PHYSICAL REVIEW A 97, 052130 (2018)

Quantum coarse graining, symmetries, and reducibility of dynamics

Oleg Kabernik”

Department of Physics and Astronomy, University of British Columbia, Vancouver, British Columbia, Canada

@™ (Received 4 March 2018; published 31 May 2018)

The common idea behind complexity reduction in physical systems is separation of information into “physically
meaningful” and “safely ignorable.” Here we consider a generic notion of such separation—implemented by
coarse-graining the state space—and address the question of what information is indeed safely ignorable if we
want to reduce the complexity of dynamics. The general condition for reducibility of dynamics under coarse
graining will be presented for stochastic and quantum systems. In the process we develop the quantum notion of
state-space coarse graining that allows us to marginalize selected degrees of freedom. One of our main findings is
that there is a broader class of symmetries, beyond those that are considered by Noether’s theorem, that can play
a role in the reduction of dynamics. Some examples of quantum coarse grainings and the reduction of dynamics

with symmetries will be discussed.
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I. INTRODUCTION

The complexity presented by real physical systems is a fun-
damental challenge that often resists “brute force” calculations
but is occasionally manageable with some analytical insight.
The idea of coarse graining (CG) is a prime example of such
insight, and its use in physics traces back to the Ehrenfests’
work on statistical mechanics [1]. Today, there are many forms
in which CG appears in physics: renormalization methods in
condensed matter [2,3], coarse-grained modeling of biomolec-
ular dynamics [4], and separation of scales in cosmology [5] are
some of the common examples. Nonetheless, there is a com-
mon, system-independent notion of CG that underlines all such
approaches, and that is the abstract notion of state-space coarse
graining (from here on by “CG” we will refer to this abstract
notion). Studying the implications of such generic notion of
CG is therefore essential for our understanding of complexity
reduction in physical systems on a fundamental level.

The notion of CG is an elementary proposition in statistical
mechanics which asserts that if one is unable to distinguish
some states of the system, then the system is described by a
smaller (coarser) state space of distinguishable states. In the
context of thermodynamics, CG is manifested by our inability
to measure microstates of the system, leading to the definition
of macrostates described by variables such as temperature and
pressure. Another common manifestation of CG is the situation
where a composite system has an inaccessible subsystem.
Our inability to distinguish between states that differ only by
the inaccessible part leads to a coarser description which we
account for by marginalizing the inaccessible subsystem.

Despite its origin as a manifestation of practical limitations,
the notion of CG is generic, specified only by the choice of
indistinguishable states. Therefore, we can consider CG as a
generic way to introduce ignorance without relying on any
physical structure of the system.
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The simple classical notion of CG does not translate
naturally into quantum theory and recently there have been
multiple proposals for its extension. In Ref. [6], quantum
CG was implemented by coarse-graining the quasiprobability
(Wigner function) representation of an N-qubit system. The
authors of [7] argue that any dimension-reducing quantum
channel can be interpreted as a quantum CG. In Ref. [8],
CG of the Hilbert space was specified by a set of preferred
states and implemented with the statistical method of principal
component analysis. Finally, in Ref. [9], the quantum notion
of CG was presented as the effective state space perceived by
a constrained observer.

The goal of current work is twofold: (a) establish the
quantum notion of CG by direct analogy with the classical
concept and provide it with operational meaning; (b) develop
the framework for complexity reduction of dynamics with CG
and integrate it with the framework of symmetries. We will
initially work out the main concepts in the more intuitive set-
ting of classical stochastic systems, and then proceed to the
finite-dimensional quantum setting. The stochastic case will
be accompanied by analysis of out-of-equilibrium dynamics
of a 1D Ising chain. In the quantum setting we will discuss
some special cases of the CG map and analyze the dynamics
of a continuous-time quantum walk on a binary tree.

In order to formulate the quantum notion of CG as closely
as possible to the classical case, we will first establish it in
the context of stochastic systems. The key observation here is
that CG can be interpreted as a marginalization of a kind of
subsystem (we will call it a partial subsystem and it generalizes
the idea of a virtual subsystem [10]). This will allow us to
formulate the quantum notion of CG by a direct analogy.
The result is a dimension-reducing map that implements a
quantum CG scheme according to specifications that resemble
the classical choice of indistinguishability. Furthermore, the
specification of quantum CG will be directly related to a
restricted set of observables that give it operational meaning.

The main application we will focus on is reduction of
dynamics. The key problem is identifying such CGs that allow
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FIG. 1. Dynamics of coarse-grained states cannot be generated
unless the coarse-graining scheme is compatible with the original
generator of dynamics.

time evolutions in the reduced state space to be governed by
a reduced generator of dynamics. This can be summarized
with the diagram in Fig. 1. In general, time evolutions in the
reduced state space are not even uniquely determined by initial
conditions, and when they are they may still lose the semigroup
structure necessary for the existence of the generator of
dynamics [11]. Therefore, it is important to understand the
compatibility condition between CG and dynamics that allows
the preservation of semigroup structure in the reduced state
space. We will provide the general version of such condition
in Theorem 1, which applies to both stochastic and quantum
systems, and specialize it to unitary dynamics in Theorem 3.

Symmetries turn out to play an important role in the analysis
of reducibility of dynamics. We will see that symmetrization
of the state space with respect to some group representation
is a special case of CG. Inserting this case into the general
compatibility conditions between CG and dynamics leads to
a broader class of symmetries relevant in the analysis of
dynamical evolutions. The new symmetries are defined in
Theorems 2 (stochastic) and 4 (quantum) by a compatibility
condition with the generator of dynamics. In both stochastic
and quantum cases, the compatibility condition extends the
relevant symmetries beyond those that commute with time
evolutions, as considered by Noether’s theorem.

II. CLASSICAL COARSE GRAINING

Before we formally define CG for discrete stochas-
tic systems, it is worth having a concrete, albeit generic,
example.

Consider a random walk on the graph of Fig. 2(a). The
weights on the edges represent the rate (probability per unit
time) of transitions between connected vertices in both di-
rections. Parameters a, b, ¢, d, e are all positive and the
rest obey |8],|€] < 5, such that all rates are non-negative. If
we coarse-grain this system by choosing not to distinguish
between vertices that appear in the same column, then we
partition it into 3 blocks associated with the macrostates:

up ={vni}, uz ={va,v3}, uz = {v4,v5,6}.
The question now is what values can we assign, if any, to the
transition rates between the macrostates.

(a) 9:5 @

FIG. 2. (a) Random walk graph with transition rates specified
on the edges. (b) Coarse-grained graph where the vertices in the
same column are blocked together. Effective transition rates between
columns are specified on directed edges.

If we consider a single vertex, say v,, and sum all the
transition rates from v, to the column on the right, we get

Z r(v, — v) = 3c.

VEU3

We will get the same value if instead of v, we take vs.
Therefore, the rate of transitions from any vertex in the middle
column to the right column is 3c. This unambiguously defines
the rate of transition from the middle column to the right
column, without reference to any particular vertex. Similarly,
the rate of transitions from any vertex in the right column
to the middle column is 2c. We can repeat this argument for
transitions between the left and the middle columns, yielding
the rates of 2a and a in the opposing directions. We should also
note that there are no direct transitions between the leftmost
and the rightmost columns. Therefore, transition rates between
all three columns are well defined and shown in Fig. 2(b).

The fact that we can get a well-defined random walk in the
reduced state space is not trivial. Such reduction of dynamics is
only possible when the rate of transitions between the chosen
macrostates is unambiguous. Choosing a slightly different CG,
where the macrostates are

uyp = {v1,v2,v3}, uz = {v4,0s,06},

results in undefined transition rates. That is because the rate of
transitions from v; to any vertex in u» is 0, but from v; or vs it
is 3c. Given that the initial macrostate is u1, it is impossible to
tell what the initial rate of transitions to u, will be, because
it depends on where inside u; it actually starts. Similarly,
the original choice of CG by the columns would not work if
we slightly change the dynamics by altering the transition rate
between v; and v, to @ # a. Now, it is not possible to tell the
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rate of transitions from the middle column to the left because
it depends on the internal state of the column.

This example demonstrates the fact that it may be possible
to generate time evolutions in the coarse-grained state space
but the original dynamics and the CG have to be compatible.
Such compatibility does not imply that the rates of transition
must be uniform; in general all 6 rates between vertices in
the middle and the right columns in Fig. 2(a) can be different.
We will prove that the necessary and sufficient condition for
such compatibility in Markovian stochastic systems is what we
already noted: the foral rate of transitions from any state in one
block to another should be constant.

A. Formal definition

Classical indistinguishability of states can be specified by
an equivalence relation that partitions the state space into
equivalence classes of macrostates. If we consider the system
with a discrete and finite state space A := {ai}lill, we can
specify its CG by the set B := {,Bk}g1 of disjoint subsets
of A that partition A. If we order the set A consistently
with the partition we can identify blocks of indices by :=
{it,ix +1,...} such that B := {a;};p, . The system is said to
be in a macrostate B if it is in any of the microstates «; € B.

Probabilistic microstates (macrostates) of the system live
in the vector space R* (R®) of real-valued functions p from
A (B) to R which, if positive and normalized, are interpreted
as probability distributions over the states A (B). By definition
of the macrostates, the probability of finding the system in a
macrostate B is the probability of finding it in any microstate
o € B, thatis,

pe(B) =Y pal@). ()

aep

Since R” (RB) is just an |A| (|B|) dimensional vector space,
we can express relation (1) as a vector equation pg = Mpp
and M is a |B| x |A] block diagonal matrix of the form

| |

M := , 2)

| |

where the kth block is a 1 x |B;| row-vector filled with 1’s.
M acts by summing the fine-grained probability distribution
in each block of microstates into a single value, which is the
total probability of finding the system in any microstate of that
block. We will call such M a coarse-graining matrix.

Any CG matrix M admits the right inverse M+ such that
MM™ = I is an identity on RB. It is easy to check that it is
the |A| x |B| block diagonal matrix of the form

18117

Bl
Mt o= , 3)

1By~

|,3|B.\|71

where the kth block is a |B¢| x 1 column-vector filled with
|Bx|~". This is the Moore-Penrose pseudoinverse [12] of M,
which means that P := MM is an orthogonal projection
on the subspace (kerM )l C RA. Moreover, restriction of M
to (kerM)* is an isomorphism M : (kerM)* — im M and
since (kerM)* = im P andim M = RB it follows thatim P =
RB. The isomorphism between the image of P and the image
of M implies that P erases the same fine-grained information
as M. We will call P a coarse-graining projection which has
the block diagonal form

B 1B
Bl B

1Bl ™" ... BBl ™!

|,3\B.||_] |:3\B.||_]
4)

where the kth block is a || x |Bx| matrix filled with |B| .
P acts by averaging over the probabilities in each block. The
advantage of P over M is that P leaves the result of CG in the
subspace of R”, which allows a direct comparison of states
before and after CG.

B. Compatibility with dynamics

In this section we show how this notion of CG allows us
to study the dynamics of some select properties of the system
without the need to understand the dynamics of all its degrees of
freedom. We will focus on continuous-time Markov processes
(CTMPs) because they are common in classical models and
are closely related to quantum dynamics.

The idea is that given a dynamical system we can coarse-
grain it and derive dynamical rules that generate consistent
time evolutions in the coarse-grained state space (see Fig. 1).
We will say that CG is compatible with dynamics if there
is a generator that governs time evolutions in the reduced
state space. The main question that we address here is how
to recognize compatible CGs and how to derive the reduced
generator.

The dynamical rules of CTMPs can be specified with a
transition rate matrix Q such that [13]

d
2 PA= 0 pa ®)
for pa € RA. The off-diagonal elements Q;; specify the rate
of transitions between states «; —> «; while the diagonal
elements Q;; :==—); 2j Qij specify the total rate of transi-
tions out of states «;. For an initial probabilistic state pa(0),
the subsequent states are given by the solutions of Eq. (5)
as pa(t) = e’Cpa(0), where Q generates time evolutions
similarly to the Hamiltonian in quantum mechanics (strictly
speaking Q is closer in nature to the Lindblad operator rather
than the Hamiltonian).

Now, consider a CG B of A represented by the matrix M :
RA — RE. The coarse-grained probabilistic state evolves
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according to pg(t) := Mpa(t) and a priori there is no reason to
assume that it also evolves as a CTMP. However, this is exactly
what we require from the compatibility of CG with dynamics
in order to be able to generate time evolutions in the reduced
state space. The following theorem provides the necessary and
sufficient conditions for it to be true.

Theorem 1. Let Q be a transition rate matrix as in Eq. (5),
let M be a coarse-graining matrix as in Eq. (2), and let P be
a coarse-graining projection as in Eq. (4). Then, the coarse-
grained state pg := Mpa evolves as a CTMP for all pp if and
only if

PO = PQP. (6)

The reduced transition rate matrix Q such that £ pg = Q pg
is then given by Q := MQM™.

Proof. If PQ = P Q P then multiplying it by M on the left
we get MQ = M QM™M and therefore

d d -
— = M— =M = s
7P 7, P Opa = 0Ops

where O = M QM. This proves the “if”” direction.
|

On the other hand if pg evolves as a CTMP then there is a 0
such that % pe = Q pB. Therefore

d d ~ ~
MQpa = MEPA = PB= Q ps = QMpa.

Since it has to hold for all pa we are left with MQ = QM.
Multiplying it by M+ from the right we get Q = MQM™*. If
we substitute O back into M Q = QM and multiply by M+
from the left we get PQ = P Q P. Hence the “only if.” ]
Thus, for example, in the case of random walk of Fig. 2(a)

with CG by the columns, we have the CG matrix

1
M:: l 1 k)
11
1
1/2
1/2
+ .
M™ = 13 |
1/3
13

and the transition rate matrix (diagonal elements are just the
negatives of the column’s sum)

On a a 0 0 0

a O» b c—8 c—€ c+d8+e

_ a b 033 c+8 c+e c—85—c¢
Q= 0 c—38 c+$ (om d 0
0 c—e€ c+e d Oss e
0 c+6+e c—6—c¢€ 0 e Os6

It is straightforward to check that the compatibility condition
(6) holds and the reduced transition rate matrix is

—2a a 0
O=MOM*=| 2a —-3c—a 2
0 3¢ —2c

This matrix generates the random walk of Fig. 2(b).

The compatibility condition (6) has an intuitive interpreta-
tion. If we understand the image of P to be the subspace of
coarse-grained states, then the image of P := I — P must be
the subspace containing fine-grained information. The com-
patibility condition PQ = P QP is equivalentto PQP+ =0
which means that Q does not map fine-grained information
into the coarse-grained subspace. Then, time evolution of the
coarse-grained state cannot be affected by the fine-grained
details. This is a sensible requirement because if fine-grained
details could affect coarse-grained evolution, it would not
be possible to throw them away and expect to tell how the
coarse-grained state will evolve.

In more concrete terms, what the compatibility condition
ensures is that the rate of transitions between macrostates
is a well-defined property. To see that, let us try to derive
the rate of transition between macrostates from the original
rates between microstates. The total rate of transitions from a

(

microstate «; € B to any microstate in By (k £ k') is given
by r(o; —> By) := Zje,w Q. If the value of r(a; —> Br)
varies with different o; € f; then knowledge of the initial
macrostate S is not enough to tell the rate of transitions to
Br. But if r(o; —> Bi) is the same for all «; € B then it
does not matter in which microstate of 8; we start; the rate
of transitions from g to By is given by r(o; —> By) for any
o; € PBi. Therefore, the notion of rate of transitions between
macrostates is meaningless unless the rates r(a; —> By) are
uniform over «; € By forall B and By . The following corollary
to Theorem 1 formalizes this argument.
Corollary 1. Let Q be a transition rate matrix and

r(a; —> Br) = Z Qji

jeby

the total rate of transitions from «; € By to By . Then the com-
patibility condition P Q = P Q P isequivalenttor(o; —> By)
being constant over the subset By, for all B, and Sy .

Proof. By definition of P [Eq. (4)] we calculate the matrix
elements of P Q to be

(PQ).._leEp..Q.._LZQ.._M
't _J:1 rj JU — |ﬂk,| JU — |ﬂk1| ’

jeby
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where k' is the index of the block such that i” € by . Similarly
the matrix elements of P Q P are

|A]

1
(POP)i =) (PQ)irjPji = B Y (PO,

Jj=1 Jj€by
1
=Y raj — B,
Bl 2"
k

where k is the index of the block such that i € by. Element-
wise, the condition P Q = P Q P then reads

1
re; — )= oo Dl — o).

Jj€by
The right-hand side depends on i only through the block index
k; therefore this condition states that r(«; —> /) is constant
for all o; € By.

Onthe other hand if r(¢ot; — By) is constantforall; € By,
then

_
|BellBr]

1
= |,3_k'|r(ai > Br) = (P Q).

(PQP); = > rej — B
J€by

]

It is worth pointing out the compatibility condition of

Corollary 1 is the defining property of an equitable partition of

a weighted graph specified by Q [14]. The problem of finding

a CG compatible with dynamics is therefore equivalent to the

problem of finding an equitable partition of the weighted graph
specified by Q.

C. Coarse graining and symmetries

So far we have specified CG with the choice of equivalence
classes that determine indistinguishable states. In the following
we show how CG can also be specified with group representa-
tions.

Proposition 1. Let G be a group that permutes elements
of the state space A, and let the permutation matrices D(G)
be its representation on R”. Then, the symmetrizer P :=
Gl se D(g) s a coarse-graining projection associated
with partition of A into orbits of G.

Proof. To show that P is a CG projection for any G it is
sufficient to show that it acts as a CG projection on any basis
element @ € RA (for clarity we omit the element’s index). For
a given & we define the subgroup that stabilizes it as G, :=
{g € G| g(a) = a}. Since cosets of G, form a partition of G

we can write
P=IGI™" > Y D),

CeG/G, geC

where C runs over all distinct cosets. If g1,g> € C belong to the
same coset of G, then clearly g; () = g»(«). On the other hand
if g1, g» belong to different cosets then g;(«) = g»(«) implies
gflgg € G4 50 g» = g1h forsome h € G, but that contradicts
their residence in different cosets; therefore gi(x) # ga(a).
Applying these rules and denoting with G(«) the orbit of «,

we get

Pa=|GI"" Y Y D(ga

CeG/G, geC

=1Gal/IG] Y D(geC)
CeG/G,

=1Gl/IG| ) ¢&.

o'eG(a)

It is a well-known consequence of the orbit-stabilizer theorem
[15] that |G|/|G,| = |G ()], so in fact

P& =[G Y &.
a'eG(a)

Recalling the general form of a CG projection (4), we see that
P acts on & as the CG projection constructed from partition of
A into orbits of G. |

Thus, any group G acting on A specifies a CG associated
with the orbits of G. Then, if we treat symmetrizations as a
special case of CG, we can specialize the general compatibility
condition of Theorem 1 to this case and express it in terms of
group representations.

Theorem 2. Let

P=1G|"" > D(g) (7)
geG

be a symmetrizer with respect to a group G, and let Q be a
transition rate matrix. Then, the compatibility condition P Q =
P QP is equivalent to

P [D(g),Q]=0. ®)
geG
If in addition Q = Q7 then it simplifies to
> [D(g).0] =0. )
geG
Proof. By definition (7) of P and the fact that P = P? we
get

POP =G| ) D(@)QD(g)

8.8'€G
=G Y D(e)(D(g)Q — [D(g).0))
2.8'eG
=16 Y D ||16I™" > D) | e
geG g'eG
—1GI7' (1617 Y Do) | | D 1De). 01
geG g'eG

PO —IGI”'P| Y ID(g).01].

g'eG

hence the equivalence to (8). If in addition Q = Q7, then
PQ = PQP implies

QP =(PQ) =(PQP)" =PQP=PQ,
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thatis [P,Q] = 0. And also [P,Q] = O implies PQ = PQP
hence the equivalence to (9). |

As was pointed out after Corollary 1, CGs that are com-
patible with dynamics form an equitable partition of the graph
specified by the weighted adjacency matrix Q. In Ref. [14],
graph automorphism symmetries (permutations of vertices that
commute with the weighted adjacency matrix Q) were used
to single out equitable partitions with their orbits. Theorem 2
confirms this, as Eq. (8) trivially holds for all groups that satisfy
[D(g), 0] =0 for all g. However, Theorem 2 (together with
Corollary 1) implies that there is a broader set of symmetries,
beyond automorphisms, that specify equitable partitions with
their orbits. These are the groups that comply with Eq. (8)
or (9).

D. Example: Glauber-Ising model

The system that we study here is a 1D classical spin lattice
with periodic boundary conditions, i.e., an Ising spin chain. We
will see that compatible CGs of this system are not so obvious
(and the obvious ones are not compatible). We will overcome
this difficulty by putting to use the considerations of symmetry
developed in the previous section.

Each of the sites in the Ising chain can be in one of two
states {£1}. A microstate of the lattice of length N is an
N-component binary vector o € {£1}", and the state space
consists of 2V microstates {Ui}fil. The internal energy of a
microstate o is

N
E(0) = —JZU(X)J(X“),

x=1

where J > 0is the local interaction energy, and o™ is the sign
of site x.

The Glauber-Ising model, proposed by Glauber in Ref. [16],
is a model of dynamics for an Ising spin chain that interacts
thermally with its environment. According to the model, the
microstate of the system evolves by transitions caused by single
spin flips. The transition rate depends on whether the energy
increases, decreases, or stays the same:

1—y(T) : E(¢') > E(0),
rcr—o’):=11 : E(o) = E(o0),
14+ y(T) : E(c’) < E(0),

where y(T') is a positive, temperature-dependent parameter.
This model simply states that transitions that increase E
happen at a slower rate than the ones that decrease E, and
this rate difference is additively modified by the temperature
through y(T'). All three rates are in units that normalize the
middle rate to 1. The parameter y(T) can then be derived by
demanding detailed balance condition in equilibrium, which
leads to y(T) = tanh[z%] (see [16] for details). With the
rate function r(oc —> ¢’) we can in principle construct the
2N x 2V transition rate matrix Q.

In order to understand how this dynamical system can be
coarse-grained, we look at the case of N = 3 first. Instead of
writing down the matrix Q explicitly, we describe the dynamics
as a random walk on the graph depicted in Fig. 3(a). The signs
=+ stand for £1 and transition rates are explicitly specified
only where they differ from 1. The total transition rate from

FIG. 3. (a) Random walk graph for a 3-spin Ising chain. Glauber’s
transition rates are explicitly specified on the edges only where
they differ from 1. Transition rate 1 is implied for unlabeled edges.
(b) Coarse graining of the state space of 3-spin Ising chain with respect
to the total number of domains d. Effective transition rates between
states with d = 0 and d = 1 specified on the edges.

each of the ground states (4 + +), (— — —), to the bulk of
excited states (the ones in the middle) sum to 3(1 — y). In the
opposite direction, from excited to the ground, there is only one
transition for each of the excited states, and it is at the same rate
1 + y.Corollary 1 then implies that coarse graining this system
with respect to the energy levels is compatible with dynamics.
Instead of energy we can count the number of domains d
(defined as half the number of intervals in the chain that differ
in sign from their surroundings) which is a proxy variable for
energy as seen from the relation £ = —J(N — 4d). InFig. 3(b)
we see the reduced state space, coarse-grained by blocking
together microstates that have the same energy or number of
domains.
The reduced transition rate matrix

o (30-1 1+
3(—-y) —l-vy
generates a random walk in the state space of the number-of-

domains variable d € {0,1}. The eigenvalues of O are 1o = 0
and A; = 2(y — 2) which correspond to the eigenvectors

_ b 1+y (12
"= pla-n) "Tlan )

Since '@y = vy, the vector vy is the steady or equilibrium
state of the system, and its components are the probabilities of
finding the system in one of the energy levels when the system
is in equilibrium. So, for example, the probability of finding
this system in the excited state in equilibrium is

3(1—wanh[3]) 3
2(2 —tanh [%]) R

This expression agrees with the standard calculation of Boltz-
mann’s factor and partition function.

In addition to recovering equilibrium properties from Q, we
can also learn something about out-of-equilibrium behavior.
Since vy is a normalized probability vector, we can always add
to it a fraction of v; to get any other normalized probability

Pr(E =J)=
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vector. So, any initial state p;, can be written as vy + rvy,
where r is a real parameter. Its time evolution is then given by

p(1) = e'©piy = vo +revy.

NotethatL; < —2because y = tanh [2?’] < 1; therefore every
initial state relaxes to equilibrium vy by exponentially sup-
pressing v;. This means that the characteristic relaxation time
for this system is

1 1 1/14e¥/T
o 2y -2 2<3+e‘””)'

Even though the intuitive CG with respect to the energy
levels is compatible with dynamics for N = 3, it is not true
in general (see the case of N = 4 below). In the general case
we will look for a group that complies with the compatibility
condition of Theorem 2, and take its orbits to be the compatible
CG blocks.

From the N = 3 case we see that the group Z3 of lattice
translations generates orbits that coincide with columns in
Fig. 3(a). If we complement this group with Z, of global spin
flips then Z3 x Z, generates 2 orbits that coincide with the
blocks of d = 0 and d = 1. Since these blocks are compatible
with dynamics, we conjecture that for general N the orbits of
G = Zy X Z, (translations and global flips) are compatible
with dynamics.

To prove that, we note that the transition rate matrix can be
decomposed as a sum of N matrices Q = Y__ 0™, where
each Q) generates transitions restricted to flips of site x. If
D(x) represents the action of lattice translations by x sites, and
D(x)D(y) = D(x + y), then we get

D(») QY = D(y»)QW D(—y)D(y) = QU D(y).

Therefore,

D(yQ =Y Q"*D(y) = QD(),

x€Zy

that is [ D(y), Q] = 0. Each local spin flip generator Q) also
commutes with the global spin flip action D(f); therefore
[D(g),Q0] =0 for all g € G. Since G is a symmetry group
of Q, it satisfies the compatibility condition of Theorem 2,
and we can coarse-grain this dynamical system by blocking
together the states that belong to the same orbit of G.

For N = 4 the orbits of G are

d=0 forbitl {(++++) (———-),
(+—=-) (—+++h,

omi2 1T T

d=1 (=== H++-),
i3 (1T 2D

d=2 Horbitd {(+—-4+-) (—+ -+,

so orbit 1 coincides with the lowest energy level, orbits 2 and 3
together form the first excited level, and orbit 4 coincides with
the second excited level. Transition rates between the orbits are
shown in Fig. 4. Note that the rate of transitions from orbit 2 to

FIG. 4. Random walk graph for a 4-spin state space coarse-
grained with respect to orbits of translations and global spin flips.

the neighboring energy levels is 1 & y but from orbit 3 it is 0,
because no single spin flip can change the energy. In general,
the total transition rates to the neighboring energy levels are not
constant over the states in each energy level. That is why CG
by energy levels is not compatible with dynamics. For N > 3
energy levels happen to be too coarse to be compatible, but the
orbits of G are fine enough.

It is curious to note that in the thermodynamic limit N —
00, each energy level consists almost entirely of states that
have the same total transition rate to the neighboring levels.
The nonuniformity of rates over the energy levels is then
suppressed, and transition rates between energy levels can be
approximately defined, but this analysis is beyond our scope
here.

E. Partial subsystems and bipartitions

The concept of a partial subsystem that we will define here
is a natural by-product of the CG discussion. It follows from the
observation that for a bipartite system, marginalization of one
of its subsystems is a special case of CG. If so, it is natural to
ask whether any CG can be viewed as marginalization of some
kind of subsystem. The answer is yes if one is willing to stretch
the meaning of subsystem. This leads us to the definition of a
partial subsystem. In the context of classical CG it is hardly
worth the effort but the goal here is to prepare the ground for
quantum CG. The raw notion of CG does not land naturally in
quantum theory, but it easily sneaks in as marginalization of a
partial subsystem.

Consider the state space of a composite system A B that is
the Cartesian product C := A x B, where A := {ai}lill and
B:={ ﬂk}gl are the state spaces of individual subsystems
(now both «; and By refer to microstates). Probabilistic states
pc live in the vector space R®, and marginalization of subsys-
tem A is given by the map M : RA*B — RB which accounts
for our ignorance of system A. The map M is defined by the
relation

pe(B) =Y pcla x ).

aeA

The resemblance between this equation and Eq. (1) is obvious.
If we partition C into blocks {& x B}, for each 8 € B, and
slightly abuse the notation by also referring to each block with
B, then CG as defined by Eq. (1) marginalizes A, and the action
of CG matrix M is identical to that of map M.
Marginalization is a special case of CG where all blocks
are of the same size. In general this is not the case, but if we
happen to partition a system (not necessarily composite) into
blocks of equal size, we can think about it as a composite
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TABLE I. Bipartition table. Arrows point toward the associated
states of partial subsystems.

V1,1 |---| Y1k V1w [ |V, m || @
Vi, 4 || Yik |---| Ve, = oy

Yhi,1 |- [ VR k - |,

Tl |- = a,
1 1 1 1

| ﬁl || ’Bk || 5“‘@ I ﬁm,l

system of two virfual subsystems. Consider the state space
C := {yix} where theindicesi = 1...nandk = 1...m define
a partition of C into m blocks of n elements each. We then can
imagine systems A := {o;}}_, and B := {$};_, and identify
the states y;; = o; X B so C = A x B. Such subsystems are
commonly known as virtual subsystems. Coarse graining with
respect to this partition is effectively a marginalization of the
virtual subsystem A.

In general we can specify any partition of C := {y;} by
assignment of indices i,k, where k refers to the block and
i to the relative position of elements inside the block. It is
convenient to order the blocks by descending block size and
arrange the elements {y;} into what we call a bipartition table
(Table I). The columns of this table correspond to CG blocks. If
all blocks are of the same size, then the table is rectangular and
the set of columns (rows) is associated with states of the virtual
subsystems B (A), as indicated by the arrows. When the blocks
are not all of the same size, the ranges of indices i,k are not
independent from each other. If k = 1. .. m for a fixed m, then
i =1...h; where hy is the size of block k (height of column
k). We can always invert the dependence so if i =1...n,
then k = 1...w; (width of row i). Even when the table is
not rectangular, we can still associate the columns (rows) with
states of fictitious system B (A), and identify y;; = «; X Bi
as composite states. We call such fictitious subsystems partial
subsystems. What sets them apart from virtual subsystems is
the fact that certain combinations of states are not allowed. The
injective map V : C —> A x B, which assigns elements of C
into the bipartition table, will be called a partial bipartition
map (the bipartition is not partial if V is bijective).

Marginalization of a partial subsystem is essentially the
same procedure as marginalization of the nonpartial subsys-
tem. We sum the probabilities over the rows or the columns
of the bipartition table and assign them to reduced states.
The fact that some combinations of composite states are not
allowed simply means that they contribute nothing to the sums.
To make this more rigorous, consider the partial bipartition
map V : C —> A x B. By applying V on the corresponding
basis of RC we get the isomorphic embedding V : R —
RA*B. The map V embeds probabilistic states of C into a
subspace of probabilistic states of A B, spanned by the allowed
combinations of states. Marginalizing with M : RA*B —
RB after embedding with V' defines the marginalization of the

partial subsystem A:
MV :R® — RE,

Intuitively, the map V' completes the missing blocks of the
bipartition table to make it rectangular and assigns zero prob-
ability to the missing states. Then M sums the probabilities
over the columns and assigns them to the associated states of
B. Thus, MYV sums the probabilities over the columns of the
bipartition table which means that M) implements a CG of
C according to the blocks defined by the columns of the table.

To recap, every system admits a partial bipartition into
partial subsystems. Partial bipartition is defined by the shape
of the bipartition table and the assignment of elements into
it. Columns (rows) of the bipartition table are associated with
states of partial subsystem B (A). We saw that marginalization
of a partial subsystem is equivalent to CG over the columns.
The fact that every CG is a marginalization of a partial subsys-
tem is easy to see: just arrange the CG blocks into columns of a
bipartition table with arbitrary ordering inside the blocks. Thus,
CG can be equivalently defined as marginalization of a partial
subsystem. This definition has a bit of extra structure that is
not strictly necessary for classical CG. The extra structure is
in the bipartition table which assigns order to elements inside
the blocks (columns) and it is irrelevant if we simply sum over
them.

It turns out that in the quantum version of marginalization—
the partial trace—this ordering makes a difference. This also
explains why we could not directly export CG into quantum
theory from the basic definitions of Sec. Il A. While partition
into blocks provides enough structure to specify a CG for
the classical state space, we need the extra structure of the
bipartition table to specify a CG for the quantum state space.

III. QUANTUM COARSE GRAINING

The fundamental feature of quantum systems that sets them
apart from their classical analogs is the superposition principle
[17]. Therefore, for a notion of coarse graining to be truly
“quantum,” we must embrace the superposition principle and
allow the possibility of reducing superpositions of microstates
into superpositions of macrostates. Section IIT A is dedicated
to the formal definition of such notion.

Although the definition of quantum CG (QCG) is quite
simple, the interpretation requires some effort. We will show
that just like in the classical case, QCG is a manifestation
of restricted access to observables. The main technical result
behind it is the definition of bipartition operators. In Sec. 11 B
we will demonstrate this formalism in some special cases.

Section III C addresses the question of reducibility of dy-
namics. The problem is formulated in terms of a compatibility
condition between a QCG scheme and a generator of dynamics.
We will see that the general condition for compatibility can
be derived and presented in exactly the same form as in the
classical case. This resultis then specialized to unitary quantum
dynamics by Theorem 3.

In Sec. IIID we focus on symmetries and the associated
QCGs. Symmetry considerations have been fundamental in the
development of many important ideas in physics: from Emmy
Noether’s seminal work [18] relating conserved quantities to
the symmetries of dynamics, to the modern applications in
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subjects ranging from crystallography [19] to error avoidance
strategies in quantum computers [20]. Many of the applications
of symmetries, including Noether’s theorem, are concerned
with their implications for dynamical processes. Therefore,
the analysis of reducibility of dynamics would not be complete
without introducing symmetry considerations. The main result
that we derive in that regard is Theorem 4, where we specialize
the compatibility condition to QCGs by symmetrization. This
compatibility condition turns out to be a relaxed version of
symmetry of dynamics, where the commutator [U(g), H] may
not vanish, but it has to belong to the operator algebra spanned
by the group.

We end this section with an example of continuous-time
quantum walk on a tree. It shows that symmetries can be used
to reduce the dynamics even when they do not commute with
the Hamiltonian.

A. Formal definitions

The difficulty with direct adoption of the classical notion of
CQG, in the quantum setting, arises because the classical notion
is ignorant of the possibility of superpositions between the
states. Consider a finite-dimensional Hilbert space as a quan-
tized version of the classical state space, where microstates
o; were promoted to orthonormal basis |¢;). If we partition
the microstates into blocks {|o;)};¢p, it may still make sense
to say that all states |i;,) that belong to the span of block
b are indistinguishable and should be reduced as |y) —>
|b). However, if we look at superpositions such as [¢) =
|Yp) + |y ), this CG reduction is not consistently defined.
If we naively suggest that |y) —> |b) + |b), then we can
always write the same state differently, |v) = e'*|¥) + | V)
where [,) 1= e “|y,), and get a different reduced state
) > €'?|b) + |b').

Reduction of coherence terms between the blocks is simply
undefined by the classical CG procedure. If we insist on using
the classical notion as it is, the only sensible approach is to
discard the coherence terms altogether. That is, the reduction of
[¥) = [¥p) + [¥) should be /) —> |b)(b] + |b')(b']. Such
CG of quantum states is consistently defined, but it is not truly
quantum.

For the truly quantum notion of CG we have to consistently
account for coherence terms between the CG blocks. In order
to do that, we will adopt a different perspective. Recall that
classical CG was eventually understood as marginalization of
a (partial) subsystem. This observation is key, because it shifts
the focus from blocks and states to subsystems. Thus, quantum
coarse graining can be introduced as quantum marginaliza-
tion of a partial subsystem. Since the notion of quantum
marginalization—the partial trace map—already exists, all we
have left is to identify partial subsystems in the quantum
setting.

It should be noted that mathematically equivalent defini-
tions of the QCG map have been presented in Refs. [9] and
[7]. Our definition is different in that it is derived by a direct
analogy with the classical case. Furthermore, we will expand
on the formal structure of QCG by identifying bipartition
operators as key mathematical objects and bipartition tables
as their graphical representation. We will also provide QCG
with operational meaning.

1. Partial subsystems and bipartitions

Consider a finite-dimensional physical Hilbert space 7. The
choice of orthonormal basis {|y;;)} and their arrangement into
a bipartition table (Table I) constitutes a partial bipartition
of H. The auxiliary Hilbert space H* (#2) of the partial
subsystem A (B) is formally defined as the span of row kets
{lee;)}7_; (column kets {|Bx)};— ) as illustrated in Table I. The
physical Hilbert space H can now be isometrically embedded
into the subspace of HAZ := HA @ H? with the map V :
|Vix) —> lai)|Bk). For every |yix) € H there is a matching
pair |o;)|Bx) € HAB, but not vice versa. The extra pairs in
HAB that do not have a match in A correspond to the missing
elements of the bipartition table that would complete it to a
rectangular form. The case where the chosen bipartition table
of H is rectangular, so H = H*5, is the case where H* and H?
were identified by [10] as virtual subsystems. The construction
here is more general; therefore we refer to such subsystems as
partial subsystems.

In the following it will be useful to express the isometry V
in two complementary forms

VZZVkA®|ﬂk>=Z|(X,~)®Vi3, (10)
Ll i=1

The partial isometries

hy w;
VA=Y el VE =D 1Bkl (D)
i=1 k=1

map the individual columns (rows) of the bipartition table into

HA (HE).

2. Quantum coarse graining map

Once the partial subsystem A is identified, QCG is defined
as the map that traces out A. Since the partial trace map tr, acts
on operators, we have to elevate the action of the isometry V
to operators as well, thus defining V(-) := V(-)VT. Then, the
composition

tI'(A) =1ry o v

defines the QCG map tr(4). Since both components of this
composition are completely positive trace preserving (CPTP)
maps, QCG map tr(4) reduces proper quantum states to proper
quantum states [21]. Operator sum representation of tr(4) can
be obtained by expressing V in the second form of Eq. (10)
and applying tru:

triay () = tra(Vpvh = Y v Ep v,

i=1
Reduction with tr4) maps the density matrices between the
operator spaces as
trca) 1 BAH) — BH* @ HE) — BHP),

so the partial subsystem B embodies the reduced, coarse-
grained state space.

The choice of notation tr4) for the QCG map is justified by
its action on the matrix elements in the bipartition basis |y; k)

treay < Yk Vil — il Bi) (Bil- (12)
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So it traces over the indices i, j as if they label basis elements
of a proper subsystem (the bracketed subscript (4), as opposed
to the unbracketed one 4, refers to the fact that it traces over a
partial subsystem).

As an illustration, consider the 6-dimensional Hilbert space
‘H spanned by the orthonormal basis {|s)} fors = 1,...,6. A
partial bipartition of # is chosen such that in the basis {|s)} it
is specified by the bipartition table

2[3]

5

[ ][~

‘We will now use the notation |y; ) to refer to the same elements
|s) by their row and column indices, for example |4) = |y 1).

An arbitrary pure state can then be written as |) = |y1) +
|¥2) + |¥3), where each unnormalized state | ;) is the support
of [{) on the row i:

[¥1) == culyin) + cizlviz) + cislyiz),
[¥2) = calya) + enlya2),
[¥3) :== cx3lys)-
Applying Eq. (12) on the element |v;)(v;| we get
tron (i) (WD) = 8 D cucirl Be) (Bil.
k.l

Then if we present the density matrix p := |¥)(¥| in the
bipartition basis ordered by their appearance in the bipartition
table (read from left to right and top to bottom), the action of
trea) is

P11 P12 P13 P14 P15 Ple
P21 P22 P23 P24 P25 P26
P31 P32 P33 P34 P35 P36

Pa1 P42 P43 P46

P51 P52 P53 P56

P61 P62 P63 Pes P65 P66
i,tr( A)

o1+ + 06 P12+ P13

P21 + P2 + 023

P31 P32 P33

The colored blocks (color online) of the top matrix correspond
to the elements |; ) (;|. From this we learn how to “read” the
action of QCG from the bipartition table:

(1) Coherences between basis elements |y; ) (y; | in dif-
ferent rows (i # j) of the bipartition table are discarded.

(2) For each pair of columns &,/ (including k = [), the sum
of coherences between |y; ) (y;.i| over all rows i is the new
coherence term for the reduced element | 8;) (5;].

The original Hilbert space can then be decomposed to
sectors

" =P . (13)
k=1

where H;, is the span of elements in column & of the bipartition
table. This decomposition is analogous to the partition of the
classical state space to blocks. The rule 2 above suggests

that a state supported on a single column H;, collapses into a
macrostate |8 ), as in the classical case. Similarly, all statistical
mixtures of states supported on different columns collapse
into statistical mixtures of the corresponding macrostates.
The quantum-classical similarities end when we consider
superpositions between the blocks. QCG attempts to reduce
the coherence terms between the blocks into a single coherence
term between the corresponding macrostates, but it cannot do
so perfectly. The result is potentially diminished coherence
between the macrostates of the reduced state.

Although the visual representation of QCG in terms of
columns and rows of the bipartition table is appealing, its
operational meaning is not clear. In the following we will
identify a set of operators that capture the structure of the
bipartition table and use them to gain insight about QCG’s
operational meaning.

3. Bipartition operators

Similarly to how we obtained the operator sum representa-
tion of tr¢4), we can obtain another representation by using the
first form of V in Eq. (10):

tra)(p) = tra(VpV'T)

o)

=Y [V TVAp]IB)(Bel.

k=1
This brings us to the definition of the bipartition operators

min(hy,hy)

Su=VVA =3 (vl (14)
i=1

that map between columns of the bipartition table by preserving
the row index i of each element (the element is eliminated if
the row is not present in the destination column).

As aresult, we obtain a different representation of the QCG
map (in Ref. [22] such representation of quantum channels is
described as input-output, or tomographic representation):

tra(p) = Y t(Sup)|Bi) (Bl (15)
k,l

Since the bipartition operators can be read directly from the
bipartition table, from now on we will use the right-hand side
of Egs. (14) and (15) as the defining constructs of QCG and
leave the isometry V behind (the bipartition table is of course
still the underlying structure from which all of these constructs
are derived).

In order to obtain the operational meaning of QCG, consider
what observable information is preserved in the reduced
state. Formally, the information in the reduced state pp :=
tray(p) predicts, according to Born’s rule, the expectation
values tr(Ogpp) for all observables Op in O(H?) (the set
of observables on B). Since Born’s rule is identical to the
Hilbert-Schmidt (HS) inner product (Op,pp) s ‘= tr(OlT; PB),
we can lift the QCG map from states and apply it to
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observables,
tr(Oppp) = (Op,tra)(0)) ns = (tf(TA)(OB),P)Hs,

where trI 4) is the Hermitian adjoint of tr(4) with respect to the

HS inner product (the same symbol T for Hermitian adjoint will
be used for both operators and superoperators). The following
set of observables on the original (unreduced) system,

OB (H) := {tr](05) | O5 € OHP)) C OH),  (16)

consists of all the observables whose expectation values are
preserved by QCG.

The explicit fprm of trz 4) can be derived by rearranging the
traces and sums in

(Op,tr4)(0))us = tr<0£ Ztr(5k10)|,31><,3k|>

k.l

= tr(Z Skltr(0£|ﬁz><ﬂk|)0>
k,l

.
= <<Z skl<ﬂk|0;|ﬁz>> ,0> :
k.l HS

Then, using Sy; = S;k and rearranging the indices, we get

trl(05) = Y SulBelO51A). (17)
k,l

It is now clear that OB(#H) C span{Sy;}. Conversely, for
every observable O € span{Sy;} we can findan Oz € O(H?)
such that O = trz A)(O g). Therefore, bipartition operators Sy;
span the operator subspace containing all and only the ob-
servables preserved by QCG. Then we can interpret the
coarse-grained state pp as the state that contains all and
only the information that is accessible to observer restricted
to span{Sy;}. The QCG map can then be understood as a
change-of-observer transformation.

In the familiar case of tensor product bipartition = H4 ®
HE, bipartition operators take the form

S =14 @ 1B (Bl

The restricted set of observables span{Sy} = I, ® B(H?)
implies that the observer can only measure system B. The QCG
map (15) specializes to the usual try and the reduced states
tr4(p) represent what the restricted observer can actually “see.”
In Sec. IIIB we will see other familiar state transformations
that can be understood as special cases of QCG.

This closes the circle with the classical picture of CG
from which we started. Classical CG was introduced as the
manifestation observer’s inability to distinguish some states,
which is in fact a restriction of observational power. Now
we see that both classical and quantum notions admit the
same operational interpretation: CG is the result of restricted
observational ability.

4. Generalization: Quantum-classical hybrid

With bipartition operators it is easy to extend the quantum
notion of CG to include the original classical one. Intermediate

notions, which combine both classical and quantum features,
are quick to follow (we will keep referring to them as QCG).
This generalization will allow us to associate QCG with
symmetries in Sec. IIID.

The purely classical notion of CG can be imported into
quantum state space by simply disregarding the coherence
terms. Using the set {I1;} of projections on sectors H =
D)., M that specify the classical blocks, the classical CG
map is defined as

p— D tu(Mip)| Be) (Bel. (18)
k

One can always represent probability vectors as diagonal
density matrices and use this map to implement classical CG
as defined by Eq. (1). Comparing Eq. (18) to the quantum
version (15) suggests that the set of projections {I1;} is the
classical equivalent of the bipartition operators. In fact, note
that by definition (14), bipartition operators of the form Sy, are
projections on sectors. If we think of bipartition operators as k,/
elements of some matrix, then Sy, are the diagonal elements.
Classical CG can then be thought of as a restriction of some
QCG specified by {Si;} to the diagonal elements {Si}.

This perspective leaves room for intermediate cases that
arise from restriction of the complete set {Sy; } to block diagonal
elements. It is convenient to introduce the index g to refer to
the blocks of bipartition operators, such that {S; 1}, is a block
diagonal set with &,/ running over the elements of block ¢. The
hybrid CG map is then specified by the set {S, x} and it acts
similarly to (15),

p— Y tr(Squp)|Bya) Byl (19)

q.k.l

with the addition of index g. The purely quantum case is when
q specifies a single block, making the index g unnecessary.
The purely classical case is when each block ¢ has only
one bipartition operator: the projection I1,. The truly hybrid
case selects the supersectors H = (P, H, of the Hilbert
space where each subset {S, x;},, of bipartition operators is
supported. The map (19) reduces each supersector H,, into a
distinct sector in the reduced state space while discarding all
coherence terms between the different #,,.

We can also generalize the visual representation of QCG
with bipartition tables by allowing block diagonal arrange-
ments of cells. For each subset of operators {S; 1}, we have a
block of cells in the bipartition table, and the different blocks
live on the diagonal of the full table:

V11,1 |71;1,2 -

V12,1

V2;1,1 [Y251,2 -

V22,1
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This arrangement results in the block diagonal set {S; i} if
we use the original construction (14) of bipartition operators
with such tables.

B. Special cases of the coarse-graining map

The general QCG map (19) captures a lot of common state
manipulations—which are not usually thought of as CG—as
its special cases. Since the QCG map is completely specified
by the set of bipartition operators it is possible to capture the
key structure associated with such manipulations in the neat
visual form of the bipartition table. In the following we point
out a few of such state manipulations.

For concreteness we will consider the system of two or more
spin-1 particles:

H= (HD)®, HOD = span(|1),1L)).

Change of basis. The trivial QCG that does not actually
loose any information may still change the basis in which the
density matrix is presented. The change of basis map, disguised
as QCG, is specified by arranging the new basis elements into
a single row of the bipartition table. For 2 spins, changing to
the total spin basis | j,m) is given by the table

1,1

1,0

1,—1

0,0]

which specifies the bipartition operators
Sjmzjrm = 1jm){jm'l,

where j,m are used to refer to the columns of the table. The
QCG map then simply changes the basis

pr— > w(Sjmy o’ m)jml

jomsj’m’

= Y Glmlelim)ljm') ml.

Jomsj'm’

This should make clear the fact that the result of any QCG,
even the trivial one, depends on the choice of basis that go into
the bipartition table.

Projective measurement. Projective measurements, up to
the readout of the outcome, can be thought of as purely classical
CGs. Here the bipartition table has a column-diagonal form and
the columns are specified by the projections on the outcomes.
For 2 spins, the QCG resulting from measurement of the total
spin z component (without reading the outcome) is specified

by the table
.

1]
1l

L]

There are only 3 bipartition operators defined by this table: the
projections

S = [T,
So.0 = [T+ DAL
S_r-1 =N

where j, = 1,0,—1 are used to label the columns. The associ-
ated QCG map

pr— Y (S p)li) el
jo=—1,0,1
results in a diagonal matrix containing the probability distri-
bution over the three outcomes.

Tensor product structures and (virtual) subsystems. 1llus-
trating bipartite tensor product structures is where the bipar-
tition table really simplifies the picture. The natural tensor
product structure of the Hilbert space of 2 spins A and B is
captured by the bipartition table

T
aNEat

It is arranged such that the degrees of freedom of spin A are
constant inside the rows and the degrees of freedom of spin B
are constant inside the columns. This table defines the bipar-
tition operators Sy; := I ® |k)(l| for k,l = 1,] and the asso-
ciated QCG map is just the partial trace over A (rotate the table
by 90° to get the partial trace over B):

pr— Yt k)P K]
k=11

= Y w(k)Ura(e)) (k] = tra(p).
k=1,
For 3 spins we can consider the first 2 spins as subsystem
A and the third spin as subsystem B. Arranging the bipartition
table where B’s degrees of freedom are constant inside the
columns and A’s inside the rows results in

T
TN
T
W

which specifies a QCG map that traces out the first 2 spins.
By rearranging this table we can specify different (possibly
virtual) bipartite tensor product structures.

For example

T
TN
T
T

specifies the natural tensor product structure of the repetition
code. The virtual subsystem associated with the columns now
encodes the logical qubit, while the virtual subsystem associ-
ated with the rows encodes the syndrome. The 4 bipartition
operators consist of 2 projections Sy, S; on the columns (0, 1
label the two columns), and 2 isometries Sy, Sio between the
columns that exchange elements inside the rows [recall Eq. (14)
for explicit definition]. A single spin flip error X; acts on the
top row—the code space—Dby translating it to the i 4 1 row, so

SuXi M) = XiSult 1),
SuXilldd) = XiSull ).

Therefore, for any encoding |¥) = «|tM1) + BILL]) we
can have a single spin flip error that will not affect the
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coarse-grained state:

X[y (WX — Y (S Xi [y (W 1X)I1) (k]

k,1=0,1

D w(Suly ) (W DID (K]

k,1=0,1

(@|0) + BI1)@(0] + B{(1]).

In this context we think of the QCG map as a decoding
procedure that traces out the syndrome degrees of freedom
and produces the encoded qubit.

Reference frames and noiseless subsystems. For errors
that arbitrarily change the reference frame (RF) there are
noiseless subsystems where information can be encoded in
RF-independent degrees of freedom [20]. Such degrees of
freedom can be associated with the reduced state that is seen
by an observer that does not have access to the RF in which
the state was prepared [23]. This reduction of state can also be
considered as QCG.

Since RFs are completely specified by a group of trans-
formations that change them, the relevant structure of QCG is
selected by the irreducible representations of the group (we will
elaborate on this in Sec. III D). Considering a system of three
spins and a RF of direction associated with global rotations,
we get the bipartition table

3 3

2 T3

ERNE]

27 2
1 1 1 1
3:+3.0|5,+3,1
1 1 1 1
3:73:0]3, 75,1

There are two blocks in this table corresponding to the
irreducible representations of total spin % and % The block of
total spin % specifies the virtual tensor product |%,i%) ® |k)
where k = 0,1 labels the two copies of this representation. The

5 bipartition operators specified by this table are
3 \/3 .
E s Jz 5 2 Jz

1

. |
S%,kl = Z 'E,jz,k><§,Jz,l

11
Je=7302

S — ](%)’

i
-

= 1D @ k),

and, according to Schur’s lemmas [19], they span the space of
all operators that commute with all global rotations that act on

(’H(%))@S. Therefore, according to the operational interpreta-
tion of QCG, the reduced state retains only the information
accessible with rotationally invariant measurements. Such
restriction of measurements is what defines the observer that
has no access to the RF of direction [23] so this QCG produces
the effective state that such observer can see.

In the context of noiseless subsystems we can say that such
QCG “traces out” rotationally noninvariant degrees of freedom
and produces the qubit encoded in the rotationally invariant
degrees of freedom.

C. Compatibility with dynamics

As was discussed in the classical case, the coarse-grained
state may fail to follow a well-defined dynamical rule. The
dynamics in the coarse-grained state space may be such that it
is impossible to tell, from the initial conditions alone, where
the system will go. The situation is essentially the same as
the one we see in open quantum systems (see [13] or [11]
for a comprehensive review). In fact it was recently shown
[7] that under dimension-reducing maps, such as our QCG
map, the reduced dynamics can be described in the same
way we describe the dynamics of open quantum systems.
This conclusion should also be evident from the approach to
QCG we have developed here: if QCG is a marginalization
of a (partial) subsystem then the remaining subsystem should
evolve as an open quantum system. This means that in general
the evolution may not be universal, so the dynamical map
that governs the evolution is different for different initial
conditions and may not be completely positive [11]. Even when
the dynamics are universal we may still lose the semigroup
structure which allows us to characterize the dynamics with
generators.

How to deal with these difficulties in the context of open
quantum systems is an area of active research [24] and we
will not attempt to address it here. Our situation is different in
that we have the freedom to choose the bipartition that may
be compatible with the given dynamics. Instead of asking how
a fixed subsystem evolves, we ask how to choose a (partial)
subsystem so it evolves in a nice way. This question will be
now addressed in the form of compatibility condition between
QCGs and dynamics.

The way the compatibility condition was derived in the
classical case (Sec. II B) is sufficiently general to be reproduced
in the quantum setting. The classical condition PQ = PQP
of Theorem 1 has two components: the generator of dynamics
Q and the CG projection P. Since the QCG map triy) is
a superoperator that acts on density matrices, the quantum
analogs of Q and P must also be superoperators. The analog
of Q is the Lindblad superoperator £ [11,13], which generates
time evolutions of the density matrix p as the solutions of

d
—p = L(p). 20
5P =L (20)
This equation is the quantum analog of Eq. (5).

The QCG projection can be defined identically to its
classical analog P = MM as

P =ty o tra), (21)

where tra) is the Moore-Penrose pseudoinverse of the QCG
map tri). The explicit form of this pseudoinverse is not
necessary for our purposes and we will only use its defining
properties and the fact that it exists (all finite-dimensional
linear operators—including tr4y—have one). For the sake of
completeness we will present the explicit forms of tr(t‘) and P
after proving Lemma 1 bellow.

With these definitions Theorem 1 can be reproduced in the
quantum setting by replacing P with P, Q with £, M (M)
with tr(4) (tr(t‘)), probability vectors with density matrices, and
Eq. (5) with Eq. (20). The proof is the same because it relies
on the linear algebraic properties of the operators (which in
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both cases are assumed to be finite-dimensional matrices) and
nothing more. The result is that

PL=PLP (22)

is the quantum compatibility condition in the general form.
When this condition holds, and only then, the reduced state
pp = tr(a)(p) evolves according to

%PB = L(ps),
where £ = trq)0 L o tra).

The compatibility condition in its general form (22) is quite
opaque. In the classical case it was Corollary 1 that provided
some insight into how to find compatible CG by looking
at transition rates. Extracting similar insight for quantum
dynamics is not as easy. We will not address this general case
here but we will specialize the generator £ to unitary dynamics
(given by a Hamiltonian) and reformulate the condition (22)
in a more transparent way. In the next subsection we will
specialize this condition further by focusing on QCGs given
by a group representation.

The first step in clarifying the condition (22) is finding out
the operator subspace on which P projects.

Lemma 1. Let {Sy;} be a set of bipartition operators, and let
‘P be the associated coarse-graining projection as defined by
Eq. (21). Then P is an orthogonal projection on the operator
subspace span{Sy;}.

Proof. The defining properties of the Moore-Penrose pseu-
doinverse [12] imply that the map P is an orthogonal pro-
jection on the subspace orthogonal to the kernel of tr(a),
that is, im(P) = ker(tr(A))J‘. Next, to see that kel'(tr(A))l =
span{Sy}, we will apply tr(4) on Sy;. Using the action (12) on
the definition (14) we get

treay(Sk) = min(hg, hp)| Be) (Bil. (23)

From this we see that the image of span{Sy;} under tr(4) is
the whole im(tr(4)). The minimal subspace with such property
is ker(tr4))*; therefore ker(tr4))* < span{Sj,}. On the other
hand, every nonzero operator in span{Sy;} does not vanish
under tr); therefore span{ Sy} C ker(tr(4))*. The two mutual
inclusions then imply

span{Sy;} = ker(tr.4))" = im(P).

]
Now we note that the pseudoinverse tr&) is a map from

im(tr(A)) to ker(tI'(A))L, that is,

trfy)  span{|B) (B} — span{Su}.

Equation (23) suggests that for the inverse property
tr(A)otra)zl to hold we must have tra)(|,3k)(,81|)=

mir‘l(hk,hl)_1 S which defines the pseudoinverse

(Bl Ol Br1)
trh (Op) = —_—
14)(OB) Z minGee ) 8
This map can be seen as a composition of tr(T A) [see Eq. (17)]
with rescaling by min(/y, ;).

The explicit form of P
with tr,, on Eq. (15):

= tr(t‘) o tr(4) is then given by acting
P(0) =Y (S O)trfy (18 (Be)
kil
B Z tr( S, O )
min(hy,h 1)

It should be noted that even though the QCG tr4y maps states
to states (is CPTP), we cannot claim that tra) and P have
this property in general. Nonetheless, the QCG projection P
is a useful formal construct that captures the compatibility
condition (22) and its properties will be used in the proof of
Theorem 3.

In the following we will use the fact that P is an orthogonal
projection, as stated by Lemma 1, meaning that not only
P? = Pbutalso P = P [the Hermitian adjoint is defined with
respect to the HS inner product (P(A), B) 55 = (A, P1(B)) ys].

Now we will assume unitary dynamics. This means that the
generator L is of the form —i[H,-], where H is the Hamil-
tonian. The following theorem expresses the compatibility
condition (22) in terms of H and {Sy;}.

Theorem 3. Let L(-) := —i[H,-] be a generator of dynamics
with Hamiltonian H, and let {S;} be bipartition operators that

specify a coarse graining. Then, the compatibility condition
(22) is equivalent to
[H,S] € span{Sy}, VS e span{Sy}.

Proof. First we note that £ is an anti-Hermitian superoper-
ator: LI = — L. This can be shown explicitly:

(A,L(B))ys = tr(A'(—i[H,B]))
=t(—iATHB) + (i A"BH)
=t(—iATHB)+ ttGHA'B)

= tr(—~L(A)'B) = (—L(A),B) s.

By taking the Hermitian adjoint on both sides of (22), and using
the fact that PT = P, we get

—LP =—-PLP =-PL.
The compatibility condition is then equivalent to
LP =PL.

Lemma 1 implies that for any S € span{Sy;} we have P(S) =
S and P(0) € span{Sy} for any O. Therefore,

=iL(S) =iLP(S) =iPL(S) € span{Sy;}.

For the opposite direction we assume that i £(S) = [H,S] €
span{Sy;} for any S € span{Sy}. Since P is an orthogo-
nal projection on span{Sy}, for any O we have LP(O) €
span{S;}, which implies LP = PLP. [ |

[H,S]

D. Coarse graining and symmetries

As was discussed in the classical case, symmetrizing the
states can also be considered as CG. We will now reproduce
this argument for the quantum case and utilize it to address the
question of reducibility of dynamics.
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Our construction relies on structures selected by irreducible
representations (irreps) of the group and the associated opera-
tor algebras. Developments in fault-tolerant quantum compu-
tation [25-27], the study of quantum reference frames and the
emergence of superselection rules [23,28], and more recently
quantification of the notion of asymmetry [29,30] have all
contributed to the establishment of the algebraic framework
that we will use here.

We begin by recalling Hilbert space decompositions in-
duced by representations of groups [19]. Given a finite or a
compact Lie group G, with the unitary representation U(G)
on the Hilbert space H, there is a decomposition

H=P M. =PM, N, (24)
q.n q

The sectors M, , carry irreps of the group, the index ¢
runs over the inequivalent irreps, and n labels the different
occurrences of the same irrep. The isomorphism on the right
follows by “collecting” all the equivalent irreps into a tensor
product of the virtual subsystems M, (the irrep space) and
N, (the multiplicity space). Then, the group action can be
expressed in the form

U =P Um,(2)® Ly,. (25)
q

where U, (g) are irreducible unitary representations of the
group action. This explicitly shows that the group acts by
transforming all M, independently according to the irrep g,
while leaving all N, unaffected.

The structure (24) selected by the group (from here on, by
“group” we refer to the group of unitary operators acting on
the Hilbert space, not the abstract representationless group)
can now be used to implement a QCG. For an isolated sector
g, tracing over the virtual subsystem M, can be seen as a QCG
given by the bipartition operators

Sqxt = 1m, ® lq,k){g.l], (26)

where |g,k) are some arbitrary orthonormal basis of ;. The
combined set (for all ¢) of bipartition operators {S, i;} specifies
a hybrid notion of QCG as defined by Eq. (19).

Such QCG will be called coarse graining by symmetriza-
tion because it eliminates all information in the asymmetric
degrees of freedom. In order to see that explicitly, consider the
commutant algebra of the group, defined by

U(G) :={B e B(H)|[B,U(g)] =0, Vg € G}.

It is an immediate consequence of Schur’s lemmas, and the
group action (25), that U(G)’ consists of all operators of the
form

B = @ Inm, ® By, (27)
q

Compare it to Eq. (26), from which follows U(G) =
span{S, i}. Since the loss of information under QCG is
captured by orthogonal projection on span{S, i}, it then
follows that the information that is eliminated in this case
resides in the degrees of freedom that are not invariant under
the action of the group.

So far we have established that unitary representations of
groups can be used to specify a QCG scheme. The question

remaining is which groups are useful for the reduction of
dynamics. Historically, the groups that are considered in the
study of dynamical processes are the ones that commute with
the dynamics. In the case of unitary time evolutions, these are
the groups that commute with the Hamiltonian [U(g),H] = 0.
In this case H € U(G)' so it can be expressed in the form (27)

H= @ Iv, ® Hy,. (28)
q

Dynamics generated by such Hamiltonians keep the irrep
spaces M, stationary, while evolving the multiplicity spaces
N, independently in each sector. Therefore, the degrees of
freedom associated with the irrep spaces M, can be safely
ignored when considering time evolutions. From this we con-
clude that QCG by symmetrization with the symmetry group
of the Hamiltonian is compatible with dynamics. [This can be
shown rigorously by invoking the compatibility condition of
Theorem 3 and using the fact that H € U(G) = span{S, «}.]

This however, does not mean that symmetries of the Hamil-
tonian are the only groups that are useful for the reduction of
dynamics. The appropriate generalization of symmetries of the
Hamiltonian, capturing all groups that can be used to reduce
the dynamics, is given in the following theorem.

Theorem 4. Let G be a finite or a compact Lie group
with unitary representation U(G) on H. Then, coarse graining
by symmetrization with U(G) is compatible with dynamics
generated by the Hamiltonian H if and only if

[U(g),H] € U(G)', Vg e G, (29)

where U(G)" is the commutant of U(G)'.

Proof. Using the fact that the bipartition operators {S, x;}
of QCG by symmetrization span U(G)', we can express the
compatibility condition of Theorem 3 as

[H,B] € U(G), VB e U(G).
By definition of U(G)', this is equivalent to
[U(g),[H,B]l=0, VB € U(G),VgeG.
Since [U(g), B] = 0, we can rearrange the Lie bracket
[[U(g),H],B1=0, VB cU(G),VgeG.

But this means that for all g, [U(g),H] must be in the
commutant of U(G)', so

[U(g),H] € U(G)', Vg e€G.

Since it is equivalent to the condition of Theorem 3,
which is necessary and sufficient, it is also necessary and
sufficient. ]

The commutant U(G)” of the algebra U(G)’ consists of all
operators of the form [25]

A=EPAu, ® Ly,
q

Since all U(g) are of this form, thatis U(g) € U(G)", condition
(29) implies that groups such that H € U(G)" are compatible.
Symmetries of the Hamiltonian, for which H € U(G), triv-
ially comply with the condition (29) because 0 € U(G)". In
general, the compatibility condition (29) implies a very specific
form for the Hamiltonian.
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Proposition 2. Any operator H that complies with the
condition (29) is of the form

H=A+B=@)(Am, ® Iy, + I, ® By,).  (30)
q
where A € U(G)" and B € U(G)'.

Proof. Condition (29) implies that for every g € G there is
an A, € U(G)" such that

U(g)HU(g)! — H = A,.

Rearranging the terms and integrating over G (summing for
finite groups) with an invariant measure du(g) we get

H= —/ du(g)Ang/ du()U()HU ().
G G

A B

We have A € U(G)" by definition of A,, and B € U(G)
because of the invariance of the measure du(g) = du(g’) (or
rearrangement theorem for finite groups). ]

It is now easy to see why groups that comply with condition
(29) lead to compatible QCG by symmetrization. The form (30)
implies that the subsystems M, and N, do not interact with
each other. The explicit form of the time evolution operator is

UH([) — e*ltH — @efltAMq ® (37”3’\“’1/’
q

so each part of the virtual composite system M, ® N evolves
independently from the other. Therefore, we can generate time
evolutions in AV, without having to know the state of M, (and
vise versa), and that is the defining property needed for the
reduction of dynamics.

Symmetries of the Hamiltonian ([U(g),H] = 0) are too
restrictive for the purposes of reduction of dynamics. They re-
quire that, in addition to subsystem AV, evolving independently,
subsystem M, must be stationary, which is not necessary.
Relaxing the condition to (29), and letting M, evolve leads to a
broader set of groups, beyond symmetries of the Hamiltonian.
Thus, Theorem 4 provides us with more possibilities to confine
the dynamical evolutions to smaller state spaces.

For practical applications it is beneficial to express the
compatibility condition (29) in terms of the generators of
the group. Assuming {L,} are the generators of U(G), and
using the group action near the identity U(e,) = I — €4iLy
(for finite groups we can use the generators directly), the
compatibility condition becomes

[Lo,H] € U(G)', VL.

Furthermore, the operator algebra Alg{L,}, of all polynomials
in{L,},isasubalgebraof U(G)" [by definition of U(G)', every
L, must commute with everything in U(G)']. Thus, replacing
U(G)” with Alg{L,} results in the sufficient condition

[LotaH] € AIg{Lﬂ}v VLa~

E. Example: Continuous-time quantum walk on a binary tree

Continuous-time quantum walk (CTQW) is a generic model
of quantum dynamics that admits visually intuitive demon-
stration of QCG by symmetrization. More specifically, we

@ ()
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€
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FIG. 5. Quantum walk on a tree (a) is reduced to parallel quantum
walks over the columns of the tree (b). Labels on the edges indicate
transition rates and labels under the vertices indicate local potentials
(the default value is 1 for both). Addition of the red dashed edge in
(a) results in the addition of identical edge in (b). Even though the red
edge breaks the symmetry of the tree it does not affect the reduced
dynamics between the columns (see main text).

will focus on CTQW on binary trees introduced by [31] and
demonstrated to evolve in a reduced state space in Ref. [32].

The CTQW model is specified by a simple undirected graph
G with vertices V and edges E. The Hilbert space is defined
as H := span{|v;}},,cy, and the Hamiltonian is constructed in
the same way as the stochastic transition rates matrix (in this
case all rates are normalized to 1):

Hi=— )" (i)l + vyl + Y difvid(wil.

(vi,vj)eE veV

3D

The degree d; of a vertex v; is the total number of vertices
connected to it.

The concrete example we will analyze is shown in Fig. 5(a),
where we ignore the red dashed line for now and focus on
the tree spanned by the solid edges. If this was a classical
random walk, then CG by partition of vertices to the 3 columns
would be compatible with dynamics. In the quantum case,
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however, partition to sectors is not enough to specify a CG,
and there is not much else to guide us in the appropriate choice
of compatible bipartition other than symmetries.

Symmetries of CTQWs arise from the automorphisms of
the underlying graph [33]. Graph automorphisms form a group
Autg := {¢} that consists of permutations of vertices that leave
the set of edges unchanged

(vi,v)) € E & (Vy),Vp(j)) € E.

Using the cycle notation for permutations, our graph automor-
phisms are generated by a = (45) and b = (23)(47)(56); it is
also instructive to point out the group element ¢ = bab = (67).
Permutation b can be thought of as a flip of the whole tree
around the horizontal axes through the root, while permutations
a and c are flips of the subtrees around horizontal axes through
their own roots.

In order to streamline the calculations, it is convenient to ex-
press the Hamiltonian as a sum of permutations. Permutations
are naturally represented by orthogonal (unitary) operators

My =Y [0 vl
i

The Hamiltonian (31) can now be written as a sum of 2-cycle
permutations (i) (note that I acts as the identity on vertices
that are not v; or v;):

H=— Z Mg+ |E|L.
(vi,v))€E

Since |E|I only adds a total phase to the evolutions we can
safely drop it. In our concrete case the Hamiltonian is

H = —TIl2) — M3y — M4y — sy — Mgy — Mgy, (32)

Note that the adjoint action of any permutation ¢ on a 2-cycle
results in another 2-cycle:

T
o I, = Hgiee-

Itis now easy to check that the group generated by a = (45) and
b = (23)(47)(56) commutes with the Hamiltonian, because the
adjoint action of I, or I1, permutes the 2-cycles in Eq. (32),
but leaves the whole sum unchanged:

M HN! =,HT] = H.
Therefore, the finite group Autg represented by the unitary

operators {I1,,I1,} is a symmetry of the Hamiltonian.
Using the shorthand notation

o) )+ o)

+ijk.) = —
IFij..) normalization
[vi) — lvj) + [vg) — -+
|Eijk..) = —
normalization

we first identify the 3 trivial irreps of Autg as the subspaces
M1 = span{|+i)},
M, 2 = span{|+)},
M, 5 = span{|+use7)}-
There are also 2 nontrivial but equivalent irreps, where I, acts
by 1 and I, acts by —1:
My = span{|£x3)},
My = span{|t46s7)}-

The last irrep is single and 2-dimensional:
M3 = span{|zase7), | £5467) }-

Accounting for multiplicities, the Hilbert space decomposes
to

H =M QN)BM;QN) & Ms,

where N and NV, are 3 and 2 dimensional multiplicity spaces.
Now we can change to the new bases |u;) that are native to
these irreps:

lur) == |+1), lug) := |#23), lug) := |Eas67),
[uz) 1= |+23), lus) := |Ea657),  |u7) := |=Es467),
|u3) == |+4567).

In the new bases the Hamiltonian is block diagonal H = H; @
H, & Hj, where

2 =2 0
H=|-v2 3 =2
0 V2 1

H, = (_f@ _;/5) (33)

1 0
me (b 0)

(We added back the global term |E|I to present the more
conventional diagonal elements.) This is the explicit form
(28) of H that acts nontrivially on multiplicity spaces only.
The terms H;, H, act on multiplicity spaces of 1-dimensional
irreps, and the term Hj acts trivially because M3 is multiplicity
free. Therefore, the dynamics can be isolated as quantum walks
on disconnected components associated with the irreps; see
Fig. 5(b). One complication that arises, caused by boundaries
of the finite graph, is the nonconstant potential on the vertices,
as seen on the diagonal of the Hamiltonian.

Quantum walk in the multiplicity space of the trivial irrep
[top row in Fig. 5(b)] was first shown in Ref. [32] to be the
reduced 1D walk over the “column states” (Ju1), |uz), |u3) in
our notation). Boundary effects, causing a potential “bump,”
were numerically shown to be not significant in the larger trees.
More importantly, it was understood that the reduced quantum
walk on the 1D chain of “column states” is responsible for
the exponential speedup in propagation time from the leafs to
the root, compared to the classical walk. Note however that the
full speedup occurs only from the initial state |u3). If the initial
state is also supported on |us) then the speedup will only carry
it to the second column, and if it had support on |ug) or |u7)
then those parts are stuck in the initial column.

The insight is that the reduced dynamics of quantum walks
on trees persist even if the symmetry of the tree is broken in a
manner that is described by Eq. (29). Adding the red dashed
edge to the tree in Fig. 5(a) breaks the original automorphism
symmetry since (v4,vs) € E but (vb(4),vb(5)) = (v7,v6) ¢ E.
The new Hamiltonian H’, when expressed as a sum of 2-cycles,
receives an additional term H' = H — Tls), which breaks the
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symmetry under the action of b:
M,H'T] = H—Tpe # H'.

The action of a = (45), however, still commutes with H’. The
commutator of H' with IT, can be expressed as

[Ty, H'] = [T, H] — [T, T1,] = [T, 1],

so it belongs to the operator algebra spanned by the gener-
ators {I1,,I1,}. Theorem 4 then implies that QCG by such
symmetrization is still compatible with dynamics. The only
difference is that in addition to acting on the multiplicity
spaces, the Hamiltonian may actindependently on the irreps. In
this case, only M can be affected (dynamics in 1-dimensional
irreps are absorbed into the multiplicity spaces). Even though
|u;) are now native to irreps of a group that is not a symmetry of
the Hamiltonian, we can still use them to block-diagonalize the
Hamiltonian. The new decompositionis H' = H, @ H, ® H}
where H,, H, are the same as before (33), and

2 -1
()

Hj generates nontrivial evolutions in M3 which can be seen
graphically as addition of the red dashed edge in Fig. 5(b). It
generates evolutions vertically, in a stationary subspace of the
right column, but it does not interfere with dynamics across
the columns.

This example demonstrates the fact that strict symmetries of
the Hamiltonian are not necessary for the effective reduction of
dynamics. That being said, it is not easy to see a priori which
groups are compatible. This would not work, for example,
if we broke the symmetry with I1se) instead of ITus), since
[TI(s6),I1,] is not an element in the operator algebra spanned
by {I1,,I1,}. Just because Il(ss generates dynamics within
the column does not mean that it cannot interfere with the
dynamics across the columns. In our case, the choice of ITs)
to break the symmetry works, because it is the element a of
the symmetry group of the Hamiltonian. Since Autg is not
Abelian, the modified Hamiltonian was no longer commuting
with it, but because the symmetry-breaking element came from
the group, the commutant was guaranteed to be in the operator
algebra spanned by the group.

IV. SUMMARY AND OUTLOOK

We have established the common notion of coarse graining
in both classical and quantum settings and provided it with
operational meaning. By introducing bipartition tables we were
able to capture the key structure of a coarse-graining scheme
in a concise, visual form. Our main focus—the reduction
of dynamics by coarse-graining the state space—led to the
formulation of compatibility conditions between a coarse-
graining scheme and dynamics. Such compatibility conditions
were shown to be necessary and sufficient for the existence of a
reduced generator of dynamics that governs time evolutions in
the coarse-grained state space. Considering symmetrizations

of states with a group representation as a special case of coarse
graining, and specializing the compatibility condition to this
case, we showed how group representations can be used to
reduce the dynamics. This result turned out to be closely related
to Noether’s theorem that uses symmetries of dynamics to
identify the static degrees of freedom, i.e., constants of motion.
We generalized this perspective with less restricted group
representations to identify dynamically independent degrees of
freedom. Such degrees of freedom are not necessarily constants
of motion and the group representations are not necessarily
symmetries of dynamics.

The task of reducing dynamics that was studied here
demands an exact reproduction of dynamical evolutions in the
reduced state space. The only way to satisfy such demand is
to single out the degrees of freedom that evolve independently
from the rest. As we pointed out, finding group representations
that satisfy the commutation relation (29) is one possible
approach to the problem of exact reduction. This formulation,
however, might be too strict for some practical application and
an approximate reduction may be in order. The compatibility
conditions for the exact reduction can then be taken as a
starting point for the development of approximations when
the conditions are not exactly satisfied.

Aside from the reduction of dynamics, the notion of coarse
graining raises some interesting questions on its own. QCG
was shown to be the map that accounts for some ignorance
of the observer. Specifically, it accounts for the restriction to
measurements that belong to the span of bipartition operators
that define the QCG scheme. Such restricted observers arise
naturally in physical situations characterized by inability to
measure external environment, or inaccessibility of a particular
reference frame in which the system is prepared. The QCG
formalism allows us to account for all these and more general
restrictions, but the physical situations that lead to the more
general cases are not so clear. In particular, we can now account
for restrictions to observables that do not form an algebra: the
general span of bipartition operators is an operator system.
Then the question is, what physical situations lead to the
restriction to observables that form an operator system, but
not an algebra?

Regardless of physical interpretations, QCG is a power-
ful analytical concept that offers flexible ways to “select”
quantum information encoded in the physical state. Within
the framework of QCG we can capture information selected
by group representations, virtual subsystems, and restricted
observables under the same umbrella concept. We believe that
this generic nature makes QCG a fundamental concept of
quantum information with potential applications in quantum
error correction, tomography, and quantum thermodynamics.
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