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Multiple transparency windows and Fano interferences induced by dipole-dipole couplings
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We investigate the optical properties of a two-level system (TLS) coupled to a one-dimensional array of N other
TLSs with dipole-dipole coupling between the first neighbors. The first TLS is probed by a weak field, and we
assume that it has a decay rate much greater than the decay rates of the other TLSs. For N = 1 and in the limit of a
Rabi frequency of a probe field much smaller than the dipole-dipole coupling, the optical response of the first TLS,
i.e., its absorption and dispersion, is equivalent to that of a three-level atomic system in the configuration which
allows one to observe the electromagnetically induced transparency (EIT) phenomenon. Thus, here we investigate
an induced transparency phenomenon where the dipole-dipole coupling plays the same role as the control field
in EIT in three-level atoms. We describe this physical phenomenon, named a dipole-induced transparency (DIT),
and investigate how it scales with the number of coupled TLSs. In particular, we have shown that the number
of TLSs coupled to the main TLS is exactly equal to the number of transparency windows. The ideas presented
here are very general and can be implemented in different physical systems, such as an array of superconducting
qubits, or an array of quantum dots, spin chains, optical lattices, etc.
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L. INTRODUCTION idea of EIT has been extended to other systems. Now one
can observe the interference between different absorption
pathways, resulting in adjustable transparency windows, in a
large variety of different physical systems, such as in coupled
classical [18] or quantum harmonic oscillators [19], two-
coupled optical cavity modes [20,21], atwo-level atom coupled
to acavity mode [22,23], quantum dot molecules [24-26], plas-
monic systems [27,28], optomechanical oscillators [29,30],
metamaterials [31,32], etc. By applying more control fields
and involving additional ground states, more transparency
windows can be obtained, thus revealing the double-EIT
phenomenon [33,34]. Double-transparency windows can also
be observed in multiple coupled photonic crystal cavities [35]
or in optomechanical systems [36]. These ideas can also be
extended to multiple transparency windows, which can be
achieved either in (N + 1)-level atomic systems [37] or in N
periodically coupled whispering gallery-mode resonators [38].

Here we investigate the optical response of a two-level
system (TLS) coupled to a one-dimensional (1D) array of
N other TLSs with dipole-dipole coupling between the first
neighbors, as schematically shown in Fig. 1. We show that
the dipole-dipole coupling plays exactly the same role as the
control field in the EIT phenomenon, either in free space [9,21]
or in cavity QED experiments [11]. We also investigate the
scalability of this system, i.e., how it is possible to control the
number of transparency windows.

Understanding of light-matter interaction has been the focus
of intense research during the last decades, mainly due to
advances in its manipulation allowed by the introduction of
laser fields. Many of these efforts are justified in view of the
possibility of using it for the implementation and control of
quantum systems in a variety of areas, including quantum
computing [1,2], collective atomic phenomena [3], trapped
ions [4], cavity and circuit QED [5,6], and other applications
involving microscopic scales. Despite the difficulties related to
the control and implementation of coupled quantum systems,
which are essential for building scalable quantum networks [7],
significant advances have been achieved using some quantum
devices in last years; see, for instance, Refs. [5-7], which
are some examples of physical systems where one finds high
control either of light-matter or matter-matter interactions,
which are essential for the implementation of our proposal
as discussed later. In this sense, electromagnetically induced
transparency (EIT) [8,9] has been shown to be a phenomenon
very useful for manipulating light with light, allowing many
applications, such as in optical transistors [10,11], quantum
memories [12,13], to generate controllable phase shifts on
single-photon pulses [14], or ground-state cooling of either
single atoms [15,16] or ion strings [17], among many others.
Thus, the investigation of other physical systems which present
ElT-related phenomenon could open new possibilities for the

implementation of such applications. II. PHYSICAL SYSTEM AND MODEL
The first systematic experimental studies of EIT were ) o
carried out with three-level atoms in A configuration [8]. Since We assume a weak probe field with oscillation frequency

the appearance of the work by Boller et al. [8], the fundamental ~ @p, driving only the main TLS, such that the Hamiltonian in
the rotating frame of the driving field is given by (i = 1)
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FIG. 1. Pictorial representation of the system: (a) 1 + N coupled
two-level systems (TLSs) and (b) a driven cavity mode coupled to
1+ N TLSs.

where A, = wy — w,. Here o} = (le)(e|” — |g)(g|®) and
ol = (o1)! = |g)(e]") are the operators (Pauli’s matrix) of the
ith TLS, with |e) and |g) the excited and ground states, respec-
tively, whose transition frequency is wy. d; is the dipole-dipole
coupling, and 22, is the Rabi frequency of the probe field.
The above Hamiltonian can be found or engineered in a large
variety of different physical systems, such as optical lattices
[39,40], in an array of coupled optical cavities with single
trapped atoms inside [41], superconducting qubits coupled to
two-level systems [42-46], coupled superconducting qubits
[47], in a trapped ion domain [48], or in an array of quantum
dots [49,50].

A. Dipole-induced transparency in a 1D array of TLSs

Considering the environment at 7 = 0 K and the limits
of a weak system-reservoir and weak dipole-dipole (|d;| <
wp) couplings, the dissipation mechanisms of the whole
system can be taken into account via the master equation
in Lindblad form [51] p = —i[H,p] + Dlp], where D[p] =
SN, vi2ot pol —alol p — polol),y; beingthe decay rate
of the ith TLS. We obtain the steady-state solution and then
investigate the optical response of the main TLS, which can
be derived analytically for an arbitrary number of TLSs in the
limit of a weak excitation regime. To this end, we derived the
average value <UE)SS = Tr(pys o) in the weak probe field limit,
i.e., |2,| < |do|, and when the decay rate of the main TLS is
greater than that of the others, i.e., yp > ;.

Such assumptions allow us to employ the semiclassical
approximation [52]. From this approximation, we find the
equations of motion for the expectation values of the system
operators where the correlations between atomic operators are
neglected, i.e., (0.0/) ~ (ol)(a]) (i # j). Based on these
assumptions we can derive the general system of equations for
the expectation values of the TLS operators:

(60) = = A, + y0)(0°) + idolo)(a ) +i2,(c?),
(67) = =i A, +y)o)) +id;_i(of )0

) (for1<j<N-1,

) +idy(oM) e @

t+idjafof)(ol"
(@N) ==, +yw)o?

Considering (o ) ~ —1 (k=0,1,...N), from the general
motion equations (2) we obtain the general steady-state
solution:

0 81
(U—>.Y.Y ~ _QPS_ (3)
0
with
Sk = 81 (A — iye) — Ssaldi 4
fork =0,1,...N — 2, and
Sn—1=8n(A, —iyn—1) — ldv—1 ], (5)
Sn = (Ap —iyw). (6)

For some special cases, we can obtain simple expressions
for (0°),, (see Appendix A). For instance, considering the
main TLS coupled to another single (N = 1), in the weak probe
field limit we obtain the following steady-state solution:

(Ap —iy1)$2),
ldol> — (A, — ivo)( A, —iy1)

From this expression we can promptly derive the dispersion
and absorption, its real and imaginary parts, respectively, and
then we can analyze the optical response of this system.

Our system, composed by two coupled TLSs, can be
compared to the system constituted by two quantum dots
with dipole-dipole coupling employed to perform an optical
switching [53]. However, different from our system, in [53] the
transparency is not induced by the dipole-dipole interaction
and the authors assume two fields acting simultaneously on
both quantum dots (TLSs) and the same decay rates for them.
In this way, they are able to show an efficient optical switching
only when the Rabi frequency of the control field is much
greater than the decay rate of the quantum dots. In fact, in this
regime one has an Autler-Townes (AT) splitting instead of a
real interference between different excitation pathways [54],
which is the fundamental process behind EIT.

Comparing the linear susceptibility function of our system
with those of a three-level atomic system in the EIT regime
[9,21], we immediately recognize a kind of induced trans-
parency in which the dipole-dipole coupling dj plays the same
role as the Rabi frequency of the control field [see Egs. (A1)
and (A2) in Appendix A]. We can also see that the decay
rate of the first (second) TLS plays the same role as the
total decay rate of the excited state I' (dephasing rate y,;)
in three-level systems in the EIT regime, which makes clear
the requirement for different decay rates for the two TLSs
employed in our model. Thus, here we have a dipole-induced
transparency (DIT) phenomenon. However, it is important to
emphasize that despite that the linear optical response of our
system and that of the A-type three-level system are completely
analogous, the nonlinear responses have marked differences.
(The analytical expressions of third-order optical susceptibility
for both systems are shown in the Appendix A.)

In Fig. 2(a) we plot the imaginary and real parts of ((72)&Y as
a function of A, /yy for a set of parameters which allows the
observation of DIT. Keeping |do| > |€2,] and |do| < yo, we
can note that the transparency window directly depends on the
dipole-dipole coupling d, as expected. In another related work

<09>ss = Tr(pssa(_)) ~ (7)

043848-2



MULTIPLE TRANSPARENCY WINDOWS AND FANO ...

PHYSICAL REVIEW A 97, 043848 (2018)

Im [X(‘D]

[— Im(o!

'l
55 |
AR
-- R(‘éa‘l;M (IR P
e dy = \

5 S
S5 4 -3 -2-10 1 2 3 4 5

5 (o) —DIT

Re[x®)]

5 4 -3 -2-1 01 2 3 45 5 4 -3 -2-1 01 2 3 4 5

AT WA

FIG. 2. (a) Normalized absorption (black solid line) and disper-
sion (red dashed line) of the first TLS when coupled to a second
one as a function of A,/yy. The black dotted line represents the
absorption when dy = 0. (b) Imaginary part of the third-order optical
susceptibility for two different systems: two TLSs coupled by dipole-
dipole interaction (solid line) and a usual three-level system where
EIT phenomenon can be observed (dashed line). (c) Real part of the
first-order and (d) real part of the third-order optical susceptibility
functions for two TLSs coupled by dipole-dipole interaction (solid
line) and usual A system (dashed line). In (c) the curves overlap
perfectly. Parameters used: 2, = 0.03yy,dp = 0.5y, y1 = 10 3y,.

[55], the authors claim that it is possible to observe a similar
effect, i.e., a dipole-induced transparency, in a high-density
atomic medium which contains two species of atoms (different
dipoles). However, as they assume the same decay rate for both
dipoles, they cannot observe an extremely narrow transparency
window, as usually allowed in EIT experiments [56]. In order
to observe the differences and similarities between the usual
EIT phenomenon in three-level atoms in A configuration and
our DIT in coupled TLSs, in Figs. 2(b)-2(d) we compare the
optical susceptibility functions of both systems. In Fig. 2(b) we
plot the imaginary part of the third-order optical susceptibility
function of both systems (for the same set of parameters)
as a function of A,/yp, where it is possible to observe the
transparency effect induced by dipole-dipole interaction (solid
line) and by a control electromagnetic field in three-level atoms
(dashed line). The real part of the first-order and third-order
optical susceptibility functions is plotted in Figs. 2(c) and 2(d).
These results evidence the difference between the nonlinear
optical response of both systems, although their linear optical
responses are identical.

B. DIT in a 1D array of TLSs coupled to a resonator

Considering a three-level atom in the EIT configuration and
coupled to a cavity mode, one can observe a cavity EIT [11].
According to the discussion above, the same effect should be
observed by replacing the three-level atom by two coupled
TLSs. This is in fact the case, as we will explain in the
following. To this end, let us first describe a more general
system, i.e., the interaction of a quantum resonator with a 1D
array of 1 + N two-level systems, as schematically represented
in Fig. 1(b), with dipole-dipole coupling d; and individual
decay rates y;. The first TLS is then resonantly coupled to the

cavity mode, coupling g, which is driven by a probe field of
strength € and frequency w,. The Hamiltonian of this system,
written in the rotating frame of the probe field, reads (for i = 1)

) +(ea+He)+ Hy,  (8)

N l
o
H.=A, (aTa + Z?

i=0

with A, =wy — wp = Wcay — ®p, @cqp being the cav-
ity mode frequency and H; = ngl di(ol ottt + Hel) +
g(aafg + H.c.). In this case, the dissipation of the cavity mode
can be taken into account by adding the term x(2apa’ —
a'ap — pa'a) into the master equation of the system, with
k the decay rate of the cavity field amplitude. This new master
equation can also be analytically solved for some particular set
of parameters, as we show in the following.

Employing the semiclassical approximation [52], which
allows us to factorize the correlator (ac’) ~ (o7 ){a), we
obtain the analytical solution for the average value of the
annihilation operator of the cavity mode for the 1 + N coupled
TLS case. This semiclassical approach is a good approximation
whenever the driving field is very weak compared to the
dissipation rate of the cavity mode and the atom-field coupling
is also not so strong (again, when compared to the cavity field
decay rate k).

The derivation of the steady-state solution for (a) and
arbitrary number of TLSs coupled to a resonator follows the
recurrence relations for the equations of motion for the average
value of the atomic or resonator operators:

(a) = —i(A, — iK)(a) —ig(o?) —ie,

(6°) = —i(A, — ivo)(o?) +igla)(o?) + idololol),

(67) = —i(A, —iy)(ol) +id;|olo_T7")
+idj(aga_f+1), (for1 < j<tN—1)

(02) = —i(A, —iyn)(o?

From this coupled equation system we can derive the
stationary solution of (a),, for an arbitrary number of TLSs
coupled to the cavity mode. Following a similar procedure
used to obtain the optical response of the 1D array of TLSs
in free space, here we can write the expectation values of (a)
and (ai) Thus, considering again (o By~ —-1(k=0,1,...,N),
we obtain from the general motion equatlons (9) the following
general expected value:

My +idy_i(oNo V7). 9)

8o
<a>ss XN —€—, (10)
8¢
with
8 = 8o(A, — i) — 81lg|, (11)
8k = 81 (Ap — i) — Sealdil’, (12)
fork =0,1,...N — 2, and
Sn—1 = Sn(A, —iyn—1) — ldy_1]*, (13)
oy = (Ap —iyn). (14)
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FIG. 3. Normalized absorption Im(a),, (black solid line) and
dispersion Re{a),, (red dashed line) of the cavity mode when coupled
to two-coupled TLSs as a function of the normalized detuning
A, /k. Parameters used: yy = k, g = 5«,d = 3k, |e| = 0.03«, and
¥1 = 1073k. The black dotted lines represent the absorption when
there is no TLS coupled to the cavity mode (g = 0).

For instance, for N = 1 (two coupled TLSs coupled to the
cavity mode), the steady-state solution reads

€d’ — (A, —iy)(Ap — i)
—g2(A, —iy) —d2(A, — i)+ ¥’

(a)ss = (15)

where W = (A, —iyo)(A, —iy1)(A, —ik). This equation
must be compared to the equation for the average value of the
annihilation operator for a cavity mode coupled to a three-level
atom in the EIT configuration (cavity-EIT) [21]. In Fig. 3 we
plot the normalized absorption and dispersion of the cavity
mode when coupled to two coupled TLSs, here defined as
Im(a),s; and Re(a),, respectively.

II1. SCALABILITY OF THE SYSTEM: MULTIPLE DIT

The results above can be properly extended to multiple
transparency windows by adding more TLSs, as schematically
shown in Fig. 1. Thus, now we discuss what happens to the
optical properties of the first TLS when coupled to a series of
other qubits. We assume that the coupling between the first
TLS (i = 0) and the second one is still given by d and, for
simplicity, the coupling between the other TLSs is d. We also
assume the same decay rate for the other TLSs, y; = y < Y
@@ =1,N).

To understand what happens to the system when we couple
more TLSs, it is instructive to analyze the eigenenergies of the
bare Hamiltonian (without the probe field). When the coupling
between the main and the first TLS is of the order of or weaker
than its decay rate, i.e., when dy < yy, the system can present
interference between the different excitation paths. This regime
is represented by the gray area shown in Figs. 4(a) and 4(c).
Otherwise, for dy > ¥y the separation of the energy levels can
be large enough to produce AT splitting. On the left panels
of Fig. 4 we plot the first eigenenergies (ground states and
eigenstates with one excitation) of the system as a function of
d /vy, keeping 2, = 0 and dy/yo = 0.5y9. (See expressions

Transition rates from the first excited states to the ground state
also as a function of d/yy. In all these plots we have fixed dy =
0.5y and N =2 in panels (a) and (b), and N =4 in panels (c)
and (d).

for the eigenstates and/or eigenenergies in Appendix B for the
case N = 2.) From this figure we can see the following: (i)
for d < yp all the energy levels are within the linewidth of
the excited state of the first TLS (yp); (ii) otherwise, in the
intermediate region (d ~ y,) some levels can be inside and
others outside the linewidth of the excited state, thus presenting
close eigenstates with possibly different decay rates; and (iii)
finally, for very strong couplings (dy,d > yp) one observes
a complete level splitting. Thus, depending on the set of
parameters, the system displays total interference between the
excitation paths (EIT [9]), different resonant states but, near
one of each other, with asymmetric shape (Fano interference
[57]), or a complete separation of the levels (AT splitting [9]).

The decay rates of the excited eigenstates |[i;) of the
whole system to its ground state [,) can be calculated via
Fermi’s golden rule I'y, = y0|(1ﬁg|ag|wk)|2 [58], where we
have neglected the dissipation channels related to the other
TLSs since we are assuming 3y > y. For a few TLSs we
can analytically derive the eigenstates and then the analytical
expressions for the decay rates (see Appendix B). In Figs. 4(b)
(N =2) and 4(d) (N =4) are plotted the transition rates
between the excited and ground states of the whole system
as a function of coupling d for a given coupling dy. As
can be seen, these decay rates are always different, except
for a specific value of d, where all the transition rates co-
incide (d = dy/ V2). Such features will have a direct effect
on the optical properties of the system, as discussed in the
following.

In Figs. 5(a) and 5(b) we plot the absorption and dispersion
of the first TLS coupled to N =4 other TLSs in the DIT
regime. The positions of the outer peaks depend on dy, while for
the inner peaks their positions and widths depend on d. In this
way, the number of transparency windows is exactly equal to
the number of TLSs (N) coupled to the main TLS. For dy < yy
[Fig. 5(a)], we have multiple transparency windows (multi-
DIT), while for dy,d > yy we have an AT splitting. Fordy < yy
and d > yp we have asymmetric excitation paths, resulting
in resonant states with asymmetric line shapes [Fig. 5(b)].
This happens since the increase of the coupling d makes the
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FIG. 5. Normalized absorption (black solid line) and dispersion
(red dashed line) of the first TLS when coupled to N =4 TLSs as a
function of A, /yy. The parameters used here are 2, = 0.03yy, y; =
y = 1073y, and dy = 0.5y,. The values of the d coupling are (a)
d=dy/ /2 and (b) d = 2.5yp. The black dotted lines represent the
absorption atdy = 0.In (c) and (d) we show the normalized absorption
(black solid line) and dispersion (red dashed line) of the cavity mode
when coupled to five TLSs (i.e., N =4) as a function of A, /k.
The parameters used here are |¢| = 0.03x, ¥; = y = 1073k, and (c)
d =04k, g =+/2d, and yy = 1073; and (d) d = 3.0k, g = 2.0«,
and y, = 1073«. The black dotted lines represent the absorption
for g = 0.

inner peaks broader and then, depending on the coupling d,
they can approach the other peaks, producing interference in
the absorption paths, i.e., Fano interferences [57]. The depth
of the transparency windows is strongly dependent on the
decay rate y. In Fig. 5(a) all the depths of the transparency
windows are close to the maximum value since we have
assumed very small y (i.e., ¥ = 1073y). On the other hand,
the width of the transparency windows depend on the transition
rates between the excited and ground states of the whole
system. As seen in Figs. 4(b) (N = 2) and 4(d) (N = 4), all
the transition rates are equal at a specific value d = dy/+/2.
When they are equal, the widths of the resonance peaks of
the system, which also depend on the coupling d, are the
same and then we end up with perfectly symmetric multi-DIT
windows.

For any number of coupled TLSs, the point where all the
decay rates coincide always occurs at d = dy/~/2. (We were
able to derive the decay rates and the crossing points for up
to N =4 TLSs coupled to the main TLS, as can be seen in
Appendix B.) So, by choosing the specific parameters for that
crossing point we will have a perfectly symmetrical absorption
profile.

The multi-DIT or multi-Fano interference also appears
when we couple the array of 1 + N TLSs to a cavity mode.
As discussed above, the number of transparency windows is
equal to the number of TLSs coupled to the main TLS. Thus,
considering 1 + N coupled TLSs (each coupling given by d),
which in turn is coupled to the cavity mode (coupling g), we
will have N transparency windows, as we see in Fig. 5(c)
(N = 4), which presents four inner peaks. The position of the
resonance peaks is determined by all the couplings. However,

the outer peaks are mainly due to the atom-field coupling g,
and the inner peaks (and their widths) are mainly influenced
by the dipole-dipole couplings d. For greater values of g and
d we can have a large separation between the resonance peaks
(AT splitting) or even Fano interference when d > g, as we
see in Fig. 5(d). So, here we have a tunable system which
allows us to arbitrarily choose the number of transparency
windows, and their widths, by simply adjusting the number
of TLSs and the dipole-dipole coupling in our model. In
Appendix C we show explicit solutions for (a);; for N =2
and N = 3.

IV. CONCLUSIONS

In summary, here we have investigated how dipole-dipole
coupling can induce transparency on a TLS or on a resonator
mode. The dipole-dipole coupling works out as the control field
in EIT or cavity-EIT experiments, while the decay rate of the
first (second) TLS is the equivalent to the total decay rate of
the excited state (the dephasing rate of the ground state which
is coupled to the excited one via a control field) in EIT experi-
ments with three-level atoms in A configuration. We also could
show the scalability of our system: by coupling more TLSs
our system presents more transparency windows, their number
being exactly equal to the number of TLSs coupled to the main
TLS. As mentioned before, our study can be implemented in
many different physical systems. In particular, in Ref. [43]
we find a very good platform to experimentally investigate
our results, since it presents a controllable coupling between
two different two-level systems: the Josephson-phase qubit and
the atoms which can occupy two different states (positions).
Additionally, the states of the atomic system present much
longer coherence times than those from the superconducting
qubits, which is another requirement for the observation of the
dipole-induced transparency predicted in our work. Likewise,
in Ref. [45] was observed a dark state with a long lifetime, oc-
casioned by the interaction of a flux qubit with a couple of nitro-
gen vacancy ensembles in a diamond hybrid system. The signa-
ture of this dark state is related to the experimental observation
of a narrow peak at the crossing point of levels in the energy
spectrum. Thus, those results are very connected to those we
present here, making the system of Ref. [45] another suitable
platform to investigate the phenomena predicted in our work.
We hope this kind of induced transparency could be useful
for manipulation of the optical properties of TLSs in general,
for example, for the study of slow light, transport properties
in spin chains, and also frequency filters for light fields. Also,
by detecting the optical response of a driven TLS or resonator
mode we can estimate properties of dipole-dipole interaction.
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APPENDIX A: 1+ N COUPLED TLSS IN FREE SPACE

In this first part we demonstrate some expressions for a stationary solution of the (6°),s for 1 + N coupled TLSs (with
dipole-dipole interaction) in free space. Assuming a low atomic excitation limit, the linear response of our system and of the
usual three-level system where the EIT phenomenon is observed (given by imaginary and real parts of the first-order optical
susceptibility function x () are completely analogous, as can be seen in the expressions below:

M- Ap+in
PIT @2 4+ (o — iA ) —iA,)

Xeir = = (A2)
EIT Q2 — A (A, +iT3)]

(AL)

being I'3 = I's; 4 I's;. Therefore, with y; = 0, yp — '3, and dy — €2, the expressions are exactly the same.
On the other hand, the nonlinear terms of the optical susceptibility function present a significant difference. This feature can
be clearly seen in the third order of the optical susceptibility function, whose expressions for both systems are given by

SO 2i[—(1 —iA) (i +iA)0 + 1 —2iA,) +di +di (v + AY)] A3)
DIT — . . . 2 . . ’
Yo+ 71 —2iAp[d3 + (o — iA) —iAY][dF + (o +iA ) +iA))]

o AP{—ir32A§r§ + A, Q2[5 —iA,(2T3; +3T3)] — 2ir319§}‘ (A
T [Ap(Ts +iA,) —iQ2][A,Qu(Ts —iA,) +iQ]

In order to make evident the difference in the optical response of both systems, the optical response is shown in Fig. 2 of the
main text (real and imaginary parts of the x function) for the two systems: two TLSs coupled by dipole-dipole interaction and
for a three-level system in the A configuration. From these results we can clearly see, in the limit of a weak probe field, the linear
optical response is equal for both systems. However, the nonlinear response (as x ) presents significant difference.

From the general solution shown in the main text (3) one can derive the stationary solution for an arbitrary number of coupled
TLS:s. For instance, below we present some explicit expressions. For N = 2 the solution is

Qpld*> = (A, +iy)(A, +ip)]
(Ap + iVO)[d2 - (Ap + iyl)(Ap + i)/2)] + d(%(Ap + iVZ).

<U.?_)xx = -

The stationary solution for N = 3 is

QU (A, +iy) + (1 —iA)[=d* + (A, +iy)(A, +iy3)])
ds[—d? + (Ap + iy2)(Ap +iy)] + (A +iyod* (A, +iys) — (A, +iyD[=d? + (A, +iy)(A, + iyl

<02)SS =

For N = 4, the solution in the steady state is given by

iQp(d*[—d*> + (A, +iy3)(Ap +iv)l+H(A, +iyd (A, +iva) + (=D, —ip)[—d* + (A, +iy3)(A, +l)/4)]})
dHid*(Ap +iye) + (2 —iA)I=d2 + (Ap + iy, ) A, +iy)l} + Y1

(O'J(:>ss -

where
Y = (A, +iyo)d*(ys — iA)A, +iva) +id* 1+ (A, +iyDId* (v — i) +i(A, +iy)[—d® + (A, +iy3) (A, +iya)])

Just to illustrate, in Fig. 6 we present the absorption spectrum for N = 7,10,12, and 15. Note that the number of transparency
windows is exactly equal to N. Also, note that the depth of the transparency windows is different in this figure. This is due to
the non-null decay rate y used here. By increasing the number of TLSs coupled to the main TLS, we increase the number of
transparency windows. However, the higher the number of transparency windows, the more sensitive the system is to the noisy
effects.

APPENDIX B: EIGENSTATES, EIGENENERGIES, AND TRANSITION RATES BETWEEN THE FIRST EXCITED STATES
AND THE GROUND STATE FOR 1 + N TLSs

The main goal of this section is to present the analytical solutions for the transition rates between the eigenstates of the system
(the first excited state and the ground state). To this end, first we must derive the eigenstates of our system, once the transition
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FIG. 6. Normalized absorption Im(c"?),, as a function of the normalized detuning A, /y, for different numbers of TLSs coupled to the main
one (N = 7,10,12, and 15). The parameters used here were o = 1, Q, = 0.03yp, ¥, = y = 103y, dp = 0.5yp, and d = do/N2.

rate is defined as

Tie = ol (¥elo 1Y) . (B1)
|¥,) and [y ) (k = 1,2,...) being the ground and excited eigenstates, respectively.
We have obtained analytically the expressions for the eigenstates and transition rates for N = 2, 3, and 4 only. As the expressions

for the eigenstates or eigenenergies are too extensive, below we present them only for the N = 2 case.
For N = 2, the eigenvalues and the respective eigenvectors are

Ey = =3wy — |¥0) = |ggg),
1

do d
—————1egg) — —zI18eg) + ———1g8e
2(d2 + d2) V2 J2(d2 + a2
—Llegm + nggd
Jd3 + d? Jdi +d? 7

do 1 d
E3 = —wo+./dj +d* — |Y3) = ————]egg) + —=lgeg) + ———12g¢
2(d2 + &) V2 [2(d2 + d2)

Ei = —wy—/d2 +d> — |y) = )

Ey = —wy — |Yn) =

),

1 d
Ey = wy—\Jd2 +d? — |Y4) = ————|eeg) — —=|ege) + ————|gee),
2(d2 + &) V2 2(d2 + &)
E — |¥s) D leeg) + —1|gee)
5 = o 5) = ——F——|eeg —|gee),
Jds +d? JVd +d?
; d 1 do
Eg = wo +Jd2 + d> — |Y) = ————|eeg) + —=|ege) + ————|gee),
2(d2 + &) V2 2(d2 + d?)

E; = 3wy — |Y7) = |eee).
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With those eigenstates we can derive the transition rates between the first excited states (with one excitation) and the ground
state, which reads

2 2
F2g = zd—, Flg = F3g = d—02
di +d? 2(d? + dg)
From these expressions we find that these transition rates have a crossing point at d = j—%.

For N = 3, the transition rates are given by

2d? — d} + \/4d? + d} —2d° + d3 + \[4d? + d?

Iﬂ2g = I‘3g = s I‘1g = I‘4g = ,
4,/4d* + d3 4./4d* + d
and the crossing point of the transition rates is exactly the same, d = %.
For N = 4, the expressions of transition rates follow below:
e _ _ d3(2d*—d3+C) B _ di(—2d*+d3+C)
I3g = 2y Tog = T4 = 2(d>+2d3)C Tig=Ts, = 2Ad>+243)C
where C = v/5d* — 2d2d§ + dg . For this configuration we have found two crossing points: d = j—%, in which all the rates cross,

andd = \/gdo, where some rates cross.

APPENDIX C: TLSs COUPLED TO A RESONATOR - ANALYTICAL SOLUTIONS

Here we consider 1 + N coupled TLSs with the first one interacting with a resonator (for instance, in the circuit QED
framework). From the general solution shown in the main text (10) we also can obtain the expression for the expected value to
(a) in steady state for any number of TLSs coupled to the resonator. For instance, below we show some explicit expressions for
(a)ss- For N = 2 it reads

(@) = — {_ eld?(—iya + Ap) + (—=iyy + AIA> — (—iyi + Ap)(—iys + AP} ]
» —g2[d? — (—=iy1 + Ap)(=iys + AP+ {d2(=iys + Ap) + (—iyo + A2 — (—iyi + Ap)(—iys + A} =ik + Ap) |

For N = 3 we obtain to steady state the solution

(@), = _{ —€(=d’[d® — (=iya+ Ap)(—iys + A + (Zivo + A (—iys + Ay) + (—in + Ap)d? — (—iys + Ap)(=iys + Ap)]})}
—g2{d2(—iys + Ap) + (—iyi + APd? — (—iys + Ap)(—iys + A + ¥, ’

with
W, = {=d’[d* — (=iy2 + Ap)(=iys + A + (—iyo + Ad*(—iys + Ap) + (—iyi + A))
x [d* — (=iys + Ap)(—iys + A =ik + A}

Again, we were able to derive the steady-state analytical solutions for arbitrary N’s, but the expressions are very large to be
presented here. Just to illustrate, in Fig. 7 we present the absorption spectrum for N = 7,10,12, and 15. Note that the number of
transparency windows exactly equals N.

Transition rates between the first excited states to the ground state for 1 + N TLSs coupled to a resonator mode

Analogous to the free-space case, we could derive the transition rates for some cases when 1 + N TLSs are coupled to the
resonator. It can be calculated through the following expression:

i = vol(Welalyn) P,

|¥,) and [Yr) (k = 1,2,...) being the ground and excited eigenstates, respectively.
For N = 2, the rates are given by

d2g2 d2g2
Tig =Tae = 4 4 2 2 7 z’ Tog = T3 = 4dd+gt 2—2gd2 4di gt
4d4 + g4 + (2d% — g2)/4d* + g (g =2 fAd g

Similarly to what happens in the free space, there is a crossing point associated to a specific value of d where all the transition
rates are the same. For this case the crossing point is d = g/~/2.
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FIG. 7. Normalized transmission Im({a),, as a function of the normalized detuning A ,/« for 1 + N TLSs coupled to the cavity mode (for
N =7,10,12, and 15). The parameters used here are y, = y; = 1073k, |e| = 0.03x,d = 1.0, and g = +/2d.

For N = 3, the rates are given by

d2 _ gZ(g2_2d2+C)

PR+ 0)

Pae = rypg Te=Tse =

20(d* +2g2) & * T T

2C(d? +2g%)

with C = \/5d4 — 2d2g2 + g*. For this case all the rates cross again at d = g/+/2, while some rates cross at d = /2/5g.
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