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Four-wave mixing in potassium vapor with an off-resonant double-� system
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We investigate both theoretically and experimentally four-wave mixing (FWM) in hot potassium vapor,
generated by a copropagating pump and probe in an off-resonant double-� system, and present conditions
when this atomic system is (1) a strong phase-insensitive parametric amplifier and (2) a source of large-amplitude
squeezing. Theoretically, nonperturbative numerical calculations of optical Bloch-Maxwell equations have been
solved for a four-level atomic system of K in order to derive the atomic polarization and then amplitudes of
propagating optical waves, pump, probe, and conjugate. For potassium, to our knowledge, there are no such
comparisons of theoretical and experimental results of gains of twin beams under the large range of FWM
parameters as presented here. Results have shown that one-photon detuning has to be slightly larger than the
Doppler broadened transition for large gains and strong squeezing. The gain is particularly large for small red
two-photon detuning (−2–6 MHz) and high K density (5.5–10 × 1012 cm−3). Following experimentally and
theoretically determined relation between gains, probe transmissions, and squeezing in Rb and Cs, we have found
parameters of FWM when maximum squeezing in hot K vapor is expected.
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I. INTRODUCTION

Four-wave mixing (FWM) is a nonlinear phenomenon
that in alkali-metal vapors can efficiently generate entangled
photon pairs, essential for probing quantum properties of light
and for quantum information [1–3]. It also enables slowing and
storing of light in atomic ensembles [4–9], essential elements
for quantum memories.

Different schemes have been used to generate paired pho-
tons, such as on-resonant spontaneous FWM [2], the diamond
[10], and double ladder scheme FWM [11]. An atomic system
that is often used for generation of twin beams is off-resonant
FWM in a double-� scheme, realized by two input fields,
pump and probe, in a three (four) -level atomic system.
The lower � is made of pump and probe photons, while
the pump photon and conjugate photon close the upper �

(see Fig. 1). This atomic scheme is similar to schemes for
electromagnetically induced transparency (EIT) and becomes
nonlinear FWM under certain conditions: whether the system
will behave like EIT or a parametric amplifier depends on laser
detunings, atomic density, and pump power [12,13]. While
resonant absorption processes for EIT conditions lead to losses,
FWM gains of both probe and conjugate, typically observed for
high pump beam, allow for much larger propagation distances
[4,14,15].
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A nondegenerate, off-resonant double-� scheme was found
to be a good source for relative amplitude squeezing [16–19]
and for simultaneously generated intensity correlations and
phase anticorrelations or entanglement of probe and conjugate
[20,21]. Large entanglement is an important resource for
quantum information [22]. A correlation between the amount
of squeezing and entanglement and the gain of the twin beam
is established [20].

Theoretically, FWM was studied in degenerate and coun-
terpropagating laser beams [23], as well as in nondegenerate
and copropagating beams. In the latter, nonlinear parametric
processes in FWM were studied in a double-� configuration
with either resonant (larger contribution from CPT and EIT
phenomena) [24] or off-resonant pump frequency [15], in hot
gas vapors or in cold atoms [25]. There are different approaches
to model complex processes in FWM. They depend on the
intended applications of the system, which can be parametric
gain, quantum-correlations of twin beams, squeezing and
entanglement, slow and stored light, i.e., whether classical
or quantum properties are of interest. For work presented
here, the most relevant are models that analyze the continuous
wave regime and calculate gains of twin beams. Quantum
mechanical theory of multiwave mixing was applied for
calculating Rabi sidebands generated by FWM [26]. In most
models, the treatment is based on analytical solutions, after
perturbation theory and a number of approximations being
applied [15]. In the seminal paper [24], pump and probe are
resonant with atomic transitions with conditions for EIT, while
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FIG. 1. Double � scheme at D1 line of an alkali-metal atom.
hfs = hiperfine splitting, � = one-photon detuning, δ = two-photon
detuning. Levels: |1〉 and |2〉 = hyperfine levels of 4S1/2, F = 1 and
S1/2, F = 2 respectively, |3〉 = 4P1/2, |4〉 = virtual level, degenerate
with |3〉, introduced by the model. Hfs of the level |3〉 is negligible in
comparison with ground state hfs.

cross susceptibilities are enhanced by coherence in the ground
hyperfine levels. Heisenberg-Langevin formalism was used to
calculate the classical and quantum properties of probe and
conjugate beams beyond the linear amplifier approximation
[25,27]. A phenomenological approach when the medium
is quantum mechanically described by a simple model of
distributed FWM gain and probe loss was used in Ref. [16].

FWM in alkali metals has been extensively studded, partic-
ularly in Rb and Cs [4,14,16,19,25,28,31], but little work was
done on potassium [32–37]. Potassium has hyperfine splitting
(hfs) of the ground state of only 460 MHz, by far smaller
then for any other alkali metal. For FWM based on two pump
photons, small hfs means that detuning of the upper � scheme
is not far from detuning of the lower � scheme. This suggests
that large gains and squeezing and other FWM properties are
possible at lower laser power.

With this study, we extend our previous work on FWM
in K [33] with results of the theoretical model and new
experimental results. The model is a semiclassical treatment
of FWM processes, and atomic polarization, calculated from
optical Bloch equations (written for the system presented
schematically in Fig. 1), is applied in the propagation equations
to obtain amplitudes of three optical fields at the exit from the
K vapor. We compare calculated and measured gains for a
wide range of parameters, which is important for efficiency of
FWM. This includes the angle between the pump and the probe,
atomic density, detuning of the pump from the D1 transition,
�, and two-photon detuning in respect to hfs of the ground
state, δ.

Performance of FWM for high-level squeezing, quantum
information protocols, and quantum cloning machines [3]
strongly depends on FWM parameters: vapor density, �

and δ. The former controls probe absorption, while two
detunings control nonlinearity and gain. Measurements and
models [16,18] have shown that for stronger squeezing and
low noise figures, moderate gains of probe and conjugate are
at a maximum, while probe absorption is minimal. We made
intensive calculations of gains and probe transmissions for the
large range of K density and one- and two-photon detuning,

and present parameters of FWM that we believe will generate
the strongest quantum correlations and squeezing in K vapor.
In the theoretical analyses for FWM parameters for strong
squeezing we have included results that take into account the
Doppler average of density matrix elements. These values
are compared with values used in a resent experiment [38]
to measure squeezing in K vapor. Since for the alkali-metal
atoms with higher hyperfine splitting of the ground state,
higher powers are required for efficient degree of squeezing
[19,29], we believe that potassium, having the smallest hfs
of the ground state, could be more convenient, compared to
others, for high-level amplitude squeezing.

II. THEORETICAL MODEL

In the model, the three electric field modes, pump (drive),
probe, and conjugate, with frequencies ωd , ωp, and ωc, re-
spectively, interact with four levels of the 39K atom. The
double-� scheme with modes coupling atomic levels of the
D1 transition is given in Fig. 1. Level |3〉 is 4P1/2, while
levels |1〉 and |2〉 are hyperfine levels of 4S1/2, F = 1 and
F = 2, respectively. The lower � scheme consists of the
pump photon that couples the level |1〉 to the level |3〉 with
the one-photon detuning �(13) = �. The other “leg” of the
first � scheme is the probe photon that stimulates the Stokes
scattering from level |3〉 to the level |2〉, with two-photon
detuning �(132) = δ. The pump is sufficiently strong to drive
the off-resonant transition |2〉 → |4〉 in the upper � scheme.
By the way of stimulating anti-Stokes scattering the conjugate
photon closes the upper scheme. The total detuning for the
level |4〉 is �(1324) = (2ωd − ωp) − (ω4 − ω1), where ω4 − ω1

is angular frequency of the transition |1〉 → |4〉. We introduce
level |4〉, which is degenerate to the level |3〉, and like level |3〉
is weakly coupled to both level |1〉 and level |2〉 because of a
large detuning.

Atoms are simultaneously illuminated by the pump, probe,
and conjugate and experience a total electric field approxi-
mated by the sum of three monochromatic fields:

E =
∑

i=d,p,c

eiE
(+)
i e−iωt+ikir + c.c. (1)

Here E(+) is the slowly varying approximation of the fields
envelope, at positive frequencies. The Hamiltonian for the
atomic system is given by

Ĥ = Ĥ0 +̂Hint =
4∑

i=1

h̄ωi |i >< i| − d̂ · E(r,t), (2)

where Ĥ0 is the unperturbed Hamiltonian of the system and
̂Hint is interaction Hamiltonian, h̄ωi is the energy of atom level
i, and d̂ is atomic dipole moment.

Atomic dynamics is described by the set of Bloch equations
for density matrix elements ρ̂:

˙̂ρ = − i

h̄
[Ĥ ,ρ̂] + ŜE + R̂, (3)

where ŜE denotes the spontaneous emission from the excited
states, and R̂ is the relaxation due to atom transit time-induced
losses and collisional dephasing. The full set of Eq. (3) is given
in the Appendix. Because of the fast oscillating laser field, as
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FIG. 2. Experimental setup. M = mirror, PBS = polarization beam splitter, PD = photodetector.

in Eq. (1), substituting H from Eq. (2) into Eq. (3) produces
fast oscillating terms in ρij . After substitution,

ρ̃ij = e−iω(ij )t+ik(ij )rρij , (4)

where ω(ij ) are different angular frequencies: ω(13) = ω(24) =
ωd , ω(23) = ωp, ω(14) = ωc, ω(12) = ω(13) − ω(23), ω(34) =
ω(14) − ω(13), ω(ij ) = −ω(ji), and k(ij ) are wave vectors of sums
(differences) of wave vectors: k(13) = k(24) = kd , k(23) = kp,
k(14) = kc, k(12) = k(13) − k(23), k(34) = k(14) − k(13), k(ij ) =
−k(ji) with kc = 2kd − kp − �k. Terms that oscillate with
the sum of frequencies are neglected in the rotating wave
approximation. Left in Eq. (3) are time-independent terms and
a few spatially dependent terms with oscillating coefficients
ei�kz.

Propagation along the z direction and temporal evolution
of pump, probe, and conjugate are described by the set of
nonlinear equations for the slowly varying envelopes of the
three fields:(

∂

∂z
+ 1

c

∂

∂t

)
E

(+)
d = i

kN

2ε0
d(ρ̃(42) + ρ̃(31)), (5a)

(
∂

∂z
+ 1

c

∂

∂t

)
E(+)

p = i
kN

2ε0
dρ̃(32), (5b)

(
∂

∂z
+ 1

c

∂

∂t

)
E(+)

c = i
kN

2ε0
dρ̃(41). (5c)

Here N is the atom density.
Since we are also interested in probe absorption, we cal-

culate the above equations by setting the intensity of pump
beam to be zero. The probe transmission is then the quotient
of the intensities of the outgoing and incoming probe beam.
In a hot vapor the Doppler effect is present. The shift of the
observed angular frequency is dependent on the z component
of the velocity, vz, for which the Maxwell distribution is given
by

f (vz) =
√

m

2πkT
e

−mv2
z

2kT , (6)

The observed angular frequency is ω0 =
√

1−β

1+β
ws , where ωs is

angular frequency of the source and β = v/c. The frequency
shift alters one photon detuning and detuning of the conjugate
pulse, while two-photon detuning stays the same since the
pump and probe are almost copropagating. Hence, density
matrices depend on vz. We perform Doppler averaging with
the most basic approximation. We calculate the signals, gains
of twin beams, and probe transmission for different vz and then
average them over the Maxwell distribution.

The gains of the probe (conjugate) are calculated from
the ratio of amplitudes of probe (conjugate) at the exit from
the K vapor to the probe amplitude at the entrance to the
vapor. The model assumes that the pump and the probe
fully overlap. The gas cell used in the experiment is 5 cm
long, therefore for a typical angle between the probe and
the pump ∼3 mrad, beams are overlapped only in the part
of the cell. Our theoretical results are for a 1 cm long
interaction region. Parameters used in the calculations are as
in the experiment, like atom density, one- and two-photon
detuning, and angle between pump and probe. Rabi frequen-
cies of the pump and probe are calculated from the laser

intensity I using � = 2dE
(+)
0

h
,E = E0 cos(ωt) = E

(+)
0 e−iωt +

E
(−)
0 eiωt ,E

(+)
0 = E0

2 = √
(ηI/2). Here η = 376.73 � [39] is

the vacuum impedance, and d is the reduced dipole matrix
element, which for potassium is d = 1.74 × 10−29 Cm [40].
For total relaxation rates, γ (see the Appendix), we used the
value γ ∼ 105 Hz.

III. EXPERIMENT

We have measured gains of the probe and the conjugate
using the setup described in Ref. [33]; see Fig. 2. Laser beam
from the high-power, narrow line laser (Coherent, MBR 110)
is split in two by a 90:10 beam splitter. A stronger beam is used
as the pump beam, and the weaker fraction is the probe beam.
The probe is sent through two AOMs, one in a double pass, for
the probe frequency detuning in respect to the pump frequency,
and for scanning of this detuning around the hfs of the K ground
state. Thus, we vary two-photon detuning δ by changing the
probe frequency and vary one-photon detuning � by tuning
the pump frequency. Diameters of the pump and the probe
beams are 1.1 mm, and 0.75 mm, respectively. Two beams are
orthogonally polarized and recombined on the polarizing beam
cube before entering the K cell. This is the vacuum K cell with
natural abundance of isotopes, 5 cm long, 25 mm in diameter.
The cell was heated by hot air up to 150 ◦C. Pump and probe
beams enter the cell at the small angle θ . We can adjust this
angle by changing the probe direction with the entrance mirror,
placed before the combining cube. With the pump beam behind
the cell blocked, two beams emerge: probe and the frequency
up-shifted beam (conjugate). Both beams are detected with the
pair of photodetectors. We get the gains of the probe and the
conjugate from the ratios of measured powers of the probe and
conjugate beams behind the cell to the probe beam input power.
Radius and shape of beams behind the cell are monitored with
a CCD beam profiler.
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FIG. 3. Calculated gain of the conjugate beam as a function of the angle θ for two pump powers. (a) �d = 3.25 GHz, (b) �d = 1.95 GHz,
for N = 1 × 1012 cm−3, δ = −9.5 MHz, � = 1 GHz, and �p = 22.5 MHz.

IV. RESULTS AND DISCUSSION

In this section we present results of gains of twin beams as
a function of FWM parameters: the angle between the pump
and the probe, gas density, one- and two-photon detuning, and
the probe power. But, as we will show, dependence on one of
the parameters depends on values of the other parameters.

A. Measured and calculated gains of probe and conjugate

1. Dependence of gains on the angle between pump and probe

Probe and conjugate gains as a function of the angle θ

between the pump and the probe are results of FWM phase
matching. As we see from results in Figs. 3 and 4, the phase
matching condition is satisfied at different angles θ , depending
on values of other parameters. Behavior of FWM gains versus
θ is influenced by the index of refraction at the probe frequency,
which is influenced by values of laser powers, densities, and
detunings. In Figs. 3 and 4 we present calculated conjugate
beam gains as a function of θ . We decided not to show results
for the probe because the model gives very similar behavior of
gains of the probe and the conjugate.

Results in Fig. 3 are obtained for different pump Rabi
frequencies, while results in Fig. 4 are for different density
of the K vapor. Results show that FWM gains have different
behavior at high and low pump Rabi frequencies �d (Fig. 3)

and at high and low K densities (Fig. 4). In both figures, one-
and two-photon detunings, and probe Rabi frequency �p are
� = 1 GHz, δ = −9.5 MHz, and �p = 22.5 MHz. As we can
see, at high �d and higher density, FWM gains are in a narrow
range of angles θ and the gain maximum is away from zero
values of δ. On the other hand, at lower power and density,
FWM phase matching is found at smaller angles. Here gain
increases as θ is decreasing. Occurrence of FWM gains at near
zero angle means negligible changes of index of refraction
at the probe frequency and/or its continuous change along the
vapor due to strong pump absorption and therefore variation of
pump power along the propagation direction. The possibility of
the latter was not supported by the calculated pump absorption.
On the other hand, our model shows correlation between how
gain depends on angle, and the amount of the phase changes
of the probe and conjugate. When the gain versus angle is a
narrow peak as in Fig. 3(a), then �kz varies for more then
2π over the propagated distance. When gain monotonically
changes as the angle increases from zero, �kz changes only a
little, less then π/4.

Experimental results for the gains of twin beams as a
function of the angle θ for K densities of 5.5 × 1012 cm−3

(cell temperature 130 ◦C) and 1.75 × 1013 cm−3(150 ◦C) are
given in Fig. 5. The smallest value of the angle between pump
and probe we needed to separate the probe and conjugate

FIG. 4. Calculated gain of the conjugate beam as a function of the angle θ , for three values of the potassium density. (a) N = 1 × 1013 cm−3,
(b) N = 1 × 1012 cm−3, and (c) N = 1 × 1011 cm−3 for �d = 1.95 GHz, �p = 22.5 MHz, δ = −9.5 MHz, and � = 1 GHz.
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FIG. 5. Experimental results of gains of probe (open symbols)
and conjugate (filled symbols) for two K density, 5.5 × 1012 cm−3

(squares) and 1.7 × 1013 cm−3 (triangles). � = 1 GHz (for lower
density) and 1.35 GHz (for higher density). δ = −3.7 MHz,Pd =
370 mW, and Pp = 25 μW.

behind the cell was θ = 1.5 mrad. The twin beam gains at the
highest vapor density that we had in the experiment are lower
and were measured only at high � = 1.35 GHz. Experimental
results of gains versus angle, as shown in Fig. 5, are typical
for copropagating pump and probe with a similar diameter in
a rather long gas cell, because beams do not fully overlap in
parts of the cell.

2. Dependence of gains on two-photon detuning

Calculated and measured gains of the probe and the con-
jugate versus two-photon detuning δ, for several values of
one-photon detuning, are presented in Fig. 6. Dependence is
given for two �, 1 GHz and 1.35 GHz, and for θ = 5.5 mrad.
Typical widths of calculated gains are between 1.5 and 3 MHz,
and of measured gains are 6–13 MHz.

Maximum of gains are, at δm, shifted from two-photon
resonance (δ ≈ 0). This shift is mainly due to differential Stark
shift, δS , because of different detunings of hyperfine levels
from the off-resonant pump. As shown in Fig. 6, δm is larger
for smaller �. Not shown, but when � is 670 MHz, δm =
−12 MHz. The maximum of the gain curve may not coincide
with the FWM resonance because of Raman absorption at
the resonance. We experimentally investigate how δm varies
with certain parameters by keeping � fixed. For � = 1 GHz,
θ = 3 mrad, and change of K density from 1.5 × 1012 cm−3 to
1.7 × 1013 cm−3, δm stayed the same, −3.7 MHz for the probe
and −1.7 MHz for the conjugate. On the other hand, changing
θ from 5.5 to 2.6 mrad, for the K density of N = 5.5 ×
1012 cm−3, moves δm from −4 MHz to −2.5 MHz. This slight
shift to smaller two-photon detuning when the angle is decreas-
ing is the same behavior of δm as found for Rb in Ref. [15].

It appears from Fig. 6 that typical curves representing gains
versus δ, both calculated and measured, are not symmetric
around the maximum. The asymmetric shape of lines might
be because of inhomogeneous differential ac Stark shift, since

FIG. 6. Gains vs two-photon detuning. (a), (b) Calculations of the conjugate gain. The pump and probe Rabi frequencies are 1.94 GHz
and 22.6 MHz, respectively. (c), (d) Experimental results of gains for the probe (solid circles, blue for online version) and the conjugate (solid
squares, red for online version). Pump and probe powers are 370 mW and 25˜μW, respectively. (a), (c) � = 1 GHz, (b), (d) � = 1.35 GHz.
Density N = 5.5 × 1012 cm−3, θ = 5.5 mrad.
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FIG. 7. Gains vs one-photon detuning. (a), (b) calculations of the conjugate gain. (c), (d) experimental results of gains of probe (solid
circles, blue for online version) and conjugate (solid squares, red for online version). (a), (c) δ = −4 MHz, (b), (d) δ = −8 MHz. Pump and
probe Rabi frequencies, as well as pump and probe powers, K vapor densities, and angle θ are the same as in Fig. 6

atoms in different areas of Gaussian beams experience different
laser fields, and thus have different ac shift.

3. Dependence of gains on one-photon detuning

Potassium has larger Doppler broadening than other alkali
metals, ∼850 MHz. Width of Doppler line broadening in hot
alkali metal vapors determines the range of � for large FWM
gains. It is between 0.5 and 1 GHz for large gains and best
squeezing for Rb and Cs [17,18,30,31].

We have calculated and measured gains versus �, with δ

and θ as parameters. Presented results are for K vapor density
of N = 5.5 × 1012 cm−3 (130◦C) (see Fig. 7). Parameters in
the calculations are the same as for results in Fig. 6. Results

in Figs. 7(a) and 7(c) are for δ = −4 MHz, while those in
Figs. 7(b) and 7(d) are for δ = −8 MHz. Gains versus �

are broad, asymmetric curves whose width is 200 MHz for
calculated and 400 MHz for measured results.

One-photon detuning for the maximum gain, �m, is close
to 1 GHz. We found that �m doesn’t change when θ changes
if we keep δ the same. On the other hand, for the same angle
θ (Fig. 7), �m will have a different value when δ is changed:
it is at 0.9 GHz for δ at -8 MHz and can go as far as 1.2
GHz for δ ∼ 0 MHz. Because of different detuning, gain of
the conjugate is larger then the gain of probe. Large detuning
of the probe, beyond the Doppler broadening, minimizes the
effect of EIT on the probe absorption.

FIG. 8. (a) Calculation of conjugate gain vs probe power. (b) Measurements of probe (solid circles, blue for online version) and conjugate
(solid squares, red for online version) gain vs probe power, for � = 960 MHz, δ = −3.7 MHz, and cell temperature 130 ◦C.
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FIG. 9. Calculations of probe transmission (solid squares, black for online version) and gains for probe (solid triangles, blue for online
version) and conjugate (solid circles, red for online version): (a) without Doppler averaging; (b) with Doppler averaging.

4. Gain dependence on probe power

Efficiency of FWM in alkali metals depends on the probe
power, as presented in Fig. 8, for both calculated and measured
values of gains. Evidently the lower the probe power, the higher
the gain of both beams. The FWM gain in K vapor can thus
be very large. In the experiment, we could not decrease probe
below 5 μW because of limited sensitivity of photo diodes.
Even without the probe beam at the entrance, with the probe
initially in the vacuum state, a strong pump can generate side
modes or twin photons [26].

B. Parameters of K vapor for optimum squeezing:
Theoretical diagnostics

The numerical model explained above and derived in the
Appendix allows us to search for the set of FWM parameters
which should provide strong degrees of squeezing in K vapor.
It was found, both experimentally and theoretically, in Rb and
Cs [16,18,19] that in order to increase the squeezing and noise
figure, it is necessary to reduce probe absorption and have
modest and similar gains of both probe and conjugate. When
plotted as a function of detuning, squeezing is at a maximum
when gain is at a maximum. But too large gain results in probe
noise that is large due to absorption and losses (fluorescence
and nonlinear processes), and depending on gains, one needs
FWM parameters that provide optimum probe transmission.
Typically, the strongest squeezing is for � near the edge of
Doppler broadening, when gains are at a maximum and probe
transmission at about 90% [16].

We performed thorough analyses of effects of FWM pa-
rameters on gains and probe transmission in a search for those
that produce maximum gains and large probe transmission at
the same time. Results in Fig. 9 show dependence of gains
and transmissions on �, for K density of 1 × 1012 cm−3, δ

−0.5 MHz, and θ 2.8 mrad. Clearly there is the range of �

near 900 MHz when modest gains are at maximum and probe
transmission is high. We recommend this set of parameters
for the new measurements of squeezing in K. Results of gains
and transmissions are presented with [Fig. 9(a)] and without
Doppler averaging [Fig. 9(b)]. Apparently, corrections due

to Doppler broadening are small for gains, as found to be
the case also for Rb [15], but are considerable for the probe
transmission. Results obtained for squeezing in potassium [38]
for � of 500 MHz and probe transmission below 50% are
below values for Rb [16,29] and Cs [19]. Parameters of FMW
in Ref. [38] are outside ranges we believe, based on present
results, are optimal for squeezing.

V. CONCLUSION

A nonperturbative numerical model was applied to the
double-� atomic system in potassium vapor, and gains of probe
and conjugate were calculated under the conditions of FWM.
Results are in agreement with experimental results and show
high gains when � is slightly larger than the Doppler width
and δ is in the range −10–0 MHz. This system is a strong
parametric amplifier with gains of several hundred, larger than
observed with other alkali-metal atoms for similar pump laser
power. On the other hand, potassium is the only alkali metal
whose hfs of the ground state is smaller than the Doppler width,
i.e., both pump and probe couple simultaneously both ground
hfs levels to the excited level.

The model was also used to find parameters of FWM in K
vapor that would be optimal for relative amplitude squeezing.
In search for these parameters we included results that take
into account Doppler averaging of density matrix elements.
We have found that the density of 1 × 1012 cm−3, the angle
between the pump and the probe θ = 2.8 mrad, while δ and �

are −0.5 MHz, and ∼900 MHz, respectively, and for the pump
and the probe Rabi frequencies 1.938 GHz and 23.72 MHz,
respectively, are the set of parameters required for strong
squeezing in hot potassium vapor.
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APPENDIX

Far-detuned FWM is treated here as an atomic system with two ground and two excited levels. The pump couples two
transitions, |1 >→ |3 > and |2 >→ |4 >, while the probe and conjugate couple |2 >→ |4 > and |4 >→ |1 >, respectively.
Transitions to |3 > are highly detuned, which justifies introducing another far detuned level |4 >, with a similarly weak coupling
strength from the levels |1 > and |2 >.

The explicit form for the spontaneous emission in Eq. (3) is given by

ŜE =

⎛
⎜⎜⎜⎜⎝

�1,3ρ33 + �1,4ρ44 0 −�1,3+�2,3

2 ρ13 −�1,4+�2,4

2 ρ14

0 �2,3ρ33 + �2,4ρ44 −�1,3+�2,3

2 ρ23 −�1,4+�2,4

2 ρ24

−�1,3+�2,3

2 ρ31 −�1,3+�2,3

2 ρ32 −�1,3ρ33 + �2,3ρ33 −�1,3+�2,3+�1,4+�2,4

2 ρ34

−�1,4+�2,4

2 ρ41 −�1,4+�2,4

2 ρ42 −�1,3+�2,3+�1,4+�2,4

2 ρ43 −�1,4ρ44 − �2,4ρ44

⎞
⎟⎟⎟⎟⎠, (A1)

and the relaxation term is

R̂ = −γ

[
ρ̂ − diag

(
1

2
,
1

2
,0,0

)]
− γdeph[ρ̂ − diag(ρ11,ρ22,ρ33,ρ44)]. (A2)

Optical Bloch equations are

˙̂ρ11 = γ

(
1

2
− ρ11

)
+ �1,3ρ33 + �1,4ρ44 + i

h̄

(
E

(+)∗
d dρ31 − E

(+)
d dρ13 + E(+)∗

c dρ41 − E(+)
c dρ14

)
, (A3a)

˙̂ρ22 = γ

(
1

2
− ρ22

)
+ �2,3ρ33 + �2,4ρ44 + i

h̄

(
E(+)∗

p dρ32 − E(+)
p dρ23 + E

(+)∗
d dρ42 − E

(+)
d dρ24

)
, (A3b)

˙̂ρ33 = −ρ33γ − �3ρ33 + i

h̄

(
E

(+)
d dρ13 − E

(+)∗
d dρ31 + E(+)

p dρ23 − E(+)∗
p dρ32

)
, (A3c)

˙̂ρ44 = −ρ44γ − �4ρ44 + i

h̄

(
E(+)

c dρ14 − E(+)∗
c dρ41 + E

(+)
d dρ24 − E

(+)∗
d dρ42

)
, (A3d)

˙̂ρ12 = −(γ + γdeph + i�132)ρ12 + i

h̄

(
E

(+)∗
d dρ32 − eiz�kE

(+)
d dρ14 + eiz�kE(+)∗

c dρ42 − E(+)
p dρ13

)
, (A3e)

˙̂ρ13 = −
(

γ + γdeph + �3

2
+ i�13

)
ρ13 + i

h̄

(
E

(+)∗
d dρ33 − E

(+)∗
d dρ11 + E(+)∗

c dρ43 − E(+)∗
p dρ12

)
, (A3f)

˙̂ρ14 = −
(

γ + γdeph + �4

2
+ i�1324

)
ρ14 + i

h̄

(
E

(+)∗
d dρ34 − e−iz�kE

(+)∗
d dρ12 + E(+)∗

c dρ44 − E(+)∗
c dρ11

)
, (A3g)

˙̂ρ23 = −
(

γ + γdeph + �3

2
+ i�13

)
ρ23 + i

h̄

(
E(+)∗

p dρ33 − E
(+)∗
d dρ21 + e−iz�kE

(+)∗
d dρ43 − E(+)∗

c dρ22
)
, (A3h)

˙̂ρ24 = −
(

γ + γdeph + �4

2
+ i�1324

)
ρ24 + i

h̄

(
E

(+)∗
d dρ44 − E

(+)∗
d dρ22 + eiz�kE(+)∗

p dρ34 − eiz�kE(+)∗
c dρ21

)
, (A3i)

˙̂ρ34 = −
(

γ + γdeph + �3

2
+ �4

2
+ i�1324 − i�13

)
ρ34 + i

h̄

(
E

(+)
d dρ14 − e−iz�kE

(+)∗
d dρ32 + eiz�kE(+)

p dρ24 − E(+)∗
c dρ31

)
.

(A3j)

Here �k is the phase mismatch defined as �k = 2kd − kp − kc, where kd is the pump wave vector. �i,j is the decay rate from
level j to level i, while �i = �i,1 + �i,2. γ = 105 Hz is spontaneous decay from the excited state, and γdeph = 0 is the dephasing
decay rate.
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