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Strong-field ionization of linear molecules by a bicircular laser field: Symmetry considerations
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Using the improved molecular strong-field approximation, we investigate (high-order) above-threshold
ionization [(H)ATI] of various linear polyatomic molecules by a two-color laser field of frequencies rw and
so (with integer numbers r and s) having coplanar counter-rotating circularly polarized components (a so-called
bicircular field). Reflection and rotational symmetries for molecules aligned in the laser-field polarization plane,
analyzed for diatomic homonuclear molecules in Phys. Rev. A 95,033411 (2017), are now considered for diatomic
heteronuclear molecules and symmetric and asymmetric linear triatomic molecules. There are additional rotational
symmetries for (H)ATI spectra of symmetric linear molecules compared to (H)ATI spectra of the asymmetric ones.
Itis shown that these symmetries manifest themselves differently for 7 4+ s odd and r + s even. For example, HATI
spectra for symmetric molecules with r + s even obey inversion symmetry. For ATI spectra of linear molecules,
reflection symmetry appears only for certain molecular orientation angles +90° — jr180°/(r + s) (j integer). For
symmetric linear molecules, reflection symmetry appears also for the angles — jr180°/(r + s). For perpendicular
orientation of molecules with respect to the laser-field polarization plane, the HATI spectra are very similar to
those of the atomic targets, i.e., both spectra are characterized by the same type of the (r + s)-fold symmetry.

DOI: 10.1103/PhysRevA.97.043432

I. INTRODUCTION

Nonlinear laser-induced processes such as high-order har-
monic generation and high-order above-threshold ionization,
generated by a so-called bicircular laser field, have been among
the most popular and most investigated phenomena in laser
science and strong-field physics for the past few years. A
bicircular laser field consists of two coplanar counter-rotating
circularly polarized fields having different angular frequencies.
Such fields were already considered more than 20 years ago
[1-3]: High-order harmonic generation from atomic targets
induced by such a field was investigated using S-matrix theory
and the strong-field approximation in Refs. [4—8]. This process
has again attracted attention after the experimental confir-
mation [9] that the generated high harmonics are circularly
polarized. Such harmonics will have many applications, which
triggered a series of papers devoted to processes in bicircular
fields [10-28].

In this paper, we are interested in molecular strong-field
ionization induced by a bicircular laser field. This process is
called above-threshold ionization (ATT) since more photons are
absorbed from the laser field than is necessary for ionization.
If the laser field and the molecular parameters are such that the
Keldysh parameter y = ,/1,/(2Up) [29] (with I, the ionization
potential and U, the ponderomotive energy of the free electron
in the laser field) is small, then the dominant mechanism
is tunneling ionization. The theory that we will use in the
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present paper is applicable also in the regime where y ~ 1
and multiphoton ionization appears. If the liberated electron
returns to the parent molecular ion and elastically scatters
off it, reaching the detector with a much higher energy than
otherwise, then this process is called high-order ATT or HATI.
Generally, the rescattered electrons contribute to the high-
energy part of the electron spectrum, which forms a plateau
region wherein the photoelectron (HATI) yield is practically
constant but much lower than that of the ATI process. This
plateau is terminated by an abrupt cutoff (for more details, see,
for example, the review article [34] and references therein).
Having in mind that the rescattered electron is described by a
wave packet and that the rescattering can be in any direction,
i.e., that one should consider the angular dependence of the
electron energy spectra, the HATI process is sometimes called
laser-induced electron diffraction [30-33].

Bicircular (H)ATT from atomic targets and a very similar
process—above-threshold detachment (ATD) from negative
ions—were analyzed in Refs. [35-37]. More recently, bicircu-
lar (H)ATT from inert gases was investigated in Refs. [38—41],
while the corresponding (H)ATD process was analyzed in
Ref. [42]. By analyzing results from a numerical solution of the
time-dependent Schrodinger equation for atoms in few-cycle
bicircular laser pulses, it was shown that HATI momentum
spectra can be used to extract accurate elastic-scattering dif-
ferential cross sections of the target ion [43]. Channel-closing
effects in strong-field ionization by a bicircular field were
recently considered in [44].

Let us now briefly comment on our theory of molecular
strong-field ionization, which will be used in this paper. To
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describe direct ionization of diatomic molecules, we have
developed a theory that we call the modified molecular strong-
field approximation, or MSFA [45,46]. Using this theoretical
approach, experimental data for the low-energy part of the elec-
tron spectrum were simulated, and we confirmed key features
of the direct ATTmolecular spectra [47]. Moreover, suppression
in the ATI spectra of the O, molecule was found [46]. This
confirms that our theory is able to reproduce available experi-
mental data for ATT of diatomic molecules. Our next step in the
development of the MSFA theory was to include an additional
interaction of the ionized electron with the molecular centers
[48—-51]. We named this theory the improved MSFA (IMSFA).
The theory was formulated for a general electric-field vector
E(¢) and applied to the case of a linearly polarized field [48,49]
and to the more general cases of an elliptically [50] and a
circularly polarized field [51]. Similar considerations that take
into account the rescattering process on heteronuclear diatomic
molecules as well as polyatomic molecules were presented in
Refs. [52-54]. We were again able to reproduce the key features
observed in experimental data for molecular HATT [55-59] for
both long and few-cycle laser pulses.

There are a few papers devoted to molecular HATI gen-
erated by a bicircular laser field. In our previously published
paper, we extended our theoretical approach from atomic HATI
[40] to molecules [60]. For this purpose, we have also used the
IMSFA theory mentioned in the previous paragraph. We con-
sidered the general symmetries of homonuclear molecules and
of the applied bicircular laser field. In the mentioned paper, we
were able to identify four symmetries (two rotational and two
reflection symmetries), which are satisfied by the ATI spectra
of homonuclear diatomic molecules. It is important to stress
that the rotational symmetries, in contrast to the reflection
symmetries, are valid both for the direct ATI electrons and
for the rescattered HATT electrons. All symmetries mentioned
were illustrated using the N, molecule as the target and an
w—2w bicircular laser field.

Now, our aim is to analyze the behavior of more complex
molecules in a bicircular laser field and to compare their HATI
spectra and the corresponding symmetries with those obtained
for homonuclear molecules. More precisely, we consider the
HATI process for different diatomic molecular species (O,, N»,
and CO) and the polyatomic linear molecules CO, and
OCS. We also present more results for homonuclear diatomic
molecules characterized by different symmetries of their high-
est occupied molecular orbital and for various combinations
of angular frequencies of the bicircular ro—sw field, with the
integer numbers 7 and s and the fundamental frequency w.
We will also consider the influence of molecular alignment on
bicircular HATT spectra.

This paper is organized as follows. In Sec. II, we define
our counter-rotating bicircular field and the geometry of the
molecular HATT process, and we present our IMSFA theory
for heteronuclear and polyatomic molecules and a bicircular
field. In Sec. IV, we consider the general rotational symmetries
of the molecules and the applied bicircular laser field and the
corresponding HATT spectra. Numerical results, which confirm
the presented considerations, are also given. In Sec. V, the
reflection symmetries of the ATI spectra for the considered
molecules are analyzed and the corresponding numerical

Y, yL

FIG. 1. Schematic presentation of the coordinate systems used
in the paper. The linear molecule is along the z axis in the Ozxy
coordinate system. The laser field lies in the Oz;x; plane of the
0z, x,y. coordinate system, which is rotated around the y = y;, axis
by the angle 6, with respect to the Ozxy coordinate system. The
direction of the emitted-electron momentum p is determined by the
angle 6, with respect to the z; axis.

results are presented. Finally, our conclusions are given in
Sec. VI. We use the atomic system of units.

II. NOTATIONS AND THEORY

For most calculations, we suppose that the laser field, the
molecule, and the emitted electron all lie in the same plane
(see Fig. 1). In the present paper, we consider only examples of
diatomic and triatomic linear molecules. In our theoretical ap-
proach, a linear polyatomic molecule is modeled by an (N +1)-
particle system, which consists of N heavy atomic (ionic)
centers and one valence electron. We denote by R = {R} =
(R1,Ry, ... ,Ry_) the set of relative coordinates of all atomic
centers with respect to the center of mass. The vector Ry =r
describes the relative motion of the electron (the notation of
Refs. [54,61] is used). For linear molecules, all vectors from
the set {R} are along the z axis. The laser field is defined in the
coordinate system Oz x;,, which is rotated with respect to the
Ozx system by the angle 6; around the y = y; axis, which is
perpendicular to the polarization plane. The momentum p of
the emitted electron is in the direction determined by the angles
0, in the Oz xp system and 0 = 07 + 6, in the Ozx system
(for a molecule aligned in the laser-field polarization plane).
The unit vectors of the corresponding coordinate systems are
related by

€, =12cos0; +Xsinf;, &, = —Zsinf; +Xcosb;. (1)

We consider a bicircular field having the period 7 and
the fundamental frequency w = 27/ T, with the electric-field
vector [60]

E;
NG

—[cos(rwt) — cos(swt)]€}. 2)

E(t) = {[sin(rwt) + sin(swt )],

We assume equal component strengths and fix the relative
phases to zero (E| = E» = Er, ¢1 = ¢, = 0 compared with
the notation of Ref. [40]). In Fig. 2, we present parametric plots
of the w—2w and w-3w bicircular fields.
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FIG. 2. Electric-field vector E(¢) (blue dotted curves) and vector
potential A(z) (red solid curves) of the bicircular field (2) for r = 1
and s = 2 (left panel) and for » = 1 and s = 3 (right panel). Each
reflection axis of the electric field (dashed lines) is perpendicular to
the corresponding reflection axis of the vector potential (red solid
lines). For r + s even, the reflection axes of the vector potential and
the electric field coincide.

We use the improved molecular strong-field approximation
to calculate the differential ionization rate for emission of an
electron with final momentum p:

wipi () = 27| Tipi ()| 3)

Here n = nr + n,s, and n; photons of frequency rew and
ny photons of frequency sw are absorbed from the bicircular
field (2). In the IMSFA, the T-matrix element of the (H)ATI
process can be written as

T
Tiepi(n) = / R0+ Fa o]0, @)
0

with the time-periodic functions 1(1]13[ (t),j=0,1,and U(t) =
p-a(t)+ ['dtAX(1)/2 — Uyt, where a(t) = [ dTA(7), U,
is the ponderomotive energy, and A(7) = — [ "dtE(7). The
energy-conservation condition has the form E, = p?/2 =
w — I, — U,. For asymmetric molecules, the unperturbed
ionization potential /, should be replaced by I, — Ag, where
Ay is the polarizability-induced Stark shift [52]. For our bicir-
cular field, we have Ay = —E? (ot + o1 )/4, where o and o |,
respectively, are the polarizability parallel and perpendicular
to the molecular axis.
The zeroth-order term, which corresponds to the direct ATI
electrons, for neutral polyatomic molecules is described by the
matrix element [61]

From(t) = Zf(p],t)e P, Zc,a D + ADIED) - tlvra),

j=1
&)

where the ¢, are the coefficients of an expansion of the molec-
ular electronic ground-state wave function in a linear combina-
tion of the atomic orbitals v,. For symmetric linear molecules
and dressed atomic orbitals, we have f(p;,r) = 1, while for
asymmetric linear molecules and dressing of the whole molec-
ular orbital we have f(p;,r)=exp{i[ns(t)+as(t)—A@)-p;1}.
The two time-dependent terms, pg(t) = [ "u-E(tdt' and
as(t) = [" [ EF(t') + ey E3 (1)]dt'/2 + Ast, enrich the os-
cillatory structure of the spectra [52,53]. Here p = —uz is
the molecular dipole and E|(t) [E (t)] is the electric-field

TABLE I. Ionization potential /, and the Keldysh parameter y
for the molecules considered in the paper. The Keldysh parameter
is calculated for a bicircular field with » = 1 and s = 2, equal com-
ponent intensities E7 = E3 = 1x10'* W/cm?, and the fundamental
wavelength of 800 nm.

Molecule N, (0)) CO CO, OCS
I, (V) 15.58 12.03 14.014 13.777 11.19
y 1.0212 0.8974 0.9685 0.9603 0.8655

vector parallel (perpendicular) to the molecular axis. The
coordinates p j are defined in Refs. [54,61] as linear combi-
nations of the relative coordinates {R}. For N = 2, we have
p; = —(q —MRy/2, where & = (m; — m3)/(m; + my) is the
mass asymmetry parameterandg = +1for j = landg = —1
for j = 2. In this case, the sum over j in Eq. (5) is replaced
by the sum over ¢ = 1. For A = 0, this reduces to the result
known for homonuclear diatomic molecules from Ref. [45].
The first-order term, which corresponds to the rescattered
electrons, for neutral polyatomic molecules has the form

00 3/2
i iSk® / dr 2 i Sk (== A9)T]
0 iT

xZe’Kp V Zf(pl,t Ye ks

1
Fu(®) =

x Z cla (ks + AGEE) - 1), 6)

with ¢ =1 — 7, K=ky —p, ky = [ di"A@")/7 the sta-
tionary electron momentum, and S(7)= [ "dr'k+A@H?/2.

In the above equation, VK is the Fourier transform of the
rescattering potential at the atomic (ionic) jth center.

III. EXAMPLES OF ATI AND HATI SPECTRA
FOR LINEAR MOLECULES

Before analyzing rotational and reflection symmetries of
the photoelectron spectra, we fix the molecular and laser-field
parameters, which we use in the paper, and present examples of
the ATT and HATT spectra for various linear molecules. Spectra
calculated using Egs. (3) and (4) will be referred to as HATI
spectra. If we neglect .Fl({lp)l.(t) in Eq. (4), i.e., if we take into
account only the direct electrons, the corresponding spectra
will be called ATI spectra.

In all examples in the present paper, we fix the laser intensity
to E7 = 1x10" W /cm?. For this intensity, the rescattering
effects are clearly visible and the saturation of ionization is not
too high (for the Ar atom, which is the companion of the N,
molecule, the saturation intensity is 2 x 10'* W /cm?, while for
the Xe atom, which is the companion of the O, molecule, it
is 7x10"® W /cm? [62]). The fundamental laser wavelength is
800 nm, except in Figs. 7 and 14. The values of the ionization
potential and the Keldysh parameter for this intensity and
wavelength are presented in Table I for the case in which
r =1 and s = 2. The corresponding ponderomotive energy
isU, =7.47eV,whileforr = lands = 3itis U, = 6.64 eV.
These parameters are chosen for simplicity, but it should be
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log,, [Differential ionization rate (a.u.)]

FIG. 3. Electron ATI (black solid line) and HATI spectra (red
dashed line), obtained using the IMSFA, for the O,, CO, CO,, and
OCS molecules, laser intensity E2 = 1x 10" W/em?, r = 1,5 =2,
and the fundamental wavelength of 800 nm. The electron emission
angle is 6, = 180° and the molecular orientation angle is 6, = 90°.

mentioned that the symmetries considered in our paper do not
depend on the chosen laser-field intensity.

In Fig. 3, we present electron ATI and HATT spectra for
various molecules. The electron emission angle with respect
to the laser-field coordinate system is chosen to be 8, = 180°,
which gives a maximal length of the rescattered-electron
plateau length (such maximal length is also obtained for
6, = £60°). The molecular-orientation angle is 6, = 90°.
From Fig. 3, one can notice that the direct ATI electrons are
dominant for E,, < 2U,. The ATI differential ionization rate
exponentially decreases for higher energies. The HATI spectra
exhibit a plateau, which finishes with a cutoff near E, = 8Uj,.
The presented photoelectron energy spectra for molecules are
similar to those of atoms.

Differences between the atomic and molecular spectra
appear in the angular distributions. It is known that the atomic
photoelectron-momentum distribution for the w—2w bicircular
field exhibits threefold symmetry [40]. For molecules this
symmetry is violated. The symmetry breaking is caused by
the interference of contributions to ionization from the dif-
ferent atomic centers of the molecule. In Figs. 4 and 5, we
present two examples that confirm this. Polar diagrams of
the HATT photoelectron angular distributions are shown for
four molecules (O,, CO, CO,, and OCS) and two molecular
orientations: 6, = 0° (Fig. 4) and 6, = 60° (Fig. 5). The
parameters of the bicircular field are the same as in Fig. 3
and the photoelectron energy is fixed to approximately 8U,
(59.75eV). This energy is chosen as an energy near the high-
energy cutoff, where only rescattered electrons contribute. The
complete HATT electron-momentum distributions for these
molecular orientations and for the CO, and CO molecules
are presented in Figs. 6 and 9, respectively. The photoelectron
energy of 8U, corresponds to a momentum of approximately
2.12 a.u. Comparing the angular photoelectron distributions
presented in Figs. 4 and 5, it is obvious that they are different
for different molecular orientations. It is interesting to notice
that the angular distributions for 6, = 60° for the O, and
CO; molecules are the same as the corresponding angular

CO

OCS

FIG. 4. Differential ionization rate for electrons with kinetic
energy of (approximately) 8U, for the molecular orientation 6, = 0°
normalized to 1, which corresponds to the maximal values 3x 1077
a.u. for O,, 8.25x107? a.u. for CO, 1.39x10~? a.u. for CO,, and
6.64x1078 a.u. for the OCS molecule. The laser-field parameters are
the same as in Fig. 3.

distributions for 6, = 0° if rotated by 120°. This is not the
case for the CO and OCS molecules. We will explain this in
Sec. IV.

IV. ROTATIONAL SYMMETRIES

The bicircular field (2) obeys the following dynamical
symmetry [40]:

E'(1) = Ry(e;)E(1) = E( + 1)),

NT r_s C—int 7
, o = ———ji12m, = integer.
r+s ; r—i—s]1 g &

Tj =

Cco

OCS

FIG. 5. Same as in Fig. 4, but for the molecular orientation
0. = 60° and the following maxima of the differential ionization rate:
3x1077,8x107%, 1.39x107°, and 4.28 x 10~? a.u. for O,, CO, CO,,
and OCS molecules, respectively.
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The prime denotes rotation of the respective vector by the angle
o, about the y axis, which is mediated by the 2x2 rotation
matrix Ry (o, ). Arotation by the angle «j, = —rwt;, about the
y axis is equivalent to a translation in time by 7;, . We associate
the index j; with the rotational symmetry (7). The index j,
will be used for specific rotations (by the angles j,180°) of
symmetric linear molecules, while the index j; will be reserved
to describe reflection symmetries in the next section.

We consider linear molecules that lie in the polarization
plane of the laser field. We then have y || y., i.e., the y axes
of the two coordinate systems introduced above coincide;
cf. Fig. 1. Due to Eq. (7), the HATI spectra for (different)
molecular orientations 6; and 0; — o, transform into each
other upon rotation by the angle o ;. It can be shown that
the differential ionization rate is invariant with respect to a
simultaneous rotation of the vector p and all vectors from
the set {R} about the y axis by the angle «;,, with the laser
electric-field vector fixed, regardless of the symmetry of the
linear molecule. Therefore, we have

wrryir(n) = Wrp;i (), ®)

where the prime on i means that the molecular ground-state
wave function is also rotated. This relation was derived in
Ref. [60] for homonuclear diatomic molecules, but it is valid
for arbitrary linear polyatomic molecules.

In general, linear molecules whose position in the zx plane
is determined by the vectors from the set {R} are not invariant
with respect to rotation about the y axis. In particular, diatomic
heteronuclear or other asymmetric linear molecules, aligned in
the polarization plane of the laser field, do not exhibit rotational
symmetry. However, symmetric linear molecules are invariant
with respect to rotation about the y axis by the angle j,180°,
where j; is an integer.

The above-mentioned two rotational symmetries were ex-
plored in detail in Ref. [60] for the case of homonuclear
diatomic molecules. They also hold for the HATI spectra of
symmetric linear molecules. A combination of these symme-
tries leads to the conclusion that the corresponding differential
ionization rate is invariant with respect to the transformation
[in contrast to Eq. (7), we express angles in degrees]

0 — 0+ jp180°, 6 — 0r + j»180° — o,
r

O = O +aj, o) =—j 360°, 9

r+s

where j; and j, are integers, which can take the values
0,£1,£2,... . If we fix j, =0, i.e., consider only rotation
by the angle «;,, the relation (9) is valid also for asymmetric
molecules.

Let us now illustrate the symmetry (9) with a few examples.
InFig. 6, we show results for the triatomic symmetric molecule
CO; for r =1 and s = 2. The spectra shown in the upper
panel (6, = 0°), if rotated by 120° [for j;, = —1, relation (9)
gives 0, — 6, + 120°], are the same as those in the lower
panel (for j, = 1, we have 8, — 0, + 180° — 120° = 60°).
As the second example, we consider the homonuclear diatomic
molecule O, for r = 1 and s = 4. The corresponding spectra
for the two orientations 6; = 0° and 36° are presented in
Fig. 7. It can be noticed that these spectra are related by a
rotation. Namely, combining the rotation by 180° (j, =1,

2 -6
-
1 ‘ -7
S
o 0 L1-8
Q.':_] _9
-2 -10
2 -1 0 1 2
p, (a.u.)
2 -6
1 -7
>
s 0 -8
. \‘
S | ' -9
-2 -10
2 -1 0 1 2
p.(a.u.)

FIG. 6. Electron HATI spectra obtained using the IMSFA (both
the direct and the rescattered electrons are included) for the CO,
molecule, the laser intensity E? = I1x10" W/cm?, r =1, s =2,
and the fundamental wavelength of 800 nm. The electron-momentum
plane is defined with respect to the laser-field coordinate system:
p. = pcosb,, p, = psin6,. Upper panel: 8, = 0°. Lower panel:
0. = 60°. The logarithm of the differential ionization rate is presented
using a false-color scale, which covers five orders of magnitude.

0 — 0, + 180°) and the rotation of the bicircular field
by a_p, =2x360°/(1 4+ 4) = 144° (6, — 6, — 144°), the re-
sulting combination leads to the transformation 6, — 6, +
180° — 144° =6, 4+ 36°,6, — 6, + 144°.

The symmetry of HATI spectra for symmetric linear
molecules can be further analyzed taking into account the
parity of the number r + s. For symmetric molecules, the
number j, from the transformation relation (9) is an arbitrary
odd integer (for even j, nothing changes since the angles are
defined modulo 27) and we can write

o

. o 180
J2180° —aj, = —ay + s

for r+s =2k+1,

J2180° —aj = —ay, for r4s =2k, (10)

wherem = j; + jok/r,m' = j; + [jo(2k + 1) — 1]/(2r), and
k are integers. If, for example, we choose j; = —k and j, = r,
we obtain m =0, ie., «, = 0. Therefore, for symmetric
molecules, for r + s even and for m = 0, the above transfor-
mation (9) takes the form

0 — 6+ j»180°,
O — 0. + j2180° (r + 5 = even), (11)

QL — OL,

which corresponds to the transformation p — —p with fixed
positions of the molecule and the field. This inversion symmetry
is clearly visible in both panels of Fig. 8. On the other hand,
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2 -1 0 1
p.(a.u.)

FIG. 7. Electron HATI spectra in the momentum plane obtained
using the IMSFA for the O, molecule in the plane of the field, the laser
intensity E? = 1x10'* W/cm?, r = 1, s = 4, and the fundamental
wavelength of 1000 nm. Upper panel: alignment 6, = 0°, lower panel:
QL = 360.

for r + s odd, the smallest nontrivial (absolute) value of the
angle j»180° — «;, is 180°/(r + ) [for m" = 0, i.e., for j; =
—[j2(2k + 1) — 1]/(2r), in the first line of Eq. (10)]. Therefore,
for symmetric molecules and r + s = 2k + 1 odd, there are
suitable odd j, that yield the symmetry

180°

6, — 6; + s
L L r+s

O = O + o_j,¢159)-112n (r+s=0dd).  (12)

This is illustrated in Fig. 6 for 8, =0° — 6, =0°460° = 60°,
0 —> 0, +a_ij,—1y2 = 6, + 120° (for j, = 1). Analogously,
for Fig. 7 we have 6, =0°— 36° and 6, — 6, +
a_sj,—1y2 = 0. + 144° (for j, = 1). Generally, for symmetric
molecules and r + s odd, rotation of the molecule such that
0, — 0L — oy + f& leads to rotation of the HATT spectra in
the momentum plane by the angle o, so that 6, — 6, + «;,,
where (with a suitable choice of odd j,) j1 =m' — [jo(r +
s) — 1]/(2r) is an integer.

For asymmetric molecules such as, for example, het-
eronuclear diatomic molecules, we have only one rotational
symmetry: the differential ionization rate is invariant with
respect to the transformation (9) with j, = 0. This symmetry
is illustrated in Fig. 9 for the CO molecule and a bicircular
field with r =1 and s = 2. For oy = —120°, one can see
that the spectrum for 6, = 120° can be obtained from the
spectrum for 6, = 0° by a rotation by the angle —120°,
which corresponds to the transformation 6, — 6, — 120° and
is in accordance with the relation (9) for j, = 0. Unlike the
case of the CO, molecule, presented in Fig. 6, for the CO

0 — 6+ j»180°,

-10

FIG. 8. Electron HATI spectra obtained using the IMSFA for the
0, molecule, laser intensity given by E? = 1x10" W/cm?, r = 1,
s = 3, and the fundamental wavelength of 800 nm. Upper panel: 6, =
45°. Lower panel: 9, = 90°. The spectra satisty inversion symmetry
p — —p forr + s even.

molecule in Fig. 9 there is no rotational symmetry between the
spectra for 6; = 0° (top panel) and 8, = 60° (middle panel).
In addition, due to the absence of the second rotational
symmetry, for asymmetric linear molecules there is no different
manifestation of the rotational symmetries for r + s odd and
r + s even.

So far, we have considered rotational symmetry for
molecules aligned in the polarization plane of the laser field. In
general, relation (8) should hold for any molecular orientation
provided that the rotation axis is perpendicular to the laser-field
polarization plane. If the considered linear molecule is aligned
perpendicular to this polarization plane, then the internuclear
vectors R;, j=1,...,N — 1, are invariant with respect to
rotation about the axis perpendicular to the polarization plane
of the field. In this case, the rotational symmetry of HATI
spectra reduces to the atomic case [40], and molecular HATI
spectra exhibit (r + s)-fold rotational symmetry. This might
be used as a tool to check the degree of linearity of certain
molecules or to check the alignment for linear molecules.
This is illustrated in Fig. 10 for the N, molecule. Though
the spectrum exhibits (» + s)-fold rotational symmetry just
as in the atomic case, it also exhibits some features that are
never present in the atomic case. For example, the origin of
the spotlike minima that appear (in the upper panel in the
area around p, = —0.5 a.u., p, = 0 a.u.; in the lower panel
around p, = —0.75 a.u., p, = 0.25 a.u.) can be attributed to a
destructive interference of the contributions of the two atoms
to the direct ATI.
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FIG. 9. Electron HATI spectra for the heteronuclear diatomic
molecule CO and the same laser parameters as in Fig. 6. The
orientation angles are 6, = 0° (top panel), 6, = 60° (middle panel),
and 6, = 120° (bottom panel).

V. REFLECTION SYMMETRY

It was proven in Ref. [60] that the direct ATI spectra for
homonuclear diatomic molecules obey reflection symmetries
for two mutually perpendicular molecular orientations defined
by the angles 6, = 0° and 90°. This is so for arbitrary
symmetric linear molecules. An example is shown in the top
and middle panels of Fig. 11 for the polyatomic symmetric
molecule CO,. It is obvious that the presented spectra are
invariant with respect to the transformation 6, — —6,. These
reflection symmetries can be combined with the rotational
symmetries described in the preceding section. For example,
by rotating the spectrum shown in the bottom panel of Fig. 11
(6, = 30°) by the angle 120°, we obtain the spectrum presented
in the middle panel (68, = 90°). This is in accordance with the
relation (9) for j; = —1 and j, = 1.

It is also clear from the bottom panel of Fig. 11 that the
direct ATI rate obeys reflection symmetry about the axis at

-6
-1
-8
1H-9
-10
-5
20 |
-6
1. |
:é -7
o 0
R -8
S|
-9
-2
‘ -10

2 -1 0 1 2
p. (a.u.)

FIG. 10. Electron HATI spectra obtained using the IMSFA for
the N, molecule oriented perpendicular to the polarization plane
of the laser field, for laser-field intensity E? = 1x10'* W/cm?,
fundamental wavelength 800 nm, and for r = 1, s = 2 (upper panel),
and r = 1, s = 3 (lower panel). The electron-momentum plane is de-
fined with respect to the laser-field coordinate system: p, = p cos6,,
px = psiné,.

the angle B; = 60° with respect to the positive p, axis. This
means that the corresponding rate for the angle 6, is equal
to the rate for the angle 28, — 6,. The parametric plot of the
vector potential A(¢) obeys reflection symmetry about axes
at the angles 8; = —«a;/2 = jr180°/(r +5) (j =0,...,r +
s — 1) with respect to the positive A, axis. In the atomic case,
this leads to the general reflection symmetry of the direct ATI
rate [40]. In Appendix A, we show that for linear molecules this
symmetry holds for particular molecular orientation angles 6,
and the corresponding reflection-symmetry axes at the angles
Bj, which, according to the relation (A2), are given by

. o . r o
0 = j390° — B;, ﬂj=]m180, (13)

where j3 = #1 for asymmetric linear molecules. For sym-
metric linear molecules, relation (13) is valid also for j; = 0.
Using Eq. (13), we can easily explain the result of Fig. 11:
for the top panel we have j3;=j =0, 6, =0°, By =0°
for the middle panel itis j3 =1, j =0, 8, =90°, By = 0°;
while for the bottom panel we get jz =1, j =1, 8; = 60°,
6, = 90° — 60° = 30°.

As both j and j3 can be positive or negative, from rela-
tion (13) one can conclude that the ATI spectra will observe
reflection symmetry for molecular orientations (6;,) perpendic-
ular to the reflection axes (8;) of the vector-potential curves.
In Fig. 2, these perpendicular lines (molecular orientations)
are represented by dashed lines. These lines coincide with the
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FIG. 11. Electron ATI spectra for the CO, molecule and the
same laser-field parameters as in Fig. 6 for the orientations 6, = 0°
(top panel), 0, = 90° (middle panel), and 6, = 30° (bottom panel).
Each spectrum has one reflection-symmetry axis, and the spectra for
01 = 90° and 30° are related by a rotation.

reflection axes of the parametric plot of the electric field, and
for even r + s they also coincide with the reflection axes of
the vector-potential curves (see the right-hand panel of Fig. 2).
This can also be explained by a closer inspection of the values
of the molecular orientations 0;, from relation (13). Similarly
as was done for the relation (10), it can be shown that, for
suitable odd js, it is

—/3,,/+% forr +s =2k + 1,

0 = j390° - B; = {—ﬂn for r 45 — 2k,

(14)

where k, n = j — jsk/r,and n’ = j — [j52k + 1) — 1]/(2r)
are integers. For symmetric molecules, where j; = 0,41 (or
generally, any arbitrary integer due to the periodicity of the sine
and cosine functions), for odd r + s the angle 6, takes on a dif-
ferent set of values for j; odd and for j; even, but forevenr + s

, '10

2 -1 0 1 2
p. (a.u.)

FIG. 12. Electron ATI spectra for a bicircular field with the same
laser-field parameters as in Fig. 6 and for » = 1 and s = 3, for the O,
molecule aligned at the angle 8, = 0° (top panel), 6, = 90° (middle
panel), and 6, = 45° (bottom panel).

it acquires the same set of values in both cases. This is why for
odd r 4 s and a symmetric linear molecule there are additional
orientations that lead to symmetric ATI spectra. For example,
forr = 1,s = 2 and symmetric linear molecules [N, (see [60]),
0,, CO,] there is reflection symmetry in the spectra for the
orientation angles 6;, = 0°, 30°, 60°, 90°, 120°, . . ., while for
asymmetric linear molecules (CO, OCS) we have reflection
symmetry for the orientation angles 6;, = 30°, 90°, 150°, .. ..

For a bicircular field with even r + s, we have shown
that for symmetric molecules the spectrum satisfies inversion
symmetry p — —p both for ATI and HATI electrons. An
example of direct electron ATI spectra is shown in Fig. 12.
In addition to this inversion symmetry, the spectra satisfy
the reflection symmetry (13). This results in two mutually
perpendicular reflection-symmetry axes. This can also be seen
from relations (13) and (14) for even r + s, as there are
two different reflection-symmetry-axis angles 8; for odd js
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p, (a.u.)

FIG. 13. Electron ATI spectra for the CO molecule and for a
bicircular field with the same laser parameters as in Fig. 6, but for
r = 1 and s = 4. Upper panel: 6; = 90°. Lower panel: 8; = 54°.

and B, for j; = 0, which correspond to the same orientation
6. For the top panel of Fig. 12, we have 6, = 0° and two
reflection-symmetry axes at the angles Sy = 0° for jz =0
and Bio = +90° for j3 = £1. Similarly, for the middle panel
(6L, = 90°) we again have two angles: By = 0° for j3 = 1 and
B_» = —90° for j; = 0. Finally, for the bottom panel (6, =
45°) the corresponding angles are B_; = —45° for j; = 0 and
B = 45° for j; = 1.

Examples of ATI electron spectra for asymmetric molecules
are shown in Figs. 13 and 17. In Figs. 13 and 14, we present
results for the CO molecule and the angles 6; = 90° and
54°. For 6, = 90° the reflection-symmetry axis is at the angle
Bo = 0°, while for 6; = 54° we determine this angle in the
following way. For r = 1 and s = 4 from Eq. (13) for j; =
j3 =1 we obtain f; = jzx90° — 0y = 1x90° — 54° = 36°,
while for r =2 and s =3 and for j; = —2 and j; = —1
we get By = —1x90° — 54° = —144°. These results are in
accordance with the spectra presented in the lower panels of
Figs. 13 and 14.

From Fig. 15 we see that the reflection symmetry is
violated for 8; = 0° and the CO molecule. The absence of
this symmetry can also be seen in the top panel of Fig. 16 for
the OCS molecule. Due to the larger asymmetry in the electron
density function for the CO molecule in comparison with the
OCS molecule, the mentioned reflection-symmetry violation
is more visible for the CO molecule. On the other hand, the ATI
spectra shown in the middle panels of Figs. 15 and 16 confirm
the symmetry with respect to the reflection P, (6, = 90°). The
results presented in the bottom panels of Figs. 15 and 16 are
in accordance with the relation (13) for 6, = 30°, j3 = 1, and
B = 60°.

p, (@.u.)

p,(@.u.)

2 -1 0 1 2

FIG. 14. Electron ATI spectra for the CO molecule and for a bicir-
cular field having the intensity E? = 1x10'* W/cm?, fundamental
wavelength 1600 nm, r =2, and s = 3. Upper panel: 6, = 90°.
Lower panel: 6, = 54°.

Another example for the CO molecule and a bicircular field
with » =1 and s = 3 is presented in Fig. 17. It is obvious
that for 6;, = 90° (upper panel) the angle of the reflection-
symmetry axis is Sy = 0°, which agrees with the relation (13)
for j3 = 1. However, contrary to the result for symmetric linear
molecules, presented in the middle panel of Fig. 12, there is no
symmetry axis for the angle 8_, = —90° since for asymmetric
molecules relation (13) is not valid for j; = 0. Finally, for the
lower panel of Fig. 17 for 6; = 45° we again have only one
reflection symmetry axis for §; = 45° and j; = 1.

For molecular orientations that do not satisfy the cri-
terium (13), there is no reflection symmetry for the direct
ATT electron spectra. An example for the O, molecule with
6, = 45°, for a bicircular field with r =1 and s =2, is
presented in Fig. 18.

VI. CONCLUSIONS

In this paper, symmetries of ATI and HATI electron spectra
of oriented linear molecules generated by a bicircular laser
field are considered. Differences in these symmetries for
asymmetric and symmetric linear molecules are examined and
explained. In the general case of arbitrary linear molecules
in a bicircular field with frequencies rw and sw, the electron
velocity maps exhibit rotational symmetry. We considered the
case when the molecules are aligned perpendicular to the
polarization plane and the case when they lie in the polarization
plane. In the first case, the HATI spectra exhibit (r + s)-fold
rotational symmetry as in the atomic case, but with some
additional interference pattern. This pattern is caused by the
interference of electron wave packets released from different
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FIG. 15. Electron ATI spectra for the CO molecule and the same
laser-field parameters as in Fig. 6 for the orientations 6, = 0° (top
panel), 6, = 90° (middle panel), and 6, = 30° (bottom panel). There
is no reflection symmetry for 6, = 0°, but there is a reflection sym-
metry for the spectra for 6, = 90° and 30°, as shown in Appendix A.

atomic centers. In the second case, the electron velocity map
for a molecule oriented by the angle 6, in the polarization
plane of the laser field is the same as the electron velocity map
rotated by the angle «a;, = — j1r360°/(r + s) (j; integer), for
the same molecule but oriented by the angle 6; — «;,.

In the remaining part of this section, we address the addi-
tional rotational and reflection symmetries for linear molecules
oriented in the laser-field polarization plane. For symmet-
ric linear molecules (compared with asymmetric molecules)
there is an additional rotational symmetry with respect to
rotation by the angle j,180° (j, integer) about an axis
perpendicular to the polarization plane. For even r + s this
rotational symmetry manifests itself by a twofold symmetry,
i.e., by the inversion symmetry (p — —p). The curves of the
corresponding electric field and vector potential exhibit the
same inversion symmetry (see the right-hand panel of Fig. 2).

|

2 -1 0 1 2

p. (a.u.)
5
L6
ey
8
-9

pz(au

FIG. 16. Same as in Fig. 15 but for the OCS molecule.

On the other hand, for odd r + s the electron spectrum in
the direction of the angle 6, for the molecular orientation
angle 0; is the same if it is rotated by the angle «;,, i.e.,
in the direction of the angle 6, + «,, but for the molecular
orientation angle 6; + j»180° — a;, = 0 — o,y + 180°/(r +
$) =0, + Q2rm’ 4+ 1)180°/(r + s), where m’ = j| + [jo(r +
s) — 1]/(r + s). Here j, is an arbitrary odd integer, which can
be chosen such that «,, = 0 [for example, for m’ = 0 and
J» = 1 compare Fig. 6 (j; = —1) and Fig. 7 (j; = —2)].

The direct ATI spectra for an atom in a bicircular field have
2(r + s) reflection-symmetry axes, which coincide with the
reflection-symmetry axes of the vector potential A(¢). These
axes are determined by the angles 8; = jr180°/(r +s) =
—a;/2,j=0,1,...,2(r +s) — 1, with respect to the positive
7y, axis. The direct ATI spectra for arbitrary linear molecules
that lie in the polarization plane and are oriented by the an-
gle 8, = j390° — B;, j3 = %1, have one reflection-symmetry
axis, which is determined by the angle §;. This means that
in this case the spectrum is the same for the angles 6, and
2B; — 6,.For easier visualization, these molecular orientations
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FIG. 17. Electron ATI spectra for a bicircular field with r =1
and s = 3, for alignment 6, = 90° (upper panel) and 6;, = 45° (lower
panel) of the CO molecule, and other laser parameters as in Fig. 6.

are along the lines perpendicular to the reflection-symmetry
axes of the vector potential A(¢). In particular, for even r + s
these perpendicular lines are identical with the symmetry
axes of the vector potential itself. The ATI spectra for other
orientations in the polarization plane obey, in general, no
symmetries at all.

For symmetric linear molecules, there is an additional
reflection symmetry for j; =0 in the upper formula (14),
i.e., for the molecular orientation angle 6; = —f;, with the
corresponding reflection-symmetry axis at the angle §;. For
even r + s, this leads to ATI spectra with two mutually
perpendicular reflection-symmetry axes for suitable molecular
orientations 6y, one at the angle —6;, and another one at the

-5
»
Q -7

6
8
9

10

20 -1 0 1 2
p, (a.u.)

FIG. 18. Electron ATI spectra in the momentum plane for the
0O, molecule oriented by the angle 6, = 45° and the same laser
parameters as in Fig. 6.

angle 90° — 0;,. When r + s is odd, we get another set of
orientations that will produce ATI spectra having reflection
symmetries [these orientations coincide with the reflection-
symmetry axes of the vector potential A(z)].

Finally, while some symmetries of the photoelectron spectra
are immediately related to the symmetry of the laser field and
look obvious, some others are not easy to find. In this sense,
the careful analysis presented in this paper is indispensable
for applications. Possible applications are numerous. At the
end of Sec. III we mentioned checking the degree of linearity
of the molecule and, for linear molecules, its alignment. One
can also extract elastic-scattering differential cross sections
of the molecular targets [57] in a similar way as was done for
atomic targets exposed to the bicircular field in Ref. [43]. More
applications are waiting to be discovered.

The rotational symmetries also hold for the exact ionization
amplitude, regardless of the SFA or ISFA, provided the laser
pulse is long enough. So they should be observed by solutions
of the time-dependent Schrodinger equation (TDSE) and,
ultimately, by experimental data. The reflection symmetries,
on the other hand, only hold for the direct (ATT) electrons. The
extent to which they are visible in realistic simulations (TDSE
or experimental data) allows one to assess the importance of
rescattering contributions.
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APPENDIX: INVARIANCE OF THE DIRECT
DIFFERENTIAL IONIZATION RATE WITH RESPECT
TO THE REFLECTION TRANSFORMATIONS

In Appendix C of Ref. [60], we proved that the differential
ionization rate of direct ATI is invariant with respect to the
reflections X — —X (for fixed angle §;, = 0°) andZ — —Z (for
fixed angle 6; = 90°). The corresponding operators of these
reflections were denoted by P,(6, = 0°) and P,(6, = 90°),
while the transformed quantities were denoted by a double
prime and a triple prime, respectively. In the proof of the
invariance under the reflection P, (6, = 0°), we used the fact
that for homonuclear diatomic molecules the expansion coeffi-
cients ¢, and c_ 4, of the ground-state molecular wave function
in terms of the atomic orbitals are equal up to a sign. For
heteronuclear diatomic molecules this is no longer the case, and
the corresponding differential ionization rate is not invariant
with respect to this transformation. However, it is invari-
ant with respect to the second transformation P,(6; = 90°),
which we will show in the remaining part of this
Appendix.

In Ref. [52], we have shown that the term ¢ = 1 for
heteronuclear molecules should be replaced by ¢ — A, where A
is the mass asymmetry parameter. Taking into account that for
heteronuclear molecules we dress the whole molecular orbital
and not the atomic centers, we can repeat the derivation of
Appendix C of Ref. [60], replacing gp - R/2 with (¢ — 1)[p +
A@)] - R/2 + us(t) + as(t). For heteronuclear molecules, we
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should consider how the molecular-dipole term and the po-
larizability term change under the reflection 2 — —2. The
molecular dipole u = —uZ is oriented along the internuclear
axis so that this transformation changes its sign,i.e., g — —pu.
The reflection transformation for the time-dependent dipole
gives /(1) = — [T (—p) - [-E(2)ldT = —pus(—1). Analo-
gously, for the polarizability term we obtain ' (1) = —as(—1).
Using this and the transformation properties of the atomic wave
functions ¥, (—r) = (—1)"y,(r""), we obtain

Tepr(m) = (=1 [T ()] (A1)

From this we get the required result wifl))i(n) = wg)l)),,,i(n).
Analogous considerations are valid for any linear asymmetric
molecule, say OCS.

Since the matrix elements of the 2x2 reflection ma-
trix are the same for the angles 6, = 90° and —90°, i.e.,
[P (£90°)]11 = —[P,(£90°)]22 = —1 and [P, (£90°)]2 =
[P,(£90°)]5; = 0 [40], the reflection symmetry derived above
is valid also for the angle 6; = —90°. We can express all these
reflection symmetries by the relation

0 — j3180°— 0, 6, = j390°, 6, — —6, (j3=0,%1).
(A2)

The reflection symmetry for j; = 41 is valid for all linear
molecules, while the symmetry for jz; = 0 is valid only if they
are symmetric.

The result (A2) can be further generalized. It can be shown
that the differential ionization rate for the molecular orientation
angle 0; = j390° — B;, j3 = 0,%1, j an integer, is invariant
with respect to the reflection about a line through the origin
that makes an angle 8; with respect to the z; axis, i.e.,

Wi (1) = wea (n), P = P, (BP. 0L = j390° — B;.
(A3)

Here the reflection operator P, (B;) and the angle 8; =
—aj/2 = jrm/(r + ) were defined in Ref. [40]. According
to Eq. (40), from this reference we have E@) = —E(z; — 1),
Al = A(tj — 1), and @(t) = —a(r; — t). The angle between
the z axis, which is in the direction R, and the reflection-
symmetry axis is 6 + B; = j390°, so that for jz = £1 it
is R = —R, while for j3 =0 it is R = R. Using this, we
can repeat the derivation of Appendix C from Ref. [60] and
obtain the result (A3). One should also have in mind that
Px(eL = OO) = Pz,‘(oo)-
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