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Multiparameter Gaussian quantum metrology
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We investigate the ultimate precision achievable in Gaussian quantum metrology. We derive general analytical
expressions for the quantum Fisher information matrix and for the measurement compatibility condition, ensuring
asymptotic saturability of the quantum Cramér-Rao bound, for the estimation of multiple parameters encoded in
multimode Gaussian states. We then apply our results to the joint estimation of a phase shift and two parameters
characterizing Gaussian phase covariant noise in optical interferometry. In such a scheme, we show that two-
mode displaced squeezed input probes with optimally tuned squeezing and displacement fulfill the measurement
compatibility condition and enable the simultaneous estimation of all three parameters, with an advantage over
individual estimation schemes that quickly rises with increasing mean energy of the probes.
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I. INTRODUCTION

The exploitation of quantum effects for enhancements
in sensing and precision measurements stands as one of
the linchpins of the current quantum technology revolution
[1-10]. The applications of quantum metrology range from
fundamental science, such as improving time and frequency
standards [11,12], advancing the sensitivity of gravitational
wave interferometry [13,14], and probing space-time parame-
ters in quantum field theory [15,16], to more applied scenarios,
such as navigation [17,18], remote sensing [6,19], thermom-
etry [20,21], spectroscopy [22,23], super-resolution imaging
[24-26], magnetic field detection for biomedical diagnostics
[27,28], and plenty more to come.

In many of these settings, the problem can be modeld as
the estimation of unknown parameters encoded on a probe
field initialized in a continuous variable (CV) Gaussian state,
i.e., a Gibbs ensemble of a quadratic Hamiltonian [29-32].
If the (unitary or noisy) channel imprinting the parameters
preserves the Gaussianity of the input state, the setting is over-
all referred to as Gaussian quantum metrology. Several works
analyzed instances of Gaussian quantum metrology, including
the estimation of single or multiple parameters using single-
mode or multimode probes [1,5,8,10,15,16,20,24-26,31-59].
However, to the best of our knowledge, no general method is yet
available to benchmark the achievable precision in multimode
multiparameter Gaussian quantum metrology.

This paper bridges such a gap. First, we develop a com-
pact expression for the so-called quantum Fisher information
matrix—which determines the precision available in quantum
metrology through the quantum Cramér-Rao bound [4,60-
62]—for multiparameter estimation with multimode Gaussian
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probes. This generalizes some partial instances from previous
works [32,40-45,50,51,63] and provides a derivation indepen-
dent from the fidelity formula obtained in [47] by information
geometry. Second, and most importantly, we also develop
a compact formula to assess compatibility between pairs of
parameters, that is, whether a common optimal measurement
exists that allows one to estimate them jointly with minimum
error [55]. This solves the problem of assessing the ultimate
precision truly achievable in Gaussian multiparameter esti-
mation, and provides a practical toolbox to validate effective
metrological strategies for a variety of applications. These
general results are presented in Sec. III, after recalling the
necessary preliminary notions in Sec. II.

As an illustration, in Sec. IV we then consider the joint
estimation of a phase shift and two noise parameters spec-
ifying a generic phase covariant Gaussian channel, using
two-mode Gaussian probes in an interferometric setup. This
extends previous studies where either phase only, or noise
only, or phase and one noise parameter were estimated
[1,5,33-36,39,41,43,53,55,59]. We show that two-mode dis-
placed squeezed probes with optimally tuned displacement
and squeezing enable the simultaneous estimation of all three
parameters, with an advantage over individual estimation that
rapidly grows with increasing mean energy of the probes. We
draw our concluding remarks in Sec. V.

II. PRELIMINARIES

A. Gaussian states and Gaussian channels

An m-mode bosonic CV system [29-32] is usually de-
scribed in terms of a vector of quadrature operators R =
{a1,p1, - +qm, ﬁm}T, which satisfy the canonical commuta-
tion relation

[R;,Ri] =iy, (1)

with Q = io®". Here and in the following, 1,0,0y,0; stand
for the 2 x 2 identity and the Pauli matrices, respectively, and
we adopt natural units (7 = 1). It is convenient to describe the
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density matrix p of a CV system by its so-called characteristic
function [32,64]

xp(®) = tt[pD_,], )
where
D—r — e—irTQR (3)

is the displacement operator, and ¥ = {g1,p1, ... ,Gm:Pm} " is
a vector of 2m real phase space coordinates.
An m-mode Gaussian state is a CV state with Gaussian

characteristic function,
x5 =exp[—ir'QVar —i(Qd)r], 4)

and hence it is fully characterized by the first and second statis-
tical moments of its quadrature operators, i.e., the displacement

A

vector d = (R) and the covariance matrix V with elements
Vie=(R; —d;, Ry — di}4), )

where {-,-}; is the anticommutator, and the uncertainty prin-
ciple imposes

V>iQ (6)

for any physical state [65]. The mean energy per mode of an
m-mode Gaussian state, i.e., the expectation value of the non-
interacting quadratic Hamiltonian H = Z?zl(&,iflk +1/2)
divided by the number of modes, with a; = (Gx + i pr)/ V2,
can be easily computed from the covariance matrix V and the
displacement vector d of the state [30,31]. In units of w, this

is given by
Ay 1 1/ V 5
_—= — = — | tr— d , 7
m oty g\ T ™

where 7 is the mean number of excitations per mode.

A Gaussian channel A is a completely positive and trace-
preserving map that transforms Gaussian states into Gaussian
states [29,30,32,66—70]. When a Gaussian channel preserves
the number of modes of the input state, it can be represented (up
to additional displacements) by two 2m x 2m real matrices, X
and Y, with ¥ = YT, which act on the displacement vector and
the covariance matrix as

d - Xd, ®)
V> XVXT 47,

and satisfy the complete positivity condition
Y +iXQX' >iQ. )

The latter, for single-mode Gaussian channels, reads Y >
0, vdetY > |1 —det X|. If the matrices representing the
single-mode channel are proportional to the identity, X =
J/x1,Y = y1, with scalar parameters x,y > 0, then the chan-
nel A, , is said to be phase covariant and the complete
positivity condition reduces to y > |1 — x|.

B. Multiparameter quantum metrology

In general, to implement an estimation protocol, one needs
[3-5] a probe state pp; a physical mechanism described by
a completely positive and trace-preserving map Ay,; which
encodes, on the probe state, the set of parameters {1} one
wishes to estimate; and a measurement of the transformed state

Py = Ayl Po] and classical postprocessing of the measure-
ment results. This procedure allows one to construct an esti-
mator {fi} of the unknown parameters {;¢}, whose performance
is quantified by the covariance matrix cov({fi}). Its diagonal
elements, the variances, quantify the error in the estimation
of the individual parameters, while the off-diagonal elements
give an indication of the correlations between the parameters.
The quantum Cramér-Rao bound yields a lower bound to the
covariance matrix of an unbiased estimator in terms of the
quantum Fisher information (QFI) matrix F [4,60-62]:

cov({i}) = (MF) !, (10)

where M is the number of repetitions of the experiment.

In order to calculate the QFI matrix, one can introduce the
symmetric logarithmic derivative (SLD) operators {£;};c,
which are implicitly defined by the equation

s A 0p
Lebya + P fe =231, an

These operators are Hermitian, ﬁ; = [ZI., by construction. The
QFI matrix elements are then given by

Foe = 3t(pun{Ly. Lehy) = Relt(py £,L0)]. (12)

The Cramér-Rao bound, Eq. (10), can be saturated, in the
limit M >> 1 of an asymptotically large number of repetitions
of the protocol, if an optimal measurement can be performed on
the evolved state. For each parameter, an optimal measurement
is described by a set of projectors which commute with its
SLD. This implies that, if [£A,,,£A;] = 0, then the existence
of a common eigenbasis for the two SLDs is ensured, hence
a jointly optimal measurement for extracting information on
both parameters 1 and ¢ can be found. However, this condition
is sufficient but not necessary. A weaker condition [8,55,62,71—
75] states that the multiparameter Cramér-Rao bound can be
asymptotically saturated iff all pairs of SLDs commute “on
average”: (1) Jp; =0 Vn,¢ € {u}, with

1 A A Ao
Tne = 5t pyalLy L)) = Imle(pya £,L0) (13)

Moreover, if one wishes to estimate each parameter as precisely
as one would estimate them individually when assuming
perfect knowledge of the other parameters, then two more
conditions need to be satisfied: (ii) there must exist a single
probe state Py that yields the optimal QFI for each of the
parameters, and (iii) the parameters must be statistically inde-
pendent,i.e., F;,; = 0Vn # ¢.Thelatter condition ensures that
the uncertainty on one parameter does not affect the estimation
precision of the others. When all conditions (i)—(iii) are met,
then the parameters are said to be compatible [55].
Estimating « = |{;t}| parameters individually, where each
parameter is estimated using the state gy, requires x times more
resources (e.g., energy, coherence, or entanglement in the input
state preparation [10,55]) than estimating them simultaneously
using pp in one shot; however, the latter strategy may not
always offer superior performance if not all the parameters
are compatible. A useful quantity to get a quantitative com-
parison of metrological performance between individual and
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simultaneous schemes is the ratio [76]
Aind
Asim’
where (considering a single repetition, M = 1):

AP =Y Fol and A = ha (P (15)

R =

(14)

are the minimal total variances in the individual and simul-
taneous cases, respectively. Here the factor of k! is needed
to account for the fact that the simultaneous scheme requires
k less resources than individually estimating each parameter
resetting the probe each time. When R > 1, simultaneous
estimation is advantageous over individual, with a maximum
advantage R = « reachable only when condition (iii) holds.

III. GAUSSIAN QUANTUM METROLOGY

Given an m-mode Gaussian state py,,), depending on the set
of parameters {u}, and denoting in what follows 9, - = 9 - /9¢,
the SLD EA; for one of the parameters ¢ € {u} can be written
as [32]

EA{ = L({()) +L21)TR+RTL({2)IQ, (16)

with Lgo) = —%tr(V(,t}L(gz))—Lgl)Td d{u L(;z)d{m . (17)

LY =2V ddyy — 2L dy,, (18)

o _ (a)]* T=1 ik o
L ZZUM_( 1)15 M*sTt o (19)

jk=1 1=0

In the formulas above, {v;} are the symplectic eigenvalues of
the covariance matrix Vj,;, S~! is the symplectic transforma-
tion that brings V/,,, into its diagonal form,

m
—1 T-1
ST WS = vy = Puit
i=1

and

A B o
(a{)[jk = tr(S 18; V{V_}ST Ml]k),

where the set of matrices M, / * have all zero entries except for
the 2 x 2 block in position jk which is given by

1€{0,...,3} = E{io)75027]17ox}‘
As the main result of this paper, we obtain the following.
Theorem 1: Given a CV bosonic Gaussian state of an
arbitrary number of modes m, described by its first and second
statistical moments dy,,; and Vy,,, respectively, and depending
on the set of parameters {u}, we have for any 1,¢ € {u} that
Fie = 5[0V,

L] +2(8,d0,)) Vi (8cdyy), (20)

Tne = 200(QLE Vg LP) +2(8,d],,) Vi @V e dy)
2D

with L defined by Eq. (19).
Equation (20) provides a compact expression for the QFI
matrix in Gaussian quantum metrology, directly generalizing

FIG. 1. Aninstance of multiparameter Gaussian quantum metrol-
ogy. The initial state py is a two-mode displaced squeezed state which
passes through an interferometric setup before a joint measurement
is made. One mode undergoes a phase transformation of ¢/2 and the
other of —¢/2, while both modes are affected by a phase covariant
Gaussian channel A, , with noise parameters x and y. We determine
optimal strategies for the estimation of the three parameters {¢,x,y}.

the formula for the single-parameter case which can be found,
e.g., in [10,32]. Equation (21), on the other hand, provides a
general formula for the quantity defined in Eq. (13), which
determines the measurement compatibility condition (i) be-
tween pairs of parameters [55]. The proof of Theorem 1 is
given in Appendix A. Note that, while a formula equivalent to
Eq. (20) may be alternatively derived from the expression for
the quantum fidelity between two Gaussian states as recently
reported in [47], the formula in Eq. (21) is entirely original in
the context of Gaussian quantum metrology and, to the best of
our knowledge, no similar expression can be found in previous
literature; in particular [77], Eq. (21) cannot be derived using
the information geometry methods of [47].

Let us remark that both formulas appearing in Theorem
1 can be evaluated efficiently for an arbitrary Gaussian state
Piuy» although one needs to determine explicitly the symplectic
transformation S~! that diagonalizes the covariance matrix
Vi~ The latter transformation can be constructed analytically
for one and two modes (see, e.g., [78-80]), and in general can
be obtained numerically for a higher number of modes.

IV. APPLICATION TO NOISY OPTICAL
INTERFEROMETRY

To illustrate the usefulness of our results, we apply the
general formalism of Theorem 1 to the technologically relevant
task of quantum phase estimation under noise in optical inter-
ferometry [1,2,5,8,81,82]. We focus specifically on the scheme
of Fig. 1, where an initial two-mode displaced squeezed
state (TMDSS) pp undergoes a phase transformation and
transmission noise in an interferometric setup, before the two
modes are jointly measured. Here, we define the TMDSS as
having

dy = v2{Re[a],Im[a],Re[ 81, Im[B]} ",
cosh(2r) 0 sinh(2r) 0
0 cosh(2r) 0 — sinh(2r)
~ | sinh(2r) 0 cosh(2r) 0 ’
0 — sinh(2r) 0 cosh(2r)
(22)

where «, 8 € C are the displacements of each mode, andr € R
is the squeezing parameter. The phase difference ¢ is imprinted
by each mode undergoing a unitary shift of £¢/2, while the
noise takes the form of a generic phase covariant Gaussian

012114-3



NICHOLS, LIUZZO-SCORPO, KNOTT, AND ADESSO

PHYSICAL REVIEW A 98, 012114 (2018)

channel, A, ,, on each mode. This includes the combined
effect of loss (0 < x < 1), amplification (x > 1), and added
thermal noise (y > |1 — x|), modeling realistic transmission
of the probes in free space or over telecommunication fibres
[29,30,32,66-70]. Our goal is to determine the best strategy to
estimate all three parameters ¢, x, and y [83], hence tracking
both signal (¢) and noise (x,y) as precisely and efficiently as
possible, using affordable TMDSS probes.

We first consider under which circumstances the compati-
bility condition (i) is obeyed, that is, when there exists a single
optimal measurement for extracting all of the parameters such
that the quantum Cramér-Rao bound (10) may be asymptoti-
cally saturated. Using Eq. (21), one can easily show that this
condition becomes dependent only on the displacement of the
state, reading |« |> = | B|?. Further examining when a TMDSS
(22) leads to minimal total variances, A" and AS™ [see
Eq. (15)], we find that optimal states minimizing both of these
quantities (assuming without loss of generality r > 0) must
have Re[a] = Re[f] = 0 and Im[«] = Im[B]. Consequently,
any optimal input TMDSS already automatically obeys the
measurement compatibility condition (i).

We can then compare individual versus simultaneous es-
timation schemes at fixed input mean energy, customarily
regarding the latter as the main resource for the metrological
protocol [4-7]. The mean energy per mode of a TMDSS (22)
with |a|> = |B/* can be written as (H)/2 = ii + 1/2, with

i = sinh?(r) + |o|%. (23)

We find that the proportion p = |«a|? /7 of this energy that is
optimal to invest in displacement rather than squeezing varies
with x and y (but not ¢) as well as with the total 1. Said optimal
proportion pep, in regimes of lower and higher input mean
energy, is plotted in Fig. 2 (top) against the values of parameters
x and y. We observe that, at low energy, the individual and
simultaneous schemes differ significantly. The optimal state for
minimizing Ajnq has all of its energy dedicated to displacement,
whereas for simultaneous estimation all energy should be put
into displacement for x — 0 and the optimal proportion pgp
decreases from 1 as x increases, eventually dropping below
1/2, in which case it is beneficial to put more energy in
squeezing than displacement. As the available input energy 7
increases, this behavior quickly changes: the values of pp for
the individual and simultaneous schemes become very similar.
In both cases, it is always beneficial to put more energy into
displacement than squeezing, with po, approaching, but never
crossing, the plane pop = 1/2. In both strategies, there is a
region of parameters at low x where the optimal input state
has all its energy in displacement.

The middle and bottom rows of Fig. 2 both compare the
minimal achievable total variances Ay and A3 for individual
and simultaneous estimation, as defined in Eq. (15) withx = 3
in our scheme. Specifically, the middle row shows how each
variance changes with the noise parameters, while the bottom
row illustrates the performance ratio R defined in Eq. (14). At
low input energy, there are distinct regions of the parameter
space where either the individual estimation scheme (R < 1)
or the simultaneous scheme (R > 1) is preferable. The solid
(red) line in Fig. 2 (bottom, left) shows the boundary between
these two regions. As the energy 7 approaches zero, this
line approaches the vertical line x = 1, i.e., the boundary

2 &
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1.0 R ET TR 1.0 S LS :
18 BRI e u pind
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FIG. 2. Results obtained from the metrological scheme outlined
in Fig. 1. Left column: Analysis at low energy, # = 0.005. Right
column: Analysis at higher energy, 77 = 5. Top: Optimal proportion
of input energy to put in the displacement, p,, comparing individual
and simultaneous estimation schemes. The unmeshed (green online)
plane marks p,, = 1/2, above which more energy should be used for
displacement than squeezing. Middle: Minimal achievable error Ay
for the two strategies. Bottom: Performanceratio R = Alit/ASe. The
solid (red online) line marks R = 1; when R > 1, the simultaneous
estimation scheme outperforms the individual one. All the presented
results are independent of the value of the unknown phase ¢. All the
quantities plotted are dimensionless.

between loss (where simultaneous estimation is superior) and
amplification channels (where individual prevails instead).
As the available energy 7 increases, this boundary moves
quickly to the right, such that for any reasonable values of the
parameters one gets simultaneous estimation as the optimal
scheme. In fact, as Fig. 2 (bottom, right) shows, R then
approaches its maximum value 3 in a wide region of the
parameter space. This shows that all three parameters become
very nearly statistically independent, eventually fulfilling the
compatibility condition (iii), with increasing input energy 7
[84]. Quantitatively, by a series expansion we find that in the
limit 7 > 0 the ratio converges to

2 2 2
R~ 3[1 A o(ﬁ“)}. (24)
4x3y

We further observe that both individual and simultaneous
total variances display at best a standard quantum limit scaling
with the input energy, Ag;{”"“ < 0@~ "), with no sub-shot-
noise enhancement possible due to the presence of noise, in
agreement with the general predictions of Refs. [59,81,82].

For completeness, the explicit QFI matrix F for the three pa-

012114-4



MULTIPARAMETER GAUSSIAN QUANTUM METROLOGY

PHYSICAL REVIEW A 98, 012114 (2018)

rameters {¢,x,y}, as computed from Eq. (20) using optimized
TMDSS probes, is reported in Appendix B. We finally note
that, in the individual estimation scheme, we have determined
an optimal input state that minimizes the total variance A™
as defined in Eq. (15), but one could, in principle, consider a
different input state optimized independently for the estimation
of each parameter. This analysis, also reported in Appendix B,
leads to slightly better performances for individual estimation,
but does not change any of the conclusions discussed above,
including the fulfillment of the compatibility conditions and
the qualitative regime where simultaneous estimation is ad-
vantageous.

V. CONCLUSIONS

In this paper we derived general formulas to assess the
ultimate precision available in Gaussian quantum metrology,
that is, in the estimation of multiple parameters encoded
in multimode Gaussian quantum states [32]. We derived a
compact expression, in terms of first and second moments
of the states, for the quantum Fisher information matrix,
which bounds the achievable estimation error via the quantum
Cramér-Rao bound. We then obtained a compact analytical
expression to assess iff such a bound can be asymptotically
saturated, i.e., iff a common measurement exists that is able
to extract information optimally on all the parameters, a
condition known as measurement compatibility [55]. This
yields a general tool to endorse feasible estimation strategies
in multiparameter Gaussian quantum metrology.

We applied our general formalism to study the practical esti-
mation of three relevant physical parameters in noisy optical in-
terferometry: an unknown phase shift and two unknown noise
terms which specify a generic phase covariant Gaussian chan-
nel, capturing realistic instances of imperfect transmission.
We showed that, using two-mode displaced squeezed input
probes with optimally tuned squeezing and displacement, the

J

measurement compatibility condition is satisfied, and one can
estimate all three parameters simultaneously with an advantage
over individual schemes growing rapidly as the available input
energy is increased, eventually reaching a regime where the
parameters are de facto statistically independent.

Our techniques can be promptly applied to a broad range
of problems in fundamental science and technology [4-6],
including (gravitational) interferometry, biosensing, imag-
ing, positioning, thermometry, and more generally wherever
the precise estimation of parameters encoded in quadratic
Hamiltonians or noisy evolutions preserving Gaussianity is
demanded. While this work focused mainly on compatibility
conditions (i) and (iii), i.e., measurement compatibility and
statistical independence [55], our framework can be combined
with efficient numerical algorithms to find optimal input probe
states [50,85,86], in order to fulfill condition (ii) and minimize
the overall error on estimating multiple parameters. Tailoring
existing algorithms—or devising new ones—to search within
multimode Gaussian states, constrained to the compatibility
constraints derived here, may be a valuable next step.

Note added. Recently, an independent derivation of Eq. (20)
was reported by D. Safranek in [87].
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APPENDIX A: PROOF OF THEOREM 1

. . . . . . )
To prove Theorem 1 we will calculate explicitly, term by term, the following expression [adopting the notation L;l) =(L,))

and L(nz) = (L%k), for j,k,l € {1,...,m}, and assuming here and in the following a sum over repeated indices]:

tr(pyyLnle) = e g (LY + LR + L

nl

n jk

Iéj Iék)(L(;)) + L(;l,)nlém + L({Z;Jq ﬁpﬁg)]’

i.e., we will find the explicit expressions for tr(dy,) R, R,), tr(pyy R R, R,), and tr(p(, R Ry R, R, ); recall that the linear term is

just the displacement vector: tr(ﬁ{ﬂ}lé,) =d.

We will make use of some properties of the symmetrically ordered characteristic function x (r). The first property is that the
expectation value of an operator is equal to the characteristic function associated to it evaluated in r = 0. The second one is that
given any bounded operator O, the following holds as a consequence of the Baker-Campbell-Hausdorff decomposition of the

displacement operator:

A A A . 8 1 ~
Xor,(®) =Tr[D_+OR;] = | =i — — —ijrk>xo(r), (AD)
’ a}"j 2
where ¥ = Qr. The last property we use reads
9 d s Fiidyy i _ 1 =
Exﬁ(u) - %e QA n T = ld{M}Jn - EV{M},mjrj’ (A2)
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and it follows directly from the definition (4) of Gaussian characteristic function:
1+ . T
Xp (X)) = €Xp —Er QY Qr —i(Qdy,) r|. (A3)

In the rest of the proof, for the sake of a lighter notation, we will indicate with x = xp,, the symmetrically ordered characteristic
function of the Gaussian state py,) (if not specified otherwise) and we will write 9; for 5. Moreover, we will drop the explicit
dependence on the set of parameters {u} from dy,, and Vj,,, that is, we will use the shortcuts dj = (dyy)j =dy,y,jand Vi =
Vi) jk = Vi) ji-

1. Quadratic term: tr(f,,, R, R,)

s ) (<35 = 38w
=|—id, T || —i0, — =2, ¥y ) X
o ( ) Qqq'Tq P ey o

. i 3 i 1 o
= [(—1)2848,,)( + EQPp’aq(rp’X) + EQqq’rq’apX + ZQqq’Qpp’rq/rp’X]

Making use of property (Al) we get
1

(P RpRy) = <—18 QyqTy )Xﬁ(m’?q
=0

i i
= |:_3qapX + EQPP'(8fII"X ""717/3q)()i|~ = —030p X lr=0 + EQPQ’ (A4)

and exploiting property (A2) we find

. 1 - . 1 .
0y0,x = (wl,, — EVpp/rpr)qu + 8q|:(ldp — EVpprr,,r>:|x

. 1 5 . 1 5 1
= <ldp - EVpp’rp’) (’dq - Equ”"q’)X - zvpp"sqp’X

= (idp — %Vp,,/fpr) (id,, - %qu/f,,)x - %V,,qx. (AS)
Evaluating this last expression in ¥ = 0 we get
9y 0pxle=0 = —dpdy — %qu’ (A6)
and plugging this into Eq. (A4) we finally obtain
tr(ﬁ{M}RPR‘]) = dpdy + %(qu +i€2p4). (AT)

2. Cubic term: tr(f,,, R/ R, R,)
Applying property (Al) we write

PP 1 , 1 _ . 1
tr(ﬁ[M}RlRqu) = (—18 2 qq/rq ) (—18,, — EQ,,,,/V,,/) <—18, — EQ[;/I‘[/)X

2
z[(_ifa,,apazx (=)

SN i)? (—i)? - i e
Q) 0y (Fprdrx) — Tszq,,,rq/a,,aqx — ZQqqu”/rqral,(rpx)

=0

Q04 0, (Fr x) — —Qpp’Qll’a (FpTrx)

T2
i o 1 . e
- ZQqq’Qpp’rq’rp’alX - ngq’QW’Qll’rq”"P”’l’X
£=0
. 1 - 1 -
= 1i0,0,0;x + zﬂll/aqf)p(rpx) + zsz,,,,/aq(rp/a,x) . (A8)
£=0

Making use of property (A2), the three terms above are readily found. When evaluated in ¥ = 0, they read
aq 8p(fl’X)|f‘:0 = idqspl’ + idpaql’a
aq(ip’alX)lf‘zﬂ = id[quf,

. i
3q3p81)(|f~:0 = —ldpdldq — E(Vpldq + qudl =+ qudp).
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Hence we get (notice that V;; = V;; as the covariance matrix is symmetric)

(P RiR, Ry) = dpdidy + (Vi + ip)dy + (Vg +iQpg)ds + (Vig +i,)d) 1. (A9)

3. Quartic term: tr(f,,, R; R R, R,)

Considering that the linear term in 7, gives no contribution when evaluated in ¥ = 0, we have

A A A A . . 1 . . 1 . . 1 5
tr(Oyy R Rk Ry Ry) = —idy (—18,, — EQ,,,,/r‘,,r) (—zak — EQkk"’k/) (—zaj — Eijrrj/>X‘
F=0

. . (=i)?
= —laq[(—l)33p3k3jx — 5 S 0O x) — Qkk’Qu 0p (T x)

(—l)2 (—i)? . i S
Qkk’8 % jX) - TQpp’rp’akan - ZQ[’P’ij’rP’ak(rj’X)

i o 1 o
— ZQpperk/rp/rk/an — ngp/Qkk/ij/rprrk/rj/XiI
F=0
Notice that the last two terms do not contribute when evaluated in ¥ = 0, since they are of the second and third order in 7 and,
when differentiated with respect to 7, they produce a linear and a quadratic term, respectively. We then get

NPT . (i)} ]
(P R Re R, Ry) = {(—z)4aqa,,aka,-x — 5 Ry 38,0y 1)

(—i)? - (i) .
+ 1 Q€210 0, (FurFjr x) — Qi 040, (Fr 05 x)
=iy (—i)?
- Qg (Fp 0 %) + 2 Q2 Q200 [Fpr 0k (Fjr )] , (A10)
=

The six terms above, when evaluated in ¥ = 0, give
040, 0k(Fjr X)|g=0 = kjr040p X lr=0 + 87040k X lr=0 + 84,70, 0k X Ir=0,
040, (FiFjr X )li=0 = 8px8gjr + 8Bk,
040,(rrd; X)1g=0 = Sprg0; X lr=0 + dq139; X |r=0,
0g(Fp 0k X)¥=0 = 84 0k, X lr=0,
3 [Fpr 0k (F 0 ) le=0 = 8qprBijrs
0,0,000; X ls=0 = did;jd,d, + %(V(”;dkdj + Vijdpd, + Viedid, + Vigdid, + Vi,did, + Vipdidy)
+ zll(Vkajq + VipVig + Vij Vgp)-
Plugging these expressions into Eq. (A10), we get

A A A A 1 1 1 1 1 1
tr(,é{ﬂ}RijR,,Rq) = djdkdpdq + Edpdq ij + Edkdqvj-p + Edjdqvkp + Edkd[,qu + Edjd,,vkq + Edjdkqu

i V Vig V
Vi Vip Vik
+Q]q<dkd +T>+qu<dd + ) >+qu<ddk+ 5 )}

1 1
— Z(quQkp + Qj!’Qkfl + ijQ[,q) + Z(qu Vip + VipVig + ijqu). (A11)

Before moving to the last part of the proof, we recall that the expectation value of the SLD operator is zero. This is easy to
check:

A

(Le) = 0P Le) = L) + L tt(by Ru) + L tr(pug R Re)
1 .
=LY + L) dy + ijk(djdk + 5 Vi + lek))’

which in vectorial form reads

(L) = LY + LT +d"LPd + Sr(LPV) + (LY Q). (A12)
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When substituting the definition of LEO) from Eq. (17) into Eq. (A12), we are left with a term proportional to tr(L(tz)SZ), which

vanishes because L(gz) is symmetric while €2 is skew-symmetric.

‘We have that

4. Expressions for tr(fyy L, L)y Frer Tne

A A A 0 D, r 5 2 A BB
tr(,ow}ﬁ,,ﬁ;) = L;O)L(;) + L(,IO)LE ) tr( Oy Rn) + L(,IO)L( ) tr(Oy Ry Ry)

m ¢ pq

+ LY L w(pyg R) + L)LY (b RiRy) + LU)LE, (g RIR, Ry)

rm n ¢ pq
2) 7O, a B B ) ;M a B PP 2) 7@ A BB P P
+ L LOw(pg Ry Re) + L L) (o Ry RiRo) + L LE) (b R Re R, Ry,

and exploiting the results of the previous sections we get

w(Pyalyle) =

1 .
LOLY + LOLY) d + LOLY) (d,,dq + 5 (Vog + lgz,,q)> + L)LY d)

+L9LY (dd +1(V +iQ
nitem 18m D) Im l Im)

+L91L? (d,dd, + (V,, + i G vian v +in®
nite pg\ Gpidg pt+1 lp)2 + (Vpg +1i pq)2 + (Vig +1i lq)2

1 .
+L2 LY (djdk +5Vie+ lszjk)>

@ oy i iy f v ia %
+LnjkL§m d]dkdm+(vjk+lgjk) ) +Vkm+lem)2 +(V] +lem)2

1 1 1
+ Lgf;,(qu {djdkdpdq + zdpdq Vie + Edkdq Vip + Edjdq Vip

1 1 1 1 1 1
+ Edkdejq + Edjdekq + Edjdkqu + Z g Vip + Z ip Vg + Z ik Vg

1 14 v, V; v,
+ 5i[szjk (d,,d,, + %) +Q, <dkdq + %) + (d,d,, + %) +Q, <dkd,, + %)

V; V; 1
+ qu (djdp + %) + qu <djdk + 7jk>:| - Z(qugkp + ijqu + ijQM)}

1 1 1 1
@ ;M 2) 1 : @ ;@ : ) M
Edkvjml‘njkl‘{m + EdjL’ljkamLfm + Eldeijnjkam + EldjL’?ijkmLCm

nj ¢pq ¢ pq nj ¢ pq

1
2 2
nJjk™¢ pq + EdjdpL 'kaqL

1 1 1
+ S did, Vi, L2 LP + Ea',-qu@).k VipL? + 5czkczpvquﬁfj.kL@)

njk™¢ pg n jk ¢ pq n jk ¢ pq

1. 1,
njk=¢ pq + Eldjqu(Z) Qka(Z) + Eld‘idpL(z) quL(z)

1 1
+ 5idid, 2 pLO LS+ Sy oL LY

1 ! !
4 - qL(l)leL(z) + Eiqugll)leL({ziiq + EidPL(rlll)quL(f;’q

1
M 2
240l tpg T EdPL Vig L

nl ¢ pq

1
+ =i, L Vi LY

L o) o)
1 f trg T + —lepL quL

1
: (2) (2)
+ 7 iVigLy S2ipL n jk ¢ pq

1
: 2) (2)
+ 1182qLy i VipL n jk tpe T g

J ¢ pq 4

1 1 1 1
@ @ @ @ @ @ @ @
g Vie Ly Ve L ng + Vi Ly i Vi L ng = 3oLy i@ L ng = 7 n Ly iR L g

4 J ¢ pq 4

1 1.
LV, + L0, L,

1
2"

where to obtain the last equality we used the trick of subtracting ([Z;) (ﬁn) =0.
In vectorial form, Eq. (A13) becomes

tw(pyylyLe) = d LPVLY +id LPQLY +2d"LOVLYd + 2id" LPQLd + d"LP VLY +iLTQLPd

; Dyr@ 1 @Dy 7@ 1 D7 @ Iy Wy M i HT o D
+2itr(QLVLY) 4+ 3wr(VLIVLY) + 5te(QLIQLY) + 3L, VL + SLPT QL.
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Now, since for any two Hermitian operators A and B it holds that 2tr(p;,) A B) = tr(p,y{A, B} ;) + tr(p,[A, B]), we find
Re{tr(py Ly L)y = 3u(pyutly. Lets) = Foe = Fen, (A15)

Im{tr(ﬁ{ﬂ}ﬁnﬁi)} = %tr(ﬁ{u}[ljmﬁ{]) =Tne = —Ten- (Al6)
Using the cyclic property of the trace and the identity 9,V = VL(CZ)V + QL(Cz)Q [32], we have that
1 2 2) 1 2 2)\ _ 2)\ _ 2
su(VLYVLY) 4 3uw(QLYQLY) = (9, VLY) = (9, VL), (A17)
therefore, for Eq. (A15), we can write
Re{tr(pyyL, L)} =d LPVLY +2d"LPVLPd +d"LP VLY + L@, VLP) + JLOVLY. (A18)

Finally, substituting in the expression for L") given by Eq. (18), and adopting in what follows the shorthand notation d,; = 9,d,
we get

PN Tr 2 Tr (@) Tr (@) Tr@ T @ 2 2
Re{tr(pyylyLe)} =2d"LYPd, —2d"LYVLYd +2d" LY VL d+2d L d, — 2d" L7 VLYd + 30, VL)
Ty —1 T2 Tr @2 Tr @ 2)
+2d,V7'd, —2d) L7d - 2d"LYd, +2d" LY VLY d
2 Ty —
= %tr(E}gVL% )) + 2d,]V ld;
= Fye. (A19)
Similarly, for Eq. (A16) we have
A AP Tr@ 1) Tr Q2 2 nT 2 @ 2 DTor D
Imfte(py Ly Lo)} = d"LYQLY +2d" LYQLYd + LIV TQLYd + 2tr(QLIVLY) + JLVTQL,
=2d"LPQV ', —2d"LPQVd, +2LPQLPd +2d] V'QLPd - 2d" LY QLY d
2 ) Ty, —1 -1 Ty, —1 2) T7rQ) —1 T7rQ) 2)
+2uw(QLPVLY) +2d)v'QVTld, —2d] V'QLYd — 2" LPQV T d, +2d" LY QLY d
_ ) 2 Ty —1 -1
=2u(QLVLY) +2d,v'Qvd,

= Tne- (A20)
In conclusion, to summarize, we have shown that
(P Lyle) = Foe +iTne (A21)
with
Foe = 3@ VL) +2d] vV~ d,, (A22)
Tne = 20(QLPVLY) +2dTv-'Qvd,. (A23)

This completes the proof of Theorem 1.

APPENDIX B: ADDITIONAL DETAILS ON THE ESTIMATION PROBLEM OF FIGURE 1

For completeness, here we include the analytical expression of the QFI matrix for estimating the three parameters {¢,x,y} as
described in Fig. 1, using an input TMDSS g, of the form given by Eq. (22), with» > 0, Re[a] = Re[B] = 0, and Im[«] = Im[S].
The QFI matrix for the considered problem takes the form
Foo  Fox  Toy
F = ]:(sz ]:xx ]:xy P (Bl)
Foy  Fay  Fyy
where, using Eq. (20), we have

2]a|?x[x sinh(2r) + x cosh(2r) + y]
2xy cosh(2r) + x2 + y?
Fo_ (x> =y2+1)° [ =P +1][e+ v +1] dlePx ] 2l —1)
L ) 2xycosh(2r) +x2 4+ y2 — 1 2xycosh(2r) +x2 + y2 + 1 x+y (x + y)(ley i x)’

Fop =

012114-9
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2[x? cosh(4r) + 2xy cosh(2r) + y* + 1]

Foy = 2xy[2cosh(2r)(x? + y2) 4+ xy cosh(dr)] + x* + 4x2y2 + y* — 1’
Fox =0,

Foy =0,

Fu o 2(x* + y? + 1) cosh(2r) + 4xy

2xy[2cosh(2r)(x? + y2) + xy cosh(4r)] + x* + 4x2y2 + y* — 1

In the high input energy limit, i = sinh?(r) + |&|> >> 0, the QFI matrix (B1) can be approximated as

2pxit
pT + ¢y ) 0 0
F~| o0 e oahH|, (B2)
0 oY yLz

where ¢, and ¢, are some constants. From this we see that the nonzero off-diagonal term scales as F,, ~ i~!, thus vanishing in
the limit 7 >> 0, in which case the compatibility condition (iii) is asymptotically fulfilled, as stated in Sec. IV. We also see that
the variances on estimating ¢ and x scale as the standard quantum limit, {F, ¢1 ,F!1} ~ !, while the variance on estimating the

added noise y tends to a constant depending on the parameter itself, ]—'y’yl ~y2

Optimizing the input state for each parameter independently
in individual estimation

The analysis of the metrological scheme in Fig. 1 provided
in Sec. IV compares the strategies of estimating each parameter
individually and estimating them simultaneously. For sim-
plicity of presentation, the analysis of individual estimation
presented in Sec. IV in fact optimizes the minimal total
combined (“com”) variance associated with the estimation of
the three parameters over the family of input states, i.e.,

opt — “opt

A = Ay =min Y Fl. (B3)
" et

Realistically, one may expect that in such an estimation
procedure, as each parameter is estimated in an independent
experiment, a different optimal input state could be determined
for each parameter and used in each corresponding experiment.
This would, in principle, lead to a smaller total variance,
resulting from the sum of the minimal variances optimized
independently (“ind”) for each parameter, thus altering our
optimization to the following:

Agﬁ,ind _ Z Al = Z rrllfin ]:r;]l, (B4)
0
S0

ne{u}

We present here the results of this independent optimization,
finding that a slight improvement in the ensuing individual
estimation strategy is obtained but the conceptual conclusions
reached in Sec. IV, including the qualitative comparison with
the simultaneous estimation strategy, remain unchanged.

As stated in Sec. IV, the compatibility condition (i) depends
only on the displacement of the initial state and may be written
as |o|> = |B)>. In Sec. IV, it is also found that the minimum
combined variance Ag;f{'”m, as defined in Eq. (B3), is achieved
with states that have Re[a] = Re[8] = 0 and Im[«] = Im[].
We find that these same conditions minimize each independent
variance A", so that also the quantity Ag‘;ﬂ"“d defined in
Eq. (B4) is minimized and the compatibility condition remains
obeyed.

(

ind,ind
1000 B Aopt
g 3 ind,com
500 4 u Aopt

, sim
1 Y K Aopt

[¥)
w

40

FIG. 3. Comparing optimizing the input state for each parameter
independently (“ind, ind”), to optimizing for the combined error
(“ind, com”), as in Fig. 2. Left column: Analysis at low energy,
7 = 0.005. Right column: Analysis at higher energy, 7 = 5. Top:
Optimal proportion of input energy to put in the displacement, pp,
comparing individual estimations of each parameter. The unmeshed
(green online) plane marks po, = 1/2, above which more energy
should be used for displacement than squeezing. Bottom: Minimal
achievable error A, for the introduced independent estimation, in
comparison with the two strategies discussed in Sec. IV. All the
presented results are independent of the value of the unknown phase
¢. All the quantities plotted are dimensionless.

The proportion of the energy pqp to dedicate to the displace-
ment of the initial state (as opposed to squeezing the state) for
minimizing the combined error is discussed in Sec. IV and
shown in Fig. 2 (top). This quantity changes when considering
the errors optimized for each parameter independently, as
shown in Fig. 3 (top). We find that to estimate ¢ one should
always have all energy in the displacement. For estimating x,
there exists a boundary in the parameter space, either side of
which all energy should go to displacement or all energy should
go to squeezing. As the total energy is increased, this boundary
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shifts as more of the parameter space favors squeezed probes
over displaced probes. At low energy, to estimate y, all energy
should be dedicated to displacement, while as the energy is
increased the ratio pop; varies but never drops below 1/2, so
more energy should always be dedicated to displacement than
squeezing.

This shows a difference from minimizing the combined
error. In Fig. 3 (bottom), we explore the effect this has on the

¢

opt

ind,ind -

total minimum error. We find that, as A, dominates, A,y is

only slightly smaller than Agﬁ’c"m, therefore the refinement of

the individual estimation scheme investigated here has de facto
very little effect on the total error and the behavior it displays.
We therefore conclude that using A = Ag;;i’”m is adequate
for discussing the qualities of the individual estimation scheme
in the analyzed example, as is done in Sec. IV.
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