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We analyze optimal schemes and also propose some practical schemes for the nonlocal conversion from two
shared Bell pairs to four-qubit entangled states in optical quantum networks. In the analysis, we consider two-qubit
operations as nonlocal operations and minimize the number of access to ancillary qubits as possible. First, we
consider two-qubit unitary operations without using ancillary qubits and derive a necessary and sufficient condition
for convertible states. Second, we consider nonlocal optical systems composed of passive linear optics and
postselection. For the passive linear optical systems, we derive achievable upper bounds of success probabilities
of the conversion in the case without ancillary qubits. We also compare the optimal success probabilities with
those of previously proposed schemes. Finally, we discuss success probabilities of the conversion in the case with

ancillary qubits.
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I. INTRODUCTION

Multipartite entanglement is an important resource of a
quantum network that enables several multiparty quantum
information processing tasks such as quantum key distribu-
tion (QKD) [1], quantum teleportation [2,3], and distributed
quantum computing [4—6]. For each of the multiparty quantum
information processing tasks, different entangled resource
states are required. Particularly, Bell pairs, graph states [7-9],
hypergraph states [10], W states [11-13], and Greenberger-
Horne-Zeilinger (GHZ) states [14] are used in a variety of
protocols as follows: Bell pairs can be used for QKD [1]; quan-
tum teleportation of a general one-qubit state [2]; and blind
quantum computing [15-17]. Graph states and hypergraph
states can be used for universal quantum computing [8,9,18].
W states can be used for leader election in anonymous quantum
networks [6] and asymmetric telecloning [19]. GHZ states
can be used for achieving consensus in distributed networks
without classical postprocessing [6] and secure delegated
classical computing [20]. Recently, in addition to these, Dicke
states [21] and yx states [3] have also been studied. For
example, Dicke states can be used for Grover’s quantum search
algorithm [22] and certain quantum versions of classical games
[23,24]. x states can be used for achieving optimal violation of
a Bell inequality [25] and quantum teleportation of a general
two-qubit state [3].

So far, several generation methods of multipartite entangled
states have been proposed [26-30]. In quantum networks,
we normally consider the state generation of various mul-
tipartite entangled states by local operations and classical
communication (LOCC) because of the characteristics of
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quantum entanglement. This is fundamentally interesting. On
the other hand, it is well known that the conversion between
any multipartite entangled state cannot be achieved using
LOCC, because GHZ states, W states, graph states, Dicke
states, and x states come from inequivalent entanglement
classes under LOCC in the four-qubit case [31,32]. Recently, in
order to circumvent such no-go result, the nonlocal conversion
required as the realistic networks has been actively studied.
For example, it has been shown that a four-qubit linear cluster
state can be probabilistically converted to a four-qubit GHZ
state, a four-qubit Dicke state, and two Bell pairs [33,34]
using a tunable polarization-dependent beam splitter (PDBS)
as a nonlocal operation. In another work, a universal optimal
gate for transforming Dicke states has been proposed in the
case where some qubits can be accessed from one node [35].
Furthermore, a scheme to fuse three W states, which requires
an ancillary qubit and access to one qubit of each of the W
states, has also been proposed [36]. However, the utility of
nonlocal operations for the quantum network has not yet been
fully understood. It is still challenging to achieve entanglement
generation efficiently in restricted situations, where the number
of access to qubits is minimized.

In this paper, we analyze the optimal state conversion from
two Bell pairs to four-qubit entangled states and also propose
some practical conversion schemes using restricted nonlocal
operations. Here, we focus on a situation where one node is
close to another one while far from the other two nodes for
shared two Bell pairs. We also assume that nonlocal operations
can be performed on only two nodes being close to each
other. First, in Sec. II, we consider general two-qubit unitary
operations as nonlocal operations. We then derive a necessary
and sufficient condition for convertible states in this case.
Second, in Sec. III, we consider optical systems composed of
passive linear optics and postselection as nonlocal operations.
In Sec. IIT A, we define nonlocal operations using only passive
linear optics and postselection for our conversion schemes.

©2018 American Physical Society
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FIG. 1. Anexample of quantum networks. The image magnifica-
tion is a four-qubit state shared by four nodes that are enclosed by
dotted lines.

Then in Sec. III B, we consider the nonlocal conversion from
two Bell pairs to well-known four-qubit entangled states such
as linear cluster states, GHZ states, W states, Dicke states,
different two Bell pairs, and x states using the definition in
Sec. III A. In particular, we derive optimal success probabilities
of the nonlocal conversion and show how to achieve the
optimal success probabilities in passive linear optical systems.
In Sec. IIIC, we show improvements of success probabilities
of the conversion when we use ancillary qubits. In Sec. 1V,
we compare our scheme with some previous protocols and
show advantages of our scheme. Section V is devoted to the
conclusion. In Appendix A, we provide details of derivation
of optimal success probabilities for our nonlocal conversion
methods. In Appendix B, we derive the success probability
and the fidelity of an output state of a nonlocal converter given
in Sec. III B when the transmittance of PDBSs is deviated from
an ideal value.

II. STATE CONVERSION BY NONLOCAL TWO-QUBIT
UNITARY OPERATIONS

We focus on a shared four-qubit state in quantum networks,
as shown in Fig. 1. This four-qubit state is represented as
two qubits close to each other (nodes 2 and 3) and other two
qubits far from the others (nodes 1 and 4). In this situation, we
consider the state conversion from two Bell pairs to four-qubit
entangled states using two-qubit unitary operations performed
on nodes 2 and 3. Two Bell pairs are given by [®T); 5|®T); 4,
where [0+); ; = ((HH); ; + [VV); )//2. Here, |H); (|V);)
represents a horizontally (vertically) polarized photon in node
i of the network. We define V; 3 as a two-qubit unitary operator
performed on nodes 2 and 3. We also define U; and Wy as a
single-qubit unitary operator performed on each node 1 and
4, respectively. Using these definitions and the initial state
|®1)) 2|PT)3 4 with a relation given by

Ujlo*)i; = Ul 19%)i, ¢
a converted four-qubit state | /) can be written as
If) = Ui VasWa | ®F) 12|97 )3 4
= V5|0 ) 12134

1
=5 > liaVislinas, @

i,je{H.V}

where V; 5 = V,3U7 Wi . From Eq. (2), it is known that when
| £) is divided into system A (the nodes 1 and 4) and system
B (the nodes 2 and 3), the Schmidt rank of | f) is four, and all
of Schmidt coefficients are equal to each other, i.e., 1 /2. Itisa
necessary condition for | f). Next, we show that this condition
is also a sufficient condition for | f). Any four-qubit state that
satisfy this condition can be written as

D VialijhaViaslijs,
i,je{H,V}

i

1
E |, i) 1,4l )23 = 3
i\j=0

N =

where {|¢;,;)10 <i,j < 1} and {|; ;)|0 < i,j < 1} are or-
thonormal bases of systems A and B, respectively. V; 4 and
V’y 3 are two-qubit unitary operators on systems A and B,
respectively. Moreover, any two-qubit unitary operator can be
decomposed as

(U ® Wexpli(01 X @ X+6,Y @ Y+6;,Z ® 2)|(U' @ W'),
3)

where 6; € R (i = 1,2,3) [37). U, W, U’, and W' are single-
qubit unitary operators. X, Y, and Z are Pauli X, Y, and
Z operators, respectively. For simplicity, we define R =
explih X X +6,Y ®Y +603Z ® Z)]. From Egs. (1) and
3),

> Vialij)iaV2alifas
i,je{H,V}

= U\ WaR sU W'y V'3 3D T) 12| DT )34 €]

~ ~T .~ T o~
= V230, W5 RosUy W |0T)10|0T )54 =1f).  (5)

This implies that the condition is also a sufficient condition for
| f). As a result, the following theorem holds.

Theorem 1. A quantum state can be converted from two
Bell pairs |®1);,|®"); 4 using two-qubit unitary operations
performed on nodes 2 and 3 if and only if when the quantum
state is divided into system A and system B, the Schmidt rank
of the quantum state is four, and all of Schmidt coefficients are
equal to 1/2.

Note that in general, any two-qubit unitary operation is
required for the conversion. Accordingly, this conversion
scheme requires some nonlinearities. For example, cross-Kerr
nonlinearity, an ancillary coherent state, and linear optics
are sufficient to perform any two-qubit unitary operation on
polarization-encoded qubits [38].

Using Theorem 1 and this situation, we examine the state
conversion from two Bell pairs to well-known four-qubit
entangled states. As well-known four-qubit entangled states,
we focus on the linear cluster state |C4), the GHZ state
|GHZy4), the W state |Wy), the symmetric Dicke state |Df‘2)),
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[ D) 3| DT )04, [DT)1.4|DPT )23, and the x state | x) defined as follows:
|[HHHH) 234+ |HHVV) 1234+ |VVHH) 534 —|VVVV)i234

ICs) =

2
_|HH)14|HH)23+ [HV)14lHV )23+ [VH)14lVH)23 = |[VV)14lV V)23 ©)
N 2
IHHHH) 1234+ |VVVV)i234 |HH)14|HH)3+|VV)14VV)23
|GHZ,) = = (N
V2 V2
W) = |[HHHV )1 234+ HHVH)1 234+ HVHH)1 234+ |VHHH) 1234
o= 2
1 [HV)23+|VH)s [HV)1a+|VH)i4
= —<|HH)1,4 + |HH), 3 )
V2 V2 V2
1
|DY) = FUHHV V) 1254+ HVHV ) 1254+ [VHHV 254+ [HVVH) 1234
+|VHVH) 234+ |VVHH) 234)
2/HV )14+ VH)14|HV )23+ |VH)3 1
:\/; 7 7 +%(|HH)1,4|VV)2,3+|VV)1,4|HH)2,3) )
|[HH) 1 4|HH )23+ |HV )1 4lVH)23+ |[VH)14|HV)23+|VV)14|V V)23
[®F)131PT )24 = : 5 (10)
|[HH)1 4+ |VV)14|lHH)23+ |V V)23
[ D)y 41DT)o3 = : (1D
V2 V2
1
Ix) = m(|HHHH)1,2,3,4 —|HHVV)1234—|HVHV)1234+|VHHV)1234+|HVVH)234
+HIVHVH) 1234+ |VVHH) 1234+ |VVVV)1234)
B L(|HH>1,4 +IVV)halHH)3+1VV)e3  [VH)14—|HV)14IVH)2 3+ |HV)2,3) (12)
V2 V2 V2 V2 V2

From Egs. (6)—(12) and Theorem 1, the following corollary holds.

Corollary 1. Two Bell pairs |®1);,|®1);4 cannot be
converted to |GH Zy), |Wa), | D), |®1);4/P)23, and |x)
using two-qubit unitary operations performed on nodes 2 and
3. On the other hand, |®1) 5|®*)3 4 can be converted to |Cy)
and |®1)1 3|®), 4 using the same operations.

Note that even if we perform above nonlocal operations and
two-qubit unitary operations on nodes 1 and 4, Theorem 1 and
Corollary 1 hold. It is clear from Egs. (4) and (5).

III. NONLOCAL CONVERSION USING PASSIVE LINEAR
OPTICS AND POSTSELECTION

Corollary 1 means that |®*); ,|®T)3 4 cannot be converted
to any four-qubit state using only two-qubit unitary operations
performed on nodes 2 and 3. In order to convert to more various
classes of the entanglement composed of four-qubit states in
optical quantum networks, we consider optical systems based
on a postselection as nonlocal operations. The optical systems
considered in this section are composed of passive linear optics,
i.e., PDBSs, polarization-independent beam splitters, phase
shifters (PSs), and wave plates. We also assume the same
situation as considered in Sec. II. In this situation, we show that
the passive linear optical systems enable us to convert from two

(

Bell pairs to entangled states that cannot be converted in Sec. I1.
To this end, in Sec. III A, we define nonlocal operations using
only passive linear optics and postselection. In Sec. III B, using
the definition of the nonlocal operation given in Sec. III A,
we derive achievable upper bounds of success probabilities
of the conversion from shared two Bell pairs to well-known
four-qubit entangled states. We then show that existing optical
systems can achieve the upper bounds. In Sec. IIIC, we give
improvements of the conversion when we use ancillary qubits.

A. Nonlocal operation for our conversion method

A general passive linear optical system can be represented
as shown in the left-hand side of Fig. 2, because we consider the
situation where nonlocal operations can be performed on only
nodes 2 and 3, which are close to each other. Note that positions
of detectors and input photons can be fixed because swap
operations between different spatial modes can be realized
using only passive linear optics. In order to simplify the form
of the optical system without loss of generality and define our
nonlocal operations, we prove the equivalence shown in Fig. 2.
In other words, we show that an output state is the same in
both optical systems in Fig. 2 when a postselection succeeds.

042341-3
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FIG. 2. The equivalence of two optical systems with two Bell pairs as an input. Two red circles connected by a black dashed line represents
the Bell pair |®). Each of black symbols at output side represents a threshold detector. Each of passive linear optical systems is represented

by a corresponding unitary operator U, V, W, U, or W' . Here, V'

Here, we assume that the postselection succeeds when all of
threshold detectors detect a photon.

Let cjs and dfs be the s(€ {H,V})-polarized photon creation
operators for input spacial mode i in node 1 and for output
spacial mode i in node 1, respectively. When a photon in node
1 is input into the first spacial mode of the optical system shown
in the left-hand side of Fig. 2, CIS is transformed as follows:

g
UclyUt =Y ujndly +ujvdly)
j=1

.
Uel Ut = ayud'y + vy,
j=1

where L’ is the number of input (output) special modes.
Here, complex numbers u;; and i, satisfy Z§=1(|M]‘H|2 +
lujvl?) =Y 5_ (it ju|* + liijv]?) = 1 due to the unitarity of
U. Accordingly, when the postselection in node 1 succeeds,

i.e., a photon is detected by a threshold detector in node 1, the
Bell pair [®1), ; is converted to

(uial|H)1 +uy|VIDIH)2 + (g |H) L + v V)DIV )2
= |H)(ug|H)2 +15|V)2)
+IVhuiv|H)z + d1v|V)2) (13)

up to normalization. Equation (13) implies that a state con-
verted from |®1); , in the optical system corresponding to U
is the same as a state converted from |®*), ; in the optical
system corresponding to UJ. For |®");4 and the optical
system corresponding to W, we can explain in the same way.
Furthermore, in order to detect a photon by each of two
threshold detectors shown in the right-hand side of Fig. 2, two
photons have to go through the optical systems corresponding
to U] and WY , respectively. From these facts, we conclude that
the equivalence shown in Fig. 2 is satisfied. For our nonlocal
conversion methods, it is enough to consider only the optical

vUT @ WT).

system for two photons in nodes 2 and 3, which corresponds
to V' = V(UT ® WT) (see also the right-hand side of Fig. 2).

B. Nonlocal four-qubit state conversion

In this section, we derive success probabilities of optimal
nonlocal four-qubit state conversion from |®); ,|®1)3 4 us-
ing the optical system given in Sec. IIIA. Without loss of
generality, we assume that two photons in nodes 2 and 3
are input from spacial modes 1 and 2, respectively. After
the unitary operator V' is performed on two photons in
nodes 2 and 3, each of creation operators is transformed
as follows:

L
V/C’IHV,T = Z(ﬁijj‘H + ﬂijj'v)

J=1

L
Vial, VI =3 "(jubly +vivb}y)
j=1

L
V/a;HV’T = Z(Oleb;H + Ol_jvbj'v)
j=1

L
Vil V' =Y (njubly +njvby),
j=1

where L(Z=2) is the number of input (output) spa-
cial modes. Here, complex numbers ojs, Bjs, Vjs, and

njs satisfy Zf’:l Zx:H,V |°‘js|2 = Z/L'=1 Zs:H,V |/3js|2 =

Z,L‘:l Sy Vsl = ZJL':I Y s—mv Injs|> = 1. When the
postselection succeeds, i.e., two photons are detected by two
threshold detectors in output spacial modes 1 and 2, an output
state | F') is given by

Fy = Mo V' [@F) 12| D)3 4
vV psuc ’
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TABLE 1. Optimal values of pg,. for well-known four-qubit  and |vac) is a vacuum state. In order to convert to a target state

entangled states. |t), it is necessary to satisfy that |F) = |t). By taking inner
product with |s152)1,4, we obtain
[t) Optimal value of pg,
Ca) 19 Mpost V' [5152)2.3 = 24/ Dsuc(S15211,411). (14)
4
|GHZs) 1/2 By substituting (sy,s2) = (H,H), (H,V), (V,H), and (V,V)
|Wa) 0 into Eq. (14), we obtain following four equations:
D) 0
|®7)131PT)24 1 pos VIIHH )23 = 24/Psuc(HH|1,411)12.3.4 (15)
[OF) 14| PF)23 1/4
1x) 0 HpostV,|HV>2,3 = 2\/ psuc(HV|1,4|t>l,2,3,4 (16)

Mpos VIIVH)2 3 = 24/Psuc(V HI1411)12,3.4 (17)
where pg,.(> 0) is the success probability of the postselection,

o is defined as Mpost VIVV)23 = 24/ Psac(VV 114l1) 12,34 (18)
2 2 Furthermore, by taking inner product with [s1s2)2 3 in both

Mpost = Z Z l_[bltl |vac) (vac]| l_[blT,S[, , sides of eaph of Egs. (15), (1'6), .(17), and (18), we obtain
Si=H.V so=H.V \I=1 =1 16 constraints in total. Considering these constraints, we

(b)

17

N\ PDBS /ZPBS
TH=T
Tv=1/3

HWP | PS
(Pauli X) (Pauli 2)

gHwP
(Hadamard)

FIG. 3. Optical systems that achieve optimal values of py,. If one photon is detected in each of output special modes 1 and 2, which are
denoted by 1’ and 2’, respectively, the postselection succeeds. (a) A nonlocal converter for |Cy). If one photon goes for either of two dashed
arrows, the conversion is failed. (b) A nonlocal converter for |G H Z,). (c) A nonlocal converter for |®*1); 4|®7), 3. Note that photons proceed
in the direction of the arrows. A gray box with a diagonal line represents PDBS whose transmittance for H(V)-polarized photons is 1 (1/3). A
blue rectangle with two diagonal lines represents a wave plate that operates as X. A blue rectangle with a diagonal line represents a PS that
operates as Z. A black line represents a mirror. A pale green box with a diagonal line represents PDBS whose transmittance for H (V)-polarized
photons is 1 (0), i.e., polarizing beam splitter (PBS). A green rectangle represents a wave plate that operates as the Hadamard gate.
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FIG. 4. The transmittance dependence of the success probability and the fidelity of the optical system shown in Fig. 3(a). Ty and Ty denote
the transmittance of PDBSs for H- and V -polarized photons, respectively. The black dot represents the ideal case. (a) The success probability.

(b) The fidelity between an output quantum state and |Cy).

derive the optimal value of the success probability pg,. for
well-known four-qubit entangled states (see Appendix A for
details). The optimal success probabilities are summarized
in Table I.

Next, we consider optical systems that achieve the optimal
values of pg,. (see Fig. 3). In fact, the optical systems given
in Fig. 3 are equivalent to existing optical systems proposed
for well-known four-qubit entangled states, which are given in
Table 1. The optical system shown in Fig. 3(a) is essentially
equivalent to the controlled-Z gate and the controlled-X gate
proposed in Refs. [39,40]. The optical systems shown in
Figs. 3(b) and 3(c) are also essentially equivalent to a nonlocal
gate proposed in Ref. [33]. With respect to an optical system
for conversion to |®71); 3|®T), 4, which is not shown here,
it can obviously be constructed using only mirrors. Note that
these optical systems are not unique ones that achieve optimal
success probabilities. In fact, |G H Z4) can also be converted
from |®1); ,|®*)3 4 with probability 1/2 by performing the

J

m' (Tf + 2Ty Ty + T3 — 6T3Ty — 6Ty TS + 12T5TE)

type-II fusion gate, which is not shown here [41]. While it was
not known whether these existing optical systems are optimal
or not, our results show the optimality of these existing optical
systems from a network perspective. Our results also show that
| W), |Df‘2)), and | x) cannot be converted from |®1); 5| T)3 4
using only passive linear optics and postselection (see Table I).

In the last of this section, we analyze practicality of our
schemes. First, we focus on the optical system shown in
Fig. 3(a). We consider how change in transmittance of PDBSs
affects the success probability pg,. and the fidelity F' between
an output quantum state and |C4). For simplicity, we assume
that all of PDBSs have the same transmittance Ty and Ty for
H- and V-polarized photons, respectively. In the ideal case,
Ty and Ty is set to 1 and 1/3, respectively. Furthermore, we
assume that HWPs and the PS ideally work because we can
adjust their function by rotating angles of them. The efficiency
of two threshold detectors are denoted by 1 and 7’. In this case,
Psuc and F are written as

Psuc =

19)

4

| Ty + 2Ty Ty — Ty|

F

(20)

and are plotted in Fig. 4 in the case of n =7 =1 (see
Appendix B for the derivation of pg,. and F'). Accordingly, the
efficiency of detectors does not affect the fidelity. Furthermore,
from Fig. 4(b), it is known that F > 0.9 is satisfied even when
the deviation from the ideal values of Ty and Ty is 0.14,
ie., Ty = 0.86 and Ty = (1 = 0.14)/3. This implies that our
scheme is robust against experimental imperfections and de-
tector inefficiencies. With respect to photon distinguishability,
we can adopt the same analysis used in Ref. [39]. As a result,
considerable deviation from the optimal performance occurs
due to photon distinguishability as with Ref. [39]. Second, we
focus on the optical systems shown in Figs. 3(b) and 3(c).
Since these optical systems are based on the Mach-Zehnder
interferometer, stabilization is important to realize them. By
using a Sagnac interferometer, we can improve stability of

2\/T,3 +2TuTy + T} — 6T;Ty — 6Ty T} + 12TA T}

(

them. In fact, essentially equivalent optical systems have
already been experimentally characterized by using the Sagnac
interferometer [34]. Accordingly, by using the same technique,
it would be possible to realize our method.

C. Improvement of success probabilities using ancillary qubits

We show that |W,), |D§2)), and |x) can be probabilistically
converted from |®1); ,|® )3 4 if ancillary qubits are available
in addition to passive linear optics and postselection. Note
that we minimize the access to ancillary qubits as possible.
To this end, we also consider the conversion from |C4) to
|Df)) and | x ). Such conversion can be done with probabilities
3/10 and 1/2 using optical systems given in Ref. [33] and
Fig. 5, respectively. Based on this fact, we construct conversion
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Z PBS
PS

(Pauli 2)
JHwP
(Hadamard)

FIG. 5. An optical system that converts to |x) from |Cy) if one
photon is detected in each of output spacial modes 1 and 2, which are
denoted by 1" and 2/, respectively.

methods for |Df‘2)) and |x) as follows: First, polarization-
encoded qubits are converted into spatial dual-rail qubits using
a PDBS and a wave plate. This can be done with probability
1. Second, the controlled-Z gate is performed on photons in
nodes 2 and 3 using Knill-Laflamme-Milburn (KLM) scheme
[42]. This step requires two ancillary qubits and succeeds with
probability 1/16. Third, spatial dual-rail qubits are converted
into polarization-encoded qubits using a PDBS and a wave

(a)

plate. As aresult, |®1); |®T)3 4 is converted to |C,). Finally,
|C4) is converted to | Df)) or | x ) using the optical systems men-
tioned above. Accordingly, |®*);,|®*)3 4 can be converted
to |Df‘2) ) and | x) using two ancillary qubits with probabilities
3/160 and 1/32, respectively. The optical systems for |D4(12))
and | x) are given in Figs. 6(a) and 6(b), respectively. For |W,),
we can also construct a conversion method based on existing
methods as follows: First, we transform |®7);,|®T);34 to
| W3) using method proposed in Ref. [43]. This transformation
requires no ancillary qubit and succeeds with probability 3/20.
Next we use the expansion method proposed in Refs. [29,30]
to generate |Wy) from |W3) and one ancillary qubit. This
expansion succeeds with probability 4/15. Accordingly, this
conversion method succeeds with 1/25 and requires only
one ancillary qubit. The optical system for |W,) is given in
Fig. 6(c).

IV. COMPARISON WITH PREVIOUS SCHEMES

In previous conversion schemes using only LOCC,
|®1)2|®T)34 cannot be converted to |Cs), |GHZy),
D1 3|DPT )24, and |DT)| 4|DT ), 3. In our optimal scheme,
we realize such conversion using nonlocal two-qubit opera-
tions without ancillary qubits. Furthermore, in the situation
considered in Secs. II and III B, our scheme is optimal.

(©

KLM 7
CZ gate

&

(b)
/ PBS N PDBS
1 5+4/5
PS 2TV
(Pauli 2) Th= 10
HWP _5-/5
I (Hadamard) Tv= 10
K Hwp / PDBS
(Pauli X) 5 _[5
2 0 T“=1—o[
5+4/5
HWP =
= (6-) V=""0

&

FIG. 6. Optical systems considered in Sec. IIIC. The KLM CZ gate represents a optical system given in Fig. 2 of Ref. [42]. The HWP
(6+) converts |H) (|V)) into cos (26.4)|H) + sin (204)| V) (sin (26.L)| H) — cos (201)|V)), where 20, = arcsin /(5 + +/5)/10. (a) A nonlocal

converter for |Df‘z)). (b) A nonlocal converter for |x). (c) A nonlocal converter for |W,). When one photon is detected by a threshold detector,
this converter correctly works. On the other hand, if at least one photon goes for the dashed arrow, the conversion is failed.
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We also compare our optimal scheme given in Sec. IIIB
with a conversion scheme based on the KLM scheme [42],
which is a scheme for universal quantum computing, in terms
of the number of required ancillary qubits and the success
probability. Note that we consider the KLM scheme that
succeeds with probability 1/16 and requires two ancillary
qubits to perform the controlled-Z gate. In order to con-
vert to |C4) from |®T1);,|®T);4, one controlled-Z gate is
required. Accordingly, the KLM-based scheme requires two
ancillary qubits and succeeds with probability 1/16. In order
to convertto |GH Zy), |®1) 1 3|P1)24,0r |®T) 4| D), 5 from
|®+))2|DT)34, three controlled-Z gates are required. As a
result, the KLM-based scheme requires six ancillary qubits
and succeeds with probability 1/4096. This argument implies
that our method is more efficient than the KLM-based scheme
in terms of the number of required ancillary qubits and the
success probability when [®71); ,|®T);3 4 is converted to |Cy),
IGHZy), |®1)13]®1)04, or |®@1))4|/®1)s3. On the other
hand, when | @) ,|®T);3 4 is converted to |Wy), |Df‘2)), or|x),
the KLM-based scheme is more efficient than our proposed
scheme because such conversion cannot be achieved using our
scheme.

V. CONCLUSION

In this paper, we have considered two kinds of two-qubit
operations to analyze optimal nonlocal conversion of two
Bell pairs. First, we have derived a necessary and sufficient
condition for two-qubit unitary operators. Second, we have
derived optimal success probabilities for nonlocal conversion
using passive linear optical systems and a postselection. In
these arguments, we have assumed that no ancillary qubits
are available. Furthermore, we have shown that the optimal
success probabilities can be improved using ancillary qubits.
Finally, we compare our scheme with previously proposed
schemes. Our method is more efficient than the KLLM-based
scheme when |®1)) ,|®1)3 4 is converted to |Cy), |GH Zy),
D) 3|DPT )24, or | DT)14|P1)s 3. On the other hand, when
|D+)1 5| ®T)3.4 is converted to [Wy), | D), or [x), the KLM-
based scheme is more efficient than our scheme.

In the quantum networks, we have various situations for
sharing entangled resource states. For example, if nonlocal
operations performed on three photons are available, |C4) can
be converted from |®1)|H H) with probability 1/4 [44]. This
success probability is greater than one that can be achieved by
our method. As another example, an optical system proposed
in Ref. [45] can also be used for state conversion from
superposition of two Bell pairs to several four-qubit graph
states. It is an important step to clarify what we can do
using nonlocal operations toward the realization of advanced
quantum networks. Thus, there still remains an interesting open
problem of how to optimally convert to various entangled re-
source states with a certain initial state and restricted quantum
operations in quantum networks.
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APPENDIX A

We derive the achievable maximum values of pg, for
the conversion from the initial state |®T);,|®1)34 to the
well-known four-qubit entangled states, such as |Cy), |G H Z4),
[Wa), D), |04)131@F )24, |9F)1.4|®T )23, and [x).

L |t) = |Cy)

The success probability of the state conversion for the state
|Cy4) is calculated with

npostv/|<b+)l,2|d)+)3,4 = 4/ psuc|C4)~

From inner products of |s;s2)1.4 (51,52 € {H,V}), we obtain

Mpost V'IHH )23 = /Psuc|HH )23, (Al)

Mpost VIIHV )23 = /Psucl HV )23, (A2)

Mpost V/IVH)2 3 = o/ Psucl VH)2 3, (A3)
and

Mpos VIVV)23 = —/Psucl VV )23 (A4)

Using inner products of [s1s2)2.3 in both sides of each of
Egs. (A1), (A2), (A3), and (A4), we also obtain

VPsuc = Biuon + Pouin (AS)
= Biumv + Bavnin (A6)
= yivoan + VauO1y (A7)
= —(vmy + v2vmv), (A8)

and
0= Binoay + Bavoun (A9)
= Bivaan + Panoiy (A10)
= Bivaav + Bavary (A11)
= Biumn + Banmu
= Bivmu + Baumy
= Bivmy + Bavmiv
= YVIHO2H + Y2HO1H
= VIHM2v + Y2vdiH
= yivaav + Yavaiy (Al2)
= YiaM2H + Y2HMH (A13)
= Yiu2v + Vaviiu (Al4)
= yivioe + Yaumv- (A15)
From Egs. (A5), (A9), (A10), and (A11),
0 = (Bivazn + Banory)ainony
+ (Binazy + fovom)oanany
= (Bivaay + Bavoan)ainony
+(Binozn + Banain)aivony
= /Dsuc1v oy . (A16)
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Here, oy apy = 01is required to satisfy pg,c > 0. Replacing o
with 8 in Eq. (A16), B1vBoy = 0 is also required. Moreover,
from the same way with Egs. (A8), (A13), (A14), and (A15),
mumu = Yinyan = 0.lfaay # 0,01y = y1v = Ois derived
from ajyazy = 0 and Eq. (A12), and then pg, = 0 is derived
from Eq. (A7). In order to satisfy pge > 0, ooy = 0 has to be
satisfied. According to the same way used in the above proof, it
also requires By = n2y = yig = 0. By substituting ooy = 0
into Eq. (A9), we obtain 0 = B,y . Here, we consider three
cases: (I) Boy =0 and oy #£ 0, (II) Boy # 0 and a1y =0,
and (IIT) Boy = a;g = 0.

First, we consider the case (I). From Egs. (A5)-(A8), the
square root of the success probability is given by

V Psuwe = Bracon + Borcin = Bianay
= YivQ2H = —Yiviv.

As a result, opy = —my and By = —yjy are satis-
fied, and they imply that Brpyoyg = —2B1gozy. Since
1Biul? + |Bonl* < 1 and |oy|? + ooy |* < 1 are satisfied

L 2 _ L 2 _
from Zj:l Zs:H,V lajsl® = Zj:l Zs:H,V |BjsI” =1, the
relation is rewritten as follows:

Biraan® = |fanarul? < (1 — B )1 — |aan|?)
1 - (|052H|2 + |,31H|2)
. .

Since pguc = |Binazy|* is a monotone increasing function of
|B1# and |azg |, and [1 — (Jaar|? + |B1#1%)]1/3 is a monotone
decreasing function of |By| and |ozg|, psuc 1S maximized
by |Bix| and |apy| that satisfy equality in Eq. (A17). We
define e(> 0) such that |B8,g|> = €|oay|? holds. From above
calculation, an upper bound of the success probability is given
by

|Biracan|® < (A7)

2624+ 166 +2 —2(1 + €)vVe2 + 14e + 1
36¢ '

Dsuc < meax

(A18)

Since the right-hand side of Eq. (A18) is maximized with € =
1, psuc < 1/9. For the case (II), according to the process in the
same way as well as (I), psuc < 1/9. When we consider the
case (III), it can be divided into four cases: (i) fog = oy =
vov =0, ary = mp =nv = 0,3Gi1) for = muw =myv =
0,and (iv) fog = a1v = g = y2m = 0. For (i) and (ii), from
Eqgs. (A5)—(A8), nay = apg = —noy is satisfied. As a result,
Psuc = 0. For (iii) and (iv), with the same way as well as (I),
Psuc < 1/9.

2. |t) = |GHZy,)

The conversion from |®T) 5|1 )34 to the state |G H Z4)
is written by

Hposlvl|(b+>l,2|q>+>3,4 = 4/ psuc|GHZ4>~

We also obtain the following equations from inner products of
Is152)1.4:

MpoV/IHH)25 = v/2psuc HH )2 3, (A19)
Moo V'IHV )23 =0, (A20)
Hpostv/|VH>2,3 = 0; (A21)

and

HposlV/|VV>2.3 = 2psuc| V' V).

We give the following relations from inner products of |s152)2 3
with Egs. (A19), (A20), (A21), and (A22):

(A22)

\/ZITuc = Binn + Porin (A23)
= Yiviav + Vav v, (A24)
and

0 = Biuooy + Bavain (A25)
= Bivaan + Panoay (A26)
= Bivaay + Bavayy (A27)
= Biumnu + Banmu (A28)
= Biumv + Bavnin (A29)

= Bivmu + Baumy

= Bivmy + Bavmv

= YVIH2H + Y2HO1H

= YiHO2v + VovQiH

= Yivoan + VauQiy

= Yivaay + Yavagy
= YiuMH + Y2aMH (A30)
= YiHN2v + V2viH (A31)
= yiviza + Y2umv. (A32)

From Egs. (A23), (A25), (A26), and (A27),
0= (Bivoon + Banarv)oimony
+ (Binoay + Bavaim)aznany

= V2paccivaay. (A33)

Accordingly, ajyazy = 0 to satisfy pg,. > 0. By replacing o
with g in Eq. (A33), we also obtain Biy By = 0. As results
of performing the similar calculation for Eqgs. (A24), (A30),
(A31), and (A32), we get the relation of 01125 = VinYon =
0. From above results, a;y = 0 or ooy = 0 must be satisfied at
least. For o1y and oy, here, we redefine «;y as o;y = 0 and
a7y . For 1y and 1y, we also redefine 1y as ngy = 0 and
Nz - From Egs. (A28) and (A29) and above redefinitions,

0= Beungy = Brungy- (A34)

Accordingly, we then have to consider two cases: (I) Bxy = 0
and (H) ,Bky # 0.

(D B =0
From Eq. (A23),

Beu Pl 1
pSuC = f g

(D Bim # 0
From Eq. (A34), ngy = nzy = 01is derived and then

Ny

2 2 1
_ ey lPlmev”

Psuc = ) X

0 |
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Therefore, the maximum value of the success probability is
given by pge < 1/2.

3. |t) = [Wa)

The conversion from |®);,|®1)3 4 to the state |Wy) is
given by

Hposlv/|q)+>1,2|q>+>3,4 =+ Dsucl Wa).

By taking inner products of [s;s2)1.4, We obtain

Hpost VIIHH )23 = /Puc((HV )23+ |[VH)23),  (A35)
Mpost VIHV )25 = /Psuc| HH )2 3, (A36)
post V/IVH) 25 = /Psucl HH )2 3, (A37)

and
Moo V/[V V)23 = 0. (A38)

From inner products of |s152)2 3 with Egs. (A35), (A36), (A37),
and (A38), we obtain

N Dsuc = Biatay + Baven (A39)
= Bivaon + Bouatry (A40)
= Biumn + Baumin (A41)
= YIHOOH + V2HOIH, (A42)

and
0= Bigaan + Ponoin
= Bivaoy + Bavary (A43)
= Biumv + Bavmin (Ad4)
= Bivmn + Baumy (A45)
= Bivmy + Bavmiv (A46)
= YiHQ2v + V2vaiH (A47)
= Yivaen + VanQiy (A48)
= yivaav + Yavaiy (A49)

= YiaMH + Y25 H
= Viav + Voava
= Y1wvnhen + Y2y
= Yivizy + Vaviiv.
From Eqgs. (A42), (A47), (A48), and (A49),
0 = (ivean + v2morv)onday
+ (Vimoay + vavarn)eanony
= (Vint2n + V2HQ1H)X 1y 02y
+ (ivaay + vavany ) poan
= \/malvazv-

Accordingly, oy oy = 0 when pg,. > 0 is satisfied. In a case
where oy = 0, from Eqgs. (A40) and (A43), apy = 0. On the
other hand, in another case where apy = 0, from Egs. (A39)
and (A43), a;y = 0. Thus, a1y = ary = 0. Then, we derive
/Psuc = Prvary = Bryaay from Egs. (A39) and (A40). This

implies that in order to satisfy that pg,. > 0, BiyBav # 0 is
required. While, from Egs. (A41), (A44), (A45), and (A46),
we obtain the following relation:
0 = (Bivmu + Baamv)BiuBov
+Biamy + Bavmiu)Bon Biv
= (Biumen + Boumin)Biv Bov
+ (Bivmay + Bavmiv)BiuBon
= 4/ psuc,BIV,B2V-

Then By Boy = 0. As aresult, pg,. = 0.

4. 1t) = 1DP)
The state conversion from |®1); | D)3 4 to the state |D512))
is written as

Hposlv/|q)+>l,2|q>+>3,4 = \/psuc|D4(12)>-

We obtain the following relations with inner products of
S152) 1.4,

Hpostv/|HH>2,3 Y Dsucl VV>2,3

5 NG , (A50)
Mpost V/IHV )2 3 _ Psuc(lHV )23 + |VH)2,3)’ (AS1)
2 V6
Moo V/IVH)2 3 _ Psuc(|HV )23 + |VH)2,3)’ (A52)
2 NG
and
Moo V/IVV )23 _ «/E|HH)2,3. (AS3)

2 V6

From inner products of [s;s2)23 using Egs. (A50), (AS51),
(AS52), and (A53), we obtain the following relations:

Psuc _ Bivaay + Bavauy
6 2

(A54)

+
_ Biamy + Boviim (A55)

2

+
_ Bivmu + Baumv (A56)

2

ayy + o

_ YiHC 2y T V2vdiH (A57)

2

ary + o

_ YivOoH + YV2HU1Y (A58)

2

+
_ YiIHM2H V2H771H7 (A59)

2

and

0 = Binasry + Bonain (A60)
= Bivazy + Bamoay (A61)
= Bigoay + Bovaiy (A62)

= Biunou + Boumu
= Bivmy + Bovimy
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= VIHO2H + V2O H (A63)

= Yivoay + vy
= ViEM2v + VoviH
= YN + V2univ
= Yiviev + Yaviiv.

From Egs. (A54), (A60), (A61), and (A62),

0 = (Bivaoy + Banaiv)aigony
+ (Bavary + Biaoay)argoy
= (Bivooy + Bavary)apaoy

+ (Berain + Biroon)ayooy

2pSLIC
= ‘/ TOMHOQH.

With pg. > 0, o1gany = 0. Here, we consider two cases, i.e.,
(I) Oy = 0 and (H) Oy = 0.

D ap =0
From Eq. (A57), aayy1g # 0. Then, with Egs. (A62) and
(A63), B1g = aoy = 0. From Egs. (A58) and (A61), 8oy =0
and a1y # 0 are also derived.

(M) oy =0
From Eq. (A58), ajvy2y # 0. Then, with Egs. (A61) and
(A63), oy = a1y = 0. From Egs. (A57) and (A62), B1g =0
and apy # 0 are also derived.

From above results, oy = ooy = fig = Bow = 0 and
ajyory # 0 are given. Then, from Eqgs. (A54)-(A59),

2psuc
3 = YIHMH + V2HNH
_ 2psuc< 1 N 1 )
3 \aavBiv  avBoy
_ 2pscaayfov + ooy Py
3 awvBavarvBiv
2p
arvfavery v = == (A64)
From Egs. (A54) and (A64), we obtain
2p
;uc = ajyBavaoy Biv
ZPSUC
3 Bavay | Bavay
. 2
eim/s\/ % = fvay (A65)
2 Psuc
= 3 Bivaay
i 2pSuC
Bivaay = eyn/B‘/ 3 (A66)

and then

2psuc
3

2 2 2 2
= |Bovaiv|” = |Bivaay|” = Imufev|” = ImuBivl

2 2
= lyigaav|” = |yamaiv!|”.
Accordingly, psc is maximized when |oy|? + ooy |> = 1 is

satisfied. With [V'a], V', V'al, V'] = 0, and Eqgs. (A65) and
(A66), we get the following relation:

0 =ajypfiv +azypov

o eFiT/3 2 Psue o eTim/3 2 Poe

- Y1V Aoy 3 2V ay 3
Psuc \/_ 2 2

=V 76 [1FivV3(arv|” — leav])].

As aresult, pg,c = 0.

5.06) = 97 )13 9F )24

Psuc = 1 can be achieved because a swap operation between
photons in nodes 2 and 3 can be done using passive linear optics
with unit probability.

6. [t) = |0F)14|®F)23
The state conversion from [®T); 5| ®T)3 410 |DT); 4|DPT)s 3
is written by

Mpost VD) 1210 )34 = o/ Psuc| PT)1.4]DT )2 3.

By taking inner product of |H H), 4, we obtain the following
relation:

Mpos V/IHH)23 = /Psuc((HH)2 3 +1VV)23).  (A67)

By also taking inner products of |s;s1)2 3 with Eq. (A67), we
obtain the following equation:

 Psuc = Biaoon + Brucin = Biuaay + Bovaiy

and then

 Psuc = Biuoy + Bonoiy

_ Binoon + Ponoin + By + Bavony

N 2

_ | Biroon + Banoin + Brucay + Bovany

N 2

< |Birzm| + |Baraim| + |Biacav] + |Bavaiy]
N .

2

(A68)

Equation (A68) is maximized when Z§=1(|Olj[-] 1+ lojv]®) =

Z§=1(|,Bﬂq|2 + |B,v[*) = 1 s satisfied. In order to derive the
maximum value of pg,, we use the method of Lagrange
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multiplier. First, using variables A and p, we define a function

f as

|Birazu| + |Banaim| + |Biaazy| + |Bavaiv|
2

f

2
+0 DUl + 1BV — 1

j=1

2
| Y ojul® + lojv ) — 1
j=1
Second, we calculate
of
o=
where x € {la1ul, v, leanlleav],|Biuls|Biv] | Baul,

|Bav ], A, ). From Eq. (A69), we obtain the following
relations:

0, (A69)

looy| = —4A|Biul, (A70)
leav | = =4Iy, (A71)
lg| = —4A|Bam |, (A72)
lery | = —4A|Bav ], (A73)

2
D lejul® + ey =1, (A74)

j=1

and
2

D (Bl +1BjvH =1. (A75)

Jj=1

From Eqgs. (A70)—(A75), A = —1/4. Then, we obtain ,/psc <
1/2. Note that A = —1/4 gives the (local) maximum of
Eq. (A68). As the result, pgy, < 1/4.

7. 1t) = 1x)
The state conversion to | x ) from |®1); 5| D)5 4 is given as

Hposlv/|q)+>l,2|q>+>3,4 = 4/ psuc|X>'

We take the following relations from inner products of |s152) 1 4:

psuc

Moot V' IHH )3 = > (IHH)23+|VV)23), (A76)
psuc

Mpos V/IHV )23 = — > (IHV )23+ 1|VH)23), (A7)

, Psuc
Moot VIIVH )2 3 = > (IHV )23+ |VH)3), (A78)
and

, Psuc

Mpost VIV V)3 = > (IHH)23+|VV)23). (AT9)

From inner products of |s152)2 3 with Egs. (A76), (A77), (A78),

and (A79), we obtain the following equations:

p;uc = Binoon + BouoiH (A80)
= Bivaav + Bavary (A81)
= —(Biumv + Bavimn) (A82)
= —(Bivmn + B2amv)
=Ygty + Yavipg (A83)
= Yiveen + Vaud1y
= YiuM2n + V2uNin (A84)
= yiviizv + Vaviiv,

and
0 = Bigooy + Bavary (A85)

= Bivaoy + Bmary (A86)
= Biun2u + Pounin (A87)
= Bivmy + Bavmv
= Y1H0%H + V2HQ1H (A88)
= Yivoay + vy
= VYiHMv + Vaviie (A89)

= YivieHa + Y2uMv.
When o;; =0 (i € {1,2},s € {H,V}) is satisfied,

| Psuc
2“ = Bisaz; = VisOfs,

0= ﬂisaff = Vis%g,

where 1=2,2=1, H=V, and V = H. Finally, we get
Psuc = 0. With the same way of the above process, we also
calculate with By, yrs, and npz (P00 € {1,2}, s'.5.5" €
{H,V}) and then o;Biyyisnpe # 0, when pg, > 0. From
Egs. (A80), (A81), (A85), and (A86),

and

0 = (Binaay + Bavaig)aiyony
+ (Bivaoy + Bouary)aigazy
= (Bina2n + Bonaip)ovazy

+ (Bivaay + Bovaiy)aipary

pSUC
=\ (aiyazy + apasy).

(A90)

Replacing o with 8 in Eq. (A90),

psuc
2

0= (BivBav + BiuBan).

With the same process for other equations and pg,. > 0,

ajyooy +ogary =0, (A91)

BivBav + BraBor =0,
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ayyony +ajgazy =0, (A92)
BivBau + BiupPav =0,
Yivveav + vinvan =0,
mvnay +munzg =0,
Yivven + vinvay =0,
and
mvnzu + munzy = 0.
From Egs. (A91) and (A92),

Qv 01HOH
H B Qv
Qoy  O2H
0 B oy

oy = (—1)%y.

Here, a € {0,1}. From the same equations, we also obtain the
following equation:

vy 0pgQoy
Q1 H B ayy
iy OH
Q1H B ary
ay = —(=Daq.

By using the same way for other equations, oy = (—1)?Bon,
Biv =—(=DBiu, v =D vmu, viv=—(=Dyin,
v = (=D, and gy = —(=1)¥ny are also derived.
Here, b,c,d € {0,1}. From Egs. (A80) and (A8)5),

pSLlC
2

= Bigoon + Boroin

= (=1)*Binaay + (=1’ Bovarn
= [(=D* — (=D’1Binazy.

J

Here, a =b @ 1 has to be held to satisfy pg,. > 0. From
Egs. (A82) and (A87),

psuc
2

= —(Biumv + Bvmin)

~[(=DBramam + (=) Bormia]
= —[(=1)" = (=D’1Biunan.
Then, b = d @ 1 holds with pg,. > 0. From Egs. (A83) and

(A88),
p
\/ ;uc = Y1H®v + Y2vUiH

= (—=D)*vigorg + (=D yvamain
=[(=D* = (=D 1lyinoan
=[l- (—l)aeac]VlHOlzv,

and then a = c @ 1, when pg, > 0. From Egs. (A84) and
(A89),

pSLlC
2

= YiHMH + V2HNH

= (=D)"yuny + (=D vaymu
= [(=D? = (=D Tyignmav
=[1 = (=D Ny pnon,

and then ¢ = d & 1, when pg, > 0. Thus,

Psuc a a
\ 7 = (=D2B1pazy = —(=1)"2B15mnu

= 2y1goy = 2Y1aMH,

and then ary = —npy = —any. However, this contradicts
s Birs Vistys 7 0. Accordingly, pge = 0.

APPENDIX B

In this Appendix, we derive Egs. (19) and (20). We define Uppgs as a unitary operator denoting the function of the PDBS with
transmittance Ty and Ty . By using this definition and Pauli operators X; and Z; acting on spatial mode i, the success probability

can be written as

Psuc = 01 1T post Z2 X2 X 1/ Uppps X2 X 1 Uppps Uppps | @) @ 1) ||

Ty|\HHHH) + TaTy(HHVV) + |VVHH)) + Ty|VVVV)

2

= 0| Mpost Z» X» X1 Uppes X2 X1

Tu|HVVH) + TaTy(HVHV) + |VHVH)) + Ty|VHHV)

2

2

= 777)/ HpostZ2’X2/X1/UpDBS

2

/
= %IITH(1 —2Ty) HHHH) + TyTy(|(HHVV) + |VVHH))

+VTu(1 = T)Ty(1 = Ty)(HVHV) +|VHVH)) — TyTy — DIVVVV)|?
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/

nn

= T[Tfl(l —2Ty)* + 2T5 Ty + 2Ty (1 — T)Ty(1 — Ty) + Ty 2Ty — 1)7]

n'(Tj + 2Ty Ty + Ty — 6T5Ty — 6Ty Ty + 12T5T7)

4

k]

where |||¥)] = /(¥ |¥). From above calculation, when the postselection succeeds, the output state |Yoy) 1S

nn’

hbout) = 2@

[Ty(1 —2Ty)|HHHH) + Ty Ty(HHV V) + [VVHH))

+Tu(1 = Ty)Ty(1 = Ty)(HVHV) + |VHV H)) — Ty2Ty — DIVVVV)].

Accordingly, the fidelity F is

F =

|Ta(1 =2Ty) + 2Ty Ty + Ty(2Ty — 1)

{CalWrou) > = HCalYou)| =

| Ty + 2Ty Ty — Ty

2\/T7 + 2Ty Ty + T3 — 6T Ty — 6T T] + 1217}

2\/T} + 2Ty Ty + T3 — 6T} Ty — 6T4 T] + 1217}
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