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Two-time correlation function of an open quantum system in contact with a Gaussian reservoir
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An exact formula of a two-time correlation function is derived for an open quantum system which interacts
with a Gaussian thermal reservoir. It is provided in terms of functional derivative with respect to fictitious fields. A
perturbative expansion and its diagrammatic representation are developed, where the small expansion parameter
is related to a correlation time of the Gaussian thermal reservoir. The two-time correlation function of the lowest
order is equivalent to that calculated by means of the quantum regression theorem. The result clearly shows that
the violation of the quantum regression theorem is caused by a finiteness of the reservoir correlation time. By
making use of an exactly solvable model consisting of a two-level system and a set of harmonic oscillators, it is
shown that the two-time correlation function up to the first order is a good approximation to the exact one.
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I. INTRODUCTION

A quantum system in the real world is not isolated from its
surrounding environment [1-6] which may be a quantum or
classical system with a large number of degrees of freedom.
It is referred to as a thermal reservoir. In this paper, we treat
it as a quantum system. When we investigate properties of a
relevant quantum system, we have to treat it as an open quantum
system. A description of an open quantum system only in terms
of system variables is called a reduced description which is
derived by eliminating reservoir variables from a description
of the whole system. A quantum state of the relevant system
is given by a reduced density operator which is obtained by
performing partial trace over the thermal reservoir for a total
density operator. The time evolution of a reduced density oper-
ator is determined by the time-local or time-nonlocal quantum
master equation which is derived by means of the projection
operator method [6—13]. Solving the quantum master equation,
we can obtain statistical properties of the relevant quantum
system. Hence various methods for solving the quantum master
equations have been developed. For instance, the phase-space
method [14-18] and the algebraic method [19-22] are very
useful and have been applied to many problems. Since itis very
difficult to derive and solve the quantum master equations, the
second-order approximation (the Born approximation) with
respect to a coupling strength between the relevant quantum
system and the thermal reservoir has usually been applied
[6]. However, when a thermal reservoir is Gaussian, an exact
reduced time evolution of an open quantum system has been
found in the path-integral form [23] and in the canonical form
[24,25]. The properties of the reduced dynamics have been
investigated in detail for a Gaussian thermal reservoir [26-29].

A reduced density operator can explain all statistical prop-
erties associated with single time events of an open quantum
system [30,31]. However, there are important phenomena that
cannot be described as a single time event. For instance, the
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second-order optical coherence and the fluorescence spectrum
are described by a correlation function which depends on
two different times [18,32]. The photon counting process is
characterized by multitime joint probability [33]. Furthermore
a linear response function that describes a response of a
quantum system to a weak external field depends on two
different times [34-39]. When dynamics of a quantum system
is taken into account, a weak value of an observable [40—42]
depends on two times at which an observable is weakly
measured and the quantum system is postselected after the
weak measurement [43—45]. Usually one calculates a two-time
correlation function of an open quantum system by making use
of the quantum regression theorem [6,17,18,32]. However, the
theorem is no longer valid when reduced time evolution of a
relevant quantum system is not Markovian [46-51]. Recently
it has been shown that the projection operator technique
can be applied for calculating correlation functions of open
quantum systems [52-54]. These methods make it possible to
calculate correlation functions in a perturbative way, where
the expansion is carried out with respect to a coupling strength
between the relevant quantum system and the thermal reservoir.

In this paper, we derive an exact expression of a two-time
correlation function for an open quantum system interacting
with a Gaussian thermal reservoir [24,25]. We also present
an expansion formula for the correlation function and its
diagrammatic representation, where the small expansion pa-
rameter is related to a correlation time of the Gaussian thermal
reservoir. The correlation function of the lowest order is equal
to that derived by means of the quantum regression theorem.
Using an exactly solvable model [6,55], we examine whether
the expansion formula becomes a good approximation to the
exact one. The paper is organized as follows. In Sec. II, we
briefly review the reduced time evolution of an open quantum
system which is influenced by a Gaussian thermal reservoir. We
introduce some notations used throughout this paper. In Sec.
III, we derive an exact expression of a two-time correlation
function for a relevant quantum system with the assistance
of functional derivative with respect to fictitious fields. In
Sec. IV, we provide an expansion formula for a two-time
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correlation function and its diagrammatic representation. We
also obtain a two-time correlation function in the rotating wave
approximation. In Sec. V, using an exactly solvable model
which consists of a two-level system and harmonic oscillators,
we examine whether the approximated correlation function up
to the first order becomes a good approximation. In Sec. VI,
we summarize the result obtained in this paper.

II. REDUCED TIME EVOLUTION OF AN OPEN
QUANTUM SYSTEM

In this section, we briefly review the reduced time evolution
of an open quantum system interacting with a Gaussian
thermal reservoir [24]. Generalizing the result, we can de-
rive an exact formula for a two-time correlation function
of a relevant quantum system. To explain the reduced time
evolution, we suppose that an interaction Hamiltonian be-
tween a relevant quantum system and a thermal reservoir is
given by Hiy(t,t9) = S(¢,t9) ® R(t,ty) in the interaction pic-
ture with S(z,ty) = e/MHs(=1) g p=(W/MHs(=10) and R(t,ty) =
e/MHr(=t0) R o=(/MHr(=1) \where Hg (Hg) is a Hamiltonian
of the relevant system (the thermal reservoir) and S (R) is an
appropriate system (reservoir) operator. It is straightforward to
extend the result to the case that the interaction Hamiltonian
is given by Hgg(t,fy) = Zj S;(t,to) ® R;(t,1p). In this paper,
we explicitly denote the time at which the interaction picture
coincides with the Schrodinger one. If there is no initial corre-
lation between the relevant system and the thermal reservoir,
an initial density operator of the whole system is given by
W = Wg ® Wg. In this case, a thermal reservoir is Gaussian
if the characteristic function is Gaussian [24,25], namely,

Trg { Tr exp |:—i / dt f(T)R(TJ())i| WR}

= exp |:—i / dt f(T)(R(t,0))r

- / drs / Cdr, f(rz)f<n)<R(rz,ro>R(n,m»;}, (1)

with f(¢) being an analytic function, (e)gx = Trr(eWg), and

(R(T2,t0)R(T1,10)) %
= (R(12,t0)R(11,10)) g — (R(12,00)) R (R(T1,t0)) . (2)

In Eq. (1), Trg stands for the trace operation over a Hilbert
space of the thermal reservoir and Tk represents the time
ordering in which the reservoir operators R(¢,ty)’s are placed
from the right to the left in the chronological order.

To derive the reduced time evolution of the relevant
quantum system, it is convenient to introduce Liouvillian
superoperators [6]. We denote the total Hamiltonian as
H = Hy+ H, with Hy= Hs+ Hg and Hi = Hsg = S ®
R. The corresponding Liouvillian superoperators are L,e =
—(i/h)H} e = —(i/h)[H,,e]. Furthermore, we define a su-
peroperator X by Xe = eX. Then we have a commutator
X* =X — X and an anticommutator X° = X + X. These
superoperators make it possible to calculate the reduced time
evolution of the relevant quantum system in a systematic way.
In fact, we can obtain the time evolution of the reduced density

operator of the relevant quantum system [24],
Ws(t) = Vs(t,10)Ws, (3)

where the time-evolution operator Vy(z,#p) of the relevant
quantum system is given by

Vs(t,10) = Trg[e"' " Wg] = e~ Trg[V(1,10]10) Wr],

“4)
with
t
V(t,h|to) =T exp |:f drt Ll(r,to):| 5
41
and
Li(t,10) = e—Lo(t—to)LleLo(f—to)' (6)

In Eq. (5), T represents the time ordering for the Liouvillian
superoperators L(z,ty)’s. If the thermal reservoir is Gaussian,
Trr[V(z,ty|tg) Wr] is calculated to be

Trr[V (22,11 |t0) Wg]

15 k%)
= T, 1) €XP |:_/ dfz/ dry g(fz,fllto)} @)
hn 1
with
G(12,71lt0) = S™(12,10)[Cr(T2 — T1)S™ (11, 10)
+iCy(tp — T)S°(T1,00)], )

where Cg(t; — 11) and C;(t, — 11) are real and imaginary
parts of the reservoir correlation function (R(13,%y) R(11,%))) r-
In deriving the result, we have assumed (R(¢,f)) g = 0 without
a loss of generality. In Eq. (7), the symbol T(fz,z(» means the
time ordering that the system operators S(¢,7p)’s in the time
region t, >t > ty are placed in the chronological order. A
generalization of this result to the case that there is initial
correlation between the relevant quantum system and the
Gaussian thermal reservoir is briefly discussed in Appendix A.

T1
A T = T1
S — 4
Ttg(—tl
7] E—————
to<—1t1
Tt1<—t0 Thkto
- To
to t ts

FIG. 1. Representation of the integral region T;,,.,, = T, +

T2 + T, . where there is no overlap of 7, integral and 7, integral
. . <1
in the gray-colored region Ty, ;.
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Introducing vector S(#,7y) of superoperators and 2 x 2 matrix
C(r) by
_(S7(t.10)
S(tvt()) - <So(t,t0)>’
Clrr— 1) = (CR(fzo— 1) lCI(T%)_TI))’ )

we can express the superoperator G(t,,71|fy) as

G(r2,1ilto) = ) Cpuv(t2 — 1)Su(12,10)Su(T1,10).  (10)

w,v

Before closing this section, we consider the integral with
respect to 7, and 77 in Eq. (7). For any time #; with#, > t; > 1y,
the integral decomposed into three parts as follows:

15} 12
/ d‘L’z/ dt G(12,711t0)
0 to
t 5] ) 4
= </ d‘l,'z/ dt +/ dTZ/ dty
n 1 n fo
I 1]
-{-/ drzf dtl)g(fz,mfo)
1ty 4]
L e o
Trz | TIZ - T‘l <o

1] <1
x G(12,71lt0), (11)

where we set d%ty; = d1,d 7, and the three time regions Ty, 4,
Tﬁf :;'J and T, ,, are depicted in Fig. 1. It is important to note
that there is no overlap of the two integrals in the region Tﬁf :;[‘)
Hence this integral becomes negligible if the correlation time
of the thermal reservoir is sufficiently small. In this case, we
may approximate as

t 12
/ d‘L’z/ dt G(12,71t0)
fo to

o~ (// d*t + // d2f21)g(fz,fl|lo)- (12)
Tzzetl Tleo

This result is essential for deriving an expansion formula for
a two-time correlation function. In fact, the integral in the
. t) <1 .
region Ty, plays a role of a small parameter of perturbative
expansion. In the rest of this paper, we refer to [ [;<n d*17; @

1 <tg

as t-disconnected integral since the two integrals are separated
at time #;. Here it should be noted that the intermediate time #;
will be chosen so that a systematic perturbative expansion is
possible.

III. TWO-TIME CORRELATION FUNCTION OF
AN OPEN QUANTUM SYSTEM

A two-time correlation function of the relevant quantum
system that we consider in this paper is expressed in the
following form [54]:

Cx, x, (ta,11) = Tr[Xpe" 2" X XD W] (13)

where X; (j=1,2) is any system operator including
a superoperator and quantum operation. Rewriting the
Liouvillian superoperator L in terms of the Hamilto-
nian H and assuming observables X, and X;, we ob-
tain the usual two-time correlation function Cy, x,(t2,t1) =
Tr[ X ;H)(tz,to)X §H> (t1,t0) W] [56] with the Heisenberg operator
X0(t.,10) = e@/MHG= X ;o =@/DHG=0)_Our purpose s to
derive the reduced description of the correlation function
Cx, x,(t2,11). Using the operators in the interaction picture,
we can rewrite the correlation function into

Cx, x,(t2,t1) =Tr[Xo(t2,20) V (t2,11 [10) X1 (t1,10) V (11, 0|20) W],
(14)

where Xj(l,lo) — e—Lo(f—lo)XjeLo(l—fo) — e—Ls(f—lo)XjeLS(l—fo)
and V(#,,1|to) is given by Eq. (5). In deriving this equation,
we have used the relation e~ elo1=10) = oLoC=10)V/ (1 1,11,).

To calculate the trace over the Hilbert space of the Gaussian
thermal reservoir on the right-hand side of Eq. (14), we
introduce a conditional time ordering T(lejil)(" ) For any times
T, (i = 1,2, ...,N)andrmj (G=12,....M)witht, > 7, >
fo and 1 > Ty, > 1o, it is defined by

T(ily);l)(l]’m)[sx (‘L'n] ,to) S8 (‘L’nN,t())Xl(tl,t())SX ('L'ml ,l‘()) o SX(‘L'mM,l‘())]
= T(sz,to)[SX (Tkl’to) e 8 (TkK’IO)]Xl(tl’IO)EtS],to)[SX (Tel ’to) e 8 (TZL’IO)]’ (15)

where 7, (i =1,2,...,K)and 7, (j =1,2,...,L) satisfy to > 7, > t; and 1 > 7, > fo and the equality M + N = K + L

holds. It is obvious that if X(#;,#p) = 1, the conditional time ordering

TS|X1(I1J0)

reduces to the usual time ordering 75 _ . Thanks
(t2,19) (t2,10)

to the conditional time ordering, when we calculate the trace over the reservoir Hilbert space in Eq. (14), we can treat X (#,%) and

S*(t,t)’s as commutable variables under the ordering (ta.10)

TS\Xl(fl-fo)

and thus we can apply the method developed in Refs. [24,25].

Hence, using the conditional time-ordering operation and Eq. (7), we can express the correlation function as

Cxoox, (12,11) = Trs[ TN X (1, 10) X1 (11,10) Trr(V (12,101 10) W)

(t2,10)

= TrS{Xz(tz,to)niz‘)(“’t°)X1(t1,to) exp |:— //
T,

d*ty g(fz,fllto)i| WS}~ (16)

1y <1p
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Furthermore, substituting Egs. (11) and (15) into this equation, we obtain the correlation function,

Cx,.x,(t2,11) = Trsixz(l‘z,to) (r.10) |:CXP ( // d* 11 (12,71 |fo)>

12 <~

x Z"USZ");‘)(["[O) |:X1(l1,l0) CXP( //,2 o d*v Q(Tz,f1|to)):| exp( // d*13 G(12, T1|to)>:|Ws} (17)

t] <1 ’1 <o

Our next task is to rewrite the second term with the conditional time ordering in Eq. (17) into terms with the usual time
ordering. First expanding the exponential and using Eqs. (10) and (15), we obtain

“ (@, (= 1)"
Tonr " [Xl(tl,to)exp< // L& g(’Z’“"O)ﬂ Teny " [X (“”O)Z - d*oa g(rz’mt())

t] <10 rl )

(— 1)"
= Xi(t1,00) + T(tz 1) Z 2 a? (n) o T d2f2(:)

11 () R

X Z o Z C“"v"'t (TZ(n) - Tl(n)) o CMI Vi (T2(1) Tl(l))

MnsVn H1,V1

x Sy, (1":10) -+ Sy (13" 10) X1 (1,0)S,, (7" 10) - - S, (71, 10)
(18)

Here it is convenient to introduce two superoperators,

Kun m (2‘2,1‘1 ) ‘1,'2( )7 ... ,'[2(1)’[0) T(}Sz ) |:Sun (-[2(”)710) .. Sltl (‘L’z( N/ exp ( // d 11G(12, 1) |IQ)>:| (19)

12 11

Lvn m (thto, rl(”)’ . ,1;1(1)|t0) = T(f] ) |:Sv,, (Tl(n)’to) K ( eXp ( // d? 1 G(12, 79 |l‘0)):| (20)

r| )

forn > 0 and
K(t2,11|t0) = Trr[V(t2,11|t0)WR], L(t1,80lt0) = Trr[V(t1,00]10) WR], 21
for n = 0. Then the two-time correlation function Cyx, x, (t2,t) is given by

(— 1)” n
Cyx,. xl(tz,tl)—CXZ)X](tz,t1)+Z // NG o, //T* a7

11 Iy 1 <1

x D 2 G (B = 1") G (1 = 1)

HnsVn H1,V1
X Trs[ Xo(t2,10)K iy iy (25115737 - .73 |10) X1 (t1,00) Lo,y (11,705 717 71| 10) Ws ], (22)
with
CY) x, (t2.11) = Trs[Xa(t2,10)K (t2.11[80) X1 (11 ,10) L (1,10 |10) Ws]. (23)
To proceed further, we note that the following equality is established:
Sy, (rz(]),to)SMA ('Cz(k),l‘o) = ¢ Lstimg (réj),tl)SM (rz(k), tr)elsti=o), (24)
This equation relates K, _,, (f2,11; tz(”), . l)|t0) to Ly, v, (t1,t0; ("), .. ,tll)|t0) by the relation

—Lg(ti— 1 Lo(t)—
K/L m(l‘z,l‘],‘fz( ),...,1'2)|1‘0)=€ sth ZO)KM m(l‘z,l‘],‘fz( ),...,1'2()|1‘|)€ sth=to)

—Lo(t;j— 1) Lot —
=e sth ZU)LMH Ml(l‘z,l‘l,fz(n),...,‘fz( |l‘1)€ s(h IU). (25)

Then we obtain the correlation function from Eq. (22),

( l)n
Cxo x, (12,11) = CX) ¢ (12,11) + Z (l—[ //zzeq &1y e (12” — fk)))

n=1 ! ’l <o

X Trs[XgeLS(tz_tl)L P (l‘z,l‘l, ‘L'z(n), ce ,Tzl)’tl)xleLS(tl_IO)Lvl . (l‘l,l‘o, ‘L’l(n), Ce ,T1(1)|l‘0) WS], (26)
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with

el x, (12:11) = Trs[Xae" VK (12,11 |19) X1 €™ 0 Le1 1o l10) W], 27)

In deriving Eq. (26), we have used X(t5,t) = e L5270 X, els(2=10) and X (1,,1y) = e~ Ls1=) X ls(1=10) When we introduce
fictitious fields J7(¢)’s and define superoperators L(t,1|J (1)) by

L(t,u|J=() = T, exp (— f fT

<1

d*t G(ra,1i|t) + Zf2 dt J,f(f)su(f,ll)) (28)
w v

we can express the two-time correlation function Cy, x,(t2,¢1) by means of functional derivative,

82
Cxyx, (t2,11) = exp [ — f/ d*131 Cpo(12 — 1)
XX H p( MZ pocn T S ()8 (41)

1 <1

x Trs[X2e"S @ L(ty, 1 [T (1)) X 155~ L(ty,10] T~ () Ws]| 12— o0- (29)

This is a main result of this paper. When we substitute
X, = 1or X; = 1 into this equation, we find that the average
values,

Cy x,(t2,t1) = Trs[ X1 Ws (2],
Cx,,1(t2,11) = Trg[ X, Ws(12)], (30)

are obtained (see Appendix B), where the reduced density
operator Wy(z) of the relevant quantum system is given by
Eq. (3).

In deriving the result (29), we have assumed that the thermal
reservoir is Gaussian, but we have not applied any approxi-
mation. Thus the two-time correlation function Cyx, x,(t2,t1)
that we have derived for the open quantum system is an exact
and formal expression. Although the two-time correlation
functions have been calculated perturbatively by means of
the quantum master equation based on the projection operator
technique [52-54], its exact expression has not been found. Of
course, we may have to use some approximation to explicitly
calculate the two-time correlation function (29). However,
deriving an exact expression of a two-time correlation function
means a lot to the theory of open quantum systems since it
may be useful for investigating physical and mathematical
properties of open quantum systems.

IV. EXPANSION OF THE TWO-TIME
CORRELATION FUNCTION

In this section, we derive an expansion formula which pro-
vides the two-time correlation function up to the second order
with respect to the disconnected integral. If the correlation
time of the Gaussian thermal reservoir is sufficiently small,
the disconnected integral becomes negligible (see Sec. II).
The lowest-order correlation function C gg) x,(f2,11) is obtained
by discarding all the contributions from the ;- and rl(fcz)-
disconnected integrals in Eq. (26) or from the functional
derivatives in Eq. (29). The nth-order correction A Cg?’ x, (12.11)
to the correlation function is obtained by taking into account the
nth order of the #- and tl(kz)—disconnected integral in Eq. (26).
In the rest of this section, we assume that the system operator
X at the time #; in the correlation function is not an identity.

(
A. Lowest-order term and the quantum regression theorem

We derive the lowest-order correlation function
ngl(z‘z,tl) and discuss the quantum regression theorem
[6,17,18,32]. Since the disconnected integral comes out when
the functional derivatives with respect to J, ;it(t) are performed,
we neglect the exponential in Eq. (29) when deriving the
lowest-order correlation function. Then we obtain from
Eq. (29)

CY) x, (2,11 =Trs[X2e" VLt 1| F (1) X €500
x L(t1, 001~ (@) Wslls=@)—o0- (31)
Here L(t,10|J ~(t))|s-(1)—o0 is obtained from Eq. (28),

LSO Lty 10| T~ () 1-(—0

= elsmOTS exp <— // d*t1 G(12,7y |l0))
T

1 <1g

= LSOO R [V (11,10 |t0) W]
= ("7 g = Vs(t1,10), (32)
where we set (o) g = Tr[eWg]. In the same way, we obtain
BT Lty 1 [T s+ 0—0 = Vs(ta,1h). (33)

Then the two-time correlation function of the lowest order is
given by

CY x, (.11) = Trs[Xa Vs(t2.0) X1 Vs(t1,0)Wsl.  (34)

The lowest-order correlation function C g?) X (t,t1) can also
be derived by applying the quantum regression theorem. To
show this, we note that the reduced density operator of the
relevant quantum system is given by Wg(t) = (200 p Wy =
Vs(t,ty) W if there is no initial correlation between the relevant
quantum system and the thermal reservoir. Then the average
value of a system observable X at time 1, is (X(#)) =
Trg[X Vs(t2,t0)Ws]. Differentiating the average value with
respect to f,, we obtain the equation of motion for the average
value,

d
i (X(12)) = Trs[X Ks(t2,10) Vs(t2,10) Ws]

= Trs[(Ks(t2,20)X) Vs(t2,00)Wsl,  (35)
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where Ks(tz,10) = (L L0y, / (el =10y 4 and
Trs[(Ks(lz,lo)A)B] = Trs[AKgs(tr,t0)B]. Here let {Ej}
be a complete set of system operators and we expand as
Ks(tz,tO)Ej = Y . G jk(t2,19) Ex. Then the equation of motion
for (E;(t,)) is given by

d
a—tz(Ej(lz)) = Xk: G ji(t2,10){Er(12)). (36)

On the other hand, differentiating Eq. (34) with respect
to time #, and substituting X, = E; and X, = E;, we
obtain

a
—C(on),E,(lz,h) = Z ij(t29t1)cgiE,(t2,fl)~ (37

at P

J

2 L(tr— L(t—
ACyx, x,(t2,t)) = — E //2 1d 71 Cpuv(m2 — 1) Trs[ Xoe sEL (t, 1 Talt) X et "’)Lu(tl,to;rmo)Ws],
T’ <«
v

1 <to

with

Although G ji(f2,t1) # G ji(t2,1) in general, G i (22,1) is ob-
tained by replacing the initial time #; by the later time #; in
G jk(t2,10). Hence this result shows that the quantum regres-
sion theorem leads to the lowest-order correlation function
Cg(?z),Xl(tz’tl) = Zj,k ajbkC;?()(tg,tl) with X, = Zj ajEj and
X, =), b Ey. However, the quantum regression theorem is
not valid in general [46-51] due to the correction terms to
Cx, x,(f2,11).

B. First- and second-order correction terms

Next we obtain the first-order correction AC ;12) e (t2,t1) to
the two-time correlation function with respect to the discon-
nected integral. Picking up the term with n = 1 in the sum on
the right-hand side of Eq. (26), we have

Here we note that the superoperator L, (#;,t; 71 |tp) is decomposed into

L, (t1,10; T1lt0) = T(f]’to){ |:6XP <— //Jr d*t5, g(fﬁ,ff|l0)):|

1 <1

T 1o

If we remove the t;-disconnected integral from Eq. (41), we obtain

In the same way, neglecting the t,-disconnected integral in Eq. (40), we can also derive

(38)

Ly(ty.t0;Tlto) = T ) [Sv(n,to)eXp (— //T dty, g(rz’,rflto)>], (39
1<ty

Lt mln) = T(gm[su(rz,r,)exp (— / fT &, g(fg,r;u,))}. (40)
1<ty

X |:SV(‘L'|,I()) exp (— // . dzrz/l g(rz/,tl’|t0)):| |:exp (— /f d2r2’] g(rz’,t]’|t0)>:| } 41)

T/ T Tt]em
el L (11,103 T1 [10) & Vs(t1,71)S, Vs(T1,10). (42)
LSO (1,115 1alt) & Vs(t2,12)S, Vs(Ta,11). (43)

Since Eq. (38) has the #;-disconnected integral, substituting Eqs.

AC;IZ), X, (t,11) to the correlation function,

1
ACY 4 () = — Z// d*1y
o T’Z‘*’l

1 <ty

x Trs[ X, Vs(t2,72)S,

(42) and (43) into Eq. (38), we obtain the first-order correction

Cuv(m—11)

Vs(t2,t1) X1 Vs(t1,71)S, Vs(t1,10) Ws]. (44)

To obtain the second-order correction ACQ x, (f2,11), we have to perform straightforward but lengthy calculation, which is

given in Appendix C. Here we only provide the result,

AC&ZZ)!XI (tr,11) = Z [/T d*ts3 //T d*

1542, 435 A4 < <

1 CM4,M|(I4 - TI)C,ll,},;Lz(T?’ - fz)

xTrs[ X2 Vs(t2,1)S, Vs(14,73)S 1, Vs(13,11) X1 Vs(t1,72)S 1, Vs(12,71)S 0, Vs (T1,10) Ws |

D

M1 2, 13,5 g

d2 T43 /[
Tryery T

1 <1

2
d 721 Cu4,u2 (f4 - tZ)CM3,M](r3 - Tl)

xTrs[ X2 Vs(t2,14)S,, Vi (14, 13)S , V(13,11 X1 Vs (t1,72)S 1, Vs(12,71)S,,, Vs(T1,10) Ws |
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+ Z /// d T432/ dti C 1, (ts — 12)Cy (13 — T1)

T 25 35 4 Tipesy Ty

xTrs[ X2 Vs(12,14)S, Vs (14, 13)S, Vis(13,12)S 0, V(12,11 X1 Vs (t1,71)S,,, Vs(T1,10) Ws |

+ > /T dry /// d*t321 Cpiy i (ta — ©2)Cpuy s, (3 — T1)

s f2, (43,0 Y T2 1<

xTrs[ X2 Vs(t2,14)S , Vs(ta,11) X1 Vs (t1,73)S 1, Vs(13,72)S 0, Vs(12,71)S,, Vs(T1,10) Ws |, (45)

where we have denoted the time-order integral as

// // d"tn—1.21 f(Tn,Tu=1, - .. rz,rl)—/ drnf dt,_; - / drz/ dty f(Tw,Tu—1, ...,72,T1).  (46)

1hta

Therefore, the two-time correlation function Cyx, x,(f2,¢1) up
to the second order with respect to the disconnected integral is
given by

Cx, x,(f2,t1) = ngz)x (t2,11) + AC Xl(tz 1)
+ACY . (12.1), (47)

which is diagrammatically represented in Fig. 2. It is easy to
see that the two-time arguments of the reservoir correlation
function in the disconnected integral are separated by the times
t; and ;. To roughly estimate the order of the disconnected
integral, we assume that the reservoir correlation function
is given by (R, (72,%0)R,(71,10))r ~ &f (12 — 71), Where the

Coyx, (tarth) = + <—i

4—«— Ws
Z1

et

+ 4—*4—*4—04—

FIG. 2. Diagrammatic representation of the two-time correlation
function Cy, x,(%2,t1) up to the second order with respect to the
disconnected integral. In this figure, the arrowed thick and dashed
lines from z; to z; respectively represent the reduced time evolu-
tion superoperator Vg(t;,#) and the reservoir correlation function
Cy;.u(tj — w); the bullet o with z; is the system operator S, ;. Here
we set z; = (t;,4;). The sum s taken for all 1’s and the time-ordered
integration is performed for all t’s. The first and second terms are
the lowest- order correlation function CE?Z)’ X (t,t) and the first-order
correction ACY) X,.x, (f2,11). The terms from the third to the sixth provide

the second-order correction A cgfj X (tp,t;) to the correlation function.

(

parameter g stands for a strength of the correlation and
f(tr) a normalized function of time t. For instance, it is
given by f(t) = (1/tg)e "V/*r, where 1z is a correlation
time of the Gaussian reservoir. Then, assuming that the
reservoir correlation time is short in comparison with a
characteristic time of the relevant system, we can see that
the contribution of the reservoir correlation G, , (2 — 1)
function to the disconnected integral is of the order grtg.
The second order of the disconnected integral is found to
be (gTr).

Before proceeding further, we briefly comment on the
difference between our result and those given in Refs. [52-54],
which have been derived by means of the quantum master
equation or the projection operator method. It should be
noted that the quantum master equation has not been used for
deriving the two-time correlation function Cyx, x, (f2,t) given
by Eq. (29). The two-time correlation function based on the
projection operator method is calculated perturbatively with
respect to the system-reservoir interaction. The approximated
two-time correlation function Cy, x,(f2,#1) given by Eq. (47)
can be calculated in terms of the reduced time-evolution
operator Vg(fp,t) of the relevant quantum system, which is
given by Vs(ty,t;) = (eL=")) p. If we use the projection oper-
ator method, the reduced time-evolution operator appearing in
the two-time correlation function is replaced by Vs(ta,t1) =
Vs(tz,to)VS_l(tl,to) [54] and correction terms to the lowest
order are different from ACY) y (t2.11) and ACY) y (t2.1)).
The expansion formula (47) and those given in Refs. [52-54]
become equivalent only if the reduced time evolution of the
relevant system is described by a dynamical semigroup [4-6].
In this case, the equality Vs(t2,t;) = Vs(tp,1)) = eFs(2—1)
holds, where Lg is a generator of the dynamical semigroup.
Therefore, it should be considered that our result and those
in Refs. [52-54] provide the different expansion formulas for
the same two-time correlation function of an open quantum
system. It depends on problems for which the expansion
formula provides a good approximation.

C. Rotating wave approximation for the two-time
correlation function

In this subsection, we introduce the rotating wave approx-
imation [6] in the calculation of the two-time correlation
function. In deriving Eq. (29), we have assumed that the
interaction between the relevant quantum system and the
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Gaussian thermal reservoir is given by ﬁim(t,to) = S(t,t0) ®
R(t,t) in the interaction picture. Here we decompose the
two operators S(z,ty) and R(¢,fp) into positive and negative
frequency parts [24], that is, S(¢,ty) = S+(¢,tp) + S—(,f) and

J

R(t.1o) = R.(1.10) + R_(1.1o) with S} (t.10) = S_(t,to) and
Rl(t,to) = R_(t,1p). For the sake of simplicity, we assume
that (R (f2,70) R+ (f1,10)) r = (R—(t2,%0)R—(#1,%))r = 0. Then
we have the equality for the reservoir correlation function,

Cri—t)+iCi(n—1)=Ci (- 1)+ C_y(n2 — 1), (43)
where we set C14(12 — 71) = (R+(12,20)R+(71,%0)) g. In this case, Eq. (8) becomes
G(r2,71|t0) =[S} (2,t0) + S (12,00)][C (12 — 7)) + C— (12 — T)I[S1(T1,00) + S_(71,10)]
— [85(m2.10) + SX(12.10)][C (12 — T1) + C* (12 — IS4 (21.00) + S_(1.10)], (49)
with § ;o = oS5;. When applying the rotating wave approximation to Eq. (8), we obtain
RWA
G(ra,tilt) = S (12,t0)C— (12 — T1)S—(T1,20) + SZ(72,10)C1— (T2 — T1)S4(T1,10)
— SX(12,10)C_ (12 — T)S_(11,10) — S¥(12,10)C* (12 — 7)) S4-(11,10)
= G(2,uilto). (50)
To proceed further, we introduce the 4 x 4 matrix,
cf+u>;c:,a> cf+u>gci,a> 0 0
A 0 0 0 0
C= 0 0 Co (O+CE (1) Co—-C*,0) |° G
2 2
0 0 0 0
and the superoperator vectors,
SX(t,t) SZ(t,t0)
A S° (t,tp) AL S°(t,t0)
St = | ot , ST =1 52
(t.10) S (t.1) (t,%) SX(1.10) (52)
S°(t,t0) S3.(t,10)
Then Q(rz,rl |tp) can be expressed as
G(ra,1ilt0) = Z Cu.v(f2 - TL)SZ(TZJO)S,T(TMO). (53)
U,V
Thus, in the rotating wave approximation, Egs. (28) and (29) are replaced by
82
C fh,ty) = d’ v S
X,,x,(t2,11) = exp ( Z //zz«:o 01 Cn(m — )5JJ(T2)5J{(T1)>
x Trs[XzeLS(lz_[')L-’_(lz,ll|J+(l))X1€LS(['_t°)L_(f1J0|J_(f))WS]|Ji(z)—>o, (54)
with
A f
L, J5(1) = Ty, ) exp ( / f d*t1 G(ro, 11 |1) + Z / dt Jj(r)S,f(rm). (55)
1 j <tk k

Furthermore, the expansion formula for the two-time correlation function in the rotating wave approximation can be derived
from Egs. (34), (44), and (45) as follows. (i) The matrix element C,, ,, (t;,7) is replaced by Cu, Mk(T,,Tk) (i) The system

operators S, () and Su/ (t J) which have the earlier time 7; and the later one 7; in the matrix element Cu/ 1w (Tj,T1), are replaced
respectively by S . (7) and SJr (t;). (iii) The upper limit of the summation is extended to four.

[

frequency wy [6,55]. The total Hamiltonian is given by

V. SIMPLE EXAMPLE OF THE
CORRELATION FUNCTION 1 T ;
H = Eha)az + ; horagar + Z h(grorar + gro—ay),

In this section, we calculate the two-time correlation func- p

tion up to the first order and compare the result with the exact
correlation function. For this purpose, we consider an exactly
solvable model consisting of a two-level system with transition
frequency w and a set of independent harmonic oscillators with

(56)

where o, is the Pauli operator, o4 is the raising (lowering)
operator, and gy (az) is an annihilation (creation) operator of the
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kth reservoir oscillator and g; represents a coupling strength
between the two-level system and the reservoir oscillator.
Note that the rotating wave approximation is applied to the
Hamiltonian (56). The system operator Sy and the reservoir
operator R are respectively given by

Si = 04, R_ = RI_ = Zhgkak.
k

(57)

Furthermore, we assume that the thermal reservoir is initially
in the vacuum state so that it becomes Gaussian and the spectral
density J(€2) of the system-reservoir coupling is given by the
Lorentzian distribution with detuning §,

_(r 22
I = (2n>(9—w—5)2+,\2’

(58)

where y is a system-reservoir coupling strength and A is an
inverse of the reservoir correlation time. In the previous work
[54,57], the exact two-time correlation function Cy,(t2,t) =
(0,(t2)0,(t1)) has been obtained,

C..(tr,t)) = 1 — [JA(®)* + |A@)|?

—2A% () At — tDA@DI( + (02)), (59)

where the time-dependent parameter A(¢) is given by

A(t) = efiwrf%(wri&)t

A+1ié 1 A+ié
X | cosh t! at | + — sinh t! at ) |, (60)
2 a 2

with a = \/1 —2y7/(A +i8)2. In Eq. (59), we set the initial
time #p = 0 and (o) stands for an initial average of the Pauli
operator o,.

To evaluate our expansion formula, we obtain the lowest-
order two-time correlation function C ;2)(t2,t1) and the first-

J

order correction AC{(1,11). To calculate these quanti-
ties, we need to find the reduced time-evolution operator
Vs(tj,1;) = (eXi=") g of the two-level system, where the
average is taken with the vacuum state of the reservoir. The
exact reduced time-evolution operator Vs(t;, ) can be derived
from the reduced density operator Wg(z) of the two-level
system, which is obtained by solving the Schrddinger equation
of the whole system [6,55]. The application of Vs(t;,#) to o,
o4, and 1 is given by

Vs(tj.m)0. = |At; — 1o, (61)
Vs(tj tiyo— = A*(t; — ty)o_, (62)
Vs(tj,0001 = Altj — )0, (63)
Vs(tj,001 = 1 — (1 = |A(t; — 1)*)o, (64)

which yields the lowest-order correlation function,
C2(t2.11) = Trslo, Vs(t2,11)0: V(11,0 Ws]
=1~ AP~ |A@ = 1))+ (02)). (65)

Different from the exact correlation function C,,(t,,t;), the
lowest-order correlation function C{2(t,,1;) is a real-valued
function. It is easy to check that, substituting #; = 0 into
Egs. (59) and (65), we obtain the equality C..(%,,0) =
C9(1,,0) for any y and 1. In Appendix D, we show that the
necessary and sufficient condition that the equality C..(t2,¢;) =
CO(1r,11) is satisfied for any #, and 1, with &, > #; > 0 is
that the time-dependent parameter A(t) satisfies A(t)A(%) =
A(t; + 1p). Since A(¢) is given by Eq. (60), the condition is
equivalent to A > y. In this case, the reduced time evolution
of the two-level system is described by a dynamical semigroup.
Next we obtain the first-order correction AC{)(1, 1) to the
correlation function. Since the Hamiltonian is given in the
rotating wave approximation, the first-order correction is

4
ACV(tr, 1) = — Z //thﬁn d*ty Cp (g — T1)Trs[<fzVs(lz,fz)é,fVs(12,l1)0zVS(l1J1)év_ Vs(t1,0)Ws]. (66)
n,v=1 <0
In this equation, the matrix C(r, — 1) and the vectors $* of superoperators are given respectively by
flo—tu) f(o—n) 0 0
& ) 1 0 0 0 67
Tp—T1)= <
T2 0 ffm—1n) —f*(—n)
0 0 0
and
o} o
A o A o’
St=| 17| S =| 1| (68)
o’ oy
o° oi
with f(1) = 3y e @)= Then AC)(12,11) becomes
ACS)(tz,tn) =— //:ZHI d*0 [ f( — 1)Gi(r2,T1) — fH (12 — T1)Ga(T2,T1)], (69)
T,

11 <0
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Re(o,(t + 7)o, (7))
Re(o,(t + 7)o, (7))

Re(o.(t + 7)o, (7))

—02f,

0 5 10 15 20 25 30

vt
1O~
£ oo
N g 0.6f 7 =3.0
N L A7y =10
I 5 04 /Y
= Nkt [
N R 0.2
© S
T g 0of
= o
—0.2F
~0.4k
4 6 8 10 0 2 4 6 8 10
vt vt

FIG. 3. Real part of the two-time correlation function (o, (¢ + 7)o,(7)) of the Pauli operator o,, where the solid (blue) line stands for the
exact correlation function and the dashed (red) line for the approximated one up to the first order. In the figure, we set §/y = 0.5 and (o;) = 1.

with
Gi(r2,11) = Trslo, Vs(ta,12)0 [ Vs(ta,11)0. Vs(t1,71)0_ Vs(11,0) Ws], (70)

Ga(rr,11) = Trslo, Vs(ta, 1) Vs(1a,11)0, Vs (t1,71)8+ Vs(11,0) Wi], (71)

< E
o N
- ©
+ +
= =
g -06 vy =1.0 =
= —
Ay =01
0 5 10 15 20 25 30

0.00f
© -oos}
e
= -0.10}
J’_
= -0.1s}
N R
S L _
£ -020f y7=20 | § -020 77 =3.0
— \ —
Ay =10 My =10
—02sf, M , , . ‘ ~0.25 ‘ ‘ ]
0 PR P s 10 0 2 4 6 8§10
vt vt

FIG. 4. Imaginary part of the two-time correlation function (o, (t + t)o,(t)) of the Pauli operator o, with §/y = 0.5 and (o) = 1. In
the figure, the solid (blue) line stands for the exact correlation function and the dashed (red) line for the approximated one up to the first

order.
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[(o=(t + 7)o=(7))]

oop T ] 0.0},

a5t yT=1.0
Ay =0.1

0.0F

-0.5¢

-1.0p

arg(o=(t + 7)o (7))

-3.0f

0 5 10 15 20 25 30 0 5 10
vyt

15 20 25 30 0 2 4 6 8 10
vt vyt

FIG. 5. Absolute value and argument of the two-time correlation function (o,(¢ + 7)o, (7)) of the Pauli operator o,, where the solid (blue)
line stands for the exact correlation function, the dashed (red) line for the one including the first-order correction, and the dotted (black) line
for the lowest-order correlation function. In the figure, we set §/y = 0.5 and (o,) = 1.

which are calculated to be

Gi(12,11) = —(1 + (e DIAG@)PA* (1) — 1) A (72 — )| At — 0%,

Gr(12,11) = —(1 + (e DIAGDIP At — 1) A(T2 — )AL — ©)I*.

(72)

(73)

Thus we obtain the first-order correction to the two-time correlation function,

ACL(1,1) = =iy A(1 + (02)) f / oy Cr e T A@)P I T ETA®G — A —llAG - ) (74)
T

11 <0

It is found that, although the lowest-order correlation func-
tion CO(t,11) is real, the first-order correction AC!(15,11)
yields an imaginary part of the correlation function. Then
we compare the approximated correlation function up to the
firstorder, C(1,11) + AC(13,1,), with the exact correlation
function C,,(t2,t;). The result is depicted in Figs. 3 and 4.
It is found from the figures that the correlation function
provided by our formula is a good approximation even if
the Gaussian thermal reservoir has a finite correlation time.
Furthermore, to compare the exact, the first-order, and the
lowest-order correlation functions, we plot the amplitude
[(o,(t + )0, (t))| and the argument arg(o,(t + 7)o,(t)) in
Fig. 5.

VI. SUMMARY

In this paper, we have considered a two-time correlation
function of an open quantum system interacting with a Gaus-
sian thermal reservoir. We have derived the exact formula
for the correlation function which is given by making use
of the functional derivative with respect to fictitious fields.

(

We have also developed the perturbative expansion, where
a small expansion parameter is related to the correlation
time of the thermal reservoir via the disconnected integral
and thus the higher-order terms become negligible if the
correlation time of the thermal reservoir is sufficiently small.
We have explicitly obtained the correlation function up to
the second order with respect to the disconnected integral.
The diagrammatic representation of the perturbative expansion
has also been presented. Using a model consisting of a two-
level system and independent harmonic oscillators, which
is exactly solvable if the total system does not have more
than a single excitation, we have calculated the two-time
correlation function of the Pauli operator o, up to the first
order. Comparing the approximated correlation function with
the exact one, we have found that our expansion formula
provides a good approximation. In this paper, we have assumed
that there is no initial correlation between a relevant quantum
system and a Gaussian thermal reservoir. However, our result
may be generalized to the case that a relevant quantum
system has initial correlation as long as a thermal reservoir is
Gaussian.

052101-11



MASASHI BAN, SACHIKO KITAJIMA, AND FUMIAKI SHIBATA PHYSICAL REVIEW A 97, 052101 (2018)

APPENDIX A: REDUCED TIME EVOLUTION WITH INITIAL CORRELATION

In this Appendix, we briefly consider the reduced density operator of a relevant quantum system which is initially correlated
with a Gaussian thermal reservoir. Assuming the interaction Hamiltonian Hsg(t,%) = S(z,7)) ® R(t,1y) in the interaction picture,
we have the time-evolved state W(¢) = U(¢,1))WU'(t,t;) of the whole system. The unitary operator U (¢,ty) is given by

Ul(t,ty) = TsTg exp [—i [ dt S(t,t9) ® R(t,to)i|, (A1)

fo
where T (Ty) stands for the usual time ordering of the system (reservoir) operators S(¢,y)’s [R(,)’s]. Furthermore, we assume
the commutation relation [R(z,,%y), R(t1,t9)] = 2if(t2,t1), where f(t,,t;) is some c-number function. Then we can remove the
time ordering Tk from the unitary operator U (1),

Ul(t,ty) = Tsexp |:—1 / dt S(7,t)) ® R(t,tp) — i //

where we have used the operator identity [58],

T exp [—ifzdr X(t,to)i| = exp |:—i/ dr X(t,t) — = //
41 1 T

with [ X (12,%)), X (71,%0)] being a c-number function. Hence we can derive the reduced density operator Wg(#) = Trg W(¢) of the
relevant quantum system from Eq. (A2),

Ws(t) = Ts{exp |:—l f/ d’t f(12,11)8* (12,10)S° (11, t0)1|TrR [exp (—z / dt §*(z,t0) ® R(z, to)) i|} (Ad)

""O

d*y1 f(12,11)S(12,10) (1) Jo)j|, (A2)

1<—10

<t

d*ty [X(TLIO)»X(TIJO)]]’ (A3)

In terms of complete orthonormal set {|y) | k € S} of the relevant quantum system, we express the initial state W as W =

Z, wes Pkl i) (Yl ® wik , where pji = Trg(y;|W|y) and leek = (1/pjr){(¥;j|W]y). Substituting this into Eq. (A4), we
obtain

Ws(t)= ) p,krs{exp [—z / f A’y f(12,71)S™ (12,10)S° (rl,m}

j.keS 1<—10

xTrg |:exp <—i / dt $*(1,t0) ® R(r,t0)> Wléki| } [ i) (el (AS5)

fo

Here we note that, although W/e is not a density operator, the cumulant expansmn technique [59,60] can be applied since the
equality Trr Wi = 1 is satisfied. Assuming that the quasidensity operator W,é is still Gaussian, we can calculate the trace in

Eq. (A5),
Trg |:exp <—i / dt §7(1,10) ® R(T»f0)> W)ék}

= exp |:—l / dt (R(z,19)) jxS™ (t,10) — /f

with (R(z.10)) & = Trg[R(z,10)W}"] and
(R(72,10)R(71,10)) 5 = (R(72,20) R(T1,10)) ji — (R(T2,20)) ji {R(T1,20)) ji- (A7)

Substituting this equation into Eq. (A5) and using f(12,71) = Im(R(12,%)R(T; ,to))jik, we obtain the reduced density operator of
the relevant quantum system,

&’y Re(R(fZJO)R(TlstO));kSX(thO)SX(TIJO):|s (A6)

1<—/0

Ws(t) = Z DjiTs exp [—/ dt g_jk(f»to)i||¢j)(l/fk|’ (AB)
eSS fo
with
Q_jk(t,to):i(R(t,to))ijX(t,to)—i—/ dt §*(1,10)[CZ(1,7)S*(T.10) + i C]* (1,7)8°(2,19) ] (A9)

In this equation, we set Cj(f,t)) = (R(tg,to)R(tl,to))jk = C{ek(tz,tl) + iC{k(tz,tl). If there is no initial correlation, g_jk(t,to)
becomes independent of j and k and thus Eq. (A8) reduces to Eq. (3). The perturbative expansion for the time-local and
time-nonlocal quantum master equations with initial correlation has been developed in Ref. [61].
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APPENDIX B: DERIVATION OF EQ. (30)

In this Appendix, we show that the formula (29) yields the average value of an observable with the reduced density operator.
First substituting X, = 1 into Eq. (29), we obtain

62
— J— 2 — ——eee
Crx:h) = exp ( Zﬂ - f/qr%'l 47t Gy Tl)SJj(rz)(SJv(n))

fl <—)‘0
x Trsle"s = L(ty,0| (@) X1€"M 7 L1110 I~ (1) Ws| 120 (B1)
Here we note that TrsLge = TrgS*(¢,¢')e = 0 and C; 1 (12 — 71) = Cy.2(72 — 11) = 0. Then this equation becomes

Cix,(2.11) = Trs[X " L(1y,10|0) W]
= Trs[ X1 Vs(t1,00)Ws] = Trg[ X1 Ws(t1)], (B2)

where we have used Egs. (3)—(5), (7), and (28). Next substituting X; = 1 into Eq. (29), we obtain

82
— _ 2 - )
Cx,,1(12,11) = exp ( ;v //Trz«n d°131 Cpuo(n2 tl)é]j(tg)é]ﬂﬁ))

1 <t

x Trs[ X2l L(ty, 1| T H(#))e™s T L(t1, 10| I~ (1) Ws]l s2)—0

82
_ _ 2 )
= exp ( MX\; //thﬂl d“ 11 C (2 TI)SJJ—(-L—Z)SJV_(TI)>

1 <t

x Trs[Xae™ = L(ty,to| J T (1) L(t1,t0] I~ (1)W1l s=(1)0

82
_ _ 2 )
= exp ( ; //thﬂl d° 11 C (2 TI)SJJ—(-L—Z)SJV_(TI)>

1 <t

X Trs{xzeLS(tz_lo)ni,m) exp |:— // d*11 G(a2,T1|t0) — // d*11 G(2,71t0)
: T, T

%) 141
+) /l dr JH(DSu(t.0)+ Y [ dr Jv_(r)SU(t,to):| Ws}
13 ! v 0

JE()—0
= Trg |:X2€LS(ZZ_TO)T(}SZJO) exp (— //T dz‘l,'z] g(‘l,'z,‘l.'l |l0)) Wsi|
1p <1
= Trs[ X, Vs(t2,10) Ws] = Trs[ X, Ws(22)]. (B3)

b <1

In deriving this equation, we have used T, s, = T, + T} ) + T 4, (see Fig. 1). Therefore, we have derived Eq. (30).

APPENDIX C: CALCULATION OF THE SECOND-ORDER CORRECTION TERMS

We derive the second-order correction AC}ZZ), xl(fz»fl) to the two-time correlation function, which is given by Eq. (45). The
second-order correction consists of two parts. (i) One is obtained from Eq. (38), in which the first order with respect to the
disconnected integral is taken into account in Egs. (39) and (40). (ii) The other comes from the term with n = 2 in the sum on
the right-hand side of Eq. (26).

We first obtain the contribution (i). Thanks to the time-ordering operation, expanding the exponential, we can obtain the
first-order term of L, (#;,%y; T1|tp) with respect to the ¢;-disconnected integral,

T <1

X exp (— //Jr dzrz”]g(r”,r{’lto)> exp (— //T dzrz”lg(r",rl”|t0))i|. (CD

<1 T <1

ALS,I)(ll,to; T1|to) = _T(’S"t(]) |:// o d27£18u(‘51,lo)g(‘l:z/,r“to)
T
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Note that the two exponentials in this equation include the 7;- and 7-disconnected integrals, where these times appear in
G(75,7{|to). Then we can approximate up to the first order as

// d2r21.—// d2r210+//1 d2t210+// d*t) e
T T T2 T,

1 <1p 1<) T 7

%// d*tj, .+// d*ty, e, (C2)
T T.,

1<) Ty T)

/:[]r dz‘[z”l o= f/]r d2‘[2’/1 ° +//]IJ[HI{ dz‘[z”l ° +/A dz‘[z’/l °

T <o <7 T <1 L)
~ / / Pt e+ / / P e, (©3)
T /
1] | iy
where we have used the fact that 7/,7{" > 7{ in Eq. (C2) and 7{ > ©5,7{ in Eq. (C3). Substituting these approximations into

Eq. (C1), after some calculation we obtain the first-order term of L, (1,%; T1|f0):

ALV (1,10, 11 |tg) = —e~Lsm) Z //”Hl d*1}, Cp () — T)Vs(t1,1)8,0 Vs(13.11)S, Vs(11.7))Sy Vs(t].10).  (C4)

T2
Then, up to the first order, e“s" =L (¢, ,1y; 71 |t) is given by
el UTIL (11,105 T1 [10)
~ Vs(t1,71)S, Vs(t1,00) — Z /fn - d*t}, Cou v (th — T))Vs(t1,15)S Vs(th,11)S, Vs(T1, 7)) Sy Vs (T o). (C5)
W' Te o
In the same way, we can derive up to the first order

el L (115 10lt)

~ Vs(t2,12)S, Vs(12.11) — Z /:/WZ d*t3, Cpo (13 — 1)) Vs(t2,75)S Vs (13, 72)S . Vs (12, 7))S Vs (1, 11). (Co)

12 1

Substituting Egs. (C5) and (C6) into Eq. (38) and picking up the second-order terms with respect to the disconnected integral,
we obtain the contribution (i),

A(I)Cg)x (tr,1)) = ZZ//{ZHI d*1y //n 1 12] (T2 — 1)Cp (1) — 7))
T T

w,v o IIHO 1<l

x Trs[ X, Vs(t2,72)S,, Vs(12.11) X1 Vs(t1,73)S,0 Vs (15, 71)S, Vs (11, 71)Syw Vs (11, 10) Wi ]

+ Z Z //fzen 721 ,/./T . dz'fz,[ C;L,v(fz - TI)CM’,V’(Tz/ - fll)

v v T 10 L2l
x Trs[ X, Vs(t2,75)S,0 Vs(15,72)S, Vs (12, 7))Sy Vs (t],11) X1 Vs(t1,71)S, Vs(t1,10) Wis]. (ChH
Next, in order to obtain the contribution (ii), picking up the term with n = 2 in the sum on the right-hand side of Eq. (26), we
have
ADCP (1) = Z Z // d*v // d*t); Cyo(ta — 1)Cp (1) — 1))
[ TART szHo T’ZHO
x Trs[Xoe™ VL o(t2 113 12,5 1) X1 7Ly (11,003 71,7 110) W), (C8)
with
IR AR AT E |:Sv(T1J0)Su’(Tf o) €Xp (— / / d*t)\G(t) 1) mﬂ (C9)
1 <o
Lyt m,nlh) = T(fz,tl)[SM(TZ»tl)Su’(Té,tl)eXP (— f / dzrz”lg(r”,rl”|tl)>i|. (C10)
le(—ll
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Using the fact that the integral on the right-hand side of Eq. (C8) is decomposed into

// d21'43 // d2T21 o= // d2T42 f/ d2T3| . —{—// d2T24 // dz‘L'|3 °
T, T, T, T, T, T,

1y <t 1y <t <1 1 <to <1 1 <to

~|—// d*ty // d*ti3 e +// d*ty // d’ty e, (C11)
le&fl T[](*IU T T

1<ty 1 <to

we can rewrite Eq. (C8) into
ii) (2 2 2
A(")Cg(z),xl (tr,11) = Z // d Tty // d 131 Cpy i, (ta — 13)C, 0, (12 — T1)
M4, L3, 42,V1 TtZ 1 Tll ]
Ls(t— ) Ls(t— .
x Trg[ Xpe"s® WLt T, T 1) X @5 tO)L;L3,v](tlat()’T3afl|t0)WS]

+ Z d*ty d*113C iy s (T4 — 73)Cpy (12 — T1)
T T

4, 3, 142, V1 < <o
Ls(t— Ls(ti—
x Trs[ Xze s ot Ty, T 1) X et tO)Lm,m(fl,fo;T3,T1|t0)Ws]- (C12)
Up to the lowest order with respect to the 7, ;- and rz/’l—disconnected integrals, the superoperators L, ,/(f,%; 71, 7] |f) and
L, /(t2,t1; T2, 75 |t)) are approximated as
e s Ve(t1,71)S, Vs(11,7))Sw Vs(t],10) (11 > 1),
e Est=ye(t,1))S, Vs(t],11)S, Vs(t1,00) (11 < 1)),

e BsOVe(1),15)8, Vs(12,73)S,0 Vs(T3,11) (12 > 1),
e LsmVe(15,7))S,0 Vs(15,12)S, Vs(12,11) (T2 < T3).

Ly (t1,t0; 71,71 |10) & { (C13)

L, w(t,t110,15|0) ~ { (C14)

Then we obtain the terms from the contribution (ii),

A‘i“CE?) x, (2,11) = d*ty d*131 C iy (T4 — 73)Cpy iy (12 — T1)
o T T

a3, 142, [ < <

x Trs[ X2 Vs(t2,14)S, Vs (14, 12)S 1, Vs(12.11) X1 Vs(t1,73)S 1, Vs (73, 71)S ., Vs(T1,10) W |

+ Z d*ty d*t13 Cpuy s (ta — 13)Cpus iy (12 — 1)
T T

has 3, U2, 1 < <t

x Trs[ X2 Vs(t2,14)S, Vs (4. 12)S 1, Vs(12.11) X1 Vs (t1,71)S 0, Vs(1,73)S 1, Vis(T3,10) Ws . (C15)
Therefore, the second-order correction AC;?Z)’ X, (t2,11) to the two-time correlation function is given by

ACY) (1) = AVCY) ¢ (.1) + ADCT) | (1) (C16)

After rearranging the order of integration and changing the integral variables, we finally obtain Eq. (45).

APPENDIX D: PROOF OF THE NECESSARY AND SUFFICIENT CONDITION

In this Appendix, we prove that the equality A(#;)A(#;) = A(t; + 1) is anecessary and sufficient condition that the lowest-order
correlation function is exact, namely, C,,(t;,t;) = C §g)(t2,t1). First, when A(t;)A(f;) = A(t; + 1), it is obvious from Egs. (59)
and (65) that the equality C,,(t>,;) = ng)(tz,tl) is established. Next we assume that the equality C,,(t,t;) = C ;g)(tz,tl) holds.
Then we obtain from Eqs. (59) and (65)

245 ()AL — 1)AM) = |A@)P + 1AM — )P A@)I, (D1)
the real and imaginary parts of which are given by

2ReA* (1) A(t, — 1)A(t) = |[AL)* + |A(t, — 1) A, (D2)

2ImA*(t,)A(t, — 1) A(f)) = 0. (D3)
Then we obtain
|A(1) — Aty — 1A = |A0)]* + [A( — 0)P|A@))? — 2ReA (1) Aty — 1) A1)
=0, (D4)
which yields the equality A(#;) = A(t1)A(t; — t1). Thus the proof is completed.
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