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Passive optical interferometry with single photons injected into some input ports and vacuum into others
is enriched by admitting polarization, thereby replacing the scalar electromagnetic description by a vector
theory, with the recent triad phase being a celebrated example of this richness. On the other hand, incorporating
polarization into interferometry is known to be equivalent to scalar theory if the number of channels is doubled.
We show that passive multiphoton m-channel interferometry described by SU(m) transformations is replaced by
SU(2m) interferometry if polarization is included and thus that the multiphoton coincidence landscape, whose
domain corresponds to various relative delays between photon arrival times, is fully explained by the now-standard
approach of using immanants to compute coincidence sampling probabilities. Consequently, we show that the
triad phase is manifested simply as SU(6) interferometry with three input photons, with one photon in each of three
different input ports. Our analysis incorporates passive polarization multichannel interferometry into the existing
scalar-field approach to computing multiphoton coincidence probabilities in interferometry and demystifies the

triad phase.
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I. INTRODUCTION

Two-photon interference has been studied extensively since
the celebrated 1987 Hong-Ou-Mandel (HOM) experiment [1].
Also known as the HOM dip, this phenomenon is manifested
as two identical photons whose relative arrival times are con-
trolled by a time-delay mechanism, thereby controlling their
relative distinguishability. The photons arrive at a balanced
(50:50) beam splitter with each entering a different input port.
Light from the two output ports is directed to two photon
counters and the resultant signal is multiplied. In the quantum
description, the HOM dip corresponds to a null coincidence
for zero relative time delay: the quantum mechanical descrip-
tion forbids each detector to see a photon when they are
indistinguishable. For long delays relative to the duration of
the photonic wave packet, each photon has a 50% chance
of being reflected or transmitted so the coincidence probably
is one-half. The HOM phenomenon provides a vital tool for
characterizing single-photon sources [2] and for preparing and
detecting entangled photonic qubits [3-5].

This destructive interference between two photons can
be generalized to the case of n photons [6-8]. For three-
photon interference, each photon is injected into different input
ports, and the interest is in the coincidence of three-photon
interference with one photon in separate output ports. The
coincidence rate appears as a landscape tuned by two variables,
with the time delays of two photons relative to a third used as
reference. Not only do we obtain the destructive dip, but we
also obtain a constructive peak in the three-photon landscape
[9-11].

A systematic generalization from the two-photon to high-
order coincidence dips or peaks arises from treating such
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scattering transformations as elements of a unitary group. In
this scheme, the lossless beam splitter is characterized as a U(2)
transformation [SU(2) with a global phase] for the photon’s
states [12,13]. Using the four-port beam splitter as building
blocks, an arbitrary U(m) interferometer with m input ports
and m output ports is achieved as a sequence of beam splitters
and phase shifters [14—17]. Below we omit the global phase as
it has no effect on the coincidence rate, in which case we write
SU(m) rather than U(m).

In this paper, we consider the U(m) matrix to be fixed and
focus on the parameters that come from the injected bosons,
i.e., the time delays or the polarization spectrum. The analysis
of coincidence landscapes in our work is thus different from
the landscapes considered in [7], where these authors have
adjustable parameters for the scattering interferometer and
their injected photons are indistinguishable.

There are several equivalent approaches to computing
the coincidence rates when there are n photons entering an
otherwise arbitrary SU(m) interferometer. Some approaches
rely heavily on permanents [18-20]; they have the advantage
of familiarity and a well-known algorithm, namely, Ryser’s
algorithm [21], to evaluate the permanent of any matrix.

An alternative is to recognize that additional (even con-
siderable) insight into many-body problems is often obtained
by the use of symmetric-group methods. Using Schur-Weyl
duality between the symmetric group S, of n objects and
the unitary group U(m) yields an immanant-based formalism
that makes coincidence landscapes amenable to interpretations
based on permutational symmetries of photons described by
S, [9-11,22]. Immanants naturally account for the partial
distinguishability of photons, and the idea of “immanon” [23]
has been introduced in an attempt to capture the feature.
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Although the use of Schur-Weyl duality brings elegance to
this alternative approach, immanants are not so well known
and good algorithms to compute them are not common, even
if a close connection (going back to Kostan [24]) between
immanants and group functions can be exploited [25,26].

Despite this paucity of algorithms, the problem of reducing
a representation of S,, is well studied and can be transformed
to an eigenvalue problem using class operators [27]. Most
important, this reduction is independent of the details of
the scattering network, so that the transformation effecting
the block diagonalization can be precomputed with prior
knowledge only of the input and output configurations of
the system [22]. An example of this feature can be found in
Eq. (B16) of Appendix B.

Here we generalize previous results [9—11,22] to accom-
modate interference of polarized photons. The case of more
than one photon in an input or output port means that possible
representations of S, are a subset of all the possible irreducible
representations (irreps) and is treated in [22]. We show in
particular that the tools based on the symmetric group and
developed for the analysis of photons which are temporally
partially distinguishable can be extended to include partial
distinguishability in polarization; in other words, all the in-
sights provided by the use of immanants remain, provided we
consider both polarization and temporal degrees of freedom
(labeled by @ and t, respectively) in the distinguishability
features of the photons.

We give, in Eq. (B8) of Appendix B, an expression for the
rate

C@;7), D

which agrees with the result of [19], but can be usefully
converted to an expression

CO;7) =) ulRij(0;7)u;, )
ij
where further block diagonalization of R;; will produce a rate
(using the standard tools of the symmetric group) in terms of
moduli squared of sums of immanants written as combinations
of u;’s.

Typically, multiphoton interference is treated as a scalar
field theory: polarization is ignored. Ignoring polarization is
not detrimental for studying multiphoton interferometry as
polarization can rather trivially be converted to a path degree of
freedom. Polarization is included in m-channel interferometry
by combining a U(2) transformation with a U(m) transforma-
tion, resulting in U(2m) irreps using the subchain

U@2m) D U(m) x UQ2) 3)

transformation and the dual pair of U(2) and U(m) when
the same U(2) polarization transformation acts on all spatial
modes [17]. Dhand and Goyal decomposed arbitrary unitary
transformations for photonic states in terms of spatial and in-
ternal modes [28]. Manipulating internal and external degrees
of freedom in multiphoton interference has recently attracted
significant attention [29,30].

Despite a mathematical equivalence between polarization
and path degrees of freedom, some confusion has arisen about
the sufficiency of mutual photon distinguishability in explain-
ing the features of coincidence rates. As a specific example,

Menssen et al. used a symmetric three-port interferometer,
known as a tritter [31,32], to implement two- and three-photon
interference with polarized photons [29]. They then claim
that “the distinguishability between pairs of photons is not
sufficient to fully describe the photons’ behavior in a scattering
process, but that a collective phase, the triad phase, plays a
role” [29]. Agne et al. [30] showed this collective phase in
entangled-photon experiments. A chief goal of our work is to
show that polarization degrees of freedom, independent for
each physical mode, are trivially absorbed into an SU(2m)
transformation.

In Sec. II, we show how to construct the special unitary
network with doubling of ports when polarization is taken
into consideration. Then we calculate the coincidence rate for
polarization-sensitive and -insensitive events in our framework
in Sec. III. In Sec. IV, we focus on the case when m = 3 and
clarify the triad phase in our framework.

II. FROM SU(m) to SU(2m)

In this section, we give the general framework to deal
with the polarized multiphoton interference problem in a
polarization-sensitive scattering network. We generalize a
discussion in [17] to easily incorporate polarization into scalar-
field interferometry by converting polarization to path. If
the polarization transformations on each spatial modes are
identical, “one simply extends the U(n) group to U(n) x U(2)
and to include combinations of polarizers and beam splitters,
for example, one extends to U(2n) D U(n) x U2)” [17].

Here we consider the polarization transformations being
distinct on all the spatial modes.

First, notice that we can construct a U(2) transformation
matrix for the polarization. For a photon injecting in the ith
port of an m-channel polarization-sensitive interferometer, the
input state is

2
W) =Y DAl @)0), (4)
a=1
and

Al (1) == / dog(w)e "al (w). )
Here, 7; is the time delay of the ith photon; aiTa is the creation
operator for the photon mode of the ith spatial port and «th
polarization. Thus, « = 1 and ¢ = 2 represent two orthogonal
polarizations, e.g., horizontal and vertical polarizations or left-

handed and right-handed polarizations.
Without loss of generality, we use o = 1 to represent hori-
zontal polarization and @ = 2 torepresent vertical polarization;

|¢p(w)|? is the frequency profile in the frequency domain
satisfying

f dolg@) = 1. ©)

Coefficients {c!") € C} satisfy

2 s
Dol =1 (7)
a=1
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These coefficients { cg)} describe a U(2) transformation P® on
the ith photon’s polarization as
_eit
. ; (®)

(i)
pi . [
cg) e”/’cT(l)

where v is an overall phase.
For m spatial modes, the polarization transformation is

P:=aor, PY. ©)

We model the scattering network 7" to be polarization sensitive
by factoring the net effect of the network into individual
polarization transformation for each spatial mode followed by
transformation mixing modes for the same polarization, which
takes the form

T=TYeT?, (10)

where 7@ is the mode transformation acting on photons
with polarization « alone. Here we assume 7" = T in the
respective polarization subspaces.

For convenience, we specify the basis order by using
one single spbscript to replace the spatial and polarization

subscripts: g, := al ., with

o’

T T
ap = 4;y,

k=i=1,....m, an

and

al =aly, k=i+m, i=1,...m. (12)
In this subscript notation, the first k£ labels up to k = m refer
to horizontally polarized photons, while the next k labels from
m + 1to 2m refer to vertically polarized photons. For example,
whenm =3,n =2, asz isreplaced by al, which is the creation
operator of horizontally polarized photon in the first spatial
mode.

Thus, by ignoring the phase shift in Eq. (8) as it will not
affect the result of coincidence, our original SU(m) scattering
network spanned by m space-mode states is expanded to an
SU(Q2m) transformation,

U=TP, (13)

spanned by 2m orthogonal space-and-polarization-mode states
(see Fig. 1 as an example when m = 3) so that photons scatter

AT
i N G )
~Ar

_P o CT

FIG. 1. Decomposition of interference network and setup for the
detectors.

according to

2m

t trrt t
ajHUajszzaiUij, (14)
i=1

where a;[ is the creation operator for the photon in the i th mode.

Notice that the first index of U represents output and the
second index represents input: a photon in input mode j is
scattered to a linear combination of photons existing in output
mode i. The transformation of the creation operators is verified
from the photon state’s transformation,

Ull;) =Ud!|0) =UalU'U |0) = UalUT10)  (15)
=Y 1) LU ) =" alU;10), (16)

where |1;) is the state that one photon is in the ith mode.
Comparing the last equations in Egs. (15) and (16), we obtain
the creation-operator transformation (14). Using Fig. 1, we
confirm the factorization U = T P of Eq. (13).

For m = 3 modes, the explicit matrix representation of the
SU(6) transformation 7' can be

T = ro 17
“\o T/ 17

with T the original 3 x 3 transformation matrix. By writing
the independent polarization transformations PV, P®, P® ag
per Eq. (8), we construct the polarization transformation

P=pPVepPPgp® (18)

PY 0 0 Py 0 0
o PY 0o 0 PP 0
A3) (3)
o o PP 0o o P 19)
Y o o PY o o]
21 22
o PP 0o 0o PP 0
(3) 3)
o o PY o 0o P

Thus, the total SU(6) transformation is

U®) = TP®)

PYTu PY'To PY'Ts PL'Tu PO'T PO'Ths

Pl(ll)le Pl(lz)Tzz Pl(?)Tzs Pl(;)TZI Pl(?fzz PS)TB

PYTy PYTy PY'Tys PY'To PO'Tr PO Ty

P T P T P Tis PR T P T P Ths

P Ty PP Ty PRTos PLTor PR T P T

Py'Ty PYTy Py Tys Py Ty Py Ty PO Ty
(20)

which clearly transforms the SU(3) description into a SU(6)
description.

The cost of doubling the dimension of the problem is that the
2m x 2m scattering matrix U is no longer completely specified
by the original m x m matrix T, but now depends on the
parameters of the polarization transformations P*). We denote
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by 6 the collection of polarization parameters needed to specify
the various P*), and hence the argument for U (@) and P(#).
The benefit of this doubling is that all the tools available for
the discussion of unpolarized photons can simply be imported
ipso facto to the problem that includes polarization.

We conclude this section with a discussion of a special case,
already hinted at earlier. If the polarization transformations P
of Eq. (9) are all identical, then the transformations 7" and P
that define U in Eq. (13) actually commute, i.e.,

U=TP = PT. @1)

The transformation SU(2m) then factors into SU(m) ® SU(2),
and by combining with the overall phase shift, we are back to
the Rowe et al. case [17].

This factorization of Eq. (21) is of particular interest when
photons are fully indistinguishable. In this case, the represen-
tation of SU(2m) must be “fully symmetric,” or transform by
an irrep of the type (n,0,...) of SU@2m). As explained in
[17], this constrains the possible irreps of SU(m) ® SU(2):
the SU(2) and SU(m) representations must be associated with
identical Young diagrams [33] so that by preparing n photons
in a definite state of polarization [i.e., a definite SU(2) irrep],
these photons are simultaneously prepared in SU(m) irreps
with nontrivial spatial permutation symmetries. This is the
optical analog of combining spin and spatial wave functions of
specified permutation symmetry to construct a fully symmetric
wave function for n bosons.

III. COINCIDENCE RATE

In this section, we give the coincidence rate for polar-
ized multiphoton interference, augmenting an earlier discus-
sion where the polarization was not explicitly discussed in
the immanant-based formalism [9-11,22]. Here we give the
polarization-insensitive and -sensitive detection cases using the
immanant-based formalism.

For polarization-sensitive detection, we first define the n-
dimensional input configuration vector v, whose entry v; €
{1,2,...,2m} indicates which input mode the ith photon
occupies. For convenience of description, we also use a 2m-
dimensional input mode-occupation vector §” to represent the
same input state, whose entry

g’ e{0,1,...,n} (22)

tells how many photons are in the ith mode, and

2m
Y & =n (23)
i=1

Similarly, we define an n-dimensional output configuration
vector i and a 2m-dimensional output mode-occupation vector
&', with

mo€{1,2,....2m}, & €{0,1,....n}, (24)
and
2m
> gl =n. (25)
i=1

For polarization-insensitive detectors, we also define another
output configuration u, called regular output configuration,

with entry
wi €{1,2,...,m}. (26)

Now we inject n photons into the SU(2m) interferometer U
to obtain the input state

[Win) == N Al ()10, 27)

i=1
where

Ne 1 (28)

is a normalization constant and
Al (1) = / dog, (w)e " al (w). (29)

The resultant output state is

[Wour) := U[Win) (30)
n 2m

=NJ] f dop, (@)e ™™ Ujy,al@))0). (31
i=1 j=1

We next need to specify the measurements for different
kinds of detectors. We divide them into two categories of detec-
tors for polarized single photons: ideal polarization-sensitive
detectors and practical polarization-insensitive detectors.

For the polarization-sensitive detectors, one polarization-
sensitive detector is equivalent to the combination of a polar-
izing beam splitter and two polarization-insensitive detectors.
Our separation of the polarization from the spatial mode, which
results in the expansion from SU(m) to SU(2m), has played the
role of polarizing beam splitters. Then the detection operator
for this specific output configuration x is

1

M, = ——-——
TUoEhE g

However, in most boson sampling or multiphoton in-
terference experiments [11,29,34-38], one usually uses the
polarization-insensitive detectors for the single-photon de-
tection, such as avalanche photodiodes detectors (APDs),
especially single-photon avalanche diode detectors (SPADs).
We deal with the frequency-insensitive detector by summing
over the polarizations corresponding to the same regular output
configuration u. This set of configurations is

S, :={n|Vief(l,2,....,n}, n €{pi,ui +m}} (33)

and

f do [ a} @)]0)Olay, @). (32)

i=1

|G, =2" (34)

For example, for a 2 x 2 spatial scattering interferometer such
as a beam splitter, injecting two photons from input ports 1
and 2, the input configuration is v = (1,2). Then, to detect the
coincidence of the photons’ output from spatial ports 1 and 2,
respectively, the regular output configuration . = (1,2), and

S, =1{(1,2).(1,4),(3.2),(3,4)}, (35)

which contains all possible polarizations for the photons’
output to spatial ports 1 and 2. Thus, detection for the regular
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output configuration g is

My =Y M,. (36)

neS,

We have now formulated how our original problem becomes
the problem that n identically polarized (or horizontally polar-
ized) photons injected into a 2m-channel interferometer U. A
key point for later discussion is that in order to proceed, one
must select an n x n submatrix U (@) of U(0) and this subma-
trix, which is specified by the input and output configurations,
also depends on 6.

As an example, consider the 3 x 3 tritter matrix 7' given in
[29]. If the input state contains three photons with horizontal
polarizations, and the output state is given by the first two
photons with horizontal and the last with vertical polarization,
the 6 x 6 matrix U (@) for the polarized network collapses to a
3 x 3 submatrix U given by

| PP PP P06
0<0>=ﬁ PO 2P0, P63 | 3D
P CPY®0))  2PS93)

with¢ = ef 7. Consequently, experiments where the polariza-
tion parameters # are changed are equivalent to experiments
where the scattering submatrix U (@) is changed. Coincidence
rates are therefore expected to depend on @, even if the matrix
T that scatters the spatial modes is kept constant from one
experiment to the next, and even if the input and output states
remain the same as we vary 6.

For detection modeled by Eq. (32), the coincidence rate for
the polarization-sensitive detectors for the output configuration
n is [22]

Cy(0;1):= ui,(ﬂ)R(r)u,,(O), (38)
where u, () is an
n!
T EhEn g

dimensional vector that contains all the information about the
submatrix of our SU(2m) scattering matrix. The vector entries
are

N, (39)

[y @) = [ [U®);0, fork=12,....N,,  (40)
i=1
with
7" e (il =on.0 €S,). (41)
The action of o on 5 sends the ith element to the o (i)th; for
instance, if o = (123), then its action on (1,2,3) yields (3,1,2).
77*”s provide a basis of the representation of the symmetric
group S,,.
The rate matrix R(7) is

R(1) =Y B,(1),, 42)
oeS,

where I, is a permutation matrix with elements

(Mo = sty = T =1 g
olij = (o} ’ = .
I v.1 0, otherwise.

For the specific case where there are n photons in n distinct
output modes, I1, is the n x n regular representation of
o € 8S,. B, is the overlap between the input state and the
o-permuted input state,

Bo = l_[ ﬂu(,(i),ui s (44)
i=1

where B; ; is the two-photon pairwise distinguishability be-
tween the ith and jth photons.

Definition (44) agrees with the distinguishability matrix
obtained in [19]. Specifically, for the polarization-sensitive
case, B, is only dependent on the time delays 7 as B,(7)
because the overlap is only the spectrotemporal overlap,

Bij(z) = / dwg](@)p;(w)e' ™). (45)

Having given the coincidence rate for the polarization-
sensitive detectors in Eq. (38), we now give the coincidence rate
for the polarization-insensitive detectors. With the detection
operator defined in Eq. (36), the coincidence is easily obtained
as the sum of the coincidence rate of all the configurations in
&,,, namely,

Cu®:7):= > Cy(0:7) =ul,R(O:TIu,.  (46)

neS,

The derivation for the last equation is given in Appendix A.
Our key observation is that the effects of the polarization
can be incorporated into a rate matrix so

R(t) — R(0; 1), (G

while making the vectors u,(6) — u, independent of the
polarization parameters without affecting the permutation
matrices I1,. Specifically, the resulting coincidence rate is
the same as n photons in the original SU(m) scattering
interferometer 7', except that the polarizations are absorbed
in the pairwise terms 8;;(t) — B;;j(0;7) as

2
Bii®:7) =Y P O)P )

k=1
X f dod} ()¢ (w)e' -, (48)

Substituting it back into Eq. (44) yields that B, as well as the
rate matrix R, depend on both time delay t and polarization 6.

As the permutation matrices {I1,} are unaffected by includ-
ing polarization parameters, both rate matrices in Egs. (38)
and (46) are further reduced by simultaneously diagonalizing
class operators of symmetry group S,, [27]. From this reduction
procedure, we obtain a basis transformation V to transform
the basis to the basis with permutational symmetry, which is a
linear combination of immanants.

The general formulas of immanant for a matrix W are

Imm; (W) := Y~ x:(0) [ [ Wiowr» (49)

oeS, i=1

where A is a partition of n and represents an irreducible
representation (irrep) of S,,; x, is the character of S, in X irrep.
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Thus, Eq. (46) is further written as
Cu(0;7) = (Va)' [VR@O; T)VTI(Va). (50)

By writing the coincidence rate in this reduced form, both the
interferometer and the photons are treated in their respective
irrep subspaces. Thus, the calculation is simplified when pho-
tons or interferometers are biased with specific permutational
symmetries (see Appendix B).

IV. TRIAD PHASE DEMYSTIFIED

In this section, we give the specific example for m = 3 and
the scattering network is polarization insensitive,

TO =TP =T, (51)

and there is no more than one photon in each spatial mode. First
we give the triad phase in our framework. Each element of the
distinguishability matrix of [19,29] is our 8 (see Appendix B).

In our framework, the triad phase is defined as the argument
of the product of three inner products of two photons’ states
[29],

@ = arg (B31812823). (52)

According to Egs. (44), (45), and (48) for the polarization-
sensitive case,

¢ = arg(B(7)a23)), (53)
and for the polarization-insensitive case,
¢ = arg(B(#; T)123)). (54)

In both cases, the triad phase is the argument of the state’s
overlap of the three-cycle permutation in the rate matrix R.

We also notice that there is a constraint for the triad phase
to be an independent variable in the three-photon interference:
three photons are identical with the same symmetric density
profile around the central frequency [29]. In that case,

arg(B(t)(123)) = 0. (55)

Thus, with a symmetric density profile, for the polarization-
sensitive detector, the triad phase is identically zero. For the
polarization-insensitive detector, the triad phase is simplified
soitis only dependent on the polarization. Thus, the triad phase
inherits the independence from the polarization parameters 6.

Hence, instead of regarding the triad phase as an indepen-
dent variable to determine multiphoton coincidence, we see
that the polarization parameter itself plays a fundamental role
in multiphoton interference. We notice that the polarization
and the time delays are both tunable parameters to adjust the
photons’ distinguishability; the difference is that the submatrix
U depends on @, but not on 7, so that continuously changing @
amounts to exploring a parametrized family of 3 x 3 subma-
trices U (@), which affects the coincidence rates independently
from 7.

For the polarization-insensitive case, we can mimic the
coincidence rate (46) using three identically polarized photons
of spectra ¢} (w), 95 (), $5(w) in the original SU(3) interferom-
eter T. Notice here that the spectra ¢’ is different from ¢, and
should not have an identical symmetric density profile because
otherwise there is no argument in the three-cycle permutations.

Then,
B, (t') =B,(0;t) forVo € Ss. (56)

The 3! complex equations above correspond to 2 x 3! real
equations. In these 2 x 3! equations, the equation where o = e
is trivial.

In the remaining equations, the equations for two-cycle
and for three-cycle permutations are not independent. Thus,
the number of independent equations is reduced to four: two
from one complex equation for three-cycle permutation and
the rest from the two real equations for two-cycle permutation.
In addition to the three parameters in ’, another parameter
is needed for the four independent equations. The triad phase
[29] is one such choice. However, here, the photon’s spectra
are not identical. The triad phase ¢ will be dependent on 7'.
Thus, we choose one parameter in the photon’s spectra, for
instance, the variance of a Gaussian profile. Then these four
independent parameters are determined from Eq. (56).

In summary, the triad phase is not a well-defined inde-
pendent variable in multiphoton interference. The effect of
adding a polarization degree of freedom into multiphoton
interference is to change the effective SU(2m) transformation
network. For the polarization-insensitive detection events, 6
is absorbed into our rate matrix or the two-photon pairwise
distinguishability B; thus changing @ is effectively changing
the indistinguishabilities between photons.

V. CONCLUSION

We have described a model for polarized multiphoton inter-
ference in a generalized scattering interferometer, in which the
detectors are either polarization sensitive or insensitive. In our
model, polarization is merged into the transformation network
by doubling the ports to realize an SU(2m) transformation. By
changing polarizations, we consequently change the scattering
matrix.

Specifically, for polarization-insensitive detectors, the po-
larization is merged into our rate matrix, then changing the
polarization is equivalently changing the photons’ distin-
guishabilities. We have shown that the two-photon pairwise
distinguishabilities, which include the information about the
independent parameters T and 0, already suffice to describe
the multiphoton interference.

As the permutation matrices I, are not affected by the
introduction of the polarization degree of freedom (as shown
explicitly for the 3 x 3 case in Appendix B), block diag-
onalization of R(@,t) yields the coincidence rate in terms
of immanants. In a generalization of previous results, the
distinguishability of a photon is not limited to the temporal
overlap of pulses, but also include the polarization overlap.
In the specific case of three polarized photons, this means
that when two photons are indistinguishable in time and in
polarization, the rate will contain a sum of moduli squared of
the mixed symmetry {2, 1} immanant and the permanent, with
no contribution from the determinant of the rate matrix R(0, 7).

As we scale up to n photons, including input and output
states which may contain more than one photon, the subset of
immanants that can appear is determined by the distinguisha-
bility of the input photons and computed using permutational
symmetry methods as per [22]. This extends the usefulness

013817-6



COINCIDENCE LANDSCAPES FOR POLARIZED BOSONS

PHYSICAL REVIEW A 98, 013817 (2018)

of the symmetric group in multiphoton interferometry to
situations including polarization.
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APPENDIX A: SIMPLIFICATION OF COINCIDENCE RATE
OF POLARIZATION-INSENSITIVE DETECTION

In this Appendix, we derive Eq. (46) in the main context
for the coincidence of polarized photons. With proposition 1 in
[22], for the measurement in Eq. (36) we obtain the coincidence
rate as

Cu®:1):= > Cy:1)= > ul(®)R()uy(6). (Al)
neS, neS,

Each entry in u, is a function of the elements in the submatrix
of U. From Egs. (13) and (20),

Uij = Tranr o) Pyiyiy (A2)
is an explicit element of U, where
1, i<m
()= {2, otherwise, (A3)
indicates the polarization. On the other hand,
'i)=i+m-—my(@) (A4)

indicates which photon the state belongs to. Thus, when v; < m
for all injected photons, and y € &, we obtain

y) =1, T(w)=uv, I'()=p. (AS)
Thus, each element in u,, is
- _ A (v)
@y = [ [ Uz 0@ =[] T Pty ,0). (A6
i=1 i=1

Then we write the polarization part out from u, as a product
of a diagonal matrix K, with diagonal elements

(K@) = [ [ P10, (@) fork=1,2,....N,  (AD)
i=1

and u with elements

(A8)
|

n
Up = 1_[ T‘f?,u,--
i=1

We first sum all output configurations with the rate matrix
according to

D K{OR@®K,(0) =D By(r) Y Ki(O)N,Ky(6).
€S, o €S, neS,

(A9)
The last summation is simplified to

> KiO),Ky(6)

neS, pa

= Y K O)]pp(TTe) pg [Ky(0)]gq

ned,
*(v; —p - (vy)
=2 [1Pan. @i i) [T P, ,©)
7€6,, i=I j=1
n (Vo (7)) () =p =
= | 20ee, Tl P O G, ), 00 =7
0, otherwise.
(A10)

And,

n
*(Vo (i) (v;)
ST Pl OP), (0)

neq, i=l1
=[T[P"" @P®) + P @) P ®)]. (Al1)
i=1

Thus, together with Eqs. (A8)—(A11), we obtain the coinci-
dence rate,

Cu(t) =u'R(O; T)u, (A12)
with
R(6:7) =) B,(0: 1), (A13)
o€S,
and

n 2
B.(0:1) =[] D P ®)P (0B (r) (Al4)

i=1 k=1

- 1_[ ﬂ”a(i),u,- 6;7),

i=1

with B;; defined in Eq. (48).

(A15)

APPENDIX B: EQUIVALENCE BETWEEN PERMANENT-BASED FORMALISM AND IMMANANT-BASED FORMALISM

For simplification, we verify the equivalence between the immanant-based formalism before the block diagonalization and
the permanent-based formalism before tracing over one permutation index for the case when each mode is occupied by no more
than one photon. The general case is verified afterwards. Specifically, we verify the equivalence between

C@O;t)=u'RO:;1)u (B1)

and Eq. (19) in [19].
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We inject n photons into an optical interferometer U € SU(m) with input configuration v. First we notice that Egs. (4) and (6)
in [19] use a different definition of scattering matrix U. To demonstrate equivalence, we employ the definition in [19] as the first
index represents the input and the second index represents the output. Thus,

Fe > vyal. (B2)
j=1
‘We also have
=[]V, (B3)

where o is the kth element in symmetric group S,,, and

Rij®:7) = )  Bo(6;1)(M,);; o
o€S,

=Y B,(6;:1)8(00" ,07) = By 185 7). "
o€S,

‘We substitute them into the coincidence rate to obtain

CO:7) =Y ujRij(0:7)u; = Z]‘[ WP - SIS CE z)HUU,MM

ij i,j k=1

- Zl_[ Vil 1) Uk“a/(k) H,ngjm) Ly ”’(0 7)= ZH Vk Mg 1) ”‘“al(k)'B“(a‘) Ly Vo )= (k>( ;T) (B6)
i,j k=1 i,j k=1

—_— * .

- Z 1_[ Uv(airl(k)wk) U”(nf)*‘(k)“(k)'B”(a")*Hk)*”mf'r'(k) 6:; 7). B7)
ij k=1

If we define our new permutation operator p as p = o~ !, then

C@:7)= Zl_[ Vi 1K) Uv,saomPoi, pJ(A)(O;T) (BS)

ij k=1
agrees with Eq. (19) in [19], where we identify
B:=S. (B9)
Let us make this verification explicit with m = n = 3. We start with the formalism in [19] or, equivalently, Eq. (BS). Then,
v =(1,2,3), n =(1,2,3). (B10)

The summation of Eq (B8) contains 36 terms, which is ultimately expressed compactly as

UnUnUs\ | (Bi1BnBss  BubuBn BubuBss Bububn  Bubnbsu  Bibuby\ (UnUnUs
UnUxUs | | BuiBeBs  BuBibr  Bubaubu  BizBubn  Br2Biha Pi3fnbau || UnlUxsUsn

Co U1nUx Uss BaBr2Bsz  BauBisBrz  BuBubsz Bububx  BnPisfs BuPi2ba || UnkUaUss . @Bl
UnUx Uz B31B12Bs BaiBisBrz Bn2BuiBas BuPubr Bnfizfu B3brfu || UnnUxsUs
U301 U3 Ba1BxnPiz  BauBfrz PubiBiz BuhauPfiz BnBxfu BaBnfu || UizUaUs

U3UxUs; B31B2Bi3  B3iPuPiz BnfauPiz  Bubaubiz Bnbubiu PiPrfii) \UinsUnUs

ignoring the indices @ and t for clarity. Introducing the permutation matrices

I3 = , M) = , M3y = , (BI12)

S O O O = O
S O O O O =
S O = O O O
S O O = O O
- O O O O O
S = O O O O
S O O = O O
S~ O O O O
S O O O O =
- O O O O O
S O O o = O
S O = O O O
- O O O O O
S O = O O O
SO =, O O O O
S O O O = O
S O o = O O
S O O O O =
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123 = , Iz =

S = O O O O
S O O = O O
- O O O O O
S O O O O =
S O = O O O
S O O O = O

the rate is

C = B11P2B331 + Bi11B23B32 123y + B12B821 83311 12) + Bi3Ba1B3211123) + Bi2B23B3111132) + Bi3BrB311113).

S O = O O O

- o O o O O

S O O o ~ O

S = O O O O

S O O O O =

S O O = O O

(B13)

(B14)

Block diagonalization of the permutation matrices, which span in this specific case the regular representation of S3, produces
linear combinations of Uy; U, Uz related to immanants. Consequently, block diagonalization provides additional information
not contained in Eq. (B8) related to the permutation structure of the partially distinguishable particles of the system. Importantly,
block diagonalization does not depend on the nature or the origin of the 8;; coefficients.

To be explicit, consider the matrix

1 1 1
-1 —
\ﬁ

2
_ 1 I

V2 V2

2

5=
&I*h@i—m - -

1
— % \/g 0

1 1
-5 —n V2

3 0

EINTaTS Se

S

1
-1
0
V2
0
V2

(B15)

This matrix (obviously independent of the details of the interferometer) transforms the rate matrix R(#; T), containing products

of B;;’s as entries, to block-diagonal form. Using the notation g;; = ri_jei¢’ff as per [29] yields

P

VR@;7)V ! =

c o oc o g o
™

S O O O O

where

0

o ol o

0

O oo

13 23 2
A=1+ 2324+ = — Fip — F12713723 COS @,

2 2
V3 _ .
B= 7(’123 — 133 — 2irppriras sing),
2 2
r r
C=1- %3 - % + 7y — riariara cos @,

2 2 2
’P:]+r13+r23+r12+2r12r13r23008(p,

2 _ 2 2
D =1—rj3—ry—rj,+2rpprizr3cosg,

and ¢ = ¢31 + P12 + @23 is the triad phase consistent with the definition in Eq. (52), and where

31 = —d13
has been used. The transformation V induces a change from
U11UnUss
UnUxUs,
U12U21 Uss
UpUxUs,
U13U21 U3,
Ui3UxnUs;
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(B17)

(B18)

(B19)

(B20)
(B21)

(B22)

(B23)



JIZHOU WU, HUBERT DE GUISE, AND BARRY C. SANDERS

PHYSICAL REVIEW A 98, 013817 (2018)

where @i is the permanent of U(0; t), ii, is the determinant of U(@; T), and the remaining components are linear combination of
immanants for the irrep {2,1} of S; of the matrix U(0; t) with some columns permuted [10,11].
The transformation V also happens to diagonalize the permutation matrix I1(;2) of Eq. (B12),

1 0
0 —1
0 0
VI,V =
12 0 0
0 0
0 0

0O 0 0 O
0O 0 0 O
-1 0 0 O
, (B24)
0 1 0 O
0 0 1 O
0 0 0 -1

which singles out particle 1 and particle 2 for additional simple analysis. Indeed, if we make these two particles indistinguishable,

so that

ro—> 1, riz—>rs, ¢o—> 0, ¢31 —> —¢o3, (B25)
then the matrix V R(#; T)V ~! collapses to a particular simple form, where
24+4r, 0 0 0 0 0
0 0 0 0 0 0
. 0 0 0 0 0 0
V RO;T)V " — 0 0 0 2—22 , (B26)
—2rj; 0 0
0 0 0 0 2-2r3 0
0 0 0 0 0 0

showing that consistent with previous analysis, only the permanent of the original scattering matrix U(@;t) plus some

combinations of immanants for the irrep {2,1} will survive.

Finally, we note that if bosons 1 and 2 are indistinguishable in the input state |\W;,), this state will be an eigenstate of I1;,
with eigenvalue +1. It is therefore completely clear why only the entries of VR(#;7)V~! in Eq. (B26) that remain after the
substitution of Eq. (B25) are those corresponding to the eigenvalues +1 in Eq. (B24).
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