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Quantum measurement can be strong or weak, the former being important in readout and initialization of
quantum objects and the latter being useful for monitoring and maneuvering quantum evolution. However, the
boundary between weak and strong measurement is unclear. Here we show that a phase transition occurs in
sequential quantum measurement, which unambiguously separates the weak and strong measurement by a critical
value of measurement strength or duration. We formulate the probability distribution of the output of a sequence
of quantum measurements as the Boltzmann distribution of an interacting spin model. The measurement results
present phase transitions similar to those in the spin model. In particular the sequential commuting positive
operator-valued measurement is mapped to a long-range Ising model, and a projective measurement emerges
from sequential weak measurements when the strength or the number of measurements becomes above certain
critical values, corresponding to the ferromagnetic phase transition of the spin model. This finding sheds insights
on sequential quantum measurement, and also provides the theoretical foundation for constructing projective
measurements from sequential weak measurements, which have applications in steering the quantum evolution

and initializing quantum systems where strong measurement in a single shot is often not possible.
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I. INTRODUCTION

Quantum measurement is fundamental to quantum mechan-
ics [1-5]. It is also important in quantum technologies includ-
ing quantum computing [6], quantum communication [7], and
quantum sensing [8]. The projective measurements are the
most commonly considered [6]. Generally the measurement
can be the positive operator-valued measurements (POVMs)
[6], including both projective measurements and weak mea-
surements with variable measurement strength. The strong,
projective measurement is useful for readout and initialization
of quantum objects [9-13]; the weak measurement has been
exploited for monitoring [14-21] and maneuvering quantum
evolution [22,23]. In many realistic cases, such as in measuring
weakly coupled nuclear spin qubits, the measurement has to be
weak and sequential or continuous measurements are needed
to determine the qubit state definitely [24,25]. Continuous
quantum measurements have been studied by random walks
in state space [26], quantum Bayesian approach [27], and
stochastic path-integral formalism [28,29]. It was theoretically
discovered that the qubit dynamics may be fundamentally
altered by sequential weak measurement, with a phase tran-
sition between coherent oscillation and quantum Zeno effect
[30]. The boundary between weak and strong measurement,
however, is vague.

In this paper, we discover a phase transition between weak
and strong measurement, separated by a critical measurement
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strength for a given time of continuous measurement or a
critical measurement time for a given measurement strength.
This phase transition is made explicit by the analog between
the probabilities of sequential measurement outputs and ther-
modynamic distributions of interacting spin models [31-38].
We find that for m sequential measurements on a two-level
system (TLS) [4,39-42] the sequential binary results have a
probability distribution equivalent to the Boltzmann distribu-
tion of a classical spin model, with each measurement result
representing a spin 1/2. Here the number of measurements
m can also be understood as the measurement time of a
continuous measurement. The phase transition from weak to
strong measurement in this paper is different from the transition
between the coherent oscillation and quantum Zeno effect
[30]. The spontaneous symmetry breaking in the statistics
of sequential weak measurements is also different from that
in real physical devices introduced in Refs. [43,44] as an
interpretation of projective quantum measurement.

II. STATISTICS OF SEQUENTIAL
QUANTUM MEASUREMENTS

For m successive POVMs on a TLS (e.g., a spin-1/2 qubit),

the probability to obtain the result («y, 0, . .. ,0,) is
P(ay,az, ... o)
= Tr[ My, - - My, My, 1Y0) (Yol M) M), -~ M] ], (1)

where | ) is the initial state of the TLS and {M,, } (ox = £1)is
the set of POVM operators for the kth measurement satisfying
YoM ik M, = I. Here the evolution of the TLS between
measurements has been absorbed into the POVM operators.

©2018 American Physical Society
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Below we will show how to map measurement statistics to
the Boltzmann distribution of a classical lattice spin model,
ie.,

P(aj,a, ... ,ap) =exp[—H(a,a2, . ..,0,)], ()

where H(oj,a7, ... ,0o,) is the Hamiltonian of the lattice spin
model with oy denoting the kth lattice spin (temperature
absorbed into the Hamiltonian). Obviously, the Hamiltonian is
H(ay,00,...,0,) = —In[P(ay,0, ... ,a,)]. Below we focus
on two exactly solvable cases.

A. Case I: Sequential projective measurements

For m successive projective measurements on the TLS,
Moy, = 511 + a6 - n)l = la) {ouel, 3)

where 6 = (0x,0,,0;) are the Pauli matrices of the TLS, n;
is the unit vector of the kth measurement axis, and |or)
is the eigenstate of ¢ - n; with eigenvalue oy. Suppose the
initial state of the TLS is [v¢o) = o) with ag = £1. The
probability distribution of the measurement results is [4] (see
Appendix A1)

2i H [1 + cos(@r—1 )10, 4)
where ¢,_; r = arccos(ni_; - ni) € [0,7] denotes the angle
between the (kK — 1)th and kth measurement axes.

The probability distribution for sequential projective mea-
surements [Eq. (4)] is exactly the normalized partition function
of a classical one-dimensional (1D) Ising model with nearest-
neighbor interaction (see Appendix A 2):

- Z Ji—1 k10, )

where J;_1; = tanh~'[cos(dr_1.1)]. If ¢r_1x € [0, 7/2),
Ji—1.x > 0 corresponding to a ferromagnetic coupling; if
Pr—1x € (w/2,m], Jy—1.x < O corresponding to an antiferro-
magnetic coupling; if ¢x_1 x = 7/2, Jr—_1x = 0 corresponding
to the noninteracting case.

The correlation function between the results of the jth
measurement and the (j + n)th measurement is the same as
the correlation function of the 1D Ising model [Eq. (5)]:

j+n j+n
(@jojn) = [] tanh(hoi) = [] cos(@orn)-  (6)
k=j+1 k=j+1

Consider the specific case where Jo;=Jj2---=
-,mfl,m =J and ¢0,1 = ¢1,2 = (pmfl,m = ¢ For the fer-
romagnetic coupling (J > 0, i.e.,, 0 < cos¢ < 1), the cor-
relation function (& ;o j4,) = cos”(¢) shows an exponential
decay with respect to the distance between the two lattice
spins, indicating a paramagnetic phase. If cos¢ =1, the
correlation function is a constant ({(&;a;4,) = 1), indicating a
ferromagnetic phase transition for infinite coupling (J = +00)
or zero temperature. This phase transition can be intuitively
understood: The condition cos¢ = 1 indicates that all the
projective measurements are along the same axis, therefore
the first measurement collapses the TLS into an eigenstate of
the projective operator and all the subsequent measurements

will give the same result. The case for the antiferromagnetic
coupling is similar, except that at the antiferromagnetic phase
transition point (cos¢ = —1 and J = —o0) the correlation
function becomes (oo j1,) = (—1)".

B. Case II: Sequential commuting POVMs
Consider m sequential commuting POVMs [26] with

M, = %[cos(em +sin@)ao], )
where 6 € [0,7r/4]. The measurement strength is defined by
Ax = sin?(26;). When A, increases from zero to one, the kth
measurement continuously changes from weak measurement
to strong projective measurement.

Suppose the initial state of the TLS is |y) = CJ |[+1) +
C, |—1) with |£1) being the eigenstates of o, and |C0+|2 +
ICy |> = 1. The un-normalized state of the TLS after m
measurements is

|Wm) = ozm'

with

Mo, Mg, 1$0) = Cp|+1) + C 1=1), (8)

Cct= L[cos(e ) = sin (6,0t 1CE
m ﬁ m mJ)Ym m—1
4+ m

C
= zm—o/z ]‘[ [cos (B¢) = sin (6 )ax], )
k=1

and the normalized state is |V ,,) = [V )/ (¥m | V). Denote

the Bloch vector components of the final state as r, =
(o) = (W' ol ,) (G = x,y,2) (rm = 1 forapure state). The
probability distribution for the measurement results is (see
Appendix B 1)

1
Pu=<wm|wm>=2m+l[ +r§) 1_[<1+fak>

+=-r)[Ja- ﬁkoek)}, (10)
k=1

where r§ = |CS1? — |Cy |2
The lattice spin Hamiltonian corresponding to the probabil-
ity distribution of sequential POVMs is

1
HIIZ_IH{2m+1|: +7 l_[(1+\/_ak)

+ (1 —rg)ﬁ(l —\/)_»ak):H. (1)

k=1

Here we have assumed that A; = A, =--- =X, = A. We
identify the order parameter as the measurement polarization
X = q/m — 1/2 with g being the number of measurements
with result « = +1. Then the probability distribution of X is

P(X) = [(1 — p)/4]"2CmX+1/2)
x {cosh(inGmX] + r§ sinh[InGpm X1}, (12)
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FIG. 1. Free energy of the spin model corresponding to a sequential POVM. (a) Free energy as a function of measurement polarization X for
different measurement strengths A with the measurement time m = 1000. (b) Free energy as a function of X for different m with A = 0.0004.

Here we use the initial state of the TLS with r§ = 0.

where C;, is the binomial coefficient and n=(14++1)/
(1 — /). Define the free energy as

F(X) = —In[P(X)] & mo(X)
—1In {cosh [In (m)mX] + r{ sinh [In (n)mX]}, (13)
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where ¢(X) = (1/24+X)In(1/24+X) + (1/2—X)In(1/2—X)
[45]. In F(X), the first and the second parts represent the
entropy and the internal energy, respectively. F(X) takes the
minimum when 9 F(Xpin)/0X = 0. After solving for Xy,
the z component of the Bloch vector of the TLS after m
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FIG. 2. The histogram of the number of samples with respect to the measurement polarization X in the Monte Carlo simulation of sequential
POVMs in case I for different measurement times: (a) m = 50, (b) m = 100, (c) m = 200, and (d) m = 500. The red solid lines represent the
exact probability distribution in Eq. (10). The measurement strength is A = 0.01. The simulation contains 10* samples of sequential POVMs

from the same initial state (rj = 0).
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FIG. 3. Phase transitions of sequential weak measurement. (a) Critical measurement time m¢ as a function of the measurement strength
A. (b), (d) The measurement polarization X and 90X/ 9+/A as functions of /A for different measurement times m. (c), (¢) X and 9X /aﬁ
as functions of m for different A. In (b)—(d), the lines without (with) crosses represent the results from the exact model (the long-range Ising

model). Here we use the initial state with r§ = 0.
ré = 0, then the spin Hamiltonian is

POVMs is

. sinh [In (9)m X min] + r cosh [In (7)m X min | (14) 1| & -
" cosh [In (n)m Xmin] + r§ sinh [In (i0)m Xmin]* Hy = —In {z |:l_[ (4 Vi) + 1_[ - ﬁak)] }7 o
k=1 k=1

and the x and y components are 1’ = rg/ Y/
where we have dropped the constant o« m in Hy. For weak

{cosh[In(n)m Xmin] + r§ sinh[In(n)m Xmin}.
To simplify the discussion, we assume that the initial states measurement (A < 1), the above Hamiltonian is equivalent to
the long-range ferromagnetic Ising model (see Appendix B 6)

of the TLS lie in the equatorial plane of the Bloch sphere with
012117-4
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up to leading-order terms (o< A):

Hy~ =1 oo (16)
j<k

The free energy F(X) [Eq. (13)] depends on both the
measurement strength A and the measurement time m. For a
fixed m, F(X) shows spontaneous symmetry breaking as A is
increased [Fig. 1(a)]. Similarly, for a fixed m, F(X) also shows
spontaneous symmetry breaking as m is increased [Fig. 1(b)].
This implies a phase transition between the unpolarized phase
and the polarized phase in the two-dimensional parameter
space (A,m), which is verified by a Monte Carlo simulation
of 10* samples of sequential POVMs (Fig. 2).

The distance between the two valleys in the polarized phase
increases with the measurement strength A but is independent
of the measurement time m. If mIn?(n) < 4, F(X) has only one
minimum at X = 0 corresponding to the unpolarized phase,
while, if mlnz(n) > 4, F(X) has two minima located within
(—=1/2,0) and (1/2,0) corresponding to the polarized phase.
So the phase transition occurs when m and A satisfy (see
Appendix B 2)

11—V 4

For a fixed A, the critical measurement time is m, =
4/In°[(1 + v/2)/(1 — V/W)]; likewise, for a fixed m, the crit-
ical measurement strength is A, = tanh®>(m~1/2). For weak
measurement (A < 1), the phase boundary is mA = 1, which
coincides with that for the long-range Ising model [Eq. (16)]
[38] and implies that the weaker the measurement strength the
larger the measurement time that is needed to observe the phase
transition [Fig. 3(a)].

However, the order parameter X as a function of the
measurement time m and measurement strength A is quite
different for the exact spin model than for the long-range Ising
model [Figs. 3(b) and 3(c)]. In the exact model, for a fixed m, X
quickly increases above the critical measurement strength X,
and then increases linearly with ﬁ as X = i\/x /2; for a fixed
A, X also quickly increases above the critical measurement
time m. and approaches the constant X = ++/A/2 as m is
further increased. This implies that in the polarized phase
X is proportional to /A but independent of m. Moreover,
dX /3~/A or 8X /dm shows a finite jump at the critical points
[Figs. 3(d) and 3(e)], which is a signature of second-order
phase transitions. However, for the long-range ferromagnetic
Ising model, it is mA that influences the ferromagnetic phase
transition, and X = £1/2 in the ferromagnetic phase.

Moreover, the final state polarization r7, of the TLS also
shows a phase-transition behavior depending on m and A

mln*(n) = mln2<M> =4.

[24,25] (see Appendix B 3). For a fixed m, r}, keeps almost
unchanged compared to the initial one with A below the critical
value A. but quickly becomes fully polarized to the north or
south pole as A increases above A.. Similar behavior is observed
for a fixed A and increasing m. When the state polarization
begins, the TLS has the same probability to be polarized to the
north or south pole, and it has to decide which path to choose.
This is quite similar to the spontaneous symmetry breaking in
statistical physics.

If the initial state of the TLS |vr) is in the north or south
pole with r; = %1, the probability distribution is mapped to
m independent paramagnetic classical spins, and there is no
phase transition in this case. If |) is on the Bloch sphere with
lr§l € (0,1), for weak measurement (A < 1), the probability
distribution can be mapped to the long-range ferromagnetic
Ising model under an external magnetic field. The measure-
ment polarization X as a function of m and A changes more
and more smoothly as |r§| increases and the phase-transition
behaviors gradually disappear.

Moreover, we numerically demonstrate that the phase
transition behaviors still persist even if there are small
fluctuations of the measurement strength A, for sequential
POVMs and if sequential POVM operators {M,,} do not
exactly commute [46].

III. CONCLUSIONS AND OUTLOOKS

We establish the connections between the probability distri-
bution of sequential quantum measurement on a TLS and the
statistical mechanics of classical spin models. Therefore, the
statistics and phase transitions of the spin chains can be effec-
tively simulated by measuring a single qubit. For sequential
projective measurements, the measurement results simulate
the 1D Ising model with nearest-neighbor interactions; for
sequential commuting POVMs, the measurement is mapped to
ferromagnetic long-range Ising models. We find a polarized-to-
unpolarized phase transition in sequential POVMSs dependent
on the measurement time and measurement strength.

In this paper, we focus on the mapping of the measurement
statistics of binary-outcome POVMs on a TLS to the statistics
of classical Ising models with spin 1/2. An interesting problem
is to study the measurement statistics of general multioutcome
POVMs on a TLS or a multilevel system (see Appendix D),
which may be mapped to the statistics of classical Ising models
of higher spins that exhibit richer phase transition behaviors
[47,48].
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APPENDIX A: SEQUENTIAL PROJECTIVE MEASUREMENTS

1. Derivation of the probability distribution

In case I, the projective measurements on the TLS are defined as

My, = 51 + (6 - m)] = o) el (AL)
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where o, = %1 represents the binary measurement results. The probability to obtain the measurement result (¢q,os, . .. ,0,,) is
P(ay,on, ... ) = Tr[ Mg, -+ Mo, Ma, po], (A2)
where pg = (I + ap6 - ng)/2 and M, (e) = Mak(')Mlk- For the Pauli matrices, we have the following relation:
(I 4016 -n)I +ap6 -no)I + 16 -ny) =21 + apong - ng)(I + o6 - ny), (A3)
where we have used
(6 -n1)(@6 -nog) =ny-ng+id - (n x ny),
(6 -n1)(6 -no)6 -ny)=2ny-no)6 -ny)—6 -no, (A4)
so the probability distribution can be directly derived as

P(oy,a, . ..,0)

= WTI‘[(I—G—(X,”& ~nm)---(1—|—oc16r ~n1)(1+a06 -no)(I—I-Ol]é' -nl)-~-(1+()lm6' ~nm)]

1
= 22_m(1 +agarng - no)Tr[(l + a6 -ny) - - (I + 026 - o) + 16 -n)( + 026 -n3)--- (I + 06 - 1yl

m

1
= om l_[ [1 + cos(@r—1,k)ak—104], (AS)
k=1
where ¢y x = arc cos(n—1 - ny) € [0,7].

2. 1D Ising model with nearest-neighbor interactions

The Hamiltonian of the 1D Ising model with nearest-neighbor interactions is

Hi(oy,o, ... 00,) = — Z Jr—1 k010 (A6)
k=1

To be consistent with the quantum measurement model, we take the open boundary condition with oy = £1. In thermal

equilibrium, the probability for the m spins to be in the configuration («,®, . . . ,®,,) obeys the Boltzmann distribution
P'(oty,02, ... ,0ty) = €XP (Z Jk—l,k“k—l“k)
k=1
= |:cosh(oz010,1) HCOSh(Jkl,k):| [ ]t + tanh(Je—y e —1enc], (AT)
k=2 k=1

where we have set 8 = 1/T = 1. The partition function of the 1D Ising model is

7 = E p/(ahaz’ e Oy) = E E L E eJmaoaleJ]zOﬂaz . e\]mfl.mamflam, (A8)

{ag,az,...,a,} aj==%1 ar==+1 ap==%1

where e”/k-1£%-1% can be written as a matrix as follows:

Ji—1k —Jk—1k
Teoioa | €7 e w1 1 ||cosh(Ji—1.4) 0 1 1
e = [e—fkl»k et ] = [1 —1}[ 0 sinh(Je10|[1 —1] (A9)

Joraoay ,Ja o Jn—1,m0m—1¢,
el g Jnaren oIt -1 %m

el 0 el e eJdm-1m e~ Im-1m
10 el || =l i e~ In-tm pdnmim

omeafe® 0 QM 1 ]y [eosh(Six) 0 11
=2 [0 e"°'“0:||:1 —1HH[ 0 sinh(Jk_l,k)”[l —1]

k=2
_gm2 e (T, cosh(Se—1.4) + [Tims sinh(Se—1 0)) e ([T, cosh(Je—1.x) — [Ties sinh(Jx—1.0))
e oo (]_[21:2 cosh(Ji—10) — [T1es sinh(Jk_l,k)) e Joxo (]_[Z':2 cosh(Ji—1 ) + [ 11—, sinh(]k_l,k))

so we have

}. (A10)
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The partition function is the summation of all the elements of the above matrix:

m
Z= )" ) laleemelnmer. . glntntnenig, ) = 2™ cosh(ogJo,1) | | cosh(Ji—1.0)- (Al1)
aj==x1 a,,==%x1 k=2

So the normalized probability distribution is

/
P'(ay,a, ...,

am m
) T+ tanh o1l (A12)

k=1

P(aj,a, ... ,ay,) =

The correlation function between the jth spin (j > 1) and the (j 4+ n)th (n < m — j) spin is obtained by taking the derivatives
of the partition function with respect to the coupling strength:
(ojajpn) = (001041010 O 10 jgn)

1

m
=z E QO 10101 - O j i[O jyp EXP ( E Jk—l.k“k—l“k)

{ay,00,..., 0 } k=1
0Jj 41041542 0Jjqu—1,j4n
j+n
= [] tanh(Ji10). (A13)
k=j+1

APPENDIX B: SEQUENTIAL COMMUTING POVMs

1. Derivation of the probability distribution

In the main text, we have directly derived the probability distribution by considering the changes of the TLS states caused by
sequential POVMs. Here we will give equivalent derivations using the density matrix formulism. In case II, the POVMs on the
TLS are defined as

1
Makzﬁ

where 6; € [0,71/4]. The measurement strength X is defined by A; = sin?(26;).
After m successive commuting POVMs, the un-normalized density matrix of the TLS is

ok = Mqy - Mo, My, po = Ag + Bi6 - ny, (B2)

[cos(6k)I + sin(By )0, ], (B1)

and the normalized density matrixis p;, = px/Tr(por) = (I + 16 - ni)/2 withry = By /Ax and i denoting the length and direction
of the Bloch vector, respectively. The relation between p; and p;_; is fully captured by the transfer matrix

Ak 1 0 0 /\/)\kak Ak,1
Bf| 1| 0  JT—x 0 0 B,

== T (B3)
By| 21 0 0 VI=k 0 B,
B T 0 0 1 B{_,
Note that the above transfer matrix can be diagonalized with the same transformation matrix for any k, so we have
A 1 0 0 1 1+ Aoy 0 0 0
B 1 |0 v2 0 u 0 VT =i 0 0
Bi| 270 0 2 ,1:[1 0 0 Ik 0
B, 1 0 0 -1 0 0 0 1 — Aoy
1 0 0 1 Ao
|0 V20 0 || B B
0 0 2 o ||B)}
| ) 0 —1][B;
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with the initial condition py = (I + ro6 - no)/2, i.e., (Ao, By, By, Bi) = (1,r3,rg.r§)/2, and we have the solution

1
Am_2m+2|: +75) ]_[(1+fak)+ (1713 H(l—fak)}
B:1=2m+ l_[ = M

m

Yy —
Bm - 2m+1 1_[ )\'k’

B;;,_ZmH[ (1475 H(Hfak)— (1=rf) ]_[(l—fak)} (BS)

so the probability to obtain the measurement result («;,a2, . . . ,a;;,) iS

PH(alaaZa e 7am) = Tr[pm] = 2A
1

2m+1|: +75 H(l"'\/»“k)"‘ 1_ro H(l_\rak)] (B6)

and the density matrix of the TLS after m measurements is p,, = (I + 6 - n,,)/2 with

rx:B—nx1= ZrSH;CnZIVl_)"k
" An (L) T (4 Vakaw) — (1= 7)) T (1 — Ak
y y m
r) = Bin — 2rg [Tl /1= A« ®7)

An (14 7) Tz O+ Ve + (1= ) TSy (= Vi)
By (L) Ty O+ Vo) — (1= ) Ty (= Vo)
" A () TS O Vaew + (1= ) TS (= Ve

It can be easily shown that if the initial state of the TLS is a pure state with ry = j:\/ (ry )2 + (rg )2 + (ré)2 = =+1, then the final
state of the TLS after m POVMs is always a pure state with r,,, = :i:\/ (r,j“q)2 + (r,f,)2 + (rf,'l)2 =+l1.

2. Minimum of free energy and phase transitions

Assume that all the sequential measurements are the same with A = A, = --- = A, = A. The probability distribution becomes

1
Pu(a,0, .. . 0y) = 2m+1[ 1475) l_[(1+«/—ak)+ (1—7§) H(l—x/_ak)i| (B8)

The measurement polarization is defined as X = g/m — 1/2 with g being the number of measurements with result « = +1.
Then the probability distribution of X is

P(X) = [(1 — 0)/41">Cr X+ /P {cosh [In (n)m X] + r§ sinh [In ()m X1}, (B9)

where n = (1 4+ +/2)/(1 — v/2). In Fig. 4, we plot P(X) as a function of X for different measurement times m, measurement
strength A, or initial state polarization of the TLS r{. First we consider the unpolarized initial state with r§ = 0: for a fixed m,
P(X) has the maximum at X = 0 for a small A and two symmetric maxima at about X = £A /2 as A is large enough [Fig. 4(a)];
for a fixed A, P(X) has the maximum at X = O for a small m and two equal maxima at about X = +1/2 as m is large enough
[Fig. 4(b)]. If the initial state has finite polarization with r§ # 0, we find similar phenomena except that the two maxima of P(X)
are unequal and the difference between the two maxima is proportional to r§ [Figs. 4(c) and 4(d)].

The probability distribution satisfies the normalization condition

m

Z=Y Plg/m—1/2)=1. (B10)

q=0

For a large m, the above integration is overwhelmingly dominated by the maximum term Pp,x(g/m — 1/2) with g = mX,
ie.,

Z ~ Pun(X). (BID)
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FIG. 4. Probability distribution of a sequential POVM. (a) Probability distribution P(X) of measurement polarization X for different
measurement strengths A with the measurement time fixed at m = 1000. (b) Modified probability distribution /m P(X) of measurement
polarization X for different measurement times m with the measurement strength fixed at A = 0.09. In (a) and (b), the initial state of the TLS
is in the equatorial plane of the Bloch sphere with r§ = 0 and ry = 1. (c) and (d) are similar to (a) and (b) but with r§ = 0.2 and ry = 1.

We define the free energy as
F(X) = —In[P(X)] ~ me(X) — In {cosh [In (n)m X] + r{ sinh [In (n)m X1}. (B12)
To find the maximum term of P(X) is equivalent to finding the minimum term of F(X), which is determined by

IF(X) {1 <1+2X> g )sinh[ln(n)mX]+r§cosh[ln(n)mX]}
ax M P osh [In (mym X + r¢ sinh [In (mm X ]

=0. (B13)

The most interesting phenomenon happens when the initial state of the TLS is in the equatorial plane (r§ = 0) with the above
equation reduced to

0F(X) 1+2X
=m{ln
0X 1-2X

) — In () tanh [In (n)mX]} =0. (B14)

Obviously X = 0 is a solution of Eq. (B14) and therefore must be a local minimum or maximum point, and if X = a # 0 is
a solution then X = —a is also a solution. The phase transition happens when the solution of Eq. (B14) changes from X = 0 to
=a for a small a, so we can expand Eq. (B14) near X = 0:

1+2X
fl(X)=1n<1_2X> ~ 4X, (B15)
£(X) = In () tanh [In (n)m X ] ~ mIn(n)X. (B16)
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FIG. 5. Determining the minima of free energy of the spin model corresponding to a sequential POVM. (a) The intersections between the
two curves f1(X) = In[(1 +2X)/(1 —2X)] and f>(X) = In(n) tanh[In()m X], where n = In[(1 + «/X)/(l — «/X)], determine the free-energy
minima. (b) Free energy as a function of the measurement polarization X for different measurement strengths A. The parameters are such that
m = 1000, r§ =0, and ry = 1.

As shown in Fig. 5, if mIn?(n) < 4, f1(X) and f»>(X) have only one intersection and the corresponding free energy has the local
minimum at X = 0, while, if mln2(n) > 4, fi(X) and f>(X) have two intersections and the free energy has two local minima at
X = =a. So the phase transition happens when mIn®() = 4. For weak measurements with small A, In(n) ~ 2+/A, so the phase
transition condition is reduced to mA = 1.

The measurement polarization X slightly above the critical point can be obtained by expanding f;(X) and f,(X) to higher
orders:

_ 1+2X) E 3,
fl(X)—ln(l_2X> ~AX X (B17)
3.4
f2(X) = In(n)tanh [In (n)mX] ~ mlnz(r/)X — WX3 + .- (B18)

By equating f;(X) and f>(X) to the third order of X, we obtain the critical measurement polarization:

3(mlIn’(n) — 4) 2
= _ > 4.
X. ==+ T min(n) > 4 (B19)

In the weak-measurement regime, the phase boundary becomes mX = 1, and the critical measurement polarization becomes
X, ==+ /%. For a given A, the critical measurement time is m, = 1/), and the critical measurement polarization
X, o< (m —m,)""%. For a given m, the critical measurement time is A, = 1/m, and the critical measurement polarization
X, o (A — Ac)!72. So the critical exponents for the measurement time m and measurement strength A are both 1/2.

Moreover, far away from the phase transition point with mlnz(n) > 4, tanh[In(n)m X] & %1, so the solution of Eq. (B14) is
X = £+/A/2. Near the two stable points X, = 2=+/A/2, the free energy can be approximated as

3 F (X min 1 3% F (X min
FOO R~ FXyig) + i i + 50 (0 x
PR+ T[ 4 minen) }(X +Vi/27, (B20)
21 =X cosh?[vAlIn(n)m/2]

so the probability distribution can be approximated as a Gaussian distribution:

N m 4 mln®(n) 2
P(X)~ P(xv1/2)exp {—3[1 — - coshz[\/xln(n)m/Z]:|(X FvV1/2) } (B21)

For a large m, it can be further simplified as

Son (B22)

2
P(X) ~ P@Ev/2/2)exp [—%(X ¥ ﬁ/z)z} = P(=VA/2)exp [_M}
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where the standard deviation o = /1 — A/(24/m) is inversely proportional to the square root of the measurement number .

3. Effects of initial states of the TLS on the measurement statistics

In the main text, we mainly discuss the measurement statistics when the initial state of the TLS has no polarization, i.e., in
the equator of the Bloch sphere with r§ = 0. In this subsection, we discuss the measurement statistics for the other initial states
on the Bloch sphere. If the initial state of the TLS is in the north or south pole with r§ = =1, then the probability distribution
becomes

1 m
Pilten o) = - [T+ Vi), (B23)
k=1
with g = |r§|/r§. This is just the normalized probability of the configuration («;,a, ... ,a,,) for m independent paramagnetic
classical spins with the Hamiltonian
Hﬁ‘(al L0, o, Oly) = — W0 Zak, (B24)
k=1

where @ = tanh™!(+/1) is the effective energy of the spins and oy determines the magnetic-field direction. So the measurement
polarization X can be understood as the average magnetic polarization of all the spins, i.e., X = tanh(w)/2 = v/A/2, where
the free energy of the spin model has the minimum [Fig. 6(a)]. The reason is that the state of the TLS is unchanged by the
measurements, as can be seen from Eq. (B7) and Figs. 6(d) and 6(e), so the probability to obtain different results is the same for
all the measurements. In this case, there is no phase transition.

If the initial state of the TLS is anywhere on the Bloch sphere other than the north or south poles or the equator with |r§| € (0,1),
in the weak-measurement regime (A < 1), the probability distribution in Eq. (10) can be mapped to the long-range ferromagnetic
Ising model under an external magnetic field up to the leading-order terms (o< A):

Hf(oel,oeg, ey Oy) R —réx/)_»Zak —AZajak, (B25)

k=1 j<k

where the magnetic field is proportional to the z component of Bloch vector polarization of the initial state. In this case, the
free energy becomes unsymmetrical in the polarized phase and therefore the measurement polarization has a preferred value,
ie, X =vA/2(X = —v/4/2) for r§ > 0 (r§ < 0), and the probability in the preferred value is about (1 + |r§|)/(1 — |r{|) times
that in the unpreferred value. The measurement polarization X as a function of measurement time m and measurement strength
A changes more and more smoothly as |r§| increases and the phase-transition behaviors gradually disappear [Figs. 6(b) and
6(c)]. Moreover, the final state of the TLS is also gradually polarized toward the north (south) pole for r§ > 0 (r§ < 0) as the
measurement times or measurement strength increases [Figs. 6(d) and 6(e)].

4. Average measurement polarization and correlation function

For the probability distribution in Eq. (B8), the average polarization for the jth measurement and the correlation function
between the jth measurement and the /th measurement (1 < j < [ < m) are

=Y 3 3 !2;21 |:(1+r§)l£[(l+x/xak)+(l—ré)lﬂ[(l—\/xak):H

aj==x1 ar==%1 a,==1

=3 2 L0+ i) + VA + (1 ri)te; ~ V)

a;j=%1

=riva, (B26)

(jay) = Z Z Z {%[(l—kr(ﬁ)l—[(l—i—ﬁak)-l-(l —ré)l_[(l —\/X(Xk):“
k=1 k=1

aj=x1 ap==%1 a,==x1
1
=5 2 2 [ +rd)e + Ve + Vi) + (1 =)@ = Ve = Vi)
C(J'=:|:1 o==1
= (B27)

So the average polarization for any single measurement is the same and proportional to the initial-state polarization r§ and the
square root of the measurement strength /A, while the correlation function between any two measurements is also the same and
equal to the measurement strength 1. These points can be understood as follows.
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FIG. 6. Effects of initial states on the phase transitions of sequential weak measurement. Different initial states (given by the initial
polarization r{) are represented by different line colors. (a) Free energy as a function of the measurement polarization X. The measurement
strength and measurement time are m = 1000 and A = 0.01, respectively. (b), (d) The measurement polarization X and the final Bloch vector
polarization r,, as functions of the square root of the measurement strength with measurement times fixed at m = 100. (c), (¢) The measurement
polarization X and the final Bloch vector polarization r,, as functions of the measurement time with the measurement strength fixed at A = 0.01.
In (b) and (c), the lines without (with) crosses represent the results from the exact model (the approximate long-range Ising model). In (d) and

(e), the lines without (with) plus signs represent the z (x) component of the final Bloch vector. Initially the TLS is in a pure state with ryp = 1
and rj = 0.

(i) If r§ = 0, the measurement statistics can be approximated by the long-range ferromagnetic Ising model, where any one
spin is equally coupled to all other spins, so the correlation function between any two spins is always the same while the average
polarization of any spin is zero since the average over the two symmetry-broken states is also zero.

(ii) If r§ = %1, the measurement statistics is equivalent to that of independent classical paramagnetic spins with the external

field proportional to +/A, so the average polarization is equal for all spins and proportional to +/A while the correlation function
is a trivial constant.

012117-12



PHASE TRANSITIONS IN SEQUENTIAL WEAK MEASUREMENTS PHYSICAL REVIEW A 98, 012117 (2018)

(iii) If |r§| € (0,1), the measurement statistics can be approximated by the long-range ferromagnetic Ising model under an
external magnetic field proportional to both r§ and VA, so the average polarization for each spin is proportional to both r§ and
/A, while any two spins are also equivalent in this model so the correlation function is also a constant.

5. Example: Nuclear spin polarization by an ancillary electron spin

As an example, let us consider an electron spin (e.g., two energy levels of a nitrogen-vacancy electron spin) and a nuclear spin
(e.g., a *C nuclear spin in diamond). The POVM of the nuclear spin in Eq. (7) can be realized by coupling it to the electron spin
and then performing projective measurements on the electron spin [24,25]. The Hamiltonian of the electron spin (S = 1/2) and
the nuclear spin (1 = 1/2) is

H = AS,I, + ol,, (B28)

where S, (I;) is the electron (nuclear) spin operator with eigenstates |+), (|%),), A is the coupling strength, and w is the Larmor

frequency of the nuclear spin. The target spin evolution operator conditioned on the sensor spin state is U{)(r) = e 1(@*A/2L!
We apply the Ramsey sequence [24] to the electron spin with the propagator of the whole system as
U(1) = RS (/DU O H)ee (] + Uy (01 =) e (= DRI (/2). (B29)

where R/ (/2) = e7"Si/2(j = x,y) denotes the 7 /2 pulse for the electron spin along different axes. Suppose the initial state of
the whole system s |+), ® |¥) with [¢g) = CS' [4+)n + Cy |—)n denoting the initial target spin state, then projective measurement
on the sensor spin with Méa) = (I +2aS;)/2 (¢ = =£1) is equivalent to a POVM on the nuclear spin, i.e.,

M@ o) (Yol (M) = Tr, [MOU (4o (+] ® o) (ol UT(0)(M@)'], (B30)

where M@ = (UY — jqU()/2 = e i@L+em/D[cos(9) + 2a sin(f)1,]/+/2 with 6 = At /2. Note that M@ is the same POVM
operator as that in Eq. (8) except that there is an additional evolution operator e~/(“/=/+e7/4 \hich is independent of the
measurement results except for a trivial phase factor and has no effect on the probability distribution of the POVM result. By
repetitively applying the Ramsey sequence to the electron spin, sequential POVMs are performed on the nuclear spin with the
measurement strength tuned by the time delay ¢ between the two 7 /2 pulses [24], and the nuclear spin is polarized to |+), (|—),)
with the probability equal to the probability amplitude of the initial state [C |* (|Cy |). After spontaneous symmetry breaking
at m = mc, the nuclear spin will be trapped in the polarized state by the sequential weak measurement.

In realistic experiments, there may be some imperfections: (i) the timing for the sequential Ramsey sequences may not be
exactly the same, so that the POVMs may have slightly different measurement strengths, and (ii) the nuclear spin in the TLS may
suffer random magnetic fields between successive POVMs, so that sequential POVMs may have slightly different measurement
axes. However, as numerically demonstrated in the Supplemental Material [46], the phase transition behaviors are robust against
small inhomogeneity of measurement strength and measurement axes.

6. Ferromagnetic phase transitions in the long-range Ising model

The Hamiltonian of the long-range ferromagnetic Ising model can be mapped to the Hamiltonian of a single large spin with
S, = Z;”:l a;/2 [38]:

H:—kZajakz—k(2Sz —5), (B31)
Jj<k
where the large spin number S takes value 0,1, ...,m/2 for even m and 1/2,3/2,...,m/2 for odd m, and the spin degeneracy

in each large spin subspace is D(S) = Cp, /=5 _ Cn 27571 Wwith C;, being the binomial coefficient. So the partition function for
the long-range Ising model is

7 — Tr{ex(zsffm/z)} — o MA/2 Z ol ezxmz(j/mfl/z)z’ (B32)
j=0
where we have set 8 = 1/T = 1. For a large m, the partition function can be written in the integral form as
1/2
7~ e—ml/zm/ e—m(p(X)-FZm}»XZdX’ (B33)
~1/2
where ¢(X)=(1/2+ X)In(1/2 + X)+ (1/2 — X)In(1/2 — X). The integration in Z can be solved by the saddle-point
approximation. If mA < 1, the saddle point appears at X = 0 corresponding to the paramagnetic phase, while if mA > 1 there
are two symmetric saddle points within (—1/2,0) and (0,1/2), corresponding to the ferromagnetic phase. So the ferromagnetic

phase transition happens when mA = 1.

012117-13



MA, WANG, LEONG, AND LIU PHYSICAL REVIEW A 98, 012117 (2018)

APPENDIX C: ANOTHER KIND OF SEQUENTIAL POVMs

Consider another kind of POVMs with the POVM operators defined as
Mo, =1 = |+1)(+1|+cosg | -1) (—1],
My ——1 = sing|-1)(—1], (ChH
where ¢ € [—m/2,m/2]. With |g| increasing from zero to m/2, the kth measurement continuously changes from weak

measurement to strong projective measurement. This kind of measurement operators can be written in a form similar to that
in Eq. (7):

M, = %[al + bo, + ar(cl +doy)] = %[(a + aie)l + (b + ad)o], (2)
with

a = (1 + cos ¢y + sin @)/ (2V/2),

b = (1 — cos g — sin g;)/(2V/2),

c = (1 +cos g — singr)/(2v2),
d = (1 — cos ¢ + sin (pk)/(Zx/E). (C3)

After m sequential measurements, the un-normalized density matrix of the TLS is

pr = Mg - Mo, Mg, p0 = Ax + BiG - ng, (C4)

and the normalized density matrixis o, = pr/Tr(pr) = (I + r¢6 - n)/2 withry = By /Ay and iy denoting the length and direction
of the Bloch vector, respectively. The relation between p; and p;_; is fully captured by the transfer matrix

Ag 1 4 axcos?gy 0 0 aksinzgok Ar_y
By 1 0 (1 + o) cos g 0 0 B, ©5)
B} 2 0 0 (1 + o) cos @ 0 B |
B} o sin gy 0 0 1 + agcos’e; | | Bf
So the solution can be obtained in a way similar to that in Appendix B 1:
l m m
A, = W{ +r) [Ja+e+ 0 =r) ]I 1+otkcos(2g0k)]},
k=1 k=1
B, = 2’"+1r0 l_[ [(1 + ag)cose],
B = 2m+1 l_[ [(1 + ap)cospr],
1
B"Zi:m{ (1+75 ]j(1+ak>+ 1—7rf) !‘[lmakcos(zwk)]} (C6)
The probability distribution is
Plll(ahaZv ce vam) - Tr[pm] - 2Am
1 m m
= ort [(1 +75) ]‘[ (I+a)+ (1-73) ]—[ [1 + o cos (2(pk)]:|. (C7)
k=1 k=1
The density matrix of the TLS after m measurements is p,, = (I + r,,6 - n,,)/2 with
o B, _ 2ry Tl [(1 4 o )cosgy]
" An (L) TS (4 e + (1= r5) T [ + e cos 2901
v B, _ 2ry T [+ ag)cosgy] )

" An o (L) T A+ )+ (1= 1) TTie, [+ ax cos el

y _ B _ (1 + ”5) [Ti= (1 + o) — (1 - ré) [Ti=; [1 + o cos 2¢)]
Am (T4 Tl A+ ) + (1= r) TTie, [1 + o cos 2]
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APPENDIX D: SEQUENTIAL MULTIOUTCOME POVMs

The previous cases are all about sequential binary-outcome POVMs. However, the POVMs even on a TLS can have multiple
outcomes, so a natural problem is to investigate the measurement statistics of such sequential multioutcome POVMs, and their
possible connection with the Boltzmann distribution of Ising models of higher spins. In this case, we consider m successive

commuting (25 + 1)-outcome POVMs with the kth POVM operator defined as

M, = xi 1 + yraioy, (D1)

where x; and yy, are real positive parameters, o =

—285,-2S+1,

28 foereingahalfinteger andoz;< =-5,-S+1,....8

for S being an integer. The normalization condition ), M;[k Mo,k = I requires that x?(2S + 1) + y? Z o) of = 1.

Suppose the initial state of the TLS is |y) =
The un-normalized state of the TLS after m measurements is

[Ym) =
with

Otm e MazMal Wo) =

Cyl+1) + Cy |—1) with |£1) being the eigenstate of o, and |Cy |* + |Cy |> = 1

Crl+1)+ C, |-1), (D2)

= (X & Ymetn)Cpy_ = Cff ]‘[(xk + yea), (D3)

and the normalized state is |/”,,)

= |Ym) /N (¥ | ). With the Bloch vector components of the final state defined as r,"n =

k=1

(07) =

(W' oy’ (i = x,y,2) (r, = 1 for a pure state), the probability distribution for the measurement results is analytically derived

as

3

147
Py =

where r§ = |C1? —
the same withx; =x; =--- =x, =xand y; =y, =
With the notation © = y/x <

2m

¢+ Voo + 2xe) +

1—r

CTT G+ v = 2, (D4)
k=1

ICoy |? is the z component of the Bloch vector of the initial state. Assume that all the sequential POVMs are
- =y, =y, and all weak measurements with y < x &~ (28 + 1)~1/2,
1, the probability distribution is written as

Py = x—[ (L+8) [T+ 12ef + 2pe) + (1= 7) [] (1 + 1P - 2Wk)}7 (D5)
k=1 k=1

The lattice spin Hamiltonian corresponding to the probability distribution of the sequential POVMs is

2m m m
Hy = _1n=x [ +r5) [T+ 1P + 2p00) + (1 =) [T (1 + ez —2;;,0;,()“. (D6)
k=1 k=1

To the second order of i, the Hamiltonian can be approximated as

m

Hy ~ — Z (f’él«wlk + Mzalz)

k=1

m

—4p? Z ajay, (D7)

j<k

where we have neglected the trivial constant —2m Inx in Hyy. Such a Hamiltonian describes the long-range spin-S Ising model
[47—-49], which is known to have phase transitions similar to those of long-range spin-1/2 Ising models. Thus phase transitions
from weak to strong measurement are expected in sequential multioutcome POVMs.
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