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In this paper, we propose a scheme for realizing nonadiabatic holonomic computation assisted by two atoms
and the shortcuts to adiabaticity (STA). The blockade effect induced by strong Rydberg-mediated interaction
between two Rydberg atoms provides us the possibility to simplify the dynamics of the system, and the STA
helps us design pulses for implementing the holonomic computation with high fidelity. Numerical simulations
show the scheme is noise immune and decoherence resistant. Therefore, the current scheme may provide some
useful perspectives for realizing nonadiabatic holonomic computation.

DOI: 10.1103/PhysRevA.97.042336

I. INTRODUCTION

Quantum computation has attracted many interests in recent
years [1–9]. The great capability of quantum computation has
been shown in the applications of quantum algorithms [10–12],
quantum parallelism [13–16], and so on. This makes quantum
computation a superior to solve many practical problems,
such as factoring, search problems, etc. When implementing
quantum computation, errors play troublesome roles, which
brings challenges in constructing a real quantum computer
[17]. In 1999, by taking the advantages of the geometric phase
[18,19] and quantum holonomy [20,21], adiabatic holonomic
quantum computation has been proposed [22] and subse-
quently demonstrated to hold good fault tolerance with respect
to certain types of errors in the control processes [23–25]. Since
then, many schemes [26–37] to realize the robust adiabatic
holonomic quantum computation have been put forward with
superconducting qubits [31], trapped ions [32], and quantum
dots [37], etc.

However, when a system undergoes an adiabatic evolution,
completing an adiabatic holonomic quantum computation
usually takes a long time. To shorten the evolution time
while retaining all the robustness of the adiabatic holonomic
quantum computation, the concept of nonadiabatic holonomic
quantum computation has been proposed [38,39]. Consider an
N -dimensional quantum system governed by a Hamiltonian
H (t) and an L-dimensional time-dependent subspace S(t)
spanned by a set of orthonormal basis vectors {|φl(t)〉}L1
with |φl(t)〉 being the solution of the Schrödinger equation
i|φ̇l(t)〉 = H (t)|φl(t)〉. It has been indicated in the scheme [38]
that, if the system is initial in the subspace S(0), after the
evolution time T , the evolution operator U (T ) is a holonomy
matrix acting on S(0) when {|φl(t)〉} satisfy the following
conditions:

(i)
L∑

l=0

|φl(T )〉〈φl(T )| =
L∑

l=0

|φl(0)〉〈φl(0)|, (1)

*xia-208@163.com

(ii) 〈φl(t)|H (t)|φl′(t)〉 = 0, (l,l′ = 1,2, . . . ,L). (2)

Here, Eq. (1) is the condition for cyclic evolution, and Eq. (2)
is the holonomic condition.

To data, many fast and noise-resistant quantum computation
schemes [40–54] have been presented for nuclear magnetic
resonance systems [40,41], nitrogen-vacancy centers systems
[42,43], superconducting systems [44–48], and some other
quantum systems [49–54] by designing quantum evolutions to
fulfill the holonomic conditions. Among these works about the
holonomic quantum computation [40–54], schemes [43,44,48]
have shown many interesting results by using the technique
of shortcuts to adiabaticity (STA) [55–96]. For example, Liu
et al. [44] have achieved holonomic quantum computation in
atom-cavity coupled system by using the dressed-state based
STA method [76]. Moreover, Zhang et al. [48] have realized
fast holonomic quantum computation with the transitionless
quantum driving method [55–58] of the STA. With great
developments in the past few years, the STA, originally aiming
at optimizing the control of a system based on a known
adiabatic process, has now become a technique to drive general
transitions regardless of whether the initial and final states can
be adiabatically connected [96]. By merging with “inverse en-
gineering” methods [97–102] and the optimal control methods
[103–106], the STA has outranged the original aim in many
applications in practice, and can now help us nonadiabatically
realize arbitrary transitions or unitary transformations without
referenced adiabatic processes by means of many powerful
tools, such as Lewis-Riesenfeld invariant theory [58–60], Lie
algebra [64,65], and so forth. Therefore, the STA might be
a wonderful choice to design nonadiabatic control fields for
the holonomic quantum computation in different physical
systems.

On the other hand, the recent researches [107–115] on the
highly excited neutral atoms have showed that atoms with
long-lived Rydberg states are very promising candidates for
quantum information processing. Since they provide strongly
interatomic interactions that we demand in different quantum
information tasks. When Rydberg-mediated interaction be-
tween two Rydberg atoms is much stronger than the intensities
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of the driving laser pulses on atoms, the Rydberg blockade phe-
nomenon would arise and prevent the simultaneous excitations
of neighboring Rydberg atoms [116–118]. The regime of the
Rydberg blockade can be used in simplifying the dynamics of
the system, thus we can analytically investigate the evolution
of the system based on a simplified Hamiltonian. In addition,
the Rydberg states of atoms are quite stable [118,119] with
small decays. Thus, when using the regime of the Rydberg
blockade in quantum information tasks, the unitary evolution
of the system can be protected from the decay to a certain
extent.

In this paper, inspired by the interesting concept of nona-
diabatic holomic quantum computation, the advantages of the
STA, and the promising applications of the Rydberg blockade,
we propose a scheme for realizing nonadiabatic holonomic
computation with the help of two atoms and the STA. The
blockade of the Rydberg atoms allows us to simplify the
dynamics of the system and derive an effective Hamiltonian.
By analyzing the effective Hamiltonian, we exploit the STA
to design the pulses, which drive the system to complete
nonadiabatic holomic two-qubit logical gates of two atoms
with high fidelities. Numerical simulations indicate the current
scheme is insensitive to two typical types of noise, the random
noise of pulse amplitudes and the additive white Gaussian
noise. Moreover, good robustness against the decoherence is
also shown in the numerical simulations. Therefore, the scheme
may offer some useful perspectives to the robust nonadiabatic
holomic computations.

The article is organized as follows. In Sec. II A, we introduce
the physical model for implementing nonadiabatic holonomic
two-qubit logical gates with atoms and give the effective
Hamiltonian of the system. In Sec. II B, we design the pulses
driving the system to complete high-fidelity nonadiabatic holo-
nomic two-qubit logical gates via STA. In Sec. III, numerical
simulations are performed to examine the robustness of the
scheme against noise and decoherence. Discussions and the
conclusions are given in Sec. IV.

II. NONADIABATIC HOLONOMIC TWO-QUBIT
LOGICAL GATES

A. Physical model and effective Hamiltonian

The setup for implementing nonadiabatic holonomic two-
qubit logical gates is shown in Fig. 1. As shown in Fig. 1, there
are two atoms a and b. Atom a (b) has two ground states |g〉a(b)

Atom a Atom b

FIG. 1. Level configurations and pulse couplings of two atoms a

and b with a Rydberg-Rydberg interaction V .

and |f 〉a(b), an intermediate state |e〉a(b) and a Rydberg state
|r〉a(b). We consider that transition |g(f )〉k ↔ |e〉k (k = a,b)
is coupled to a pair of laser pulses possessing Rabi frequencies
�kg(f )(t) and �

′
kg(f )(t) with a red detuning �k and a blue

detuning �
′
k , respectively. Besides, transition |r〉k ↔ |e〉k is

coupled to a pair of laser pulses possessing Rabi frequencies
�kr (t) and �

′
kr (t) with a blue detuning �k and a red detuning

�
′
k , respectively. Here, we assume the Rabi frequencies �kg(t),

�kf (t) and �kr (t) are all real valued for simplicity. Two atoms
interact with each other with Rydberg-mediated interaction
with strength V when they are both in Rydberg states. In
the interaction picture, the Hamiltonian of the system can be
written as (h̄ = 1)

HI (t) =
∑
k=a,b

{[�kg(t)ei�kt + �
′
kg(t)e−i�

′
k t ]|g〉k〈e|

+ [�kf (t)ei�kt + �
′
kf (t)e−i�

′
k t ]|f 〉k〈e|

+ [�kr (t)ei�kt + �
′
kr (t)e−i�

′
k t ]|r〉k〈e| + H.c.}

+V |rr〉ab〈rr|. (3)

Then, we assume �kg(t) = �k0(t) cos[ϑk(t)], �
′
kg(t) =

�
′
k0(t) cos[ϑk(t)], �kf (t) = �k0(t) sin[ϑk(t)], and �

′
kf (t) =

�
′
k0(t) sin[ϑk(t)]. In the current scheme, ϑk is considered as

a time-independent parameter. Thus, the Hamiltonian of the
system can be written as

HI (t) =
∑
k=a,b

{[�k0(t)ei�kt + �
′
k0(t)e−i�

′
k t ]|+〉k〈e|

+ [�kr (t)ei�kt + �
′
kr (t)e−i�

′
k t ]|r〉k〈e| + H.c.}

+V |rr〉ab〈rr|, (4)

where |+〉k = cos ϑk|g〉k + sin ϑk|f 〉. Besides, we define
|−〉k = cos ϑk|f 〉k − sin ϑk|g〉, such that {|+〉k,|−〉k,|e〉k,
|r〉k} can form a complete orthogonal basis for atom k

instead of {|g〉k,|f 〉k,|e〉k,|r〉k}. In the current scheme, we
set �k = �

′
k to help us cancel some Stark shifts when cal-

culating the effective Hamiltonian. Considering conditions
�k0(t) = �kr (t) = �

′
k0(t) = −�

′
kr (t) = �k(t), and |�k(t)| �

min{�k,|�b − �a|,V }, if the system is initial in sub-
spaceS(0) = {|++〉ab,|+−〉ab,|−+〉ab,|−−〉ab}, the effective
Hamiltonian can be derived as

Heff (t) = �̃a(t)|r+〉ab〈++| + �̃b(t)|+r〉ab〈++|

+ �̃a(t)|+−〉ab〈r − | + �̃b(t)|−+〉ab〈−r| + H.c.,

(5)

with effective Rabi frequency,

�̃k(t) = 2�2
k(t)

�k

. (6)

The derivation of Eq. (5) is listed in the Appendix. In the
following discussions, we assume the initial time is t = 0 and
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the final time is t = T . If we can achieve the gate operation,

U (ϑa,ϑb) =

⎡
⎢⎢⎢⎣

−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎦, (7)

in the basis {|++〉ab,|+−〉ab,|−+〉ab,|−−〉ab} at t = T , while ensuring that the condition for cyclic evolution (i) and the holonomic
condition (ii) fulfilled, back to the basis {|gg〉ab,|gf 〉ab,|fg〉ab,|ff 〉ab}, we can obtain

U (ϑa,ϑb) =

⎡
⎢⎢⎢⎣

sin2 ϑa − cos2 ϑa cos 2ϑb − cos2 ϑa sin 2ϑb − sin 2ϑa cos2 ϑb − 1
2 sin 2ϑa sin 2ϑb

− cos2 ϑa sin 2ϑb cos2 ϑa cos 2ϑb + sin2 ϑa − 1
2 sin 2ϑa sin 2ϑb − sin 2ϑa sin2 ϑb

− sin 2ϑa cos2 ϑb − 1
2 sin 2ϑa sin 2ϑb cos2 ϑa − cos 2ϑb sin2 ϑa − sin2 ϑa sin 2ϑb

− 1
2 sin 2ϑa sin 2ϑb − sin 2ϑa sin2 ϑb − sin2 ϑa sin 2ϑb cos2 ϑa + sin2 ϑa cos 2ϑb

⎤
⎥⎥⎥⎦.

(8)

For ϑa = π/2, ϑb = π/2, U (ϑa,ϑb) becomes

U (π/2,π/2) =

⎡
⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

⎤
⎥⎥⎥⎦, (9)

which is a holonomic controlled phase gate. While for ϑa =
π/2, ϑb = −π/4, a holonomic controlled-NOT gate

U (π/2, − π/4) =

⎡
⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

⎤
⎥⎥⎥⎦, (10)

can be realized. Therefore, for the sake of obtaining such a
gate operation shown as Eq. (7), let us fully analyze dynamics
governed by the effective Hamiltonian shown in Eq. (5). Ac-
cording to Eq. (5), the dynamics of system can be divided into
four independent subspaces Se1 = {|+−〉ab,|r−〉ab}, Se2 =
{|−+〉ab,|−r〉ab}, Se3 = {|r+〉ab,|++〉ab,|+r〉ab}, and Se4 =
{|−−〉ab}. Then, we have the following discussions.

(1) When the system is initial in state |φ1(0)〉 = |+−〉ab ∈
Se1, the evolution is governed by

He1(t) = �̃a(t)(|+−〉ab〈r−| + |r−〉ab〈+−|). (11)

The evolution operator for He1(t) can be directly given by

Ue1(t) = e−i
∫ t

0 He1(t ′)dt ′ . (12)

Thus the evolution of system is

|φ1(t)〉 = Ue1(t)|+−〉ab = cos[μ1(t)]|+−〉ab

− i sin[μ1(t)]|r−〉ab, (13)

where μ1(t) reads

μ1(t) =
∫ t

0
�̃a(t ′)dt ′. (14)

Therefore, if μ1(T ) = 2k1π (k1 = 0,1,2, . . .) is satisfied, the
evolution during time interval [0,T ] is |φ1(0)〉 = |+−〉ab →
|φ1(T )〉 = |+−〉ab.

(2) When the system is initial in state |φ2(0)〉 = |−+〉ab ∈
Se2, the evolution is governed by

He2(t) = �̃b(t)(|−+〉ab〈−r| + |−r〉ab〈−+|). (15)

Similar to the discussions of subspace Se1 in case (1), the
evolution of the system is

|φ2(t)〉 = Ue2(t)|+−〉ab

= cos[μ2(t)]|+−〉ab − i sin[μ2(t)]|r−〉ab, (16)

with

Ue2(t) = e−i
∫ t

0 He2(t ′)dt ′ , (17)

and

μ2(t) =
∫ t

0
�̃b(t ′)dt ′. (18)

By choosing μ2(T ) = 2k2π (k2 = 0,1,2, . . .), the evolu-
tion during the time interval [0,T ] is |φ2(0)〉 = |−+〉ab →
|φ2(T )〉 = |−+〉ab.

(3) When the system is initial in state |φ3(0)〉 = |++〉ab ∈
Se3, the evolution is governed by

He3(t) = �̃a(t)|r+〉ab〈++| + �̃b(t)|+r〉ab〈++| + H.c. (19)

In this case, the evolution of the system cannot be directly
obtained. However, we can assume the evolution of the system
described by an arbitrary three-dimensional vector,

|φ3(t)〉 = Ue3(t)|++〉ab

= ei�1 sin α cos β|r+〉ab + cos α|++〉ab

+ ei�2 sin α sin β|+r〉ab, (20)

with α and β being two time-dependent parameters. Be-
sides, take the holonomic condition (ii) shown in Eq. (2)
into account, 〈φ3(t)|Heff (t)|φ3(t)〉 should be satisfied for
t ∈ [0,T ]. This requires �1,�2 = ±π/2,±3π/2,±5π/2, . . . .
Here, �1 = �2 = −π/2 is considered, such that

|φ3(t)〉 = −i sin α cos β|r+〉ab + cos α|++〉ab

− i sin α sin β|+r〉ab. (21)
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In Sec. II B, STA is introduced to achieve the pulse design
for realizing the evolution |φ3(0)〉 = |++〉ab → |φ3(T )〉 =
−|++〉ab in the time interval [0,T ]. Meanwhile, the effective
Rabi frequencies �̃a(t) and �̃b(t) designed by STA should
make μ1(T ) = 2k1π and μ2(T ) = 2k2π both fulfilled.

(4) When the system is initial in state |φ4(0)〉 = |−−〉ab ∈
Se4, it is decoupled with the Hamiltonian shown in Eq. (5),
thus the system remaining in state |φ4(t)〉 = |−−〉ab during
the time interval [0,T ].

According to the discussions above, we have
4∑

l=1

|φl(0)〉〈φl(0)| =
4∑

l=1

|φl(T )〉〈φl(T )|

= |++〉〈++| + |+−〉〈+−| + |−+〉
× 〈−+| + |−−〉〈−−|, (22)

which makes the condition for cyclic evolution (i) fulfilled. On
the other hand, it is easy to prove that 〈φl(t)|Heff (t)|φl′(t)〉 = 0
(l,l′ = 1,2,3,4) is always satisfied, which means the holo-
nomic condition (ii) is also fulfilled.

B. Designing pulses for the implementations
of two-qubit logic gates via STA

In this part, we design pulses for the implementations of
two-qubit logic gates via the STA method [95]. First, we
briefly introduce the method [95]. Suppose that we intend
to drive an N -dimensional system from its initial state |
0〉
to a target state |
T 〉 along a moving state |ξ1(t)〉 (i.e.,
|ξ1(0)〉 = |
0〉, |ξ1(T )〉 = |
T 〉). To further construct a unitary
evolution operator for the N -dimensional system, we intro-
duce another N − 1 state |ξ2(t)〉,|ξ3(t)〉, . . . ,|ξN (t)〉, such that
{|ξp(t)〉|p = 1,2, . . . ,N} forming a complete orthogonal basis
(i.e.,

∑
p |ξp(t)〉〈ξp(t)| = IN , where IN denotes the identity op-

erator for the N -dimensional system). Then, we can construct
an evolution operator for the N -dimensional system as

UN (t) = |ξ1(t)〉〈ξ1(0)| +
∑

p,q 	=1

λpq(t)|ξp(t)〉〈ξq(0)|, (23)

where parameters {λpq(t)} should satisfy∑
s 	=1

λps(t)λ
∗
qs(t) = δpq (p,q 	= 1), (24)

to ensure the unitary of UN (t) (i.e., UN (t)U †
N (t) = U

†
N (t)

UN (t) = IN ). It is easy to find that the evolution operator
UN (t) makes sure the system evolves along |ξ1(t)〉 when
|ξ1(0)〉 = |
0〉. On the other hand, consider the Schrödinger
equation,

iU̇N (t) = HN (t)UN (t), (25)

one can derive the Hamiltonian HN (t) of the N -dimensional
system as

HN (t) = iU̇N (t)U †
N (t)

= i

N∑
d=1

|ξ̇d (t)〉〈ξd (t)|

+ i
∑

p,q,s 	=1

λ̇ps(t)λ
∗
qs(t)|ξp(t)〉〈ξq(t)|, (26)

where the condition shown in Eq. (24) is used in the derivation.

Now applying the above method to the current scheme and
considering the subspace {|r+〉ab,|++〉ab,|+r〉ab} (N = 3) of
case (3) of Sec. II A, we select

|ξ1(t)〉 = −i sin α cos β|r+〉ab + cos α|++〉ab

− i sin α sin β|+r〉ab,

|ξ2(t)〉 = i cos α cos β|r+〉ab + sin α|++〉ab

+ i cos α sin β|+r〉ab,

|ξ3(t)〉 = i sin β|r+〉ab − i cos β|+r〉ab, (27)

and

λ22(t) = cos θ, λ23(t) = − sin θ,

λ32(t) = sin θ, λ33(t) = cos θ, (28)

where |ξ1(t)〉 = |φ3(t)〉 and θ is a time-dependent parameter.
Substituting Eqs. (27) and (28) into Eq. (26), we obtain

H3(t) = (α̇ cos β − θ̇ sin α sin β)(|++〉ab〈r+| + |r+〉ab

×〈++|) + (α̇ sin β + θ̇ sin α cos β)(|++〉ab

〈+r| + |+r〉ab × 〈++|) + i(β̇ − θ̇ cos α)(|+r〉ab

×〈r+| − |r+〉ab〈+r|). (29)

Comparing H3(t) in Eq. (29) with He3(t) in Eq. (19), we set

�̃a(t) = α̇ cos β − θ̇ sin α sin β,

�̃b(t) = α̇ sin β + θ̇ sin α cos β,

β̇ = θ̇ cos α (30)

to make H3(t) = He3(t) satisfied. When the system is initial
in |++〉ab, by selecting α(0) = 0, α(T ) = (2k3 + 1)π (k3 =
0,1,2,3, . . .), the system would evolve from |++〉 to −|++〉
along state |ξ1(t)〉 (|φ3(t)〉) in time interval [0,T ]. Besides,
we add condition α̇(0) = α̇(T ) = θ̇(0) = θ̇(T ) = 0, such that
�̃a(0) = �̃a(T ) = �̃b(0) = �̃b(T ) = 0 is fulfilled. Therefore,
parameters α and θ̇ can be chosen as

α = (2k3 + 1)π

2

[
1 − cos

(
πt

T

)]
,

θ̇ = ϒ1t

T 2
+ ϒ2t

2

T 3
− (ϒ1 + ϒ2)t3

T 4
, (31)

where ϒ1 and ϒ2 are two time-independent parameters. With
Eq. (31), parameter β can be solved by calculating

β(t) = β(0) +
∫ t

0
θ̇ (t ′) cos[α(t ′)]dt ′. (32)

Until now, effective Rabi frequencies �̃a(t) and �̃b(t) with
the parameters given in Eqs. (31) and (32) can make the system
evolve along |ξ1(t)〉 from |++〉 to −|++〉 with arbitrary ϒ1

and ϒ2. Next, we should select suitable values of ϒ1 and ϒ2 to
make conditions μ1(T ) = 2k1π and μ2(T ) = 2k2π fulfilled.
Here, the numerical integrations are adopted to find suitable
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FIG. 2. G(ϒ1,ϒ2) versus ϒ1 and ϒ2.

ϒ1 and ϒ2. Defining a function,

G(ϒ1,ϒ2) = |μ1(T ) − 2k1π | + |μ2(T ) − 2k2π |, (33)

if G(ϒ1,ϒ2) = 0, conditions μ1(T ) = 2k1π and μ2(T ) =
2k2π are accurately fulfilled. However, if it is difficult to
find ϒ1 and ϒ2 to make G(ϒ1,ϒ2) = 0 in a range, one may
try to select ϒ1 and ϒ2 to make G(ϒ1,ϒ2) as tiny as pos-
sible. When considering k1 = k2 = k3 = 1 and β(0) = π/4,
G(ϒ1,ϒ2) versus ϒ1 and ϒ2 is plotted in Fig. 2. According to
Fig. 2, we choose ϒ1 = 8.222 and ϒ2 = −53.996, where we
can get G(ϒ1,ϒ2) = 0.0115, a value very close to zero. With
chosen ϒ1 and ϒ2, the effective Rabi frequencies �̃a(t) and
�̃b(t) versus t/T are plotted in Fig. 3. According to Fig. 3, we
obtain the maximal value of the effective Rabi frequencies as
�̃effm = max0�t�T {�̃a(t),�̃b(t)} = 15/T .

To check that the effective Hamiltonian can realize an
operation of the two-qubit logic gate shown in Eq. (7), we
define the fidelity for the effective dynamics as

Fe(ϕa,ϕb) = |〈
T (ϕa,ϕb)|Ue(T )|
0(ϕa,ϕb)〉|2, (34)

where Ue(T ) is the evolution operator of the effective dynamics
with designed effective Rabi frequencies �̃a(t) and �̃b(t) for
the time interval [0,T ],

|
0(ϕa,ϕb)〉
= cos ϕa cos ϕb|++〉ab + cos ϕa sin ϕb|+−〉ab

+ sin ϕa cos ϕb|−+〉ab + sin ϕa sin ϕb|−−〉ab, (35)

R
ab

i f
re

qu
en

ci
es

(U
ni

ts 
of

 1
/T

)

FIG. 3. The effective Rabi frequencies �̃a(t) and �̃b(t) versus
t/T .

is the initial state of the system, and

|
T (ϕa,ϕb)〉
= − cos ϕa cos ϕb|++〉ab + cos ϕa sin ϕb|+−〉ab

+ sin ϕa cos ϕb|−+〉ab + sin ϕa sin ϕb|−−〉ab, (36)

denotes the final state after an ideal gate operation. 1 −
Fe(ϕa,ϕb) versus ϕa/2π and ϕb/2π is plotted in Fig. 4. As
shown in Fig. 4, 1 − Fe(ϕa,ϕb) takes tiny values for different
ϕa and ϕb. Besides, seen from Fig. 4, we have maxϕa,ϕb

[1 −
Fe(ϕa,ϕb)] = 1.4175 × 10−4. Moreover, we consider the av-
erage effective fidelity [120],

F̄e = 1

4π2

∫ 2π

0

∫ 2π

0
Fe(ϕa,ϕb)dϕadϕb. (37)

Numerical integration of Eq. (37) indicates that 1 − F̄e =
3.58 × 10−5.

III. NUMERICAL SIMULATIONS

In this section, we investigate the feasibility of the scheme
via numerical simulations. Here, the controlled phase gate
(ϑa = π/2, ϑb = π/2) is taken as an example in the following
discussions. Before we begin the discussions, we define the

FIG. 4. 1 − Fe(ϕa,ϕb) versus ϕa/2π and ϕb/2π .
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FIG. 5. 1 − F̄cp versus �a and �b (V =
√

2�a�̃effm).

fidelity of the controlled phase gate as

Fcp(ηa,ηb) = |〈�cpT (ηa,ηb)|Ucp(T )|�0(ηa,ηb)〉|2, (38)

where Ucp(T ) and Fcp(ηa,ηb) are the evolution operator for
the time interval [0,T ] and the fidelity with corresponding
gate operation, respectively. Moreover, the initial state can be
described by

|�0(ηa,ηb)〉 = cos ηa cos ηb|gg〉ab + cos ηa sin ηb|gf 〉ab

+ sin ηa cos ηb|fg〉ab + sin ηa sin ηb|ff 〉ab.

(39)

On the other hand, the final state after ideal gate operations of
the controlled phase gate can be written as

|�cpT (ηa,ηb)〉 = cos ηa cos ηb|gg〉ab + cos ηa sin ηb|gf 〉ab

+ sin ηa cos ηb|fg〉ab − sin ηa sin ηb|ff 〉ab.

(40)

As an index to check the performance of the scheme with a
different initial state, the average fidelity [120],

F̄cp = 1

4π2

∫ 2π

0

∫ 2π

0
Fcp(ηa,ηb)dηadηb, (41)

would be mainly considered in the following discussions.
To derive Rabi frequencies �kg(t), �kf (t), and �kr (t) from

effective Rabi frequencies �̃a(t) and �̃b(t), we should first
make a choice of detunings �a and �b. Therefore, we plot
1 − F̄cp versus �a and �b in Fig. 5. Here, we consider

V =
√

2�a�̃effm for the Rydberg blockade in the numerical
simulation, which is fourfold to the maximal value of Rabi
frequencies �a(t) and �b(t). Seen from Fig. 5, the average
fidelity F̄cp gets close to 1 gradually when detunings �a and
�b increase. Because when detunings are becoming larger,
the dynamics of the system is even approaching the effective

R
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 1
/T

)

FIG. 6. �a(t) and �b(t) versus t/T .

dynamics governed by the effective Hamiltonian shown in
Eq. (5), and thus the average fidelity F̄cp is getting close
to the effective average fidelity F̄e simultaneously. Here, we
consider �a = 5 × 104/T and �b = 2.5 × 104/T , and plot
�a(t) and �b(t) versus t/T in Fig. 6. The maximal value
of Rabi frequencies �a(t) and �b(t) reading from Fig. 6 is
�max = max0�t�T {�a(t),�b(t)} = 566/T . In this case, the
average fidelity is F̄cp = 0.9990. Additionally, we consider
the influence to the average fidelity due to the fluctuation
δV of Rydberg-mediated interaction strength V . 1 − F̄cp ver-
sus δV/V with �a = 5 × 104/T and �b = 2.5 × 104/T is
plotted in Fig. 7. As shown in Fig. 7, when |δV/V | � 20%,
the change of the average fidelity F̄cp is less than 4 × 10−4,
which indicates the performance of the controlled phase gate
suffers little from the fluctuation of the Rydberg-mediated
interaction strength V . Moreover, the average fidelity F̄cp,
tends to increase when the Rydberg-mediated interaction with
strength V increases. Thus, increasing V may be a choice to
improve the performance of the controlled phase gate.

In real experiments, there may exist several kinds of noise,
which disturb wave shapes of Rabi frequencies of pulses. It is
worthwhile to study the influences caused by the noise. Here,
we investigate two typical kinds of noise, the random noise
of pulse amplitudes and the additive white Gaussian noise
(AWGN). For the controlled phase gate (ϑa = π/2,ϑb = π/2),
we have �kg = �

′
kg = 0 (k = a,b). Therefore, only noise

acting on �kj (t) (j = f,r) is considered.
Random noise of pulse amplitudes. The Rabi frequencies

under the influence of the random noise of pulse amplitudes

FIG. 7. 1 − F̄cp versus δV/V (�a = 5 × 104/T and �b = 2.5 ×
104/T ).
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(a) (b)

Simulation count Simulation count

(c) (d)

Simulation count Simulation count

FIG. 8. 1 − F̄cp versus simulation count with (a) �kj = �
′
kj = 0.01, (b) �kj = �

′
kj = 0.05, (c) �kj = �

′
kj = 0.1, and (d) �kj = �

′
kj = 0.2.

can be described as

�̆kj (t) = [1 + randkj (t,�kj )]�kj (t),

�̆
′
kj (t) = [1 + rand

′
kj (t,�

′
kj )]�kj (t), (42)

where randkj (t,�kj ) (rand
′
kj (t,�

′
kj )) denotes a random func-

tion with the amplitude �kj (�
′
kj ), i.e., randkj (t,�kj )

(rand
′
kj (t,�

′
kj )) generates a random number in the interval

[−�kj ,�kj ] ([−�
′
kj ,�

′
kj ]) at time t . Since the noise is random

in the simulations, one is required to perform simulations
several times for estimating the influences of the noise. Here,
we perform numerical simulations based on the Rabi frequen-
cies shown in Eq. (42) 25 times (for each group of noise
amplitudes), and plot the 1 − F̄cp versus simulation count in
Figs. 8(a) and 8(d) with (a) �kj = �

′
kj = 0.01, (b) �kj =

�
′
kj = 0.05, (c) �kj = �

′
kj = 0.1, and (d) �kj = �

′
kj = 0.2,

respectively. According to Figs. 8(a)–8(c), one can obtain
1 − F̄cp ∼ 10−3 when �kj ,�

′
kj � 0.1. Even when �kj and

�
′
kj reach 0.2, the average fidelity F̄cp may still be higher than

0.9. Generally speaking, the scales of noise are usually much
weaker compared with the amplitudes of original pulses. Thus,
the controlled phase gate could be quite robust against the noise
of pulse amplitudes.

Additive white Gaussian noise (AWGN). The Rabi frequen-
cies under the influence of the AWGN of pulse amplitudes can
be described as

�
�
kj (t) = �kj (t) + awgn(�kj (t),RSNkj ),

�
′�
kj (t) = �

′
kj (t) + awgn(�

′
kj (t),R

′
SNkj ), (43)

where awgn(�kj (t),RSNkj ) (awgn(�
′
kj (t),RSBkj )) is the func-

tion generating AWGN with signal-to-noise ratio RSNkj

(R
′
SNkj ) for pulses �kj (t) (�

′
kj (t)). The signal-to-noise ratios

indicate the ratio between the original Rabi frequencies and the
scales of noise. Based on Eq. (43), signal-to-noise ratios (a)
RSNkj = R

′
SNkj = 10, (b) RSNkj = R

′
SNkj = 5, (c) RSNkj =

R
′
SNkj = 2, and (d) RSNkj = R

′
SNkj = 1 are considered. For

each group of signal-to-noise ratios, 25 numerical simulations
for 1 − F̄cp are performed, and the results for corresponding
signal-to-noise ratios are plotted in Figs. 9(a)–9(d), respec-
tively. According to Figs. 9(a)–9(c), 1 − F̄cp ∼ 10−3 can be
obtained when RSNkj ,R

′
SNkj = 2. Moreover, as shown in

Fig. 9(d), in the case of RSNkj = R
′
SNkj = 1, where the scales

of noise are similar to the original Rabi frequencies, 1 − F̄cp

can still reach 10−3 ∼ 10−2. Comparing the results of AWGN
with the results of the noise of pulse amplitudes, the scheme is
more robust against AWGN than the noise of pulse amplitudes.

Another disturbing factor in real experiments is the deco-
herence. In the current scheme, the main decoherence factors
are the atomic spontaneous emission from the Rydberg state
|r〉k to the intermediate state |e〉k with spontaneous emission
rate γkr and that from the intermediate state |e〉k to the ground
state |g〉k (|f 〉k) with spontaneous emission rate γkg (γkf ). As
shown by many previous schemes [120–122] that the Lindblad
master equation with the Markov approximation is an effective
model to describe the quantum evolution when the atom-cavity
coupled system is interacted with a thermal reservoir, as the
reservoir is typically an extended open system with many
degrees of freedom. For the current scheme, considering the
decoherence factors discussed above, the evolution should be
described by a master equation as

ρ̇(t) = i[ρ(t),H (t)] +
6∑

ι=1

[
LιρL†

ι − 1

2
(L†

ι Lιρ + ρL†
ι Lι)

]
,

(44)
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FIG. 9. 1 − F̄cp versus simulation count with signal-to-noise ratios (a) RSNkj = R
′
SNkj = 10, (b) RSNkj = R

′
SNkj = 5, (c) RSNkj = R

′
SNkj =

2, and (d) RSNkj = R
′
SNkj = 1.

where, Lindblad operators {Lι|ι = 1,2,3, . . . ,6} read

L1 = √
γar |e〉a〈r|, L2 = √

γbr |e〉b〈r|,

L3 = √
γag/2|e〉a〈g|, L4 = √

γbg/2|e〉b〈g|,

L5 = √
γaf /2|e〉a〈r|, L6 = √

γbf /2|e〉b〈r|. (45)

When the decoherence is considered, the fidelity of the con-
trolled phase gate with initial state |�0(ηa,ηb)〉 can be derived
using

Fcp(ηa,ηb) = |〈�cpT (ηa,ηb)|ρ(ηa,ηb,T )|�cpT (ηa,ηb)〉|2,
(46)

FIG. 10. 1 − F̄cp versus γa/�max and γb/�max.

with ρ(ηa,ηb,T ) being the density operator of the system at
time T with initial state |�0(ηa,ηb)〉. The average fidelity F̄cp

can still be calculated by using Eq. (41). Generally, the Rydberg
state |r〉 is more stable than the intermediate state |e〉. The
spontaneous emission rates γkr ∼ kHz and γkg,γkf ∼ MHz
have been shown in schemes [118,120–122]. Therefore, we
assume γkg = γkf = γkr × 103 = γk in the following. 1 − F̄cp

versus γa/�max and γb/�max is plotted in Fig. 10. Seen
from Fig. 10, the average fidelity F̄cp falls when γa and
γb increase, while for γa/�max,γb/�max � 0.5, the average
fidelity F̄cp keeps higher than 0.9140. Moreover, considering
a group of parameters V = 20 MHz, �a = 441.7 MHz, �b =
220.8 MHz, �max = 5 MHz, γa = γb = 1 MHz (γa/�max =
γb/�max = 0.2) [118,120], we obtain F̄cp = 0.9158. To obtain
a relative high average fidelity, one may try to intensify
the maximal value of Rabi frequencies. Besides, one may
also adjust the detunings of couplings to restrain the pop-
ulations of the intermediate states for higher fidelities of
gates.

IV. DISCUSSIONS AND CONCLUSION

In conclusion, we have proposed a scheme for re-
alizing nonadiabatic holonomic computation assisted by
two atoms and STA. The physical model can be built
by 87Rb atoms with |g〉 = |5s1/2,F = 1,MF = 1〉, |f 〉 =
|5s1/2,F = 2,MF = 2〉, |e〉 = |5p1/2,F = 2,MF = 2〉, and
|r〉 = |58d3/2,F = 3,MF = 3〉 [118,123]. The blockade ef-
fect induced by strong Rydberg-mediated interaction between
two Rydberg atoms allows us to simplify the dynamics of
the system and obtain an effective Hamiltonian. Based on
the effective Hamiltonian, the STA is applied in designing
pulses, which produces high fidelity of holonomic quantum
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gates without using adiabatic passages. Numerical simula-
tions showed that the scheme is robust against the random
noise of pulse amplitudes, the AWGN, and the atomic
spontaneous emissions. Thus, the scheme may provide an
alternative approach toward robust nonadiabatic holonomic
computation.
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APPENDIX: DERIVATION OF THE EFFECTIVE HAMILTONIAN OF EQ. (5)

According to the Hamiltonian shown in Eq. (4), the system evolves in Hilbert space spanned by

|ψ1〉 = |++〉ab, |ψ2〉 = |+−〉ab, |ψ3〉 = |+e〉ab, |ψ4〉 = |+r〉ab, |ψ5〉 = |−+〉ab, |ψ6〉 = |−−〉ab,

|ψ7〉 = |−e〉ab, |ψ8〉 = |−r〉ab, |ψ9〉 = |e+〉ab, |ψ10〉 = |e−〉ab, |ψ11〉 = |ee〉ab, |ψ12〉 = |er〉ab, |ψ13〉 = |r+〉ab,

|ψ14〉 = |r−〉ab, |ψ15〉 = |re〉ab, |ψ16〉 = |rr〉ab. (A1)

Thus, the Hamiltonian shown in Eq. (4) can be rewritten as

H (t) = [�a0(t)ei�at + �
′
a0(t)e−i�at ](|ψ1〉〈ψ9| + |ψ2〉〈ψ10| + |ψ3〉〈ψ11| + |ψ4〉〈ψ12|)

+ [�ar (t)ei�at + �
′
ar (t)e−i�at ](|ψ13〉〈ψ9| + |ψ14〉〈ψ10| + |ψ15〉〈ψ11| + |ψ16〉〈ψ12|)

+ [�b0(t)ei�bt + �
′
b0(t)e−i�bt ](|ψ1〉〈ψ3| + |ψ5〉〈ψ7| + |ψ9〉〈ψ11| + |ψ13〉〈ψ15|)

+ [�br (t)ei�bt + �
′
br (t)e−i�bt ](|ψ4〉〈ψ3| + |ψ8〉〈ψ7| + |ψ12〉〈ψ11| + |ψ16〉〈ψ15|)

+ H.c. + V |ψ16〉〈ψ16|. (A2)

By introducing a picture transformation with unitary operator R(t) = e−iV t |ψ16〉〈ψ16|, one can move to another picture where the
Hamiltonian is

H ′(t) = R†(t)H (t)R(t) − iR†(t)Ṙ(t) =
4∑

n=1

h†
n(t)eiωnt + hn(t)e−iωnt , (A3)

with

h1(t) = �a0(t)(|ψ9〉〈ψ1| + |ψ10〉〈ψ2| + |ψ11〉〈ψ3| + |ψ12〉〈ψ4|) + �
′
a0(t)(|ψ1〉〈ψ9| + |ψ2〉〈ψ10| + |ψ3〉〈ψ11| + |ψ4〉〈ψ12|)

+�ar (t)(|ψ9〉〈ψ13| + |ψ10〉〈ψ14| + |ψ11〉〈ψ15|) + �
′
ar (t)(|ψ13〉〈ψ9| + |ψ14〉〈ψ10| + |ψ15〉〈ψ11|),

h2(t) = �b0(t)(|ψ3〉〈ψ1| + |ψ7〉〈ψ5| + |ψ11〉〈ψ9| + |ψ15〉〈ψ13|) + �
′
b0(t)(|ψ1〉〈ψ3| + |ψ5〉〈ψ7| + |ψ9〉〈ψ11| + |ψ13〉〈ψ15|)

+�br (t)(|ψ3〉〈ψ4| + |ψ7〉〈ψ8| + |ψ11〉〈ψ12|) + �
′
br (t)(|ψ4〉〈ψ3| + |ψ8〉〈ψ7| + |ψ12〉〈ψ11|),

h3(t) = �ar (t)|ψ12〉〈ψ16| + �
′
ar (t)|ψ16〉〈ψ12|,

h4(t) = �br (t)|ψ15〉〈ψ16| + �
′
br (t)|ψ16〉〈ψ15|, (A4)

and

ω1 = �a, ω2 = �b, ω3 = �a + V, ω4 = �b + V. (A5)

According to Ref. [124], with the Hamiltonian in the form of Eq. (A4), one can derive the effective Hamiltonian as

Heff (t) =
4∑

m,n=1

1

ω̄mn

[h†
m(t),hn(t)]ei(ωm−ωn)t , (A6)

with

1

ω̄mn

= 1

2

(
1

ωm

+ 1

ωn

)
, (A7)

if condition

max
k,j

{|�kj (t)|,|�′
kj (t)|} � min{�a,�b,V }, (k = a,b; j = 0,r) (A8)

is fulfilled. Moreover, by adding condition

max
k,j

{|�kj (t)|,|�′
kj (t)|} � |�a − �b|, (A9)
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the terms of m 	= n in Eq. (A6) oscillate very quickly and can be omitted by considering the time average. Thus, Eq. (A6) can be
further simplified as

Heff (t) =
4∑

n=1

1

ωn

[h†
n(t),hn(t)] = �2

a0(t) − �
′2
a0(t)

�a

(|ψ1〉〈ψ1| + |ψ2〉〈ψ2| + |ψ3〉〈ψ3| + |ψ4〉〈ψ4|)

+ �2
ar (t) − �

′2
ar (t)

�a

(|ψ13〉〈ψ13| + |ψ14〉〈ψ14| + |ψ15〉〈ψ15|) + �2
b0(t) − �

′2
b0(t)

�b

(|ψ1〉〈ψ1| + |ψ5〉〈ψ5| + |ψ9〉〈ψ9|

+ |ψ13〉〈ψ13|) + �2
br (t) − �

′2
br (t)

�b

(|ψ4〉〈ψ4| + |ψ8〉〈ψ8| + |ψ12〉〈ψ12|) + �a0(t)�ar (t) − �
′
a0(t)�

′
ar (t)

�a

(|ψ1〉〈ψ13|

+ |ψ2〉〈ψ14| + |ψ3〉〈ψ15| + H.c.) + �b0(t)�br (t) − �
′
b0(t)�

′
br (t)

�b

(|ψ1〉〈ψ4| + |ψ5〉〈ψ8| + |ψ9〉〈ψ12| + H.c.)

+ �
′2
a0(t) + �

′2
ar (t) − �2

a0(t) − �2
ar (t)

�a

(|ψ9〉〈ψ9| + |ψ10〉〈ψ10| + |ψ11〉〈ψ11|)

+ �
′2
b0(t) + �

′2
br (t) − �2

b0(t) − �2
br (t)

�b

(|ψ3〉〈ψ3| + |ψ7〉〈ψ7| + |ψ11〉〈ψ11|) + �
′2
a0(t) − �2

a0(t)

�a

|ψ12〉〈ψ12|

+ �
′2
b0(t) − �2

b0(t)

�b

|ψ15〉〈ψ15| + �2
ar (t) − �

′2
ar (t)

�a + V
(|ψ16〉〈ψ16| − |ψ12〉〈ψ12|)

+ �2
br (t) − �

′2
br (t)

�b + V
(|ψ16〉〈ψ16| − |ψ15〉〈ψ15|). (A10)

By substituting �k0(t) = �kr (t) = �
′
k0(t) = −�

′
kr (t) = �k(t) (k = a,b), Eq. (A10) can be simplified as

Heff (t) = 2�2
a(t)

�a

(|ψ1〉〈ψ13| + |ψ13〉〈ψ1| + |ψ2〉〈ψ14| + |ψ14〉〈ψ2| + |ψ3〉〈ψ15| + |ψ15〉〈ψ3|)

+ 2�2
b(t)

�b

(|ψ1〉〈ψ4| + |ψ4〉〈ψ1| + |ψ5〉〈ψ8| + |ψ8〉〈ψ5| + |ψ9〉〈ψ12| + |ψ12〉〈ψ9|). (A11)

Considering the initial state of the system is in {|ψ1〉,|ψ2〉,|ψ5〉,|ψ6〉} (i.e, {|++〉ab,|+−〉ab,|−+〉ab,|−−〉ab}) terms,

2�2
a(t)

�a

(|ψ3〉〈ψ15| + |ψ15〉〈ψ3|) + 2�2
b(t)

�b

(|ψ9〉〈ψ12| + |ψ12〉〈ψ9|) (A12)

can be adiabatically removed from Eq. (A11). Thus, we can obtain Eq. (5).
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