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An experimental proposal for realizing spin-orbit (SO) coupling of pseudospin 1 in the ground manifold
'S (v = 0) of (bosonic) bialkali polar molecules is presented. The three spin components are composed of the
ground rotational state and two substates from the first excited rotational level. Using hyperfine resolved Raman
processes through two select excited states resonantly coupled by a microwave, an effective coupling between the
spin tensor and linear momentum is realized. The properties of Bose-Einstein condensates for such SO-coupled
molecules exhibiting dipolar interactions are further explored. In addition to the SO-coupling-induced stripe
structures, the singly and doubly quantized vortex phases are found to appear, implicating exciting opportunities

for exploring novel quantum physics using SO-coupled rotating polar molecules with dipolar interactions.
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I. INTRODUCTION

Recent advances in the experimental realization and manip-
ulation of ultracold polar molecules in the rovibrational ground
state [ 1-8] offer unprecedent scientific opportunities to explore
fundamental quantum phenomena and applications, ranging
from ultracold chemistry and collisions [9-11] to quantum
information processing [12,13], simulation of quantum mag-
netism [14,15], and precise fundamental physics [16—19].
Of particular interest are spinor polar molecules with internal
structures and large electric dipole moments that can be
employed to study a host of interesting dipolar effects, such
as spontaneous demagnetization [20], Fermi surface deforma-
tion [21], and self-bound droplets [22-24].

A second area witnessing great progress in atomic quantum
gases concerns spin-orbit (SO) coupling for both bosonic
[25-31] and fermionic atomic species [32-36]. Spin-orbit-
coupled atomic condensates with magnetic dipoles represent
a prominent example that combines the advantages of both
SO coupling and long-range interactions. They are predicted
to display interesting quantum phases [37-39]. Their counter-
parts, electric dipolar condensates of molecules with coupling
between the rotational and orbital angular momenta [40,41],
present an equally promising platformif a SO-like coupling can
be identified. Although hyperfine resolved two-photon trans-
fer [6,7] has been realized experimentally, an analogous atomic
SO interaction cannot be directly engineered this way because
the neighboring rotational levels for rotating molecules possess
opposite parities. This experimental challenge for realizing
SO coupling with two-photon Raman processes in dipolar
quantum gases of molecules has not been thoroughly inves-
tigated yet. Whether it can be overcome in realistic spinor
condensates of rotating polar molecules or not is the question
to be addressed in this study.
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In this work we propose the synthesis of SO coupling in
an ultracold Bose gas of polar molecules. The pseudospin
1 consists of the ground rotational level and two substates
of the first excited rotational level. Their SO coupling is
created through hyperfine resolved Raman processes through
two excited states of opposite parities resonantly coupled by a
microwave. The laser configuration ensures that the electric
dipole-dipole interaction (DDI) between the rotational and
orbital degrees of freedom persists, and as a result the synthetic
SO coupling facilitates many interesting quantum phases. A
doubly quantized vortex phase surprisingly emerges in the spin
state with the highest occupation.

This paper is organized as follows. In Sec. II we introduce
our scheme for generating SO coupling and derive the single-
particle Hamiltonian for a pseudospin-1 molecule. In Sec. III
we derive the contact s-wave interactions and the effective DDI
between two pseudospin-1 molecules. The quantum phases of
the SO-coupled spinor condensates of rotating polar molecules
are presented in Sec. IV. A brief summary is given in Sec. V.

II. MODEL

We consider a gas of ultracold bialkali polar molecules
in the rovibrational ground state X ' X (v = 0) characterized
by the rotational angular momentum N and nuclear spins I,
(i = 1,2). The internal state of the molecule is thus denoted
by |M{M,N My ), where M; and My are, respectively, the
projections of I; and N along the quantization axis. As shown
in Ref. [40], under a strong bias magnetic field, e.g., B = BZ,
M; becomes a good quantum number, which can be fixed,
for instance, by choosing M; = I;. Therefore, the relevant
internal states reduce to |N,My) = 10,0}, |1,0), and |1, £ 1)
at sufficiently low temperatures. The energy gap between the
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FIG. 1. (a) Schematic for creating SO coupling of a polar
molecule. The linearly polarized o -laser (;r-laser) field 1 (2) drives the
hyperfine resolved single-photon transition between X 'S+ (v = 0)
rotational ground states and B 'IT vibrational excited states. A 7-
polarized microwave field resonantly connects two excited states with
opposite parities. (b) Relevant level structure of a polar molecules.
Here |1, £ 1) (]0,0)) denotes the hyperfine level of the N = 1 (N = 0)
rotational state and |ej+;) (Jeo+1)) denotes the Zeeman level of the
electronically excited J = 1 (J = 2) state.

ground state N = 0 and the first excited state N = 1 is 2B,,
with B, (~10 GHz) being the rotation constant. Among the
three states in the N = 1 manifold, it is shown quite generally
that the states |1,1) and |1, — 1) can be tuned near degeneracy
and well separated from |1,0) [40]. Consequently, we may
ignore |1,0) and focus on the three internal states |0,0) and
|1, £1). Their quantum numbers My serve as shorthand
notation for a pseudospin 1.

The SO coupling involving the ground-state pseudospin 1 is
created via Raman processes to an electronically excited inter-
mediate level,e.g., B iy (Fig. 1), whose rotational states J = 1
and 2 are split by an energy gap i A,.. Here J represents the
total angular momentum excluding the nuclear spins. Limited
by the parity and the electric dipole transition selection rules,
the ground state |N = 0) (|N = 1)) can only couple to the
excited |J = 1) (]J = 2)) state of opposite parity via single-
photon transitions. Therefore, to effect Raman transitions,
the two excited states are mixed by a position-independent
m-polarized microwave field with Rabi frequency Q. As
illustrated in Fig. 1(a), two linearly polarized plane-wave lasers
drive, respectively, the molecular transitions |N = 0) < |J =
1) and [N = 1) <> |J =2) with Rabi frequencies Qe’*'T
and e T, Here ki, = k;(sin 9% & cos 9§) are the laser
wave vectors and the angle ¢ is tunable. The frequencies of
the lasers 1 and 2 are w; and w; + Awg, respectively, with

|Awr| &~ |A, — 2B, /h| (Kwr) chosen to compensate for the
energy splitting between the N =0 and 1 rotational states.
The frequency w;, is detuned from the resonance frequency by
A and operates in the limit of large detuning |2 2/A| < 1.
Adiabatically eliminating the two excited states, the single-
molecule Hamiltonian becomes (see the Appendix)

P RS + Ry hQe 0
h=| " nqeic P Qe )
0 hQew P [is, + his

in the basis {|1),|0),| — 1)}, where p denotes the momentum
and M is the molecular mass. In addition, §; and §, are
independently tunable (see the Appendix), representing the
effective linear and quadratic Zeeman shifts, respectively,
Q = Qw2 Q2/(A2 — Qrznw) is the Raman coupling strength,
and «k = 2k cos ¥, which can also be tuned independently.

After applying the transformation |0) — |0)e**/? and
| £ 1) — | & 1)e /2, in the y direction, the Hamiltonian (1)
becomes

_ hz(q _’“]) " o S2
oM w4
+ V2028, + 18,8, + 15,82, 2)

~r
hy

where g = p, /#i defines the quasimomentum, I is the identity
matrix, and S, y,; are the Pauli matrices for spin-1 particles.
Unlike the nominal SO-coupling term ¢S, already discussed
in Raman-dressed spin-1 atoms [42,43], the SO coupling
we realize here is of the form quz’ acting as an effective
momentum-dependent quadratic Zeeman shift, a coupling
between the spin tensor and linear momentum. This same
term was recently proposed by Luo et al. in a spin-1 atom
by introducing an extra Raman laser [44]. The competition
of the spin-tensor-momentum coupling and the short-range
spin-exchange interaction is shown to cause a different type
of striped superfluid.

Take the simple case of §; = 0, diagonalizing the Hamil-
tonian (2). The eigensystem reveals two bright states

Ei(q) = % + 4 h\/(%',f +2)>+2Q? and one dark

state Eg(g) = w + hé,. Among these three, the £ (q)
branch is the highest in energy and can be left out of the
discussion on low-energy physics. Moreover, independent of ¢,
the eigenstate corresponding to Ey(g) always takes the form
1)y=(1)—1|— 1))/«/5 with the band minimum located at
q/k = —1/2.The Ey(g) branch does not possess SO coupling
and remains orthogonal to the bright-state branch E_(g). As
a result, we only need to focus on the E_(g) branch for the
single-particle spectrum.

Figure 2(a) shows the dependence of E_(q) on §, for
Q/E. = 0.1, where E, = h*k?/2M is adopted as the energy
unit. The dispersion curve E_(g) displays the characteristic
double-well structure as in atomic SO coupling in the quasi-
momentum space. The eigenstates corresponding respectively
to the local minima of the left and right wells are dominated
by the spin states |[¢) and |0). Consequently, the energy of
the left (right) local minimum is sensitive (immune) to the
quadratic Zeeman parameter §,. At sufficiently large |&,],
the double-well dispersion becomes a single well such that
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FIG. 2. (a) Lower branch dispersion for different values of 6, with
Q/E, = 0.1 and §; = 0. (b) Local minima of quasimomentum g as
a function of 2 for §; = 4, = 0, with the blue to red color gradient
calibrating the population of the |0) state. The ground-state branch
displays a left edge corresponding to the superposition of | = 1) states
and a right edge corresponding to the |0) state.

only the left (right) well remains when §, < 0 (6, > 0). To
study how E_(gq) depends on the Rabi coupling strength €2,
we consider the simplest case with 6, = 0. It is then easy
to show that E_(g) possesses two local minima at gy =
+1,/1 — 8(hQ/E,)?/2 when hQ < +/2E,./4 and a single
minimum at ¢ = 0 when AQ > +/2E, /4. Figure 2(b) plots
the 2 dependence of g+ for §; = &, = 0. In this case, the
eigenstate wave functions at these minima can be generally
expressed as ¢;|¢) + ¢p|0). The © dependence of lcol? is as
shown in Fig. 2(b).

III. MOLECULAR INTERACTIONS

We next include interactions between molecules. We note
that the condensate consisting of molecules in the N =0
and 1 rotational levels. The collisions between two spin-1

molecules are characterized by the scattering lengths a(()“) and

agll) respectively corresponding to the collisional channels
with total rotational angular momenta Ny, = 0 and 2. The in-
teraction between distinguishable rotational levels N = 0 and
1 molecules is described by the scattering length a°". Finally,
the collision between two spin-0 molecules is characterized by
a® [45]. In the reduced Hilbert space in the lowest-energy
branch, the Hamiltonian for the contact interactions becomes

(00) (11)

+ 81 + oh_1) + g(ll)ﬁlﬁ—1:| SN E)

where i, (r) = ¥l(X),(r) with ¥, (r) being the field
operators for spin-o (o =0,4 1) molecules, g =
4nh2a(00)/M, g(m) = 4nh2a(01)/M, géll) = 4nh2a§”)/M,
¢ = 47224V +a{'")/3M, and : O : arranges opera-
tors in normal order. Unlike spin-1 atomic gases, for polar
molecules the contact spin-exchange interaction is absent from
H.i because of the pseudospin-1 construct.

The DDI between polar molecules is treated as in Ref. [40],
which takes the following simplified form in the reduced

Hilbert space:

4r drdr’ At
=8 3s / T (Yo n@vg I P + He

+ Yao@UWid it v + vdd b )

In the above, g; = d*/4me, characterizes the strength of the
DDI with d being the molecule permanent dipole moment and
€o the electric permittivity of vacuum, e = (r — r’)/|r — r’| is
a unit vector, and Y,y(e) and Yzz(e) are sphencal harmonics.
We use the shorthand notation v/, = v/, (r) and w = Yo (1).
The DDI Hdd couples rotational and orbital angular momenta,
within the constraint that the total angular momentum is
conserved. Under the analogous configuration of Ref. [44] for
atomic spin-1 gases, the SO coupling in the magnetic DDI,
however, is suppressed by the bias magnetic field [46].

The quantum phases for the SO-coupled molecular conden-
sate can be found with a mean-field treatment which replaces
the field operator Vo by its mean value ¥, = (V). Here
V¥, is found numerically by minimizing the energy functional

FlWo, 1 = (Ho + Hei + Haa), where

Ho=3" / dr 1 Olheo + U®oo U@, (5)

with U(r) = Mvi(x* 4+ y* + y?z?)/2 an axially symmetric
trap of radial frequency v, and trap aspect ratio y. To
proceed further, we consider, without loss of generality,
a condensate of A" =5 x 10* LiNa molecules with d =
0.45 D. The external trap parameters are chosen to be v, =
(27)100 Hz and y = 6.3 (oblate). For simplicity, we treat the
condensate as a quasi-two-dimensional one by decomposing
the condensate wave functions into ¥, (r) = ¢o(x,y)d.(2),
where ¢, (x,y) is the two-dimensional wave function and
¢.(2) = ()//J'rﬂf_)l/“e’yzz/ze2L is the ground state of the axial
harmonic trap with £, = /i/Mw, . We assume that the Rabi
frequency is Q = 0.07E,, with E, /i = (2)1.7 kHz, which
consequently fixes the SO-coupling strength «. We further
assume that all s-wave scattering lengths are equal to 150ap,
with ap being the Bohr radius. Thus, the free parameters in
our model reduce to the linear Zeeman shift §; and quadratic
Zeeman shift §,.

IV. RESULTS

Figure 3 summarizes the phase diagram in the §;-8, pa-
rameter plane where each phase is denoted by the winding
number configuration for the corresponding wave functions,
i.e., (wy,wo,w—_p). In Fig. 4 we plot the typical wave functions
¢1 and ¢_; for several different phases; ¢ is not shown because
it does not contain any interesting structure. In the (—1,0,1)
phase, ¢; and ¢_; exhibit singly quantized vortices with
opposite winding numbers, while for the (0,0,2) [(—2,0,0)]
phase, only ¢_; (¢;) displays a doubly quantized vortex
induced by the Y; 4, terms in the DDI [Eq. (4)]. To understand
this, we consider, for example, the Y, term. The process of
transferring a molecule in state |1) to state | — 1) lowers the
spin angular momentum projection by 2/. To conserve the total
angular momentum, the orbital angular momentum associated
with the molecule spin state | — 1) must be increased by 27.
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FIG. 3. Mean field phase diagram in the §,-6, parameter plane.

Hence the winding numbers for the wave functions in different
phases satisfy w_; — w; = 2. The stripes in the density and
phase plots of the wave functions are due to the interplay
between the SO coupling and the contact interactions. They
are not the focus of the present work since we have taken the
simple-minded approach of a constant s-wave scattering length
for all.

To gain more insight into these quantum phases, we plot,
in Fig. 5(a), the §; dependence of the molecule number N, =
[dx dy|¢|? for 18,/ E, = 0.55. As can be seen, for a given
8, the spin |0) state generally has the highest occupation
number unless §; becomes very large. In particular at §; = 0,
we have N7 = N_, hence it is energetically favorable if both
¢ and ¢_; are singly quantized vortices, i.e., the (—1,0,1)
phase, since its kinetic energy is lower than the multiply
quantized vortex state. For small §;, the condensate remains
in this quantum phase even when N_; is slightly larger than
N1. When §; becomes sufficiently large, N_; is significantly
larger than V}. The highly populated ¢_; is vortex-free, while

01> arg(d1)

Kx /T

FIG. 4. Typical condensate wave functions for the (—1,0,1) phase
(row 1), (0,0,2) phase (row 2), and (—2,0,0) phase (row 3). Columns
1 and 3 represent the densities |¢;|> and |¢_,|?, respectively, while
columns 2 and 4 plot their respective phases arg(¢,) and arg(¢_).
The other parameters are /ié,/E, = 0.55 and, from row 1 to row 3,
hé,/E,. = 0.07,0.29, and 0.40, respectively.
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FIG. 5. The §, dependence for various quantities at /16,/E, =
0.55: (a) occupation numbers N, (b) energy components E, Ep,
Eyin, and Ey4q, and (c) DDI energies E;g) and Eé?.

the less populated ¢; state becomes a doubly quantized vortex,
i.e., in the (—2,0,0) phase, in order to lower the kinetic energy
associated with the vortices. Surprisingly, the phase diagram
in Fig. 3 also reveals an unusual region of (0,0,2) phase if
hé,/E,. < 1.0, where, as shown in Fig. 5(a), N_; is notably
larger than N;. To understand this, we plot in Fig. 5(b) the
81 dependence of the kinetic energy Eyi,, the potential energy
Epo, the contact interaction energy E, and the DDI energy
Eqq. In contrast to the large change of the DDI energy across the
(0,0,2)-to-(—2,0,0) transition, the kinetic energy in the (0,0,2)
phase is only slightly larger than in the two other phases. The
kinetic energy is thus not the main force that drives the phase
transitions. Instead, the dipolar interaction energy deserves a
closer analysis. Figure 5(c) plots the §; dependence of Eé?j)

and E éﬁ), the energy components of the DDI originated from
the Yy and Y,4, terms, respectively. As can be seen, both
terms give rise to negative interaction energies except that in
the (—2,0,0) phase, the Y>., contributions are negligibly small
due to the nearly vanishing 7, while in the (0,0,2) phase, the
contributions from the Y4, terms become significant since
the occupation numbers of all spin states are comparable.
Finally, we explain the §, dependence of the phase diagram.
By increasing 85, the occupation numbers A and NV_; both
drop such that the DDI originating from the Y,1, terms are
suppressed. Consequently, the (0,0,2) phase disappears for
sufficiently large &,.

V. CONCLUSION

We proposed a scheme to realize spin-tensor-momentum
coupling in a gas of rotating polar molecules by combining the
hyperfine resolved Raman processes with the microwave field
coupled rotational states in the first electronic excited manifold.
Under suitable conditions, we showed that the electric DDI
remains effective in coupling the rotation and orbit degrees of
freedom of the molecules. We further explored the ground-
state properties of the SO-coupled molecular condensate with
dipolar interactions and mapped out its zero-temperature phase
diagram. The interplay between the linear Zeeman shift and
the DDI gives rise to the singly and doubly quantized vortex
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phases, while the spin-tensor-momentum coupling imprints
stripes on the condensate wave functions. The proposed
scheme seems within reach of the leading effects on ultracold
polar molecule experiments. It opens several interesting op-
portunities for exploring interesting physics with molecular
quantum gases, such as spin vortex matter in superfluidity
[47-50], droplets with quantum fluctuations [22-24], strongly
correlated many-body physics [51-53], and exotic topological
quantum phases [54-57].
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APPENDIX: SINGLE-PARTICLE HAMILTONIAN

In this appendix we present the details on the derivation
of the single-molecule Hamiltonian for realizing spin-tensor-
momentum coupling of pseudospin-1 bialkali polar molecules.
For the given level diagram and laser configurations in Fig. 1(b)
of the main text, the single-molecule Hamiltonian in the Raman
fields reads

=28, ) ILo)(Lo|+ s 1|1 1)(11] + fieo,

o==%1
x Y lewo)ero] + ilwe + Ar) Y leas) (e
o==+1 o==%1
+h Y (Quwe M ers) et | + Qim)e ™ e14)(0,0)
o==+1

+ Q()e” A ey ) (10| + Huc), (AD)
where |e1,) (|eas)) is the Zeeman level of the electronically
excited state for J = 1 (J = 2), fiw, is the transition frequency
of [N =0) < |J = 1), and §; _; is the hyperfine splitting for
single molecules. In the rotating frame, a unitary transforma-
tion is introduced as U/ = exp(—i H't /h) with

' =hA,— Awp) Y [Lo)(Lo|+hor Y leis) (e

o==+1 o==+1
+h(oL+ D) Y leas)(exs). (A2)
o=%1
After applying the unitary transformation, the time-

independent Hamiltonian is given by

. . 9
H— UHU — ihwgu
= RS + 8D 1)1, 1] 4+ Ad|1, — 1)(1, — 1| + A

XYY legMegl + R Y {Qmuleas) (e
¢=1,20=+1 o==%1
+Q1(0)]e1g) (0,01 + Qa(r)lexs) (1o | + Hel}, (A3)

with A = w, — w; the molecule-light detuning and § =
2B,/h + Aw; — A, the two-photon detuning.

To proceed further, we rewrite the Hamiltonian (A3) in the
second quantized as (without the center-of-mass motion)

=10+ 80P b+ hsU]_ g +RA Y
(=120=%1

XYL gy + 1Y [Qunwt, Ve,

o==+1

+ QP oo + )] The +Hel, (A4)

where II@NMN is the annihilation field operator for the ground
rotational state and @e{q is the annihilation field operators
for the excited rotational state. Then it is straightforward to
calculate the equations of motion for the field operators

iYoo = @) Y P,
o==+1

iIZn =+ 8-V + @)y,
ilZl—l = 8¥ni_1 + e, .

Ve, = Aoy, + Qunwes, + 21000,
iVen = Aoy, + Qunwher, + L2011,
Ve, = Ay, + Qs , + 21O 00,
Ve, = Aoy, + Qe , + @11, (AS)

Under the conditions |Q2pw/A| < 1and [2; 2/A] K 1, the
excited states can be adiabatically eliminated to yield

2~ SzmwSZZ(r) ~ AQl(r) 0
Ven =5 o V1T o Vo
mw mw
0 Qw21 (1) 4 AQ(r)
‘/fe21 = A2 — QZ IpOO - Az — Qz 1)0117
mw mw
) Q2o (r) AQ ()
Ve, = 2—221/f1—| - 2—12 00,
A*— Qoo A* — Qo
) Qe (r) - ADL®T) -
Ve,., = Azw_ o Vo — e V- (A6)

Substituting Eq. (A6) into Eq. (AS5), the dynamical equation of
YN, 1S given by

o = S AOB@ 5~ g 2811

Yoo = lo 00>
A? — Q%w o=+1 A2 — Qrznw
. A A Qw1 (r)23(r) -
iy =@+ 8 )Y + mZZI_—QZZI/foo
Al
“a oo
4 A Qw21 (0)Q35(r) Al
v =81 + W T A e Vi
(A7)

As we mentioned in the main text, we will denote the rotational
states by the quantum number M only for shorthand notation.
As a result, one can derive an effective Hamiltonian for a
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pseudospin-1 molecule

H o=+ 811+ VUl vi + 7@ + V)bl i

+ 20 Vi + [me’” > Wi+ Hc] (A8)
o=%1
where V), = ASZ%Q/(A2 — Q2 ) are the optical Stark shifts.
After taking into account the center-of-mass motion, the above
Hamiltonian can be rewritten as (choosing 27V, as the origin
of the energies)

To=) / de Yl () hoor + U850 106 (), (A9)

which corresponds to the effective single-particle Hamiltonian

P+, hQe 0
h=1  nQeie a Qe |,
0 FQe B sy + hid

(A10)

where 6; = 6;,_1/2 is the Zeeman shift and §, =6+ Vo +
81,-1/2 — 2V, is the quadratic Zeeman shift for spin-1 polar
molecules. Finally, we obtain the effective spin-1 single-
molecule Hamiltonian (1) in the main text.
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