by = — g.a;, (32)
w
icKko
by = — gya;, (33)
w
2
Ci
b = -La, (34)
w
and
(p) — 35
[ qxap, (35)
P =ga (36)
y y¥p»
(@) (b)
3 3
2 2
1 ———— =] 1
Vaw O -7(\,.,,,,7- 0
e B
-2 -2
-3 3 1| ||
3-2-1 01 2 3 3-2-1 01 2 3
_ € L
e W qx \/(—z ” qx

FIG. 4. Phase space for a biaxial anisotropic material fore, — ¢,
(a)ande, — €, (b).Inboth cases €, /€, = 4, while the z component of
the permittivity €, is such that €, /e, = 1.01 (a) and €, /€, = 0.99525
(b). The phase-space color code is the same as in Figs. 2 and 3. Note
the presence of relatively large ghost regions even though €, in both
cases is within 1% from its limiting values.

)
l

e = f—oa,,, (37)
iwe

bj(cp) = 700 qyap, (38)

» iwey
byp - CK() qxap’ (39)
b = 0. (40)

Here

q=./9:+q; (41)

while a, and a, are the scaled amplitudes of the s- and p-
polarized waves, respectively.
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FIG. 5. Phase space for sodium nitrite, with €, = 1.806, €, =
2.726, and €, = 1.991.
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IV. DYAKONOV WAVE

Assuming that the interface at z = 0 separates the transpar-
ent isotropic medium with the permittivity €y at z < 0 from
biaxial anisotropic dielectric with the permittivity tensor (1),
for the guided surface wave with the in-plane momentum
q = (gx,qy,) we obtain

ases + a,e;)e s, z <0,
Eq(Z) = { ( —K-Z ’ ) —K-Z (42)
ajeie +a_e,e , 2>0
and
asb, + a,by)e 0, z <0,
Bq(2) = ( o ) o (43)
b+e+e < + b7e+e Z, > O,

where [note the sign change kg — —kg from (29)—(40) to (44)—
(47) as the evanescent field for z < 0 behaves as exp (4+x0z)]

e‘\v - (CIy, _QX7 0)’ (44)
C /. .
b, = —Z(HC()qx,lK()qy, qf + qf,), (45)
i
e[; = (6])“ %*a__(%% +q)21)>’ (46)
Ko
lwey
bp = — (_Qy» qx, 0) (47)
CKo

and

€+ = (iKi qx (qi - Ay("i))v ikt Qy(%% - Ax(Ki))a
Ackn)Ay (k) — q1q0 ). (48)

b, = 2( qy(EyAx(Ki) — Exq)%)
_ qx(foy(Ki) _ Eyqf)’ igxqyk+ (Ey - Ex)). (49)

With nonmagnetic (u = 1) dielectric materials at both sides
of the interface, at z = 0 we have the continuity of all three
components of the magnetic field Bg, and the continuity of
E., E,, and D, = €. E.. However, as follows from (9), the
continuity of both tangential components of the electric field
immediately implies the continuity of B,. Furthermore, since

€ L. o [curl B], «x g By, — q, By, 50)

the continuity of D, = ¢, E, is a direct consequence of the
continuity of the tangential magnetic field. Therefore, out of six
boundary conditions here only four are actually independent,
consistent with the four independent amplitudes a,, ap, a,
and a_.

Imposing the continuity of E,, E,, €,E;, and 9.B,
(g< By + g, By), we obtain

N =0, (51)

where the matrix N is defined as

T k(g —a)) k(g Ay
v @A) oo
0 B2 ATAT —qla; ATAT —qiqr |
% 0 (€ — ex)wj-_;& (e — Ex)wi—’z(E
(52)
with
Ay = Ayl (53)

Introducing the new variable {4 corresponding to the z com-
ponents of the amplitudes of the electric field in the anisotropic
material (ey), and (e_),,

tx = (AT AT — q2q;)ax., (54)
from (51) and (52) we obtain
¢+
P(w;q) ¢ )~ 0, (55)
where the matrix P is defined by
Pw:q) <a+ “‘) (56)
w;q) =
B+ B
and
)2
= & ke (O et Teqr) —¢’(a” kD)
= €0 Ko A):C‘:Ag: — q%q}% ’
(57)
Ko + K+
=Ky 58
B+ = K+ A}tAf —qqu, (58)
The dispersion of the surface wave is then given by
det[P(w; @)1 = 0, (59)

which yields

€x€ 0\’ q2 q2
Kok —l—/c_){ﬂ((—) - = - —V> — K+K_}
€0 c €, €&

2
w €y + € €+ €y
+K+K{(GX +e},)<;) %0 qf € }‘15}

€0 €0

€€y o\ 512 q2
+ 22 <_> _dx vy K42_KE = 0. (60)
€0 c €y €x

Equation (42) uniquely defines the dispersion relation of the
Dyakonov surface wave w(q) and is the primary result of this
section.

For a guided surface wave, all its components, in both the
isotropic and anisotropic sides of the interface, must decay
away from the boundary. For z < 0, this implies that

q> Ve % 61)

At the same time, in the anisotropic medium the waves with
the in-plane momentum q can belong to either the evanescent
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or ghost subclasses—see Sec. II. From Eqgs. (22) and (23) we
therefore obtain

w
q > € - (62)
and
2 2 2
(G <9> . (63)
€y € c

Equations (61), (62), and (63) substantially reduce the range
of the momentum and frequency that needs to be explored in
the numerical solution of Eq. (60). Furthermore, as shown in
Ref. [21] (see also Appendix A), the Dyakonov surface wave
only exists when

min(e,,€y) < €; < €9 < Max(ey,€,). (64)

While the numerical solution of Eq. (42) is generally
straightforward, for small-to-moderate anisotropy, the surface
waves are known [21,22] to be relatively weakly guided,

kKo L w/c, (65)

which turns numerical root finding into a challenging numeri-
cal problem [21]. In the next section we will therefore develop
the method for the analytical solution of Eq. (60).

V. ANALYTICAL SOLUTION FOR THE SURFACE
WAVE DISPERSION

Despite its relative complexity, Eq. (60) is not transcenden-
tal, but only contains algebraic functions. As a result, it can be
reduced to a polynomial equation. Furthermore, as we show
in the present section, the resulting polynomial equation is of
the fourth order, and therefore allows a complete analytical
solution.

Choosing the y direction at the one corresponding to the
largest permittivity in the plane of the interface,

€y > €, (66)

we introduce the new variable

2 2 2
u:%{&+ﬁ_@)) )
€ \ € €y c

Note that, as follows from (63), u > 0. Then

2
K22 = Z_‘Z’<q2 — ez<§> )u (68)

and

2
42 E—‘)(Q(@) —qZ)u )
€, c

We can then express Eq. (60) as

Koy + k_)u +kpk-) = A kyk_ + B, (70)

where

2
. €€ €
A:(ex—i-ey— 6y>(%> _q2_e_0u 71
z z

B = —«ju — k3k?. (72)

and

We then square both sides of Eq. (79), which yields

Gk =F, (73)
where
N €, € 2
el (e re)()
€0 C
€y €, — € [
+ [(— Lt )qf
€0 €; €\
€y €y — € €x€E
+ (—»+ P05 q%}}, (74)
€0 €, €0 ’

2

€y — €0 Ex€y
€; €

Il
)
o)
[=)
!
|’—‘/—\
—
|
mlm
2~ [=)
~—— ,
<
+
X
SIN)
N
m
=
+

1 ®\?
+ (Go - 6—)[63 —eolex + &) + fo.v](;) } (75)

and

2
aifal 2+ (1- D) +200] (2)

Z Z

3
€ €

- (61 + (e + 26) — —g)u}
€; €

— k% + 260, (76)
€;

with
€x€y

€l =€) — € —€,+ 77)

€;

and

€€y € — €)(€y, — €
62=€X+6y—60—xy=(0 )() 0). (78)
€0 €0

Note that, in addition to the solutions of the original equation
(60), the new Eq. (73) contains spurious roots corresponding to
Akyk_ + B < 0. We therefore need to constrain the solutions
of (73) with the inequality

Ak.k_+B >0. (79)

Together, Eqgs. (73) and (79) are equivalent to the original
equation (60).

Sinceu > Oandg > ,/€;w/c[seeEgs.(22),(23),and (67)],
from Eq. (68) we find

Kik_ =K, /i—ou, (30)
4
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where

K: =Vq* — e(w]c). (81)

Substituting (80) into (73), we obtain

.G [Cu = F. (82)
62

Introducing the new dimensionless variable

c
X = —k, (83)
w
we can express Eq. (82) in the form
asx* +asx’ +arx* +arx +ao =0, (84)
where
€0
as = 6—(61 +2e), (85)
as = Ex€y ﬁ260<6"+€—y_€0 _ e"i«v>, (86)
2 €; €
€p€? €
a) = — 02 +€0(61 +262)<1 — —0)
€; €,
2
+ﬁ6x€y |:61 +26062 + 6_0<1 . 6_0)} 87)
€0 €, €; €,
€33
a1=2<1—6—0> LLz(l—e—erﬁ), (88)
€; €; €0
€x€y A~
ap = <1 — 6—0> 2 u(elez + exevu), (89)
€, €0 :
and

<>
Il

2 2/ 5 2
“ ()= (5) (q_x+ﬁ>_ R
€x€y \ ® ® €y €

The expression (84) is a quartic equation for x, and allows an
immediate analytical solution via the Ferrari formula [27], so
that

x = F(ii; €g,€x,€y,€2). On

Then, introducing the polar angle 6 that defines the direction
of the in-plane momentum (,

qx = q cos ), (92)

qy =g sind, 93)
from (67) and (91) we obtain

w_ 9 (94)

¢ e +F@)

€x€y i+1 1 )
-—, 95
|ey — ex| (ez + F2(#) €y ©3)

sinf = =+

which parametrically defines the function w(q,6).

In general, a quartic equation like (84) has four distinct
roots. However, in our case x should satisfy a number of ad-
ditional constraints. Aside from being a positive real quantity,
it must also exceed the value of /€y — €,

X > e — €, (96)

since decay of the surface wave away from the interface implies

Ko = %w/)(2+ez—eo > 0. o7

As we prove in Appendix B, Eq. (84) only has no more than
a single real positive solution that satisfies (96), so there is no
ambiguity in choosing the correct root. We therefore obtain

az 52 . S1-°§g
F=-9 445 —\/—452—2 _Sd o (og
as + 515 + > p S (98)

where
. a 3 a%

== —--=, 99
P="3% p 99)

3_4 8 2
g =BT AnBGTING (100)

8ay

S=l —%ﬁ—i-i Q+ﬂ , (101)

2 3 3ay 0

3| A4 /AT —4A]
0= 5 , (102)
Ao = a3 — 3aya; + 12apay, (103)

A = 2a§’ —9ajaa; + 27a0a§ + 27a%a4 — T2apazay,

(104)
s12 = *1. (105)

While the choice of s; and s, in Eq. (105) that leads to
a positive real root that satisfies Eq. (96) is unique, such a
solution only exists in a limited range of angles 8. Furthremore,
the resulting solution must be tested against the inequality (79)
to remove the spurious roots. As a result, for the angular range
of 0 that supports the Dyakonov surface wave, we obtain (see

Appendix C)
91<|9|<92 OI‘7T—92<|9|<7T—91, (106)

where, assuming €, > €,,

. [ €€y ( € + 26 1 >:|l/2
6, = arcsin i
& —&\(e1+2e)+e €

(107)
and
de, (€9 — €x)€y, — €
6, = arcsin 1—\/1+ a 02 X)(y 0)
€0 — €;)
_ _ 172
x Q0T & EO] . (108)
2e, €y — €, €, — €

Here, 6; and 6, correspond to k. = 0 and ko = 0, respectively.
At the same time, #; corresponds to the boundary of the
inequality (63), while 6, represents the “edge” of the inequality
(79)—see Appendix C. Within the angle range (106) for any
direction 6 and the frequency w, there is one and only one
surface wave, described by the parametric equations (94) and
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FIG. 6. In-plane wave number of the Dyakonov surface wave
(in units of w/c) vs the propagation direction angle 6 in biaxial
materials, for the interfaces of (a) potassium titanyl phosphate (KTP)
with aluminium oxynitride (AION) and (b) arsenic trisulfide with
aluminum arsenide. The corresponding refractive indices are [28] as
follows. KTP: n, = 1.7614,n, = 1.8636,n, = 1.7704; AION: ny =
1.79; arsenic trisulfide: n, = 2.4, ny = 3.02, n, = 2.81; aluminum
arsenide: ng = 2.87.

(95) with the function F(il,€o,€x,€y,€;) from Eq. (98), while
for any angle outside this range, there is no surface wave.

In Fig. 6 we plot the surface wave dispersion for the
interface of potassium titanyl phosphate (KTP) and aluminium
oxynitride (AION) (a) and arsenic trisulfide with aluminum
arsenide (b). The results of the present work can also be applied
to uniaxial materials, as illustrated in Fig. 7 for calcite and CdF,
(a) and lithium niobate (LiNbQOj3) and KTaOs3(b).

Following Ref. [21], it is also instructive to project the
surface wave dispersion onto the wave-vector space (gy,qy)
that we studied in Sec. II. In Fig. 8 we show this projection for
the surface wave at the interface of isotropic aluminum arsenide
and biaxial arsenic trisulfide. As expected, the magenta curve
that represents the Dyakonov surface wave terminates at the
boundaries corresponding to xy = 0 (blue line) and k_ =0
(green line). Note that, depending on the wave vector of the
surface wave, it could be observed both in the “evanescent”
and “ghost” portions of the phase space [see panel (c)].

(a) (b)

2.92 1.5635
200 1.5630
4< 9¢ 15625 \
© o288 \ Y 15620
2.86 1.5615
23 25 27 456 46 464
6,° 6,°

FIG. 7. In-plane wave number of the Dyakonov surface wave
(in units of w/c) vs the propagation direction angle 6 in uniaxial
materials, for the interfaces of (a) calcite with CdF, and (b) lithium
niobate and KTaOj3. The corresponding refractive indices are [28] as
follows. Calcite: n, = n, = 1.486, n, = 1.658; CdF,: ny = 1.562;
lithium niobate: n, = n, = 2.156, n, = 2.232; KTaO3:ny = 2.2.

VI. TWO CLASSES OF DYAKONOV SURFACE WAVES

Near the boundary of an isotropic medium with a uniaxial
dielectric, the Dyakonov surface wave is formed by evanescent
waves on both sides of the interface. However, for a biaxial
dielectric that supports both the evanescent and the ghost waves
(see Sec. II), the localized surface wave can be formed from
either the evanescent or from ghost waves, depending on its in-
plane momentum. As a result, for the interface of an isotropic
medium with a biaxial medium, we can have two different types
of the Dyakonov surface wave. A “conventional” Dyakonov
surface wave, as originally described by Dyakonov in 1988
[18], monotonically decays on both sides of the interface, while
the ghost surface wave together with the exponential decay also
shows oscillatory behavior in the anisotropic medium—see
Fig. 9.

Note that, depending on the magnitude of the permittivity
of the isotropic medium € (€; < €y < €,), at a single fre-
quency the isotropic—biaxial interface can either support both
the conventional and the ghosts mode patterns, or only the
conventional modes. The corresponding critical value €. of the
permittivity € is given by the equation (see Appendix D)

(e — ) (Sez ~ et )+ Exe")
€;

+(ec — €)[€er +dee, + 65 — 8e.(e; + €,) + 10€7]
+ 361(6)1 - Ez)(éz - Ex)

2
+ (e - €.)? +e[2(e, +€,) — 5¢.])

X J€.(€y — €)(e; — €)(ec — €,) = 0, (109)

which for €, < €; < €, always has a single solution in the
interval €; < €, < €,.

In scaled variables €. /€., €. /€., and €, /€., the solution of
Eq. (109) can be expressed as

€ _g(& &
€. €€ )

We plot this function in Fig. 10.

Fore. < €y < €, the Dyakonov surface waves that are sup-
ported by the interface of isotropic and biaxial dielectric media
belong to the conventional class for all allowed propagation
angles. However, if €, < €y < €., for the propagation angle 6
intherange 6, < |#| < 63andw — 65 < |#| < w — 6 we find
conventional Dyakonov waves, while for 6; < || < 6, and
T — 6, < |0] < m — 05 the surface modes belong to the ghost
class—see Fig. 8(c). Here, the angle 65 only depends on the
dielectric permittivities of the media forming the interface, and
is defined as the solution of the system of equations (60) and
(25), where the latter are taken with the positive signs.

(110)

VII. DISCUSSION

The key feature of the Dyakonov surface waves that makes
them an ideal platform for experiments on nonlinear optics
and strong coupling is their inherent “lossless” nature. While
the residual linear absorption in the dielectric as well as light
scattering due to surface roughness can never be completely
avoided, the corresponding contributions to the effective mode
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FIG. 8. Dyakonov surface wave in (g,,q,) coordinates for the aluminum arsenide—arsenic trisulfide interface. The surface wave is shown
by the magenta line (dark gray line at higher values of g,). The red (gray) line corresponds to Eq. (22), the green (light-gray) line represents
Eq. (23), the blue line (dark gray line at lower values of g,) corresponds to Eq. (61), and the orange (straight) lines show the ghost region
boundaries from Eq. (25). The phase-space color code is the same as in Figs. 1-4. Panels (b) and (c) show the magnified portions of the phase
space that supports the Dyakonov surface wave. Note that, as clearly seen in panel (c), the surface wave is supported by both the evanescent

and the ghost regions of the phase space.

loss can be dramatically reduced, as demonstrated in Mie
resonance experiments with the measured Q factors on the
order of 10'° [29].

(a) (b)
1
(1)‘; 001
E; 0. 6 E: 10
(arb. (arb. i
units) 0.4 units) 10
0.2 10-8
0.0
-2 0 2 4 6 -10 0 10 20
z / )\0 z / )\O
(c) (d
1.5
10 0.1
Ex Eq 0.001
(arb. (arb.
units) units) 1 -s
0.0 : : 10-7
-4 -2 0 2 4 -5 0 5
z / )\0 z / )\0

FIG. 9. Dyakonov surface waves at the arsenic trisulfide (n, =
24, ny =3.02, n, = 2.81)-aluminum arsenide (ny = 2.87) inter-
face: “conventional” (a),(b) vs “ghost” (c),(d), in linear (a),(c) and
logarithmic (b),(d) scale. Red (light gray) and blue (dark gray)
curves correspond to the projections of the in-plane electric field
E; = (E,,E,) onto the parallel (blue, dark gray) and perpendicular
(red, light gray) to the in-plane momentum q directions. The in-plane
propagation angle 0 is equal to 24° (a),(b) and 26° (c),(d). The biaxial
arsenic trisulfide is on the right of the interface z = 0, and the isotropic
aluminum arsenide fills the half-space z < 0. Note the contrast of the
simple exponential decay of the conventional Dyakonov waves in the
biaxial medium [see panel (b)] with the oscillatory behavior of the
ghost surface waves (d).

As a result, with an evanescent coupling (from, e.g., a
high-index prism) to the isotropic-biaxial interface, one can
observe an enormous increase of the field intensity at this
boundary, only limited by the effective loss due to system im-
perfections (surface and bulk disorder, etc.) and ultimately by
the nonlocality of the dielectric response [30] [corresponding
to the variations of the dielectric permittivity on the order of
(ap/*)* ~ 107°, where aj is on the order of the atomic size
and A is the wavelength].

For the applications to nonlinear optics, however, the
effective “selection rules” such as the phase-matching con-
ditions[31,32] are defined by the spatial variation of the

€/ €& 5

FIG. 10. Critical value €, of the isotropic medium, in units of €,
Vs €. /€, €,/€.. The dielectric permittivity components of the biaxial
medium satisfy €, < €, < €,.

013818-9



EVGENII E. NARIMANOV

PHYSICAL REVIEW A 98, 013818 (2018)

corresponding optical modes. The qualitative difference be-
tween the ghost and the conventional surface waves, respec-
tively with and without oscillations away from the interface,
that can be simultaneously supported by the same isotropic-
biaxial interface at the same frequency, will therefore have
dramatic effect on the nonlinear-optical phenomena in this
system [25].

VIII. CONCLUSIONS

In summary, we have developed a complete analytical the-
ory of Dyakonov surface waves at the interface of an isotropic
medium with a biaxial anisotropic dielectric. As opposed to
earlier work on this subject, our approach does not require
any numerical root finding and offers substantial advantage
in the description of the surface waves near the propagation
threshold. We have also presented a detailed description of the
ghost waves that combine the properties of propagating and
evanescent solutions and of the corresponding surface modes
supported by these ghost waves.
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APPENDIX A

Some of the necessary conditions for the existence of the
Dyakonov wave in (64) can be immediately obtained from the
general structure of Eq. (60) and its constituents. Equation (63)
immediately implies that both the first and the last terms in the
curly brackets in Eq. (60) are negative definite; therefore,

€+ €x 60+6V

2
L g <<ex+ey)(9) . (AD
C

2
qx +
€0 €0

2 2 2
S B SN (T I e
qx qy_
€0 €0 €0 €y €x C

Since

4 & <9>2 > & (9)2, (A2)
€0 C €0 Cc
from (61) and (A1) we obtain
€x€y
€t+e > et =2, (A3)
€0
which implies that
min(e,,€,) < €9 < Max(ey,ey). (A4)
Similarly, from (62), (A1), and (A2)
(e, > et 2O (AS)

€0
or

. max(e,.€,)
€, < max(ey,€,) — min(e,,ey)| 1 — ————
) P,

< max(ex,€y). (A6)

APPENDIX B
First, we consider the number of real positive solutions of
Eq. (84). Since
—€x)(ey — 1 1
(e0 — €x)(€, — €p) +€x€y(_ _ _) - 0.
€0 €; €0
B1)
with our choice of €, < €, [see (66)] the requirement (64)
reduces to

€1+ 2¢ =

€ <€ <€ <€y, (B2)
and therefore
as > 0. (B3)
Similarly, since @& > 0,
a <0 (B4)
and
as = exeyﬁ%o(ex e - 6x§y>
€ €; €
2 €x€y €x€y
= - u (60 - Ex)(ey - 60) + _(60 - Gz)
€; € €0
> 0. (BS)

Therefore, regardless of the sign of a,, the number of sign
changes of the polynomial a4x* + az x> + ay x> + a1 x + ao
is equal to one if ¢y < 0 and to two if @y > 0. According to
Descartes’ rule of signs [33], Eq. (84) has no more than one
positive real root in the former case and no more than two
positive real roots in the latter. So, in general, Eq. (84) has no
more than two positive real roots.

However, the solution of Eq. (84) must also satisfy the
inequality (96). Introducing the new variable

§=x— e — €, (B6)
to satisfy (96) we need £ > 0. From (84) we obtain
s E by EX 4 by EP 4 by E 4+ by =0, (B7)
where
b3 = as +4a4»\/60 — €1, (Bg)

b2 =a + 3@3\/60 — €, + 6614(60 — GZ), (B9)

b = a) + 2ar\/€y — €, + 3az(eg — €;) + 4as(eg — €,)/%,

(B10)
by = ap + a1/ €0 — €, + ax(ep — €;)
+as(eo — €.)* + as(eo — €.)*. (B11)
From (B3) and (B5)
b3 > 0. (B12)
For by we obtain
by = _ 7% (exeyﬁ + € £x€y (0 — €)i
€0€; z
2
— (€0 — €x)(€y — 60)) < 0. (B13)
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If either by > 0, b, >0 or by <0, b <0 or by <0, by >
0, then the number of sign changes of the polynomial
asx* +azx® + arx® +aix + apis equal to one, and therefore
Eq. (B7) has no more than one real positive root. It is if and
only if b1 > 0, b, < 0 that Eq. (B7) can in principle have two
positive real roots.

For b; > 0, b, < 0, from Eqgs. (B9) and (B10) we obtain

ap 4+ 3asz~/€g — €, + 6a4(ep — €;) < 0,

ay + 2ax/€g — €. + 3az(ey — €.) + das(ey — €,)*'* > 0.
(B15)

(B14)

Then
ay; < —3613«/60 — €; — 6a4(60 — EZ) (B16)
and

3az(eo — €) + das(eg — €)% > —a; — 2ar/€) — €,

> —ay + 2(eg — ez)(3a3 + 6as/€y — ez), B17)
which yields
“3a; — 8agJep — €, > — — (B18)

€0 — €&

With a; <0, a3 >0, and a4 > 0, and €y > €, [see (64)],
the left-hand side of (B18) is negative, while the right-hand
side is positive. The system of the inequalities (B14),(B15)
is therefore inconsistent and the case by > 0, b, < 0 cannot
be realized. Therefore, Eq. (B7) cannot have more than one
positive real root and Eq. (84) cannot have more than one real

solution with x > /€y — €.
APPENDIX C

We define 6, as the propagation angle that corresponds to the
limiting case of the inequality (63). In terms of our parameter
it defined by Egs. (67) and (90), the bound (63) corresponds to

u(61) = u(6) =0, (CI)
which together with (68) implies that
k_(6;) = 0. (€2)
Since

ay@@ =0)=a;(1 =0)=az(t =0)=0, (C3)

o | @@=0)
Fia=0)= —a4(ﬁ:0)

E%
= —€, + —=——. C4
€0~ €1+ 2¢ €5

we obtain

Substituting (C1) into (95), we obtain
a+2 1
€, + 2¢ _>’ (C5)

€€y (
€y — € \€oler +26) + €7 €

leading to our definition of 8; in Eq. (107).

sin? 6y =

Since we defined the x and y directions with €, > ¢, the
inequality (63) then implies

0, < 10| <m/2 (C6)
or
/2 < |0 < — 6. (C7)

The angle 6, is defined as the propagation direction of the
surface wave corresponding to the limiting case of (79) when
the latter turns into the exact equality

AO)kc+O)Kk-(02) + B(6) = 0. (C8)
Substituting (C8) into (70), we find that either
Kko(62) =0 (€9)
or
€4€y

2
ﬁ(%)(%) = k4 (02)K—(62). (C10)

€0
Since for 6 in the range defined by Eqgs. (C6) and (C7) we find
it > 0, and Eq. (C10) therefore cannot be satisfied—so that
(C9) is the only option. Then, substituting (C9) into Eq. (60),
we obtain

2
<E2 - GX%W) (‘i’) = k4 (0)k_(02).  (CII)

€0 C

From (68) we obtain

2
w €€ R
K+(02)k—(02) = (?> \/ . (€0 — €)ii(62). (C12)
z
Substituting (C12) into (C11), we find
2(en —
7(6y) = €0€2 + €y(€0 — €;)
€x€y 2ex€y€;
de,(eg — €€, — €
x 1—\/1+ “(02 e — ) (C13)
€y(€0 — €2)
From (90) and (C9)
260y) = £ cos? 0, + sin? 6, — 1. (Cl4)
€y €
Substituting (C13) into (C14) and using (78), we find
sin® 6, = S~ < + D QT
€, — €  2€,€,— €,
4 — € —
< [1- \/1 Lleto—elo —q) | g
€y(€0 — €2)
To satisfy Eq. (79), we therefore need
0<10] <6, (Cl16)
or
T—0, <|0] <m. (C17)

Together, Eqgs. (C6), (C7) and (C16), (C17) are equivalent to
(106).
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APPENDIX D

The critical angle 6; corresponds to the point where the
isofrequency curve of the Dyakonov surface wave in the
(gx.qy) space terminates at the line (23). We can show that
the ghost boundary in the first quadrant,

€, — € €, —€
|= |2 = e —a 2, (D))
€, €, c

can never cross this point. An assumption that such an inter-
section point (¢{",q{"), that satisfies both (23) and (D1), may
exist leads to the equation

2
) w (Gy - Ez)(ez — €x)
qx" — 6)’_
c €; (ey — ex)
<a)>26% (Ez - Gx)z
+ - —_——— = Ov
c) € (e — €:)?
which cannot be satisfied for any €, < €, < €,. As aresult, in
the first quadrant (g, > 0, g, > 0) the ghost boundary is either
always above or always below the curve of Eq. (23). The ellipse
of Eq. (23) intersects the positive half of the g, axis at the
point of /€, w/c, while for the ghost boundary (D1) the cor-
responding crossing point is at \/ez(ey —€)/(e;, —€x)w/c >
J/€x w/c. Inthe first quadrant of the q space the ghost boundary
is therefore always above the elliptical curve of Eq. (23).
As a result, this boundary, and thus the 6; “edge” of the
isofrequency curve of the Dyakonov surface wave, is always

in the conventional regime, with the field characterized by the
exponential decay on both sides of the interface.

D2)

As a result, for the system to support the ghost surface
waves, the ghost boundary (D1) must cross the isofrequency
curve of the Dyakonov waves, Eq. (60). The onset of the ghost
regime then corresponds to the case when the ghost boundary
intersects the isofrequency curve precisely at its end at the
angle 6,.

As follows from Eq. (C9), the critical angle 6, corresponds
to the point where the isofrequency line of the Dyakonov
surface wave in the (g,,q,) space terminates at the circle

w?

qr +4q; = €0

> (D3)

For the intersection point (¢*,q{?) of (D3) with the ghost
boundary (D1) in the first quadrant we obtain

q)(CZ) — Ci) «/61(61 - ex) + \/(Gy — Ez)(éo — EZ)’ (D4)
4 €y — €

q;z) _ w \/Gz(ey —€)+ (e, —€)e0 — Gz). (D5)
c €y — €y

Substituting (D4) and (D5) into (60) and using (68), we obtain

(0 — €.)? <5ez —3es + ) + 6"”)
€

z
+ (€0 — €) (€7 + deve, + 6\2 — 8e,(ex + €,) + 10€2)
+ 3€z(€y - Ez)(ez - ex)

2
+ —(( — &)’ + e:2ex + €) — Se:)
X \e(ey — €)(e; — €€y — €) =0,
which defines the permittivity of the dielectric media corre-

sponding to the onset of ghost surface waves in the system
phase space.
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