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Linear Rayleigh and Raman scattering to the second order: Analytical results for light scattering
by any scatterer of size kod < 1/10
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We extend the usual multipolar theory of linear Rayleigh and Raman scattering to include the second-order
correction. These terms promise a wealth of information about the shape of a scatterer and yet are insensitive to
the scatterer’s chirality. Our extended theory might prove especially useful for analyzing samples in which the
scatterers have nontrivial shapes but no chiral preference overall, as the zeroth-order theory offers little information
about shape and the first-order correction is often quenched for such samples. A basic estimate suggests that our
extended theory can be applied to a scatterer as large as kod ~ 1/10 with less than ~0.1% error resulting from
the neglect of the third- and higher-order corrections. Our results are entirely analytical.
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I. INTRODUCTION

Light scattering is an all-pervasive phenomenon. Together
with light absorption, it is largely responsible for the appear-
ance of the material world [1,2]. Theoretical understanding of
light scattering is sufficiently advanced to enable determina-
tions of the nature of interstellar dust [3], radar [4], studies
of the structures of viruses [5], and the measurement of the
salinity of seawater [6], to name but a few applications. There
is much still to be explored, however, and the study of light
scattering remains at the cutting edge of research [7-15].

One can distinguish between different types of light scatter-
ing [1,16-21]. This paper is concerned with one of the simplest
and most common of these: a two-photon process in which a
quantum of light collides with an electrically neutral scatterer
[22]. Nonlinear light-scattering processes, involving three or
more photons, are also possible and are proving increasingly
useful [8,9,22]. We do not consider these here, however: our
interest is emphatically in linear light scattering.

If the aforementioned collision is elastic, it is usually
referred to as Rayleigh scattering for kod < 1 [16,23,24]
or Willis-Tyndall scattering for 1/10 < kod < 10 [25], with
d a characteristic length of the scatterer and ky the wave
number of the incident photon. If the collision is inelastic
[19], it is referred to as combination [20] or Raman scattering
[21]. For kod <« 1, light scattering is often treated using
the zeroth-order Rayleigh theory (or its extension to Raman
scattering), in which multipolar expansions for the scatterer
are truncated at electric-dipole order. The first-order correction
to this theory was introduced relatively recently [26,27] and
has proved extremely useful in the laboratory for the analysis
of chiral molecules [2,5,28-30], as it discriminates between
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left and right. For 1/10 < kod < 10, elastic light scattering by
scatterers with sufficiently simple shapes can be treated using
the mathematical machinery of (analytical) Mie theory [1,25].
Numerical approaches are usually used instead for scatterers
with more complicated shapes [3], although a semianalytical
extension of Mie theory has recently been put forward [7,13].

In this paper, we introduce the second-order correction
to the zeroth-order Rayleigh and Raman theory. These terms
promise a wealth of information about the shape of a scatterer
and yet are insensitive to the scatterer’s chirality (left versus
right) if the scatterer happens to be chiral. Our extended
theory might prove especially useful for analyzing samples
in which the scatterers have nontrivial shapes but no chiral
preference overall. Consider, for example, a racemic sample
of chiral molecules, as might be produced in a symmetric
chemical reaction using achiral precursors [31]. The zeroth-
order theory offers little information about the shapes of
the molecules and the first-order correction is quenched by
virtue of there being equal numbers of left- and right-handed
molecules. The second-order correction, however, can still be
exploited as an incisive probe of the shapes of the molecules.
Our extended theory might also help bridge the perceived
divide between small scatterers (kod < 1) and medium-sized
scatterers (1/10 < kod < 10): a basic estimate suggests that
the zeroth-order theory together with its first- and second-order
corrections can be applied to a scatterer as large as kod ~ 1/10,
with less than ~0.1% error resulting from the neglect of the
third- and higher-order corrections. Let us emphasize here that
our results are entirely analytical.

In what follows, we imagine ourselves to be in an inertial
frame of reference with time ¢; right-handed Cartesian coordi-
nates x, y, and z with associated unit vectors X, ¥, and Z; and
spherical coordinates r, 6, and ¢ with associated unit vectors
f, 9, and $ The SI system of units is adopted and the Einstein
summation convention [32] is to be understood, with subscripts
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a, b, c, ... running over x, y, and z. Complex quantities are
indicated using tildes, except where otherwise stated.

II. GENERAL CALCULATION

Our aim in this paper is to introduce the second-order
correction to the zeroth-order Rayleigh and Raman theory as
simply as possible. We focus our attention, therefore, upon a
semiclassical model in which a single scatterer is illuminated
by weak, quasimonochromatic light that has been “switched
on” slowly at some distant time in the past. The scatterer
could represent a small molecule in vacuum [2], for example.
We make no specific assumptions about the scatterer, except
that it is smaller than around one-tenth of the wavelength
of the illuminating light and is localized near the spatial
origin (x = y = z = 0), so that we can perform converging
multipolar expansions about the spatial origin. The relationship
of the “local multipole approach” [26,27] used in this paper to
the “distributed dipole approach” [3] is examined in Ref. [33].

The electric and magnetic fields of the illuminating light at
the spatial origin have the following forms:

E ~ Re(Ee ™), (H

B ~ Re(Be '), 2

with wg = cko the angular frequency of the illuminating light.
The illuminating light induces oscillations in the charge and
current distributions of the scatterer and these oscillations are
themselves the source of electromagnetic radiation: scattered
light. The electric and magnetic fields of the scattered light
have the following forms:

e ~ Re(8e ") 3)

b =~ Re(be "), 4)

with w = ck the angular frequency of the scattered light. This
is equal to wy for Rayleigh scattering, or wy — w r; foraRaman-
scattering transition f < i, where w; is the angular frequency
of the transition. In this paper, we use a parameter A = 1 to help
us keep track of order in our multipolar expansions. The powers
of A quoted by us have their origins in Taylor expansions.
Each term in one of these expansions has an additional spatial
derivative (of the illuminating light or scattered light) and
length scale (the position of some constituent of the scatterer
relative to the chosen origin of multipolar expansion) relative
to the term before it. We thus associate each power of A with a
factor of ~(kod) ~ (kd) < (1/10), where d is a characteristic
length of the scatterer, as above. Far from the scatterer (kr > 1),
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where fi,, ©,, and Oupe are the induced electric- -dipole,
electric-quadrupole, and electric-octupole moments of the
scatterer, and M, and M, are the induced magnetic-dipole
and magnetic-quadrupole moments. These results, (5) and (6),
constitute an extension of those given in Ref. [2] to include
terms of the order of A% and can be regarded as a special
case of the results given in Ref. [34], particular to harmonic
oscillations. The induced multipole moments of the scatterer
are related to the illuminating light by the scatterer’s property
tensors:

)\.Oﬁ“a =~ )\,O&abEh + )\I%A~a’bca Eb + )“IGghéb
+)\,2ééa,bcdadach + Xz L j50m) 5.5, -

a,bc

)‘lMa ~ kl%bﬁb + Azéﬁa,bcach + )NZXabEbv (8)

Al@ab ~ klﬁgc.abgc + kzéab.cdadgc + Az@c,abgc’ (9)

WMy ~ WG E,, (10)
)\ZQahc ~ )‘zgd,abcEd- (11)

These results, (7)—(11), also constitute an extension of those
given in Ref. [2] to include terms of the order of A2. Explicit
quantum-mechanical expressions for multipole moments and
property tensors are given in Appendix A, where we also
show how the property tensors reduce under certain special
circumstances.

We consider the Stokes parameters s¢ (§ € {0,1,2,3}) of the
scattered light, which can be written succinctly as follows:

e = feanCal, (12)
with
Joav = 0405 + Guby, (13)
Frab = 00y — Pubp, (14)
Foav = —0a — Gy, (15)

Frab = —i0atpp + ipuOp. (16)

Note that fsab = fg*ba» which ensures that the s are real.

Furthermore foup, fiap, and foq, are symmetric in @ and b
and purely real, whereas fs, is antisymmetric in a and b and
purely imaginary.

Working to order A%, we substitute (5) with (7)—(11) into
(12) and find that the Stokes parameters of the scattered light
take the following form:

55 A ~ )\.0 (0) +)\.1S(1) +)\2s(2) (17)

with the séo), the sél), and the ng) as defined below.
The zeroth-order theory is embodied by the following:

é—O)— E Dt’ (18)
with

s¢ 7% = KRe(3aap@), feac EvE}) (19)
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© 8n2r?’
as is well known [2,22]. The zeroth-order theory is already
sufficient to account in a basic way for the polarization,
depolarization, and color of the light from the sky [16,23,24],
for example.

The first-order correction is due to interference between
light waves scattered via the familiar property tensor o and
light waves scattered via the optical activity property tensors
A and G, as embodied by the following:

s =s¢ 7 4 sg O, Q1)

(20)

with
— 1 ~ 1 ol I 3
s¢ A — KRe<§aabA2‘,defsachadEZ

ik e x s
+ ?&abﬂfjdeféadEbE:fe) s (22)

20 = KRe(&abdo FouEb B
1
+ - aabgdeecfféaeEbE rf) (23)

as is also well known [2,22]. The first-order correction ac-
counts for the leading-order contributions to optical activity
in an isotropic sample of chiral molecules [26,27]. Natural
Raman optical activity has been developed into an incisive
spectroscopic tool for chiral scatterers both large and small
[2,5,28-30]. In contrast, natural Rayleigh optical activity has
been reported for a handful of large chiral biological structures,
including octopus sperm [35], but has thus far proved elusive
for small chiral molecules [2], in spite of potential applications
such as the robust assignment of absolute configuration [36].
The difficulties here might be partially overcome using struc-
tured light [37,38]. Interestingly, orientated achiral molecules
can also exhibit natural optical activity via the first-order
correction, embodied by the sél) [2], and partially orientated
chiral molecules can exhibit natural optical activity via the
zeroth-order theory, embodied by the séo) [39].

We find that the second-order correction is due to mutual
interference between light waves scattered via the optical activ-
ity property tensors A and G, together with equally important
contributions due to interference between light waves scattered
via the familiar property tensor o and light waves scattered
via the more exotic property tensors B, C, D, D™, and x, as
embodied by the following:

s =" +Ss Tso
+s¢ +séfc+sg + 557 b —I—sg_x, (24)

with

A-4 — KR 1A Oy E0 EY
sg - € a,bc deffad b

18
ik .
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ik
+3— M  1o€ fag ferafo EVELF, (26)

G-G _ 1~ Ak DpE
Sé = KRe EGachdffaCBde
+ - Gah% dfgaeeechhEdrf

=+ 2_ngabgc*d€aef€cghféegEbE;rfrh) (27)

the optical activity cross terms, and
a—B 1 ~  p¥ r I I
Sé = KRe gOlabBudeffgachadaeEf

oo
- E&ab%zdgfféadEbE:rerf>a (28)

ik
%. = KRC( 3 aabCCd effgachrda Ef) (29)
ik
Sg = KRe Oéab.@ defsudEbB Fe
1 ~ % 7~ o Fo% A
+%aabDC’dngafEbadEeffcgrg , (30)
a—D" 1~ ~m)x 7 = %
SE = KRe Eaach,de fgachaeBd
lk - = (m)x F ~ o~y A
+ Z_Caub@&de féafEbECGfdgrerg s (31)

a—x 1~ <k 7 o D* ~
Sg = KRe ZaabxcdféaeEdeeecfrf (32)

the exotic interference terms. The second-order correction is
described explicitly here and is the central result of this paper.
Accounted for by the séz) are the “terms in G2 and A" alluded
toin [2]. Light scattering to second order has also been touched
upon in Ref. [33], where the possibility of new rotational
Raman lines with zero background is highlighted.

It is important to note that each of the optical activity
property tensors A and G and each of the exotic property
tensors B, C, D, D™, and x is implicitly dependent upon our
choice of origin for multipolar expansions: they differ when
calculated about different origins. In Appendix B, we show
that our physical predictions (based upon the complete Stokes
parameters s¢ of the scattered light, with all terms of the order
of A%, A1, and A? considered simultaneously) are nevertheless
independent of our choice of origin for multipolar expansions,
as they should be.

As mentioned earlier, a basic estimate based on the orders
of the Taylor expansions reveals that séo) ~ (kod)“sél) ~

(kod)‘zsg).... This suggests that even for a scatterer
with kod ~ 1/10, the second-order correction will yield a
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modification of only ~1% to the zeroth-order theory. That is to
say, exploitation of the second-order correction in the labora-
tory will demand precision measurements. This estimate also
implies that neglect of the third- and higher-order corrections
gives rise to <0.1% error for kod < 1/10, which suggests that
the zeroth-order theory together with its first- and second-order
corrections might serve as a precise alternative to numerical
approaches for kod < 1/10.

To better appreciate the validity of such estimates, note
first the well-established fact [2,5,28-30,36] that the first-order
correction, which has contributions of the form o x A and
o x G, is typically smaller than the zeroth-order theory, which
has contributions of the form « x «, by the predicted factor
of ~(kod). It follows immediately [from A ~ (kod)x and
G ~ (kod)x] that the optical activity cross terms, which have
contributions of the form A x A, A x G, and G x G, will
typically be smaller than the first-order correction by the same
factor of ~(kod). One expects the order of magnitude of the
exotic interference terms to be similar because a change in
the choice of origin for multipolar expansion intermixes these
with the optical activity cross terms, as shown in Appendix B.
Preliminary calculations performed by us using a dynamic
coupling model [40] support these claims.

The results we have given thus far are rather general. They
might be applied to Rayleigh or Raman scattering, on or off
resonance, for any scatterer in any orientation. Moreover, they
can be extended to account for the presence of static fields,
by considering distortions of the property tensors [2,22]. Let
us also emphasize that our results can be applied for different
forms of (quasimonochromatic) illuminating light: plane-wave
illumination, considered below, is but one possibility. Illumi-
nation by more exotic forms of light could open the door
to new possibilities, one example of which is highlighted in
Sec. IV. Evanescent fields play important roles in scattering-
type near-field optical microscopy techniques [10] and it has
recently been shown that illumination by standing waves yields
new possibilities for optical activity [37,38], to give two more
examples of non-plane-wave illumination in light scattering.

III. PLANE-WAVE ILLUMINATION
AND ROTATIONAL AVERAGING

A scattering experiment often involves a Gaussian beam of
light illuminating a fluid sample. The Stokes parameters sz of
the scattered light are measured as a function of the Stokes
parameters Sz (§ € {0,1,2,3}) of the illuminating light and the
scattering angle 6. With such a setup in mind, we now consider
the following specific example.

With regards to the illuminating light, we consider a plane
wave propagating in the +z direction:

E = (Eo.% + Eo,9), (33)
~ 1 - -
B = ;(—Eoyﬁ + Eox$). (34)

We define the Stokes parameters S of the illuminating light
as follows:

So = Eo B, + EOyEE)ky, (35)
S; = EoEj, — EOyESys (36)

Sy = —~(EovEj, + Eoy Ey). (37)

Sz = —i(Eo Egy — EoyEp). (38)

We also average over all possible orientations of the scatterer,
with this average denoted using angular brackets. With regards
to the observation geometry, we choose ¢ = 7 /2 which re-
stricts us to the y > 0 region of the y — z plane, with

t = sin0y + cosOZ, 39
d = cos 0y — sin 6%, 40)
¢ =% (41)

Note that this choice does not limit the generality of the results
below.

Writing down the rotationally averaged Stokes parameters
(s¢) of the scattered light in terms of the Stokes parameters Sg of
the incident light involves calculating the rotational averages
of (25)—(32) and using (33)—(41). Some of the terms in the
second-order correction, embodied here by the (séz)), have the
same dependences on the S¢ and the scattering angle 6 as
terms in the zeroth-order theory, embodied here by the (séo)).

We therefore consider the (sgo)) and the <S§2)> simultaneously.
The general results are listed in Appendix C. For the special
case of Rayleigh scattering of far-off-resonance light by a
time-reversible scatterer (see Appendix A 3), they reduce to
the following forms:

(s6”) + (s57) = K[So(A + cos #B + cos® 4C + cos® 4D")
+ S sin O(E + cos OF")], (42)

(s§°)> + (s§2)> = K[S1(G + cos OH + cos> I + cos>0J")
+ Sy sin® (K + cos OL)], (43)

(s37) + (s5”) = K $2(04' + cos 6N + cos? 60)),  (44)

() + (s57) = K S3(P' + cos 0Q + cos? OR).  (45)

Explicit expressions for the coefficients 4, ..., R’ are listed

in Appendix D. Note that (s(()o) Y+ (s(()z) )} and (s}o) ) + (s}z) ) are
independent of S, and S3, and that (s3') 4 (s5) and (s3") +
(s§2>) are independent of Sy and ;. Furthermore, for 6 =0
and 6 = 7, we obtain (s\”) + (s5°) o So, (s\”) + (s\7) o 81,
(s3”) + (s87) oc Sz, and (s37) + (s57) o 3.

The coefficients A, . . ., R’ can be grouped into three types by
their dependence on different subsets of the property tensors.
The unprimed coefficients (4, C, E, G, I, X, N, and Q) each have
contributions of the following types: ¢« —«a, A — A, G — A,
G — G, o — B, and o — D™. The singly primed coefficients
(B',H',M,0/,P’,and R") each have contributions of the following
types:A — A,G — A,G— G, — C,aa — D,anda — x.Note
that there are no contributions of the @ — « type here: the
singly primed coefficients are of pure second-order character.
Finally, the doubly primed coefficients (D”,F”, J”, and L") each
have contributions of the types A — A and @ — C. Note that
the doubly primed coefficients are also of pure second-order
character.
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The first-order correction, embodied here by the (sél)),

is of a rather different character to the zeroth-order theory
and its second-order correction, embodied here by the (séo) )

and the (séz)). In particular, it has different, optically active
dependencies upon the Stokes parameters S of the incident
light. In contrast, each of the coefficients 4, . . . ,R" is unchanged
when the scatterer is inverted through the spatial origin. That
is to say, the rotationally averaged zeroth-order theory and
its second-order correction are independent of the scatterer’s
chirality: they do not discriminate between left and right. For
a particularly clear discussion of the (sél)), see [41].

IV. OUTLOOK

In this paper, we have focused upon a single scatterer. Our
results are most relevant to elastic light scattering in samples
for which the scatterers can be regarded as independent and in
which multiple scattering is not important (a rarefied medium
such as an ideal gas being the prototypical example) and to
inelastic light scattering at essentially all sample densities,
again provided that multiple scattering is not important [1,2]. It
remains to incorporate our results into more realistic, sample-
specific theories, where the motions of the scatterers, local
field corrections, and other subtleties are taken into account.
This is especially important for small scatterers and/or long
wavelengths, as the second-order correction will be especially
small in such cases.

An obvious next step is to explore potential applications.
A group-theoretical analysis of the coefficients 4, ... ,R’ could
prove useful here, as it might facilitate a better understanding
of their dependence upon the shape and other properties of
a scatterer (we already know that A, ... R’ are independent
of a scatterer’s chirality, for example). One might hope to
find a measurable combination of A, ... R’ that distinguishes
between chirality and achirality to directly probe the chirality
of scatterers in racemic mixtures, or a combination that is
uniquely sensitive to icosahedral scatterers for the purposes of
virus detection, for example. It is also necessary to identify ex-
perimental arrangements optimized towards the second-order
correction, as the signatures of interest will invariably be small.
Spatially structured light could prove useful here. Consider the
rotational average of our results for a scatterer located in the
node of a linearly polarized standing wave, for example: there
is no scattering to zeroth order (as E = 0) or first order (as
the illuminating light is achiral [37,38]) and the second-order
correction describes the scattered light to leading order.

It is natural, perhaps, to inquire about the third-order
correction to the zeroth-order Rayleigh and Raman theory,
although a basic estimate reveals that this will be smaller still
than the second-order correction by a factor of ~kod. It seems
that some progress in this direction has already been made,
however: we believe that the novel diamagnetic light scattering
described in Ref. [11] can be regarded as part of an anticipated
X — x contribution to the third-order correction.
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APPENDIX A: EXPLICIT QUANTUM-MECHANICAL
EXPRESSIONS

In this Appendix, we give explicit quantum-mechanical ex-
pressions for multipole moments and property tensors. We also
show how the latter reduce under certain special circumstances.

Let us suppose that the scatterer is a molecule in vacuum: an
electrically neutral collection of electrons and nuclei, bound to-
gether by electromagnetic interactions. We treat the kth particle
(electron or nucleus) as a pointlike object of rest mass m1;,, mean
position f; = ry, canonical momentum p; = —iAVy, electric
charge g;, and magnetic-dipole moment iy, = 8, with y; the
gyromagnetic ratio and §; = %o /2 the mean spin, where o'
is a pseudovector of Pauli matrices. We indicate dependencies
upon position r = xX + y¥ + zZ but refrain from indicating
dependencies on time ¢, for the sake of notational simplicity.

Working to order 1/ c°, the molecular Hamiltonian is

H=H+V, (A1)
with
p=y By o
p 87T€0|l‘k — |

k Kk

the unperturbed molecular Hamiltonian, and

V= ao@) -y ;’ka[pk CAG) + AR - il
k k

- ka B(f;) + Z

the interactlon Hamiltonian, where ®(r) and A(r) are the scalar
and magnetic-vector potentials of the illuminating light, the
electric and magnetic fields of which follow as

Az(m (A3)

E(r) = —V&(r) — A(r), (A4)

B(r) = V x A(r). (AS)

For a detailed discussion of the relativistic properties of a
molecule to order 1/c?, see [42]. We imagine that the energy
spectrum of the molecule in isolation is known,

Hyls) = hiwyls), (A6)

with |s) the unperturbed energy eigenstates and /fiw; the
associated energy eigenvalues.

Working to order A%, we now choose the following poten-
tials [28,34]:

o) ~ A ® = A Ey — A rarydpE,
-2 rar;,rca pE,, (A7)
Aa(r) ~ _)‘l %Eabcrb Bc - Azéeabcrbrd 8(1 Bcv (AS)

with ® = ®(r = 0), for example. Substituting (A7) and (AS8)
into (A3) yields the following multipolar expansion about the
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spatial origin:
~ =2'0gEq — My By — 1A' 1040, E,

— A3ty 0p By — A% § Qape0cdp Ea, (A9)
with the multipole moments fi,, #i,, @ab, M yp, and Qabc as
defined below. We have neglected nonlinear terms in Eq. (A9),
as our interest is in linear light scattering.

1. Multipole moments

We define the (components of the) electric-dipole mo-
ment f[i,, the canonical magnetic-dipole moment 7i,, the
mechanical magnetic-dipole moment M,, the symmetric and
traceless electric-quadrupole moment ©,,, the canonical
magnetic-quadrupole moment 71, the mechanical magnetic-
quadrupole moment M,,, and the electric-octupole mo-
ment Qahc of the molecule about the spatial origin as
follows [2,34,43]:

(A10)

fa = E Qkfkay
k

. gk A 2myyy
mg = Z 7 <6ahcrkbpkc +
k

qdk

Sk,l), (All1)

N 2
Ma = Z q_k<6abcrkbvkc + ﬁ&ca) (A12)
T 2 Gk
Ou = Xk: %(3rkarkb — SabTrelke)s (A13)
. qc | . (1 . . My Vi )
Map = — | Tkv | 5 €acdTke Prd + Ska
Xk: k [ (3 qx
1 N MY . \a
+ (géacd"kcpkd + ska>rkbj|v (Al14)
3
- . (1 Vi o
My, = ZCIk |:rkb<_6acdrkcvkd + _Ska>
X 3 9k
r Vin \a
+ | s€acaPrcVka + —Ska |Piw |5 (A15)
3 qk
Oube = Zqﬁkﬁkﬁkc, (A16)
X
with
. |- R
Vi = —[Px — @uA(fy)] (A17)
myg

the velocity of the kth particle. Working to the order of A%, we
use (A8) to deduce that

A~

2
~ q ~ N
)‘-lMa = )‘-lma - )\1 E 2n]’;k 6azbcrkbAc(rk)

~ A, + ,\Zxab)B,,, (A18)
2 A% 12 2 29/3 A A a
A Mgy = Mgy — A Z 37GacarrkbrkcAd(l‘k)
k
~ Ay, (A19)

with
) ai
Rab = ij gz Frafio = davficfic)  (A20)
the diamagnetic susceptibility of the molecule about the spatial
origin. It will prove useful in Appendix B to recognize, in
addition to (7)—(11), the following:

MN, ~ WG Ey + 321D 0By + 227 By,

a,bc

(A21)
MOu~ M A GE +22C2 8E+ 12T B., (A22)
pm s 7(0) ~(0)
anhc’ Xaz ? ’Q{a be? Cab cd? and
@;%)é defined identically to the property tensors <, D, a.bes Kabs
szfa,bc, Cap.ca» and @a, »e, but with 7z, replaced by the canonical
orbital magnetic-dipole moment 71, of the molecule about the
spatial origin in the former three and ®,, replaced by the
symmetric but not traceless electric-quadrupole moment Q.
of the molecule about the spatial origin in the latter three, where

qdk A A
= E =~ €abctkb Pke
k ka

Qup = E GiFralio-
X

with the property tensors ,%(Z),

(A23)

(A24)

Working to order A2, we can again use (AS8) to relate the

mechanical orbital magnetic-dipole moment N, of the
molecule about the spatial origin to 7,
3 4k A A
)‘lNa = )\1 ; Eeubcrkbvkc
1 1 ai
= A, — A Xk: my €abclrp Ac(Fy)
Mg+ 3225 By (A25)

which is distinct from (A18).

2. Property tensors

A simple quantum-mechanical treatment akin to that given
in Refs. [2,34,43] gives the following explicit forms for the
molecule’s property tensors:

s si fs
ab——z Ma Uy, My Ma (A26)
“ Wy — W a)sf + wo ’
S @Q)si fs
A"’a e = l Z I‘La ®hc ®hc , (A27)
’ h . (Z)si — a) + wo
5 1 ®fs si @31
G = 7 3 [ et b ) (A28)
h " Wi — C()() sf “+ wo
Gy =+ 3 ') mh A (A29)
¢ I~ \ i — wo a5+ wo
5 1 LJI‘Y,U«“
Gup = — L A30
b h;(d)sl—wo sf —I—a)o) ( )
3 1 Qb d Qh ala
Ba cd = T < + g s A3l
bed = Z B —wo | @Yy + 0 (A31)
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Qjealssl Qb d
_ C a C , A32
a bed = Z <0)sz — wp a)sf + wp ( )
i 1 elLes ol e
Cab,cd _ ab ~cd + ~*Ld ab , (A33)
g — W Wgr + wo
5 2O | Opm
Da,bc = * ) (A34)
a)st — Wy Q)Sf + (O]
" @ mst ({S®xi-
Dape = be ), (A35
Z( nEO ).
fs fs s
~ W m; m; .
D(m) — bL‘ bc Ma , A36
a,bc Z ( @si — wo a);kf + wo ( )
= my ! /Lc
@(m) — abMc ab , A37
c,ab Z (a)” wo a)sf + wo ( )
1 ml ms m!*
. ~(d)): 1 a My m, m,
Xab = S 1Rap 1) + 5 XS: (a)” “wo o +wo>’
(A38)
with
@ =wp—3ilp (A39)
a complex transition angular frequency, where 5" = (s|f4]i),

for example. We have dropped explicit state exclusions from
the summations [2] and refrained from using tildes for po-
tentially complex matrix elements, for the sake of notational
simplicity.

3. Reduced property tensors

For the special case of Rayleigh scattering of far-off-
resonance light by a time-reversible scatterer w = wy, we
approximate the property tensors by the following forms:

Gup = Olgp, (A40)
Aape = Aupes (A41)
Py pe = Aapes (A42)
Gup = —iGy, (A43)

Gy =iG),, (A44)
Cab.cd = Cab.cds (A45)
Buped = Bapeds (A46)
Babed = Baped, (A47)
Dape = —iD} ., (A48)
Dupe =Dl (A49)
D, = =Dy, (A50)
T = iDy, (AS1)

Kab = Xab (A52)

with, for a molecule in particular,

dap = = Z - Re (1l 113'), (A53)
Aape =7 Z e e(LFO),  (A54)
=—= Z wiEmy),  (A55)

_ wO
a bed — L Z — a) chd) (A56)

0

2 Wy is o\si

Cah cd = 3_h jR (G)ab@bc)’ (A57)
a bc = -7 is®zic)’ (ASS)

_ ‘00

(m) 2 [Oh)
D,y = % XA: a)z——wOI m (g my,), (A59)
Xon = GIEN0) + 2 30— Re(mfmy).  (AGD)
h “’3:‘ - w(z) anh

s
Again, we have dropped explicit state exclusions from the

summations [2] and refrained from using tildes for potentially
complex matrix elements.

4. Reduced property tensors for a scatterer
with spherical symmetry

For a scatterer with spherical symmetry, the reduced prop-
erty tensors described above reduce further to the following
forms:

Qup = Supl, (A61)

Agpe =0, (A62)

G, =8 G, (A63)

Babea = BapSea + 8acSpa + 8aadpe)B, (A64)
Cab.cd = [28ab8ca — 3(8acOpa + 8aadpc)1C,  (A6S5)
D, b¢ =0, (A66)

D) = €ue D™, (A67)

Xab = ab X (A68)

with the scalars o, G', B, C, D/(’”), and x dependent upon the
precise nature of the scatterer, of course. Deviations away from
the forms seen in Egs. (A61)—(A68) encode information about
the shape of the scatterer.

APPENDIX B: ORIGIN INDEPENDENCE

In this Appendix, we show that our physical predictions are
independent of our choice of origin for multipolar expansions,
as they should be. The calculations here are rather intricate and
we focus our attention, therefore, upon Rayleigh scattering
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of far-off-resonance light by a time-reversible scatterer (see
Appendix A3).

Elsewhere in this paper, we have chosen the origin of our
multipolar expansions to coincide with the spatial origin. Here
we choose a different origin for our multipolar expansions,
located at position a (sufficiently close to the spatial origin to
ensure converging multipolar expansions). We use a prime to
indicate that a quantity is defined relative to a. This should
cause no confusion, except perhaps in the case of the reduced

property tensors G,,, D, ,., and Dg’;i, which are defined
relative to the spatial origin and already have a prime (as per the

conventional notation): we denote the corresponding quantities

defined relative to a as (G,,)’, (D, ,.)', and (D,(l""h);)’.
In place of (A7) and (AS), we choose

®'(r)~ r'd — A% E, —
— A2 Lrrrld 0 E,, (B1)

lr’réa;,E

Al (r) ~ —)! éuerbB — A2 eabcrbrdadB (B2)
with r = r —a and &' = ®'(r = a), for example. Note that
(B1) and (B2) differ from (A7) and (A8) by a gauge transfor-
mation. In place of (A9), we obtain the following multipolar
expansion about a:

l w B/

V'~ A0 E! — A6, 0E,

— 223, 0B, — 210l 0.0 EL, (B3)

with the primed multipole moments L, . @, !, and
! ve defined 1dentlcally to the unprimed multlpole moments
D, Mg, Oup, Hiap, and Qabc, but with the position £ translated

as t, = #; — a. Thus,
= qu%m (B4)

2myyi
Z <Eabcrkbpkc + q Ska |» (BS)
k

k

for example. It follows that

[ (B6)
R 1 i
ity = tita = 5 €abcp 3 [ Hy, 2], (B7)
A/ A N 3 A ~
®ab = Oy — Eaaﬂb - Eabﬂa + Sapacflc, (BY)

. . 2 i,
1y, = gy + geacdabacE[HO’H«d]

1 i~ A 2
- 2abma - geacdac_[HOv de] + g(sabacﬁc» (B9)

QabL QabL + aaab/“c + agdc ,ub + apdc :u'a

—ap Quc - acQab' (BIO)

—dq ch

Note that Qab and 7i, have emerged naturally here, as antici-
pated in Appendix A 1. Working to order A%, we use (B2) to
deduce that the primed mechanical magnetic-dipole moment

of the molecule is

G, oo
B €abclip Vke
k

)\‘Z

eabc rkbA (rk)

~ Al 4+ 2 (29)) By, (B11)
with
@ ai
Al Al _5a YA B12
(Xab) Z dmy Tka kb b ke ke) (B12)

k

the primed diamagnetic susceptibility of the molecule.

Working to order A% and linear order in the illuminating
light, we find that the expectation values of the primed
multipole moments have the following forms:

AW W) & A% i) + A"Re(ji,e ™),  (B13)
AWMLY & AN i) 4 A Re(MLe '), (B14)
A0, W) &~ A0 )i) + A Re(® e i), (B15)

ab ab ab
AW\ ML, Y & 020w, i) + A*Re(M,e "), (B16)
W10, W) & 220 Qlyeli) + A*Re(Dly e "), (B17)

with
A, ~ W, E) + 2 1A, 0B, — 1'i(Gl,) B,

+A*LB) 040 By — 22 1i(DY) V8. By, (B18)

MM, ~ 1'i(G) E) — 2*3i(D], ) 0. Ep + AP X, By

(B19)
A0, ~ AL L EL+2C, 404EL + 22i(D.. ) B,
(B20)
A2, ~ 2% (D) EL, (B21)
3204 ~ 1By Ey. (B22)
where the primed reduced property tensors &, A, ,., (G,,)’s

B yeas (Dg’"b)c)’ (D}, ) X4p»and C, ., are defined identically

to the unprimed reduced property tensors o, Aape, Gl
Ba,hcd, D( " D!

abe> Dapes Xabs and C,p .4, but with primed rather
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than unprimed multipole moments. Thus,

ab——Z
2yt

for example, where once more we have dropped explicit state
exclusions from the summations [2] and refrained from using
tildes for potentially complex matrix elements.

It follows that

Re(ll%lS)(SlM;,ll)) (B23)

(G = Im( il Is)(slmli)),  (B24)

oy = Qs (B25)
3
A; be — Aa,hc - Eahaac - Eacaah + 8bcad0lada (B26)
wo
(G;b)/ = G;b + jfbcdac%d, (B27)
B(/z,bcd = Ba,bcd + apacogg + apaqtlye + acaqogp
—ap Ay — ac Ay — asA . (B28)
, 3 3 3
Cupca = Cabca t+ 7 %adc®d + 7 %add%e + 7 %8c%ad
3 1 1
+ Zabadaac - E‘Sabacaeade - E‘Sabadaeace
1 1 1
26cdaaaeabe - E‘Scdabaeaae + g‘gabscdaeafaef
1 1 1 1
ZaaAb cd — 2abAa,cd - EacAd,ab - EadAc,ab
1 1
+ gaabaeAe.cd + gacdaeAe,abv (B29)
’ 3(1)0 3(1)0
(Da b() - Da,bc + Teadeabadaec + Teadeacadaeb
0 wo
- TeadeadAe,bc - 78bc€ad6adafaef
+ 3 G 3 G, ) G B30
740G + 54cGpa = 0@ Gy» (B30)
m 2(1)0 o
(Di Z)C) Dflmb)c T3 €bdedcldac + ?EhdeadAElQC)e
/ 2 (n)
~2a.Gl, + T8neauGyy (B31)
wo ,
X = Xab + ) eucdac Gdb + jebcdacha
@}
+ Zeucdebefacaeadf- (B32)

Note that A;Qb)c and G(") have emerged naturally here, as
anticipated in Appendlx A 1.

Working to order A2, we substitute (B25)—(B32) into (B18)—
(B22) and Taylor expand the illuminating light about the spatial
origin as

ME, ~ A E, + M apdpEq + 1*Sapacd.9,E,,  (B33)
for example. Comparing the results of this calculation with
(7)—(11), with the latter expressed in terms of reduced property

tensors using (A40)-(AS52), we find that

i, = fia, (B34)
, 3 .
@ ab — ®ab 2aul‘cb - Eabll/a + (Sabac:u'cv (B35)
PR 1)) .
m, = ng, + TEabcab.uc’ (B36)
~ ~ 2ia)0 - ~
Mah = Mah - Teacdabacﬂd - 2abMa
ia)o ~ 2 ~
+ Téacdachd + §5abach, (B37)
Qabc Qabc ag ch —ap Qac — dc Qab
+ agapfic + agflpac + faapac. (B338)

Note that N, and Q. have emerged naturally here, as antici-
pated in Appendix A 1.

Finally, a calculation analogous to that which gives (5)
and (6) [2,34], but with a chosen as the origin of multipolar
expansion, shows that the electric and magnetic fields of the
scattered light have the following forms:

e ~ Re(@e '), (B39)
b’ ~ Re(b'e '), (B40)
with
3 How ezk(r—ra) o
g~ = (8ab — Falp)
1 . ik -
X ()»0,112 + ! ;Ebchc'fd - llg@fc
7 S
— A ZEbchcererd — A Echdrcrd y (B41)
i 1 A~/
ba ~ Zeabcrbecs (B42)

far from the scatterer. Working to the order of A2, we substitute
(B34)—-(B38)into (B41) and (B42) and Taylor expand the phase
factor as

eik(r—fna) ~ eikr [)\40 _ )\‘lf. a— )\.Z%kz(f' . 3)2]’ (B43)

giving
e — &, ~AOAD L ATAD 4 A2AD, (B44)

with A® = A(D = A® = (. Thus, the scattered electric and
magnetic fields are independent of our choice of origin for
multipolar expansions, as they should be. It follows that

st = feavlyly = s, (B45)
to the order of A2. Thus, the Stokes parameters of the scat-
tered light are also independent of our choice of multipolar
expansions to order A2, as they should be.

The calculations above illustrate the need to consider
all of the relevant multipole moments and property tensors
simultaneously: if any one of these is omitted, “physical”
predictions are obtained that depend upon our choice of origin
for multipolar expansions. These predictions are meaningless,
of course, as they are not unique.
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APPENDIX C: GENERAL EXPRESSIONS
FOR THE STOKES PARAMETERS AFTER
ROTATIONAL AVERAGING

In this Appendix, we list the rotationally averaged versions
of the séo) and the séz) for plane-wave illumination, as described
in Sec. III of the main text. We have calculated these results
using the procedure described in Ref. [22], where the rotational
average (T, 4,) of atensor T, ,, of rank N is calculated as

follows:

(Tal...uN> = I(N)

’ ’
aj..ayaj..ay " 44N>

(ChH

; “4) ®) (©6) ;
with 1 cawpeas Labeaeaneaes M4 Lipegerapreare S s€N in

(A2.20), (A2.24), and (A2.26) of [22]. In some of the equations
below, we have refrained from including tildes and superscript
labels, for the sake of notational brevity. The results are quoted
in terms of isotropic combinations of property tensor compo-
nents, which are defined after each set of contributions. These
have been defined so that they all have the same dimensions
and are all real for the special case of Rayleigh scattering of
far-off-resonance light by a time-reversible scatterer.

Let us emphasise that no special assumptions have been
made here about the scatterer: the results below are rather
general.

The o — o terms are

(s¢7) = KRe(354¢ ™).

with
Ag—a = S(](_Ml + 14M2 - M3)
+ Socos® 6(3M| — 2M, + 3M3)
+ 8 sin> 6(3M, — 2M, + 3M3), (C2)
A~(])t—()t = S](_3M1 + 2M2 - 3M3)
+ 8, cos> O(—=3M, + 2M, — 3M3)
+ Spsin® 0(=3M, +2M, —3M3),  (C3)
A‘“g—a = S cos0(—6M;| + 4M, — 6M3), (C4)
A§™ = S3c0s0(10M, — 10M3), (C5)
where
M{™ = @485, (C6)
ME™ = G, (&)
1\71;’—0‘ = Qupy, (C8)
are the relevant properties of the scatterer.
The A — A terms are
(s874) = KRe[ 75 (AL + BL* + C7Y)]. (C9)

with

Ay~ = So(3M + 3M>) + Sy cos O(—IM, — IM>)
+ 8, sin> 0(OM, + IM>), (C10)

A2 = $1(=9M| — IM>) + S cos> H(—IM; — IM,)

+ Sy sin® O(OM| + IM>), (C11)
A4 = Sy cosO(—18M; — 18M>), (C12)
A$A = S3cos0(14M — 14M,), (C13)

B~ = Sy cos 0(24M3—60My)+So cos® (—40M3+16M.)
+ S, sin® 0 cos O(—40M5 + 16 M), (C14)

B4 = §) cos O(—32M3—4My)+S) cos’ (40M; — 16M.)
+ Sp sin® @ cos H(40M5 — 16 M), (C15)

B} = $,(=36M3 + 6My) + S, cos” (44 M5 — 26My)
+iS5sin® 0(28M; + 14My), (C16)

B = $3(28 M3 + 14My) + S5 cos® (—84M;5 — 42M,)
+iS,sin> 0(—28M5 — 14My,), (C17)

Ci ™" = So(3Ms + 3Ms) + So cos” O(—9IMs — IMs)
+ 8 sin? (—9Ms — IM), (C18)

C?_A = S1(—=9Ms — 9Mg) + S cos> O(—9Ms — IMy)

+ 8o sin® (—9Ms — IM), (C19)
C4* = Sy cos O(—18Ms — 18 M), (C20)
C4* = S3cos0(14Ms — 14 M), (C21)
where
MA A = w—‘z)A A* (C22)
1 - 2 a,abf¢ peo
TA—A w(z) 7 T
MpA = C—zAa.bcAb’ac, (C23)
WA = 2Ry (C24)
E . :
144 = “):_2‘“ Ko s (C25)
M4 = “’—iai 7 (C26)
5 - Cz a,ab¥¢ pes
MAA = w—zgf o (C27)
6 - o2 a,bc?p ac

are the relevant properties of the scatterer.
The G — A terms are

(56°) = KRe[ g (A8 + BE 4 €84 4 B 1)],
(C28)
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with
A4 = So(2M| — 4M>) + Sy cos® O(—6M; + 12M>)
+ S sin? 0(=2M, + 4M>), (C29)

AG™4 = §,(2M| — 4M>) + S cos®> O(2M ;| — 4 M)
+ S sin® 0(6 M, — 12M,),

A" = S)cos0(4M; — 8M>), (C30)
A§™4 = S3cos0(—12M)), (C31)

BY™ = SycosO(—12My), (C32)

B4 = S| cosO(—8M; + 4My), (C33)

BY ™" = Sy(—4M5 + 2My) + S, cos” O(—4 M5 + 2My)
+i8;sin% 0(—4M5 + 2M,), (C34)

B = S3(—4Ms 4 2My) + S cos> 6(12M3 — 6My)

+i8,sin 0(—12M5 + 6M.), (C35)
C§™* = SycosO(12Ms), (C36)
CEe* = Sy cosO(—4Ms + 8 M), (C37)

CY™" = $2(—2Ms + 4Mjg) + S» cos® §(—2Ms + 4Ms)
+i85sin” 0(—6Ms + 12My), (C38)

Cy™" = S$3(—2Ms + 4 M) + S5 cos” 0(6Ms — 12 M)
+i8, sin® 0(—2Ms + 4Mp), (C39)

DS~ = Sp(4M7 — 2Mg) + Sy cos® O(—12M7 + 6Mg)
+ 8 sin? 0(—=12M7 + 6Ms), (C40)

DY~ = S1(4M7 — 2Mg) + S, cos” O(4M7 — 2Ms)

+ S sin® 0(4M7 — 2My), (C41)
D™ = S, cos H(8M7 — 4My),
DY = S3cos0(12Ms), (C42)
where
o iw e
M7 = = ue Al paGea. (C43)
Lo 1w e
MZG 4= C_zoeabcAa’bdecy (C44)
_ iw —e A
M3G A = C_zeahc%,bdccda (C45)
S iw .
My = S €abeTypaGer (C46)
M = R euse A gD (C47)

wo

M = e Al e (C48)
o iw e s
M7G A= C_zeabc%,bdgcdv (C49)
MgGiA = ggabc%*bdgdc (CSO)
B :
are the relevant properties of the scatterer.
The G — G terms are
G-G 1 1G-G »G—G ~G—G
(s¢79) = KRe[ 735 (A7 + B/ ™7 + C777)],  (CsD)
with
A§7C = So(—=M; + 14M, — M3)
+ Sy cos® 0(3M, — 2M, + 3M5)
+ 8 sin>0(=3M; +2M, — 3M3), (C52)
AY7C = §,3M, — 2M, + 3M5)
+ 8, cos? 0(3M, — 2M, + 3M3)
+ Sy sin? (—=3M; +2M, — 3M3), (C53)
A§79 = 8, cos0(6M| — 4M, + 6M3), (C54)
A§7C = S3c080(10M; — 10M3), (C55)
BY™Y = Sycos0(—20M, + 20Mp), (C56)
BO™Y = SjcosO(—12M, + 8Ms — 12Ms),  (C57)
BY ™Y = $(—6My + 4Ms5 — 6Mp)
+ 85 cos? O(—6 My + 4Ms — 6 M)
+i85sin” O(—6My + 4Ms — 6Ms), (C58)
BY ™Y = S302My — 28Ms + 2Mp)
+ 83 cos? 0(—6My + 4Ms — 6 M)
+i8,sin>0(6My — 4Ms + 6Mg),  (C59)
Cy =% = So(—M; + 14Mg — Mo)
+ So cos> 0(3M7 — 2 Mg + 3 M)
+ 8, sin> 0(3M7 — 2Ms + 3My),  (C60)
CP Y = $1(3M7 — 2Mg + 3My)
+ 8 cos? 0(3M7 — 2Myg + 3My)
+ Sosin? 0(3M7 — 2Mg 4+ 3My),  (C61)
CY=C = S, cos H(6M7 — 4Mg + 6My), (C62)
CY™Y9 = S3cos0(10M7 — 10My), (C63)
where
L 1~ =
M{¢ = C—zcaaczb, (C64)
N 1~ -
M§=C = GGl (C65)
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1

ME=C = —ZGabGza, (C66)
Mi¢ = ! = Gua%pye (C67)
MEC = C—ZGabg;*b, (C68)
M{™C = =G w9y, (C69)
M§=¢ = —g G (C70)
Mg ¢ = cizgf;,, 7 (C71)
Mg—¢ = C%%fé;a (C72)
are the relevant properties of the scatterer.
The o — B terms are
(Sé )= KRe[5040(A"‘ B+BgiB)]’ (C73)

with

AYB = Sy(6M — 36M, + 6M5 — 16M,)
+ Sy cos®O(—18M; — 4M, — 18 M5 + 48 M)
+ 8, sin> O(—10M; + 4M> — 10M3 + 8My),
(C74)

AV = $,(10M| — 4M, + 10M3 — 8My)
+ §) cos? 6(10M| — 4M, + 10M3 — 8My)

+ So sin? O(18M, + 4M, + 18 M5 — 48 M),
(C75)
A% = S, cos 0(20M; — 8M, + 20M; — 16My),  (C76)
A$78 = S5c080(—28M, + 28Ms3), (C77)

BB = Sy(6Ms + 6Ms — 36M7 — 16My)
+ Socos? O(—18Ms — 18 Mg — 4 M + 48 M)
+ 8 sin® O(—18Ms — 18 M — 4M; + 48 M),
(C78)
BY P = $,(10Ms + 10Ms — 4M7 — 8 My)
+ 81 cos® 0(10Ms + 10Mg — 4 M7 — 8My)
+ 8o sin? 0(10Ms + 10Mg — 4M; — 8Msy),
(C79)

BY™8 = S, cos H(20Ms + 20M — 8M; — 16My),

BY P = S3c080(—28Ms + 28 M), (C80)
where
~ B wo ~
Mix = czaaﬂBhbcc’
~ a—B wo .
Mg = ?aabBu bce?

M;*B = %dabgliacc’
ME_B = ?O&ﬂbgc abc>
M;X*B = C_a;&aaggz,bcc’
Mg_B = 2aﬂb'%a bce>
M;Y_B = %&ab‘@z,acc’
MgiB = waab'%c abc

are the relevant properties of the scatterer.
The o — C terms are

<sg—c> = KRe(1260A°‘ C)

with
A3™C = SycosO(—6M; + 30M, — 12M3)

+ Sy cos® O(10M; — 8M, + 20M3)

+ ) sin® 6 cos H(10M, — 8M, + 20M5),

AY™C = 8§y cos O(—6M; +2M; + 16M5)

+ 8} cos® O(—10M; + 8M, — 20M3)

+ S sin® @ cos O(—10M; + 8M, — 20M3),

A$7C = 5,2M; — 3M;, + 18M3)
+ 8 cos? O(—18M; + 13M, — 22M5)
+i83sin® O(—14M; + TM, + 14M3),

AYC = S3(—14M; + TM, + 14M3)
+ S3cos> 0(42M; — 21 M, — 42M5)

+iS,sin? 0(—14M, + TM, + 14M3),
where
M?—c wcaz)o o C;u o
MSHC %aabcm be
mgC =2 —- 0 Cre e

are the relevant properties of the scatterer.
The o — D terms are

a—D a—D
(SS >:KRe(180A )
with
A%P = §5cos 0(—6M; + 6M, — 6M3),

AY™P = 8, cosO(—=2M| — 2M, + 2M; — 4My),

ASP = So(—My — My + M3 — 2M,)
+ 8> cos? O(—M; — My + M3 — 2M,)
+iS3sin® O(M, + M, + 3M5 — 6 M),
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AyP = S3(My + My — M5 + 2My)

+ 83 c0820(=3M; —3M, + 3M5 —

where

+i8;sin®0(=3M; — 3M, — M3 +2M,), (C93)
where
70— iw ~ Tk
M] b= ?Eabcaab@d,cds (C94)
~ o =
Mg b zeabcaad-@chds (C95)
~ o i(,()(] - ~
M§™P = —€apc@aa Dy g (C96)
~ ia)() - ~
MP = —5 €avclian D ca (C97)
are the relevant properties of the scatterer.
The @ — D™ terms are
a—D" 1 Fo—D" pa—D"
(s¢7"") = KRe[ 135 (As™"" + B¢™"")]. (C98)

with

A" = So(My — 8M, + 6M5 + My — 6Ms)

+ 8o cos? O(—3M, + 4M, + 2M3 — 3M, — 2 M)

+ 8, sin> (M, — 2M;

A?_Dm = S1(—M, +2M5 + My — 2M5 + 2 M)

— My +2Ms — 2Mg),

(C99)

la)()

M~ = 7€abcaabD( dd>
Mg Dm = iccf;() Eabcaab Dd Ld 2
Mg b= e 6aszO[abDal dc’
MZ[_DM = igeabc&adbl(gﬁ);v
M?_Dm = %Eabcaale(;nzi):v
=
M;XﬁDm = lccseubcaubg

Mg_Dm = Z_C;)Eabc&ab-@[(ir,ncyv
Mg—D’" = i‘_cseahcdab-@;lzj):’
M?O—D’” = ic%)eabc&ad @l(ngi*’
M?liDm = geabc&ad @l(;fr(li);k’

N n iw
a—D (m)*
My, =2 Eabc“ad-@d be

are the relevant properties of the scatterer.
The general o — y terms are

+ 8y cos? O(—M; + 2M3 + My — 2Ms + 2 M)

+ Sy sin® 6(3M,

—4M, — 2M3 + 3My + 2 M), with

(C100)

A$7P" = S5 cos O(—2M, + 4M; + 2My — 4Ms + 4 M),

(C101)
A" = S3c0802M) — 2My + 8Ms),  (C102)
BYP" = So(—Ms — Mo + 6M)2)
+ Socos>0(3Mg + 3Myy + 2M,5)
+ 8y sin? (3Mg + 3M o + 2M15), (C103)

BY D" = Si(—Ms +2Ms — Myg + 2My; — 2M1)
+ 81 cos? O(—Msg + 2Mg — Mg + 2My; — 2M15)
+ Sosin® O(—Mg 4+ 2My — Mg + 2M;y — 2M5),
(C104)

BS™P" = 8y cos 0(—2Mg + 4My — 2M1g + 4M,; — 4M)y),
(C105)

BY™P" = S3cos0(—4My7 — 2Mg + 8My + 2M o — 8M)),
(C106)

where
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ca—y
A

(se7) =

KRe( Aa ),

AyT" = Sycos 0(10M; — 10M3),

= S1cosO(—6M; +4M, — 6M3),
AS* = Sy(=3M; + 2M, — 3M3)
+ S, cos? 0(=3M,; +2M, — 3M3)
+i83sin>0(3M; — 2M, + 3M3),

A5TH = S5(—M; + 14M, — M3)
+ S3c08> 0(3M; — 2M, + 3M3)

+iS,sin? 0(3M, — 2M, + 3M3),

. 1

a=x __ ~ Sk
M1 = ;aaa)(bb,
7YX __ ~ S
M, = gaubxab,
ca—y _ Ly
M3 = Czaabng

are the relevant properties of the scatterer.
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APPENDIX D: EXPLICIT EXPRESSIONS
FOR THE COEFFICIENTS 4, ...,R

In this Appendix, we list explicit expressions for the
coefficients 4, ..., R.
The unprimed coefficients are

A= 4_0( Caapp + 13aabaab)
2
6Au a A(‘ c 6Aa CA ac
7560( bAcbe + beAb ac)
ko ’ /
+ @(4eabcAu,bdch - 8€abcAa,bdec)
+ 206 2( 2G.,G,, +24G., G, —2G.,G}.)
ko
+ W(lzo{aa Bb bce — 600{(1!13(4 bce — 32aabBc,ahc)
k (m) (m)
+ (2€abcaad D}, cd lzeabcaud Dd,bc)’ (Dl)

120c

4_0(30[aaabb + aabaab)

2

7560

( 18Aa abAc be — 18Aa,bcAb,ac)

ko
+ ﬁ( 12€4pcAu paGly + 24€apc AupaGly)

+ (6G,,G,, — 4G, G, +6G,,G},)

120c2

Bb bce — 44aab Ba,bcc + 96aab Bc,abc)

5040
ko

+ Toc( (D2)

(my (my
—€abcad Db,cd + Seabcaad Dd,bc) P

E=-K= _(3aaaabh + Olabaab)

40
ko / /
+ 36Oc(_86ab¢-A¢1,bdch + 1660bc'Aa,bdec)
ko

+ 5040c¢

(—28a4q By pee — ZgaabBa,bcc + 56aabBc,abc)

+ —— (4€upcQaa Db cd + 4eapclaq Dd bc

120c¢ (

— 2€apctaa DY), (D3)

G=1I= %( 3aaaabb - aabaab)

2

7560

+ Ko (4egpeAu piG.
———(F€upcAg
360c - abertabdPed

( 18Aa abAc bec — 18Aa,bcAb,ac)

- 8€ahcAa,bd G;[C)

1 / I
+——(6G.,G},

2082 —4G,,G., +6G.,G,)

Bb bce + 12aabBa bce — 16aabBc,abc)

5040

N =

ko (my
—(—-2 abcYa D
1200 (~2€abcaa Dy

+ 4€abcaad D/(,md)c) )

(my
- 4eabc0[ad Dd,bc

(D4)

1
_( 6aaaabb 2aabaab)

40
2

7560

( 36Au abAc bc — 36Aa,bcAb,ac)

ko ,
+ _(8€abcA - 16€abcAa,bdec)

360c ardGeq

+ (12G6.,G}, —8G.,G., + 12G.,G},)

120¢?

Bb bce + 24aabBa bce — 32aabBc,abc)

5040
ko
+ 120c¢

+ Seabcaad Dl(:,’zl)c) P

(m)

(mY
(_46abcaad Db,cd - 86abcaad Dd,bc

(D5)

1
Q= 4_0(100511005!)!7 — 10aapctap)

2

7560

(28Aa abAc be — 28Aa hCAb ac)

+ _( 24’€abc Aa,bd Gid)

1
+ 120¢?

ko
+ = (46abcaad Db od

360c

(20G.,,G,, — 20G.,G}.)

Bb bce + 56aabBa bce — 32aabBc,abc)

5040

— 16€apctaa DY) (D6)

120c

The singly primed coefficients are

/
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H = (_3Aa,abAc,bc

2

7560

B/

(24’Aa abAc bec — 60Aa,bcAb,ac)

——(—24€,pc A, G’
+360( €abcAapaGy,)

+ (20G.,,G}, —20G.,G.,)

120¢?
2

1260

wo
+ 180¢ 2( lzeabcaadDb Cd)

( 6aaa Cbc be + 28aabcac bc)

1
60 > —— (10a4q xpp — 10ctap Xan)s (D7)
k()

_4Aa cA ac
7560 pebac)

ko
+ (-

360c 16€ubcAa,bdG£-d + SeabcAa,bdGijc)

+

(126,,G,, + 12G.,G, — 8G.,G,.)
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2
1260( 60{11(1 Chc be + 18aabca(_ hl,)
ko
+ M( 4EabcaadDb cd)
1
+ @(_6aaa)(bb - zaabXab)a (DS)
_ K
M= 7560(_36Aa,abAc,bc + 6Aa,bcAb,ac)
k
+ %(_86abcAa,bdGlcd + 4€abcAa,bdG;’C)
+ 50 6G1a Gy +6GL, Gy, — 4G, Gl)
2
1260 (2aaacbc be T+ lsaabcac bc)
ko
180¢ ( zeahcaadDb cd)
1
+ @(_3aaa)(bb - aabXab)s (D9)
2
0= 7560 (4‘4Aa abAc be — 26Aa bcAb ac)
ko ) ,
+ @(_SeabcAa,bdch + 4€abcAa,bdec)
1 ’ / / /
+W(6Gaath+6G ,Glp — 4G, G,
2
1260( 18aaacbc bc — 90‘ahcac,b0)
ko
+ m( 26abcaad Db cd)
1
60 2( 305uaXbb - OlubXab) (DIO)

2
P = 7560 (28Aa abAc be T 14Aa bcAh ac)
k ,
+ T(())C(_SeabcAa,bdch + 4’6ubcAu,bd Gih)
+ 305 (-2G1,Glhy — 264Gl + 2561,
2
+ 1260( 14aaaCbc be T 21aabcac bc)
LN, D, .,
Ton (L€apcly
180 e ad b
1
60 2( Qaa Xbb + 13aabXab) (Dl 1)
kg
= 7560(_84Aa,ahAc,bc - 42Aa,bcAb,ac)
+ ﬁ(zél'eabc a,bdG/cd - 12€abcAa,bdG:15)
1 ’ ’
+ TOCQ(6Gaa /bb + 6GabG/ab - 4G/ab /ba)
2
1260 (42055441 Cbc bec — 63aubcac,bc)
ko
+ m( 6€abcaad Db cd)
1
60 B (3aau Xbb + aabXab) (Dlz)
Finally, the doubly primed coefficients are
D) =F' =—J = —1"
ks
= 7560(_40Aa,abAc,bc + ]6Aa,bcAb,ac)
2
1260(10aaacbc be T 12aabcac bc) (D13)
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