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Wave-optical treatment of the shadow cast by a large sphere
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We study the electromagnetic (EM) field in the shadow cast by a large opaque sphere. For this, we consider
the scattering of a high-frequency monochromatic EM wave by the large sphere and develop a Mie theory that
accounts for the presence of this obscuration. Applying fully absorbing boundary conditions, we find a solution
for the Debye potentials, which we use to determine the EM field in the shadow in the wave zone at large distances
from the sphere. We use the standard tools available from the nuclear scattering theory to develop the wave-optical
treatment of the problem. Based on this treatment, we demonstrate that there is no EM field deep in the shadow,
except for the field that is diffracted into the shadow by the edges of the sphere, as anticipated.
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I. INTRODUCTION

Recent efforts to investigate the optical properties of the
solar gravitational lens (SGL) [1,2] led us to the realization that
it is important to develop a wave-theoretical description of the
electromagnetic (EM) field in the shadow of a large, opaque
sphere, in a sufficiently flexible manner such that the discussion
can later be extended to include optical contributions from
the gravitational field, surrounding diffractive atmosphere (the
solar corona) and other effects.

We are interested in determining the EM field behind a large,
fully absorbing sphere, the diameter of which, Ry, is much
larger than the wavelength A of the incident EM radiation,
i.e., Ro > A. Additionally, we consider the propagation of a
high-frequency EM wave, so that kR > 1, where k = 27 /A
is the wave number. As a specific example, the radius of
the sun is Ry =~ 695700 km and the wavelength of interest
is A ~ 1 pum, thus both conditions are satisfied. Therefore,
in some sense, the availability of these relationships and
related small parameters should make the problem easily
solvable. Indeed, there are many solutions that deal with
similar problems, but they generally rely on the geometric
optics approximation. For instance, similar discussions exist
in the literature related to optical scattering [3—6], and also in
the eikonal or high-energy approximations [7-9] of light or
nuclear scattering [10—14], but they are not fully suitable for
our purposes, as most of them use scalar diffraction theory and
geometric optics.

Our objective is to develop a wave-optical treatment of
the shadow behind a large, opaque sphere. The solution of
this problem is not really intuitive as, in the case of the
SGL, we are dealing with the very large dimensions of the
sun itself and significant heliocentric distances where the sun
forms the focal area (i.e., beyond 547 astronomical units).
Yet we are interested in the coherent addition of the EM
fields represented by rays enveloping the sun with different
impact parameters but with optical paths that are equal within
a fraction of a wavelength. The peak of the point spread
function that characterizes the beam of extreme intensity
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occupies the region around the optical axis with a radius of
~10 cm [2]. Solutions to this particular problem with such a
hugely mismatched parameter set do not exist in the literature.
Relying, in part, on methods developed in the existing literature
and extending our own work, we develop, from first principles,
aMie theory that accounts for the shadow in terms of an infinite
series representation of incident and scattered EM waves. We
demonstrate that in the shadow region, the EM field vanishes
as expected.

Our discussion begins in Sec. II, where we introduce our
notation and present Maxwell’s vacuum field equations in
terms of Debye potentials. In Sec. III, we develop a Mie
theory for the scattering. We introduce the fully absorbing
boundary conditions and represent the EM field as a sum
of incident and scattered waves. We rely on the properties
of the Riccati-Bessel functions and asymptotic expansions of
the Legendre-polynomials to demonstrate that the EM field is
indeed absent in the shadow region. Finally, a summary of our
results is presented in Sec. IV.

II. ELECTROMAGNETIC FIELD IN TERMS OF THE
DEBYE POTENTIALS

We wish to describe light propagation in the vacuum, in the
vicinity of a large, electrically neutral, opaque sphere. To this
end, we use the source-free Maxwell equations:

divE = 0, (1)

divB = 0. )

Following closely the derivation presented in Ref. [4], we
now consider a solution to these equations. In the case of
the sphere’s static, spherically symmetric geometry, solving
Egs. (1) and (2) is quite straightforward. We obtain the
complete solution of these equations in spherical coordinates
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(r,0,¢) in terms of the electric and magnetic Debye potentials
[4], ¢IT and ™ I1, as
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where k = 27 /A is the wave number for the incident EM wave
with wavelength . Both of the potentials ‘IT and "IT satisfy
the wave equation

(A4 kT =0. (6)

In spherical coordinates, the solution to Eq. (6) is typically
[4] obtained by separating variables:

1
= ;R(r)®(9)d>(¢). (7

In the following, we may also make use of the cylindrical z
coordinate, related to spherical coordinates by z = r cos 6.

Direct substitution into Eq. (6) reveals, after some algebra,
that the functions R, ®, and & satisfy the following differential
equations:

d*R 5
ﬁ*(k - 5)R=0. ®)
I d si ed® + p ©=0 9)
— | smb—- o — —5— =
sin6 do do sin 0 '
d2
10
d¢2+ﬂ (10)

The solution to Eq. (10) is given as usual [4]:
D,(p) = " — ©pu($) = ay cOSMP) + byy sin(me),
1D

with 8 = m? and with a,, and b,, being integration constants.

Equation (9) is well known for spherical harmonics. Single-
valued solutions to this equation exist when « = /(I + 1), with
(I > |m|;1,m € Z). With this condition, the solution to Eq. (9)

becomes
Oum(0) = P™(cos 6). (12)

Given these solutions, Eq. (8) for the radial function takes
the form
d’*R
i K —
dr? + (

The general solution to this equation is well known [4] and
may be given in terms of the Riccati-Bessel functions v, (kr)

Z“j”)R = 0. (13)
;

and x,(kr) (see discussion in Appendix) as

R = cee(kr) + dexe(kr), (14)

where ¢, and d; are arbitrary constants. As the function v, (kr)
is regular everywhere, including the origin and the function
xe(kr) has a singularity at the origin, it is ¥, (kr) that is suitable
to represent the field inside the sphere [3,4]. Therefore, to
represent the EM field outside the sphere, we choose ¢, = 1
and d, = 0.

We adopt the geometry from discussions of the Mie problem
[4]. Thus, the source is located at a large distance from
the sphere along the z axis, which goes through the center
of the sphere and is parallel to the direction of propagation
of the incident wave. The incident plane EM wave, o< ¢*%, is
emitted by a source located at large negative z values and, after
passing by the sphere, it propagates toward positive z values.

Next, we require our solution to Eq. (6) to satisfy the
asymptotic boundary condition at negative infinity by matching
the incident plane EM wave o e’*?. As a result, collecting
Egs. (11), (12), and (14), in the vacuum and because of
the spherical symmetry of the problem, the solutions for the
electric and magnetic potentials of the incident wave, ‘I1 and
"T1p, may be given in terms of a single potential, ITy(r,0) (see
Refs. [2,4] for details):

Iy cos ¢
=| ITy(r,0), where
"y sin ¢

o(r,0) = Z - 1%11) Yekr) P (cos0), (15)

where E( characterizes the energy density of the unperturbed
EM wave at the source and Pe(l) are the associated Legendre
polynomials. To obtain the components of the EM field in
the spherically symmetric and static geometry, we need to
construct the following expressions (as was shown in Ref. [2]):

9y — 1 0 1 [sin6 (- ID)]
O{(l", )——rj@[ma—e sm (V ):|
2
_ e e, (16)
ar?
19T k(T
N T T a7
0y — — 1 oIl _ ik o(rI1) 18
y(r0) = rsin@ or 09 (18)

and insert them into

<E,> (cos ¢> .
= . e o),
H, sin ¢
Ey cosp\
<H9> _(sin¢) ¢ hn0)
Ey sin ¢ )
— —lwt . 1
( H¢> (_ oy ¢> ey (r0) (19)

We use these expressions to study the EM field in the shadow
produced by the large sphere.
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Image plane

FIG. 1. Geometry of the scattering problem. Body-centric spheri-
cal polar coordinate system (,0,¢) (suppressed) as well as the z and x
coordinates used to describe the diffraction of light on a large opaque
sphere.

III. DIFFRACTION OF LIGHT BY A LARGE SPHERE

A. Fully absorbing boundary conditions

We consider parallel rays of light traveling in the z direction,
passing by a large sphere of radius Ry >>> A. Each ray is char-
acterized by its impact parameter b with respect to the sphere.
We consider an opaque sphere for which the rays with impact
parameter b < Ry are completely absorbed by the sphere. In
other words, we have the situation where all the radiation
intercepted by the body is fully absorbed by it and no reflection
or coherent reemission occurs. All intercepted radiation is
transformed into some other form of energy, notably heat.

The observation above allows us to formally introduce the
fully absorbing boundary conditions. To do this, we turn our

J

attention to Eq. (15) and remember that it was obtained by
solving the wave equation (6). In quantum mechanics, Eq. (6) is
identical to the time-independent Schrodinger equation [15,16]
of a free particle. Thus, the index of summation £ in Eq. (15)
represents the quantum mechanical momentum for the £¢th
partial wave. In classical scattering theory [9,13,16], the impact
parameter b is related to the quantum mechanical partial wave
£ as kb= L+ 1)~ L+ % This semiclassical analogy
between b and £ is useful to introduce our boundary conditions.
For this, we identically rewrite I1y(r,0) from Eq. (15) as

20+1
Mo(r,0) = 2k2 Z T +1){¢;+><k P+ & (k)

X Pe( )(cos 0), (20)

where Q(i) are related to the Riccati-Bessel functions by
t(2) = ¥e(2) F i xe(2), given by Egs. (A8) and (A9). The
functions ;“(H and {EH correspond to radially incoming (cx
¢'*") and radially outgoing (o< e~'*") EM waves, respectively.
To implement the fully absorbing boundary conditions, it
is convenient to introduce the image plane that is positioned
at a large, positive-z distance from the sphere and to consider
the EM field in this plane (see Fig. 1). Finally, we require
that no radially incoming EM waves reach the image plane
for rays whose impact parameters b < Ry or, equivalently, for
partial momenta £ < kRy. We implement these fully absorbing
boundary conditions by subtracting the radially incoming
waves for £ < kR, from the incident wave (as was discussed
in Ref. [2]), which results in

kR()
2041 2041
_ -1 +) (=) 1 -1 +) (€8]
M) = —2 2k2 § : TR AR NG (cose)——2k2-§ : o R cose)
Egl & 20+ 1 il 20+ 1
0 0—1 (1 f—1 +) Y]
=25 kr) P 6 § : kr) P, 6 21
2yt wey ke (cost) = 2k2 eyt knF(cost). @D

Consider the field at a large distance r > Ry from the
sphere. In this case, for kr > /£(£ + 1), the asymptotic
behavior of the function Q(H (kr) from Eq. (21) [as was shown
in Ref. [2] and directly calculated by (A8)] is given as

o+ 1)>. o)

lim ¢ (kr) = exp (kr — 2@ + 1)+
kr—o00 ¢ 2 2kr

Using Eq. (22) torepresent the asymptotic behavior of ;“Z(H (kr),
we present Eq. (21) as

ek Ey KRy 20+ 1 l((+l)

ro2k 4 e(£+1)

[1(r,0) = Mo(r,0) + P (cos ).

(23)

The first term in Eq. (23) is the Debye potential representing
the incident plane wave [4] (this solution may be derived
from the solution obtained in Ref. [2]). The second term is
responsible for the geometric shadow behind the body.

Introducing the obscuration amplitude,

kR
Ep e

2% U+ 1)

20+1 e

fon(0) = ¢ % PM(cosh),  (24)

allows us to present the Debye potential in the following
compact form:

eikr
o(r,0) + Hep(r,0) = o(r,0) + fop(6) pat

(25)

H(r,@) =

where I, (r,0) is the Debye potential representing a fictitious
EM field due to the obscuration. This fictitious EM field is a
very useful concept. As shown below, it allows the application
of well-developed methods of nuclear scattering theory in
describing the spherical obscuration. This field is induced by
the material within the sphere to precisely match the incident
EM field, so that the total EM field on the image plane vanishes.
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Equation (25) is our main result, as it contains all the
information needed to describe propagation of monochromatic
EM waves in the vicinity of a large opaque sphere.

B. Debye potential in the shadow

To evaluate fo,(0) from Eq. (24), we use the asymptotic

representation for le(cos 0) from Ref. [17], valid when
£ — o0:

P(l)(cose) _ — (ei(£+%)9+i% + e—i(u—%)@—i%)
‘ V2rlsind
3
+0(¢72) for 0<6 <. (26)
This approximation can be used to transform Eq. (24) as
Eo 8 20+1 (=0 ue
fn®) = 5% o
2k* = L+ 1) V27 sin 6§
« (ei(£+%)9+i% +e—i(£+%)€—i%). 27)

At this point, we may replace the sum in Eq. (27) with an
integral,

S L+
e' T

Joo(8) =

Eo /kRU 20+1  (=byde
22 ), W+ 1) Vartsing
w (N DITIT | pmiter =ity (28)

and evaluate this integral by the method of stationary phase.
This method allows us to evaluate integrals of the type

I = / A0 Ode, ¢ eR, (29)

where the amplitude A(¢) is a slowly varying function of ¢,
while ¢(£) is a rapidly varying function of £. The integral
(29) may be replaced, to good approximation, with a sum
over the points of the stationary phase, ¢y € {£{; 5.}, for which
de/dt = 0 (and defining " = d*>¢/dl?):

a2
I~ Y AT | —Z (30)
Loelly2,..} ¢ (o)

The £-dependent part of the phase of Eq. (28) is of the form

B 1 x], e+
¢i(€)—ﬂ:|:<£+§>9+zj|+ hr 31

The phase is stationary when dg. /d¢ = 0, which implies

5
kr
In the semiclassical approximation of the theory of particle
scattering (for discussion, see Refs. [9,13]), £ represents partial

momenta, related to the impact parameter and the wave number
by

0 =

(32)

€+ 3 =kb. (33)

For small angles 6 (or large distances from the sphere, Ry < r),
Eq. (32) yields =sin6 = —b/r. As a result, we see that the
points of the stationary phase satisfy the equation

b =rcos (91%), (34)

which is the equation for a family of parallel straight lines.

The largest value of the impact parameter for Eq. (28) is
b = Ry. The two lines given by Ry = r cos(f F 7) represent
the boundary that coincides with two rays of light that are just
grazing the sphere on opposite sides while traveling the forward
direction, 0 < 6 < 7, setting the boundary of the geometric
shadow behind the sphere.

Let us demonstrate that there is indeed no EM field in the
shadow behind the sphere. For this, we continue to evaluate
the integral in Eq. (28) using the method of stationary phase.
From Eq. (32), we determine

bo+ 3 = Fhkro, (35)
which allows us to compute
T 1 1
L) =+— — =0%r, ¢/(L)=—. 36
@+ (Lo) 7 R0k @ (Lo) o (36)

As a result, for each of the two areas with respect to the z
axis—above it given by the “4-” sign and below it is given by
the “—”" sign—we obtain

Ey -2 i(+% —10%r) +iZ
)= ——e¢ 4 2 4
fob( ) k2 ,—:Fl sin @
EO —ikrle2
- 2 37
Ksin6® ' 37)

which results in the following expression for the Debye
potential of the scattered wave:

eikr 1 " (1 102)
H ,9 = 9 e e — L G 2
ob(r,0) , fon(0) 2r sinQe
1 ikr cos 0
- _ ikrcost 38
K2rsing (38)
Putting this result into Eq. (25), we have
1 ikrcosf
[(r,0) = Ho(r,0) — e . (39

k%r sin@

In Eq. (15), [Ty(r,0) was presented in the form of an infinite
sum. To evaluate ITy(r,0) further, it is helpful to obtain a
closed-form expression. To this purpose, following the method
presented in Ref. [2], we use the E, component of the incident
plane EM wave (see Ref. [4]):

cos ¢ dYo(r,0) _;,,
T . ¢ s

E, = —E,
ikr 00

(40)
where ¥(r,0) = Ege'* is the incident scalar wave (see details
in Ref. [2]). Equating this expression with the expression for
E, in Eq. (19), we obtain, for the incident wave,

£ i COSP O 1 9 [sin & (r TTo)]
r = —¢€ — | = —|S1 r
2 90| sind 90 0
= _rion €50 Mo @1
ikr 00

This result yields the following equation for the incident wave
Debye potential ITj:

9 9 sin6T,]
90 | sing ag MO0

———2 42)

i 0
Tk 9o
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‘We may now integrate this equation with respect to 6 to obtain Given yy(r,0) = Ege’®?, we can evaluate the integral (44) as

J . i . Ey ikr cos@ —ikr
—[sin OT1y] = ——sin O[Y(r,0) + c(r)], 43) Iy(r,0) = —F—(e —e + c(r)(cosf + 1)).
e k k2r sin @
where c(r) is constant with respect to the integration variable (45)
0. Integrating again from 7 to 6, we have Using c(r) = — % (el — e=ikr) we satisfy the requirement for

i 0 Iy to be finite for any 6 and obtain the following expression
o(r,0) = g / [Wo(r,0") + c(r)]sin@'dd’. (44)  for the Debye potential:
T

J

1

Mo(r0) = k2r sin 6

N . 1 i i
<e:krcose _ pikr + 5(1 — cos 9)(elkr _ e”"))_ (46)

(Note that an identical expression may be obtained from the solution found in Ref. [2] by taking the limit r, — 0.)
Substituting this expression into Eq. (39), we obtain the Debye potential in the shadow behind the sphere:

en C0S¢ I1 9 h I 9 1 1 9 ikr 1 9 —ikr 47
n ) = i (r,0), where TI(r, )_—m(( + cosB)e™ 4+ (1 —cosB)e ™). (47)

Using this result in Eqs. (16)-(18), we confirm that these expressions all vanish in the shadow:

(r,0) L af 1 @ (1 + cos0)e™ + (1 — cosH)e ™ )| =0 (48)
al@f0) = ——| —— e - e =0,
2k2r2 96 | sinf 96
ik [ 9 [(14cos@)ef —(1 —cosf)e (1 + cos0)et* + (1 — cos B)e =
0) = — = =0, 49
Prb) = =30y { 36 [ 5in 6 * sinZ “9
ik [(1+cos@)e™ — (1 —cos@e ™ 3 [(+cosh)e* + (1 — cosB)e
0) = — . =0. 50
y(r.6) 2k2r{ sin 0 T 39 sin@ (50)

Asa = B =y =0, according to Eq. (19), the EM field is absent: there is no light in the shadow.

At the same time, for impact parameters b > R, the EM field is given fully by the incident wave, with the Debye potential
[Iy(r,0) from Eq. (15) or, equivalently, from Eq. (46). This field will diffract into the shadow with the usual diffraction-limited
divergence angle of ~A /Dy, where Dy is the diameter of the spherical obscuration.

C. EM field in the shadow

To verify the results obtained above, we compute the fictitious EM field produced by the obscuration. The corresponding
Debye potentials for the obscuration field take the form

("l’[ob> (cos qb) ik
=\ . op(r,0), where Ilop(r,0) = fob(6) (51

9
g sin ¢ r

with fop(0) given by Eq. (24). We use Eq. (51) to derive the components of the EM field produced by the scattered wave in the
wave zone. Indeed, using Eqs. (16)—(18) for the components of the EM field (19), we have E, = H, = O(r~2) and the rest of
the components are given as

Eo\ _ ., @ [3fon(®) | foo®) ] (cOSP\ jun

<H9>Ob_lk r { 90 + sin 6 }(Sinqb)e ’ (52)
Es\ _ . @ [3fn®) | SO ( sing \ _iu
<H¢>ob_ & r { a6 + sin 6 }(—Cosqb)e : (53)

Using Eq. (24), we may rewrite the subexpression in curly braces as follows:

Won® | for®) _ Eo x5 2041 s [9P (cos0) | PV (cos6) 54)

_— _— e r .

20 sin 6 2k? = L+ 1) 20 sin 0
Introducing the obscuration amplitude function
kRo (1) (e9]
1 26+1 ,wn | 0P, '(cosf) P, (cosB)

SO) = = !k 55
©) 2;15(“1)6 { 00 sing (55)
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we can present Egs. (52)—(53) as

E Ccos i(kr—ot) E sin i(kr—wt)
V=m0 e, (P =k ) ) (56)
Hy) sing | ikr Hy) —cos¢) ikr

To evaluate the magnitude of the amplitude function S(6), we need to establish the asymptotic behavior of the expressions
involving Legendre polynomials in Eq. (55). There are two relevant expressions [5]: one is for fixed w = (£ + %)9 and £ — oo,
which is given as

P (coso) 1

me(cos ) = - = L + D(Jo(w) + J2(w)), (57)
sin 6 2
Y]

Ty(cos ) = W = %6(6 + D(Jo(w) — Jo(w)). (58)

The area with 6 ~ 0 is in the region of the geometric shadow behind the sphere, these approximations are not very useful.
However, there exists another form for the expressions for the asymptotic behavior of 7,(6) and 7,(6). For fixed 8 and £ — oo

we have [5]
P(l)(cos 0) 20 2 1 b4
6) = —* = in{(e+=1)0—-=), 59
me(cos6) sin @ <n sin? 9) - (( + 2) 4) (59
1
dP{V(cos ) 203 \? 1 n
Ty(cos0) = 20 = (71 sin9> cos ((2 + 5)9 — Z) (60)

For any large £, formulas (59) and (60) are insufficient in a region close to the forward direction (6 = 0). In the forward region
they are complemented by the asymptotic formulas (57) and (58). More precisely, the formulas (59) and (60) hold for sin8 > 1/¢
and those given by formulas (57) and (58) hold for 8 « 1. The overlapping domainis 1/¢ < sinf < 1.

Considering Egs. (59) and (60), we see that 7, is £ sin 8 times larger than that of my; for most angles except the near forward
direction, this represents a difference of an order of magnitude or more. Thus, we may neglect the contribution of 7, and use
only 7,. With these approximations, the amplitude S(6), defined by Eq. (55), takes the following form in the region given by

sinf > 1/¢:
2 l () 1 T
s
SO) = ———Y ¢ % /Lcos ((E-i——)@——), (61)
/27 sin 6 ; 2 4
which we evaluate using the method of stationary phase. Representing Eq. (61) in the form of an integral over ¢, we have
—7 kRO . + i l il —i l —i s
SO = —— | Jidee s (e (era)oig _ mi(erz)o-i% ) (62)
V2msin 6 Je=1

and the ¢-dependent parts of the phase, ¢ (¢), are identical to Eq. (31), allowing us to borrow some of our earlier results. Using
Egs. (35) and (36) as we apply Egs. (29) and (30) to Eq. (62), we have

A(lo) = /Co = ~/FOKr, /(;(’Z S = V2mkr = A(k) /% ~ JF276kr, (63)
0 0

with the “+” sign and the “—” sign respectively representing areas above and below the z axis. Therefore, the expression for the
S4(0) takes the form

Fi i(£% — 30%r) +iZ _ . —i30%r
S.(0) = mkre 4 2 4 =jkre "2 . 64)
=) /27 sin 6 * (
With this result, Eq. (56) becomes
Eo\ _ o ikr(1-362) (cOSP\ i _ . (€OSPY ithrcoso—wn) 3
<H9)Ob = —Eoe ? sin ¢ ¢ =~k sin ¢ ¢ +007, (65)
Ey\ _ o ikr(1-202)( sing \ _iw _ SING \ ikrcosb—wn) 3
<H¢)0b = Ege 2 —cos e =Eo| cos ¢ e + 0(6°). (66)

At the same time, the nonzero components of the incident EM field due to the Debye potential Iy are given by

Es — E, cos ¢ oikr cos—wn) Ey - _E, sin ¢ itk cos9—or). 67)
Hy sin ¢ ' Hy 0 —cos ¢

As a result the total EM field, given by the sum of Eqs. (65)—(67), vanishes near the optical axis for sinf > ¢.
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D. EM field on the optical axis

To compute the field exactly on the optical axis, for & = 0, we use the expression for the total Debye potential behind the

sphere, for impact parameters b < R, which may be derived from Eq. (21) as

S, (r.0) = kXR: 1 280 O PO (cos 0)
b 2k2 e+ ‘ '

Similarly to Eq. (22), we take the asymptotic behavior of the function {é_)(kr) for kr — oo from Eq. (A9) as

e 041
Jim ¢{7kr) = exp [—(kr - %(z 1)+ (2kr )ﬂ

Using this expression, we transform Eq. (68):

P(l)(cos 0).

Ey e—ikr kXR(’:( 1)@ 20+ 1 ULt

n o) = —
o (70 = 33 w+n®

The corresponding Debye potentials for the obscuration EM field in this case take the form

en(;) cos ¢ 3 B ) it
(’”n?—> = ging ) o 0. where TIr6) = /3, 0)——.
ob

with the obscuration amplitude f(fb_ )(6) having the form

Ey kRU(_ )[ 20 +1 241 j e

2k2 LL+1)

Iy '(0) = P(l)(cos 0).

(68)

(69)

(70)

(71)

(72)

We use Egs. (71) and (72) to derive the components of the EM field produced by the scattered wave in the wave zone. Indeed,
using Egs. (16)—(18), for the components of the EM field (19), we have E~) = H™) = O(r~?) and the rest of the components

are given as

(E§‘>> _ e g0 O (cow)
N — ik _ + - . e s
H| - r 00 sin @ sin ¢

EC\ _ 08O SO (sing i
Hy” ) r 90 sing [\ —cos¢ '
[0}

Using Eq. (72), we may rewrite the expression in curly braces as follows:

o @), fo®) _ Eo kZRO:( e 2EH L 97" (cos0) | P{"(cos)
20 sin 2L+ 1) 20 sin 6 '
Introducing the amplitude function
kR (N (1)
SO ZO( e 2L 20+ 1 jueen | 9P (cos0) N P, '(cos 0) ’
L+ 1) 20 sin 0

we can present Egs. (73) and (74) as

EC cos @\ gitkr-+on I —sing) e—itkr+on
") =k ) e—s20). | | =k )
He(_) ) sin ¢ ikr Hq(b_) cos ¢ ikr
0

ob

To evaluate Eq. (76), we use expressions (57) and (58), which results in

kRq " 1
$E o) = Z( 1)‘(e+ ) 2‘,)12[<5+§>9].

Taking 6 = 0, we see that S$)(0) = 0 and thus the entire EM field (77) also vanishes on the optical axis.
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(76)

(77)

(78)
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IV. DISCUSSION AND CONCLUSIONS

In this paper, we presented a flexible wave-theoretical
description of the shadow cast by a large, fully absorbing
sphere in the presence of a high-frequency monochromatic
plane incident wave. We presented the EM field in terms of
Debye potentials. We then turned to the Mie theory, utilizing a
series expansion to represent the incident and scattered waves.
We utilized the properties of the Riccati-Bessel functions to
demonstrate that there is, indeed, complete cancellation in the
shadow: the electromagnetic field vanishes in this region.

Specifically, in Sec. III B we have shown that the application
of the fully absorbing boundary conditions introduced in
Sec. III A leads to a complete geometric shadow behind the
sphere. This shadow is given by Ry = r cos(6 F %), which, in
the chosen axially symmetric coordinate system, represents a
cylinder with a diameter set by the straight lines representing
the rays of light that are just grazing the sphere. This is the
geometric shadow for which the rays’ trajectories (34) with
the impact parameters within the range of 0 < b < Ry are
forbidden. On the other hand, the rays with impact parameters
b Z Ry + X [from Eq. (33)] are fully transmitted towards the
image plane.

In Sec. III C we explored the geometric shadow by looking
for the EM field in the area close to the optical axis for
6 ~ 0 and in Sec. IIID we searched for light exactly on
the axis where 8 = 0. We were able to demonstrate that the
results derived within the geometrical optics approximation
and those achieved with the wave-optical treatment yield the
same conclusion: the EM field is vanishing everywhere behind
the sphere. Thus, there is no light in the shadow.

The exception is the EM field that is diffracted into the
shadow by the edges of the obscuration. In accord with the
classical diffraction theory (e.g., Ref. [4]), the corresponding
light wanders inside the shadow with the usual diffraction-
limited divergence angle of ~A/Dy. For the SGL this ratio is
A/Dy < 1; in addition, the solar boundary is very turbulent,
so these effects were not discussed here. On the other hand,
one could easily incorporate in the analysis effects related to
the diffraction of light on the sharp edges of a sphere by using
the tools developed here.

J

In addition, we note that the fully absorbing boundary
conditions do not capture the interaction of light at the physical
surface of the sphere. As a result, these conditions do not
yield a description of the spot of Arago. Although this task is
beyond the scope of the present paper, one may incorporate
this feature into the wave-optical treatment presented here
by using, for instance, the approximation scheme introduced
in Refs. [6,18].

Finally, instead of the fully absorbing boundary conditions,
one may choose a different set of boundary conditions asso-
ciated with the sphere. For instance, the sphere may allow for
some light transmission, it may have smooth surface and permit
some re-emission, etc. By way of example, the semitransparent
boundary conditions discussed in Ref. [19] would result in a
phase shift for the fictitious EM field introduced by the ob-
scuration. To implement such boundary conditions, following
the logic given by Eq. (21), one would have to multiply the
incoming wave (i.e., the wave that behaves as o< ;KH)) by the
function that encapsulates the properties of the boundary and
subtract the result from the incident EM field; once that is done,
just follow the approach presented here to find the resultant
EM field. This approach may have some practical applications
for detecting light behind an obstacle and will be explored
further.

The wave-optical treatment presented here allows one to
create a description of the scattering of light by a large sphere
that can be readily extended to incorporate other effects such
as those due to surrounding medium. Specifically, as we look
forward to developing a full wave-theoretical description of
the SGL [1,2], our objective is to develop an approach that
can allow one to incorporate the gravitational effects on light
produced by an extended body, as well as the effects of solar
plasma. This work is ongoing and the results, once available,
will be published separately.
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APPENDIX: RICCATI-BESSEL FUNCTIONS

The general solution to the radial equation (13) is well known and is given as a linear combination of the Riccati-Bessel

functions v, (kr) and x.(kr) [3,4] as follows:

Ry(kr) = core(kr) + dy xo(kr),

(AL)

where ¢, and dy are arbitrary constants. The functions v, (kr) and y,(kr) are related to the half-integral-order Bessel and Neumann

functions JH%(kr) and NH%(kr) by

wkr wkr
1/’@(](")=\/TJH%(/W’), Xxe(kr) = — TNH%(kr)'

(A2)

Consider the asymptotic behavior of the Bessel and Neumann functions for large values of the argument, kr — oo. It is also

well known and is given by Ref. [17] as

Jo 1 (kr) = \/%[Aeﬂ(kr) cos (kr - %(K 4 1)) — By, 1 (kr)sin (kr _ %(K n 1))],

Npyi(kr) = \/%[A,H(kr)sin (kr - %(e T 1)) + By, 1 (kr) cos (kr - %(E 4 1))],

(A3)

(A4)
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where the coefficients A, 1 and B, +1 have the following asymptotic behavior:

e+ DIEe+1) —-2]

0+ DL + 1) — 2][e(C + 1) — 6][e(¢ + 1) — 12]

+ Ol(kr)™®],

Apgi(kr) > 1 - S0y

Be+%(kr) ~

(e+1) L+ DIE+1D—2]e¢+ 1) — 6]

384(kr)*

+ Ol(kr)™].

2kr 48(kr)3

(AS5)

Taking Egs. (A3)—(AS) into account, we obtain the asymptotic behavior of ¥,(kr) and x.(kr) from Eq. (A2) for large values

of the argument when kr — oo:

/ 1
Yolkr) = T[Tkr]“%(kr) = cos [kr - %(z + 1+ M} + Ol(kr) ™1,

xo(kr) = —,/”TMN[+%(kr) = —sin |:kr - %(z + 1)+ w} + O[(kr)2].

2kr (A6)

2kr (A7

Note that a similar functional dependence, including the £(£ + 1)/2kr term, was obtained in Ref. [2], considering the solution to
Eq. (13) using the Wentzel-Kramers-Brillouin approximation and extending it closer to the turning point.
From expression (A2) we can form two linear combinations of functions v;(kp) and yx;(kr), namely

&y kr) = Yu(kp) — i xe(kr) = exp [kr - %(5 +D+

¢ 7 (k) = Wolkr) + i xo(kr) = exp [—(kr - %(e +1)+ M)} + O[(kr)?].

W+ .
T} + O[(kr)~7],

(A8)

2kr (A9)

For the chosen geometry, the two expressions above have a clear physical meaning [20]. They represent two waves: that given
by Eq. (A8), which is moving from the source toward and past the sphere and then on to the positive infinity, called the radially
incoming wave; and that given by Eq. (A9), which is moving in the opposite direction, called the radially outgoing.
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