PHYSICAL REVIEW A 97, 033608 (2018)

Hyperspherical lowest-order constrained-variational approximation to resonant
Bose-Einstein condensates

M. W. C. Sze,! A.G. Sykes,2 D. Blume,? and J. L. Bohn'
VJILA and Department of Physics, University of Colorado, Boulder, Colorado 80309-0440, USA
2Transpower New Zealand Limited, Waikoukou, 22 Boulcott Street, PO Box 1021, Wellington, New Zealand
3Homer L. Dodge Department of Physics and Astronomy, The University of Oklahoma, 440 W. Brooks Street, Norman, Oklahoma 73019, USA

® (Received 5 February 2018; published 16 March 2018)

We study the ground-state properties of a system of N harmonically trapped bosons of mass m interacting with
two-body contact interactions, from small to large scattering lengths. This is accomplished in a hyperspherical
coordinate system that is flexible enough to describe both the overall scale of the gas and two-body correlations. By
adapting the lowest-order constrained-variational method, we are able to semiquantitatively attain Bose-Einstein
condensate ground-state energies even for gases with infinite scattering length. In the large-particle-number limit,
our method provides analytical estimates for the energy per particle Eq/N ~ 2.5N!*Jiw and two-body contact
C,/N ~ 16N 6 /mw /T for a Bose gas on resonance, where w is the trap frequency.
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I. INTRODUCTION

Recent experimental progress has pushed the physics of
dilute Bose-Einstein condensates (BECs) into the regime of
formally infinite two-body scattering length a, by means
of tuning magnetic fields on resonance with Fano-Feshbach
resonances. Such gases, termed resonant BECs, tend to be
short lived in this limit owing to three-body recombination.
On their way to this catastrophe, however, they nevertheless
show signs of quasiequilibration [1] as well as the formation
of bound dimer and trimer states of the atoms [2-5].

Experiments in this limit pose problems for ordinary pertur-
bative field theory, with the product na? as its small parameter,
where n is the number density. This parameter is obviously
no longer small in the resonant limit. Field-theoretic and other
familiar formalisms can be rescued, however, by using renor-
malized interactions based on finite effective scattering lengths
that replace the bare a, which may or may not necessitate
an introduction of momentum cutoffs, or else on two-body
interactions such as square wells [6—13].

An interesting alternative to these methods is to seek
explicit wave-function solutions for the resonant BEC. A
particular approach, to be taken in this paper, begins from
a hyperspherical coordinate method, which emphasizes col-
lective, rather than independent-particle, coordinates [12,14].
Roughly, these methods employ a single macroscopic coor-
dinate, the hyperradius, to denote the collective motion of
the condensate as a whole. When suitably complemented
by two-body interparticle coordinates, the method has been
extended to include realistic two-body potentials between the
atoms [15—18] or else boundary conditions employing realistic
(i.e., not renormalized) scattering lengths [19-22].

In this article we modify the idea of hyperspherical methods
as applied to the trapped resonant Bose gas. We arrive at
approximate BEC ground-state energies and wave functions
for a range of scattering lengths from a = 0 to @ = 0o and for
negative a until the collapse threshold is reached. The key
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to this extension is an alternate renormalization procedure,
borrowed from quantum Monte Carlo calculations, that is used
to generate correlated wave functions. Specifically, we expand
the hyperangular part of the wave function into a Jastrow
product wave function [23]. This allows the easy approximate
evaluation of the relevant integrals in the theory and provides
a consistent expansion of the energy into the relevant cluster
expansion.

One clear simplification of the theory arises in the use of the
lowest-order constrained-variational (LOCV) approximation
to the integrals [24,25], which has been employed previously
for homogeneous Bose gases [26]. Here we meld this approx-
imation with the hyperspherical approach, which results in
meaningful approximations to the ground state of a trapped gas,
termed the hyperspherical LOCV approximation, while also
setting the stage for describing an excited-state spectrum which
will ultimately allow for the calculation of detailed many-body
dynamics.

This paper is organized as follows. Section II discusses
the hyperspherical coordinates, and the N-body Hamiltonian
and wave function expressed in this coordinate system. We
introduce the Jastrow wave functions to be used as basis
functions and the LOCV method in Sec. III. Results and
their interpretations are presented in Sec. IV. We draw our
conclusions and outlook for future work in Sec. V.

II. FORMALISM: GENERAL ASPECTS

We are interested in solving the Schrodinger equation for
the N-particle system with the Hamiltonian

N

N
: 1
H= Ly —mer? EV y 1
i=1 (2’" - me r,)—i— xiy) M

i<j
for a collection of identical bosons of mass m interacting via

pairwise potentials V and confined to a harmonic-oscillator
trap with angular frequency w. A typical experimental
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realization of an ultracold Bose gas is dilute, meaning that
the range of the potential V is far smaller than the mean
spacing between atoms. Under these circumstances, the atoms
may be considered as mostly independent particles, with the
Hamiltonian

N pz 1
H= <—’ + —ma)zri2>, 2)

but with severe boundary conditions on the many-body wave

function whenever two atoms are near one another. These are

referred to as the Bethe-Peierls boundary conditions. If the
total wave function is denoted by W, then we require
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ey 1 )
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for any pair distance r;;, where a is the two-body scattering
length of the two-body interaction. More generally, three-body
boundary conditions are also required to describe the gas, but
we do not consider this for the present.

A. Hyperspherical coordinates

Our general strategy is to carefully choose a small set of
relevant coordinates for the atoms. This will include an overall
coordinate, the hyperradius, giving the size of the condensate
and describing its collective breathing modes, and relative
coordinates between pairs of atoms, allowing us to implement
the boundary condition (3) as well as account for excitations
and correlations of atom pairs.

Specifically, we follow the coordinate system and notation
of [19], defining first the center- of-mass coordinate

1 N
Rcm.:_ r;. 4
. N; 4)

The remaining coordinates are given as a set of N — 1 Jacobi
vectors that locate each atom & from the center of mass of the
preceding k — 1 atoms:

N—k
N —k 1

=i —— ]

Nk N_k+1 TN+l N—kalr" )

These Jacobi vectors form Cartesian coordinates in a con-
figuration space of dimension d = 3(N — 1) denoting the
relative motion of the atoms. The collective coordinate is the
hyperradius p, the radial coordinate in this space, given by

1 N
: i=— D (6)

k=1 i<j

Thus the hyperradius also denotes the root-mean-square inter-
particle spacing for any configuration of atoms, a measure of
extent of the gas.

The angular coordinates on this hypersphere, collectively
denoted by €2, may be chosen in a great many different ways
[27,28]. A main point, however, is that all such angular coordi-
nates are bounded and therefore eigenstates of kinetic energy
operators expressed in these coordinates have discrete spectra
and are characterized by a collection of as many as 3N — 4
discrete quantum numbers. These are complemented by a

description of the motion in p, which is also bounded within
a finite range due to confinement by the harmonic-oscillator
potential. The relative wave function of the gas can therefore
be expanded in a discrete basis set, whose quantum numbers
describe the modes contributing to an energy eigenstate or else
the modes excited in a dynamical time evolution of the gas.

For our purposes we again follow [19]. The full set of 3N —
4 hyperangles 2 will be partitioned into specific coordinates
as follows. 2(N — 1) of the hyperangles will simply be the
angular coordinates (in real space) of the Jacobi vectors (6, ¢ ).
The remaining hyperangles «; are angles of radial correlation
among the Jacobi coordinates,

Nk .
—————— = sinqy,

(X))

(Notice that in this definition «; = 7 /2 is not a separate
coordinate [19].) Among these oy, we single out the angle
that parametrizes a single pair,

k=23,....N -1 @)

r2

V2p
The hyperangle o ranges from O (where particles 1 and 2
precisely coincide) to 7 /2 (where many-body effects prevail).
For our present purposes, we will assume that the orbital
angular momentum in each relative coordinate is zero, whereby
the angles (6x, ¢y ) are irrelevant. We are also going to restrict
our wave functions to those with an explicit dependence on
r12 only, with the understanding that we must symmetrize the
wave function among all pairs r;;. With this assertion, the wave-
function calculations will be carried out in the coordinates
(p,a), the two “most relevant” degrees of freedom.

In this coordinate system, the volume element (to be used
later in calculating matrix elements in the basis set) is [19,29]

p*N tdpd -y, 9)

®)

sine = sinay_; =

where the surface area element on the hypersphere is defined
recursively as

d2 = sin 6,dO;d ;. sin? o cos* * apdo dSy . (10)

The most important volume element for our purposes is that for
the hyperangle « = ay_1, which we express in the specialized
notation

dS2, = sin® a cos* 7 ada = J(a)da (11)

that defines a shortcut notation for the Jacobian J(«). We also
single out the angular coordinates (6,¢) = (Oy—1,¢n—1) of this
Jacobi vector,

dQy_1 =sin0dOdeJ(a)dadQy_;. (12)

B. Hamiltonian and wave function
in hyperspherical coordinates

In the coordinates above, and disregarding the trivial motion
of the center of mass, the relative motion component of the
Hamiltonian (2) reads [19]

2
__h_z ;ipSN—4i_AN71 + ~ma?p.
2m | p3N—49p ap X 2

13)
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Thus the kinetic energy has a radial part and an angular part,
given in general by the grand angular momentum A%V_l. Like
the surface area element, this angular operator can be defined
recursively,

k k cos? (075 SiIl2 Oy '
82 3k —6) — (3k — 2)cosRe, 0

dor? sin(2ay) oy

As described above, we choose to ignore angular momentum
in the 5, coordinates, so we can disregard the angular mo-
mentum operators l,f. Moreover, only the leading term, which
corresponds to two-body motion, of the recursion relation in
Eq. (14) is relevant,

32 (3N —9)— (3N — 5)cos(2a) 9
da? sin(2a) o’

(16)

MmM=r0mn3 , =-

The Schrodinger equation He ¥ = E| ¥V, where E is the
energy of the relative motion, using Eq. (13) represents a partial
differential equation in 3(N — 1) coordinates. It is convenient
at this point to introduce a set of basis functions defined on
the hypersphere that diagonalize the fixed-p Hamiltonian at
each hyperradius p. That is, the functions are eigenstates of
hyperangular kinetic energy:

AX_ Yy (0: ) = €0y (p) Y5y (05 Q). (17)

The set {A} represents a set of quantum numbers, here un-
specified, that serve to distinguish the various basis states. In
the case of noninteracting particles, a = 0, these are the usual
hyperspherical harmonics and are independent of p [27,28].
In the present circumstance, however, eigenfunctions of A%_ 1
are crafted subject to the Bethe-Peierls boundary conditions,
in which case these functions depend also parametrically on
0, as we will see in the next section.

We will refer to the functions Yy, as adiabatic basis func-
tions. Because they form a complete set on the hypersphere, it
is possible to expand the relative wave function as

W= p NN EG (0 Yy (p: Q) (18)
{2}

for some set of radial expansion functions Fy;,. Using this
expansion in Hy W = E. WV and projecting the resulting ex-
pression onto Yy, yield a set of coupled equations
2
ANy
02

n? 92 B> (BN —4)(3N —6)
S + g (e
2m dp 2m 4p
1 2 2
+ FmeTpT = Erel | Fioy(0)Yy(0; 2) = 0. (19)

(2}

Here the first term is a radial kinetic energy and the second
term is an effective centrifugal energy that is a consequence of
the hyperspherical coordinate system.

The set of coupled equations (19) is still exact, if all terms
in the expansion are kept, but this is prohibitively expensive

[30]. Instead, we follow common practice and make a Born-
Oppenheimer-like approximation [31-34]. Namely, we assert
that p is a “slow” coordinate in the sense that we ignore the
partial derivatives 0Y(;;/9p0 in Eq. (19). When this is done,
each term in the sum is independent of the others. The solution
representing the BEC is a single wave function specified by the
quantum numbers {1}. We adopt this approximation in what
follows; the derivative couplings between adiabatic functions
can be reinstated by familiar means [31-34]. It is also worth
noting that in the limit of infinite scattering length, the Born-
Oppenheimer approximation again becomes exact [35].

Here we will take this procedure one step further. The
particular adiabatic function of interest to us will describe two-
body correlations and will be chosen to reduce the collective
set of quantum numbers {A} to a single quantum number v:

U = p ON2E (p)Y,(0; Q). (20)

The selection of this function will be described in the following
section.

This approximation is not unlike the K -harmonic approxi-
mation, in which Y is taken to be independent of all its argu-
ments [14]. Such an approximation affords an easy calculation
of ground-state energies for small scattering lengths. In this
article we extend the definition of Y, to include a dependence
on both the hyperradius and a restricted subset of hyperangles
2 that emphasize two-body correlations. This additional flexi-
bility will enable us to describe these correlations at any value
of the scattering length.

Using a single adiabatic function, the Schrodinger equation
becomes a single ordinary differential equation in p,

n* d? 4
[—%d—pz + leagm)} F(p)
hZ
t o WIAY_ V) Fo(p) = EaFu(p),  (21)
where
- P 3N —4)(3N —6) 1
ydiasgpy = 122 2

is the diagonal potential whose ground state supports the
noninteracting condensate wave function. The matrix element
(v|A%\,_1 |v) representing an integral over the hypersphere is
evaluated in Appendix A. The additional term involving this
matrix element represents the additional kinetic energy in the
many-body wave function due to the Bethe-Peierls boundary
conditions. It can be viewed as akind of “interaction” potential,
since the scattering length responsible for these boundary
conditions arises ultimately from the two-body interaction.

As a point of reference, the interaction term vanishes in
the limit of zero scattering length. The noninteracting gas
therefore has approximately the energy of the potential Vi3
at its minimum, i.e., the energy of the gas is

Vdiag(po) — \/(3N - 4;(3N - 6)},10)’ (23)
3N —4)3N —6)]"*
pPo = |:( )4( ):| ayo, (24)

where apo = +/h/mw is the characteristic trap length.
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III. BASIS FUNCTIONS

In this section, we construct the adiabatic basis functions Y,
focusing on the most relevant one to describe the gaslike state
of the BEC. We also construct the approximate matrix elements
(v] A%\,_l |v) required to solve the hyperradial equation (21).

A. Jastrow form and pair wave function

In describing a dilute Bose gas with two-body interactions,
for our present purposes, we are content with a simple de-
scription that includes only atom-pair distances r;;, which
explores only a tiny fraction of the available configuration
space. Specifically, consider a single pair described by ri;.
Ignoring the direction of the pair distance vector rj,, the
relative motion of this pair is given by the single hyperangle
« through sina = r12/+/2p. We can therefore contemplate a
hyperangular basis function

¢u(ps) = ¢y(piai2) (25)

that is a function of only one of the 3N — 4 hyperangles and
that may depend parametrically on p.

Of course, one may do the same for any pair distance r;; and
define a hyperangle via sino;; = r;;/ V/2p. Each such angle is
expressed starting from a different set of Jacobi coordinates.
Starting from this nugget of a wave function, one can build a
basis function that is appropriately symmetrized with respect
to exchange of identical bosons, via

Hi<j ®o(p; i)

 de Tl euoiay)

This form of the function as a product of all two-body
contribution was made famous by Jastrow’s pioneering effort
[23]. It continues to find extensive use as a form of variational
trial wave function, especially for Monte Carlo studies of
many-body physics [36]. Note that at this point we deviate from
the formalism of Ref. [19], which expresses symmetrization by
means of a sum of two-body contributions (Faddeev approach)
rather than a product (Jastrow approach).

The procedure for constructing and using adiabatic basis
functions therefore consists of (i) choosing a reasonable set
of functions ¢, and (ii) living with the consequences of this
choice. To begin, the function ¢, should satisfy the Schrodinger
equation for the relative motion of two atoms when they are
close to one another, that is, for small «. We define ¢, to be an
eigenfunction of the differential operator 12,

¢, (0; @) = €,(p)pu(p; @), 27)

where I1? is given in Eq. (16). The solution is determined from
a = 0 (when the two particles coincide), up to a value of ¢ =
o4 to be determined below. To help visualize the consequences
of this equation, it is sometimes useful to make the substitution

Gu(p; ) = sina cos®N 2 ag, (03 ), (28)

Y, (26)

which satisfies the differential equation

2 _ON-19 (N-TBN-9)
da? 2 4

tan® a) by =€,0,.
(29)

This version takes the form of an ordinary Schrédinger equa-
tion in o, with a centrifugal potential energy term proportional
to tan” « that confines the motion of the atom pair toward o = 0
and thus prevents the atom pair from getting too far apart. This
wave function therefore automatically emphasizes the action
of this pair over the interaction of these atoms with others.
As the number of particles grows larger, the confinement is
restricted to smaller values of .

The equation we will solve is, however, Eq. (27) with IT?
given by Eq. (16). To solve it, we make the substitution z =
sin? a, leading to

d*¢, [3 3 3N\d &,
-0ge e [3+ (57 )E)er Ge=o
(30)

This equation has the form of the hypergeometric differential
equation [37], yielding two independent solutions for ¢,,, one
regular and one irregular, in terms of the hypergeometric
functions , F;:

3N -5 3
fla) = 2F1<—U, > —I—v,z;sin2 ),
(o) = (sina) ' o F —v—l 3N_6+v l'sin2
&) = 2F > X .

€1V

Here v is a to-be-determined index that will in turn determine
the eigenvalue

2 fv _ fv _ _ fv
H{gv}_ev{gv}_Zv(2v+3N 5){gv}. (32)

A perfectly general solution to Eq. (27) is then
Afy + Bgy. (33)

In general, both constants A and B, as well as the index v, will
depend on the hyperradius and the scattering length, as we will
now show.

B. Boundary conditions

The coefficients A and B are determined by applying
boundary conditions. The first such condition occurs at @ = 0,
where the two atoms meet, and is given by the Bethe-Peierls
condition (3). We first write this condition in hyperspherical
coordinates. We have, in the limit of small « and for fixed
hyperradius p,

L 30r¢y) _ I 3W2psinag)
rngy,  drz 2psinag, d(v2psina)
1 dg,) 1

~ oty da o O

Next, expanding the hypergeometric functions near o ~ 0
gives ¢, & A + B/a, whereby
V2p 1 d[a(A + B/a)] A 35)
a  a(A+ B/a) da B’
which determines the ratio of the coefficients. Note that this

ratio depends on p. Itis significant that this boundary condition
is applied to a single pair of particles and is then implicitly

a=0
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applied to all pairs by the form of the wave function in
Eq. (26). This is in accord with the notion that the Bethe-
Peierls boundary condition is local and influences each pair
independently of what the other pairs are doing.

The other boundary condition on ¢, is inspired by the rein-
terpretation of the Jastrow wave functions by Pandharipande
and Bethe [24,25]. In this version ¢, is viewed as a piece of the
pair-correlation function, related to the probability of finding
this pair a given distance apart. To this end, ¢, is required
to approach unity on an appropriate length scale r;, which
in hyperspherical coordinates we translate into an appropriate
hyperangular scale «;. Beyond this characteristic scale, the
atoms are assumed to be uncorrelated and the wave function
is required to satisfy

ou(pa) =1, a>a,
0,
L B (36)
oo

od

Setting the function to unity for o > «, is convenient but
arbitrary.

There remains the issue of determining a reasonable value
of ag. This is also done by viewing |¢,|* as a pair-correlation
function. Given the location of atom 1, o encodes the distance
to the next atom, 2. If o« becomes too large, then atom 2 can
go explore parts of the hypersphere where a third atom is
likely to be found. At that point, the description in terms of
a pair-correlation function is not so useful and ¢, should not
be extended nontrivially this far.

Therefore, o should be limited to aregion of the hypersphere
where, on average, only one atom will be found in addition
to the fixed atom 1. This is the essence of the lowest-order
constrained variational approximation [24]. Given the sym-
metrized wave function Y, in Eq. (26), the average number of
atoms within 0 < o < oy of the atom presumed tolieato = 0
is

4 [ dQ% [dQv 2T 1du(p; i)l
[dQn_ [T 16u(p;cip)I? ’

(N-1 (37)

which returns N — 1 when ooy = /2. The expression given in
Eq. (37) can be written as
4 [ dQuh (@)

(N-1)
4 [T ag,

, (38)

where £, is defined through

AT I¢u(os i)
hv =4 an . 39
@ ( 77/ )fdQN—l Hi<j |¢v(p;aij)|2 (39)

This is a difficult multidimensional integral to evaluate, but
it is often conveniently expanded into powers of integrals of
the (presumed small) quantities 1 — |¢v(p;a,-j)|2. The lowest-
order term of this expansion, and the approximation we will
use here, then gives the approximation

hy(@) = |¢u(0; ). (40)

Using this approximation and setting the average number of
atoms (38) to unity yields the normalization criterion

27}
/ da sin® o cos®™ 7« (p; 0))?
0

1 /2
= —/ dasin®a cos*™ 7«
N—-1J,
1 7 T(3N/2-3)
N—-1 4 TI'BN/2-3/2)

This requirement must be met self-consistently. That is, the
boundary conditions (35) and (36) determine ¢, for any given
og; however, oy must also be chosen so that (41) is satisfied.
Notice that the right-hand side of (41) scales as N~/ as N
gets large, whereby o gets smaller with increasing N. Any
pair of atoms must be closer together to avoid the other atoms,
when there are more atoms.

The LOCV approach has been employed successfully when
Jastrow wave functions are used. Usually, one posits an un-
known two-body correlation function, to be determined varia-
tionally, minimizing some energy while varying the parameters
of the trial function. This method has also been employed, in
Cartesian coordinates, to describe the energetics of a homoge-
neous Bose gas with large scattering length [26,38,39]. Used
in the present context of hyperspherical coordinates, we dub
this approach the hyperspherical LOCV (HLOCV) method.

Putting together the boundary conditions, we have

V2p

a

(41)

A— B=0, fia)A+g(@)B=0, (42
where f)(ag) = (df,/da)|s,, and similarly for g/ (ay), can
be determined from the derivatives of the hypergeometric
functions. This system of equations for A and B can be solved
only if

1 —V2p/a
foleg) g log)

Therefore, given a (which defines the physical problem to be
solved) and p (which defines the hyperradius at which the
adiabatic function Y, is desired), zeroing the determinant (43)
determines a value of v for any given o4, which is then varied
to self-consistently satisfy the normalization.

det =0. (43)

C. Renormalized scattering length

The procedure outlined above generates an entire spectrum
of v values denoting various pair excitations of the condensate.
The lowest member of this spectrum, with no nodes, represents
a self-bound liquidlike state [38,40] and is not what we are
interested in here. Rather, for positive scattering length, the
BEC wave function in the relative coordinate r1, should contain
a single node to describe the gaslike BEC ground state.

We denote the location of this node by a, (the subscript ¢
denoting the value of r|, where the wave function crosses zero).
For small scattering length, this node lies at a distance a, & a as
demonstrated in Fig. 1(a). However, as a gets larger this node,
confined to a hyperangular range 0 < o < /2, must saturate,
leading to a finite a, for any finite hyperradius. The saturation
value of a., termed a*, represents the effective scattering length
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(a)
N =10, p =3.8, a =0.039811, ay =0.16248

14

0.04 0.05 1
1
le/aHo
(b)
N =10, p =6.67, a = +00, ag =0.14452
1 L
0.8 }
0.6 |
~x 04t
-
0.2 }
0 L
0.2
0.7 0.8
-0.4 : : :
0.6 0.8 1 1.2 1.4
7‘12/CLHO

FIG. 1. Angular wave function ¢, as a function of ry, for N =
10 (a) at small scattering length and (b) on resonance a = co. All
length scales are in units of ago = +/7i/mw. The insets show the zero
crossings of the curves. The crossing occurs at approximately a for
small scattering length and at some finite value in the unitary limit.
Note that ¢, is actually a function of the hyperangle «. The relation
I = \/Zo sin « is used to convert the angle « to the pair distance r,.
Here p has its value at the minimum of the corresponding hyperradial
potential.

onresonance. This saturation is illustrated in Fig. 1(b), showing
¢, () for a = oo.

Figure 2 tracks the value of the length a. over the entire
range of positive scattering lengths. For small a, a, grows
linearly. It then rolls over, on length scales comparable to
the harmonic-oscillator length, to saturate to a value a* when
a = oo. This autorenormalization of the scattering length is
inherent in the HLOCV method and independent of any local-
density approximation of the gas.

To summarize, the adiabatic eigenfunction ¢, (po; «) that we
seek has the following properties: (i) It satisfies the differ-

N =10
10° . . . . .
107F ! 3
o
g o
y <
10 2F 4 E
3
1073 107" 10" 103
10-3 l2 l1 l l1 l2 3
10 102 10° 10° 10 10 10
a/aHo

FIG. 2. Zero crossing a, of the angular wave function ¢, for N =
10 as a function of the scattering length a. The inset shows the value
Pmin that is used to compute a.; pmin 1S taken to be the value of p
where the effective potential Veff discussed in the next section, is at
its minimum.

ential equation (27) in 0 < o < oy, (ii) it satisfies boundary
conditions (35) and (36) at a suitable «,, chosen so that
(iii) the normalization (41) is satisfied, and (iv) the wave
function that results has a single node in «. The algorithm
to find such a function is not terribly complicated, inasmuch
as the wave function can be written analytically in terms of
hypergeometric functions. This procedure yields a single wave
function with a particular value of the index v, for each value
of scattering length and hyperradius. For a single channel
potential, the effective potential V°(p) corresponding to this
v is given by (see Appendix A)

Veli(p) = Vae(p) + VI™(p), (44)
where V94¢(p) is given in Eq. (22) and the “interaction”
potential, derived in Appendix A, is given by

2

. 2 N
yint T’ 52020 43N = 5). (45)

The effect of this interaction potential can be seen in Fig. 3.
When a = 0 (solid curve), the p~?2 kinetic behavior dominates
for small p while V! takes on the proportional to p? behavior
of the trapping potential as p — oco. The ground-state solution
to the noninteracting case is just the well-known solution to
the quantum harmonic-oscillator problem with relative energy
3(N — 1)liw/2. For small positive a (dashed line), VT rises
above the noninteracting V(g = 0) and the local minimum
po(a), where the condensate is centered, increases, indicating
an expansion in the overall size of the condensate. This
behavior is consistent with the repulsive nature of the contact
interaction characterized by a positive scattering length. For
a small negative scattering length (dotted line), the opposite
is true: The atoms pull in towards each other due to the
attractive contact interaction, hence the decrease in energy and
the condensate size.
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FIG. 3. Effective potential VT as a function of the hyperradius
p for a = 0 (noninteracting case), a > 0 (repulsive interaction), and
a < 0 (attractive interaction). For any a > 0 and N, a local minimum
always exists. However, for a given a < 0, there exists a maximum
N when the local minimum of V°f starts to disappear. The highest
Ve curve corresponds to the a — oo case.

Such features of V¢ have been illustrated previously using
the K-harmonic method [14]. In the K-harmonic method,
however, V™ is proportional to the scattering length, whereby
this method suffers the same limitation to small a as does
mean-field theory. In the hyperspherical LOCV method, by
contrast, the effective scattering length saturates and the
effective potential remains finite even in the a — oo limit.
This V° is the dash-dotted curve in Fig. 3.

IV. GROUND-STATE PROPERTIES IN THE
HYPERSPHERICAL LOCV APPROXIMATION

In this section, we report on ground-state properties of the
BEC in the HLOCV approximation. Recall that the method
begins by separating the center of mass energy (3/2)/iw and
then solves for the relative energy E, using the Hamiltonian
(13). In the results of this section, we report the full condensate
ground-state energy Eg = Ey + (3/2)/iw.

A. General features of the ground state

The energy per particle versus scattering length is shown in
Fig. 4 for N = 10. On the left is the energy for an attractive
interaction a < 0 and on the right for a repulsive interaction
a > 0. The Eyg(a < 0) curve connects smoothly with Ey(a >
0) at a = 0 with Ey = 3Nhw/2 and then increases smoothly
until it saturates in the large-a limit. A similar behavior can be
observed for any N.

Asis well known, a trapped gas is mechanically stable only
for negative scattering length of small magnitude. In a hyper-
spherical picture such as this one, a collapse instability occurs
when the attractive 1/ interaction potential overcomes the
repulsive 1/p? centrifugal potential and the effective potential
Ve in Fig. 3 has no classical inner turning point. On the left

a/apo

a/ano

FIG. 4. Ground-state energy E, as a function of the scattering
length a for N = 10. The left and right panels consider negative and
positive scattering lengths.

in Fig. 4, the collapse region occurs near a &~ —0.laygo, where
a metastable condensate would cease to exist.

Generally, this means that for a harmonically trapped
Bose condensate, for any negative value of a only a certain
critical number N, of atoms can be contained before collapse
occurs. This is an intrinsically small-|a| phenomenon and was
quantified in hyperspherical terms in Ref. [14]. Our HLOCV
results are in agreement with this calculation, finding that
N, ~ 0.67lapo/lal.

B. Positive scattering length

For the rest of this paper we will focus on the positive
scattering length case. To this end, the ground-state energy
of the condensate is shown versus scattering length, for gases
of N =4 and N = 10 particles, in Figs. 5 and 6. The HLOCV
result is shown as a solid line.

N =4
3' T T T T T T
25} ;
3
RIS I [ Faddeev
5 —LocV
< ,||--tulsE _
o
&3
15 ;
10°% 102 10" 10° 10' 102 108

a/aHo

FIG. 5. Ground-state energy per particle Ey/N as a function of
the scattering length a for N = 4.
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FIG. 6. Ground-state energy per particle Ey/N as a function of
the scattering length a for N = 10. The inset shows a blowup of the
weakly interacting regime.

In Fig. 5, for N = 4 atoms, the energy per particle in the
HLOCV method saturates at a finite value in the resonant
limit, just over 2.5%iw per particle. This case, with N = 4,
can be compared directly to an accurate numerical solution
to the full four-particle Schrédinger equation and is therefore
an important case to check.

The full numerical calculation incorporates a two-body
potential of the form vg exp[—(rx/ ﬁro)z], with range ry =
0.025ayo and depth vy adjusted to achieve the desired two-
body scattering length. This model also incorporates a re-
pulsive three-body Gaussian potential to eliminate deep-lying
bound states of the system. Within this model, an energy
spectrum is calculated using a basis set of correlated Gaussian
functions. Further details are provided in [41].

The numerical spectrum includes a great many states that
represent bound cluster states, the analogs of Efimov states for
the trapped system. They are characterized by, among other
things, a dependence on the three-body potential. By contrast,
the nearly universal state corresponding to the gaslike BEC
ground state is identified by its near independence from the
three-body potential and its vanishingly small amplitude at
small hyperradii. The energy of the corresponding state is
shown as a dashed line in Fig. 5. The comparison shows that
the HLOCYV method gets the saturation value of the energy per
particle approximately right, at least for N = 4 particles.

Also shown in Fig. 5 (dotted line) is the result of an
alternative hyperspherical method that symmetrizes the wave
function using a sum of two-body terms (Faddeev method)
rather than a product as we use here in the HLOCV method. The
Faddeev method is accurate for three atoms in a trap [42,43],
and the comparison in Fig. 5 suggests that it is viable for four
particles as well.

A difference occurs, however, in Fig. 6 for N = 10 atoms.
Here a full numerical solution to the Schrédinger equation is
not available, but we can compare the HLOCV and Faddeev
hyperspherical methods side by side. The solid line represents
the results from the HLOCV approximation. Also shown are

the results from the mean-field Gross-Pitaevskii (GP) (dashed
line) [44] and hyperspherical Faddeev (dotted line) models
[19-22]. If we zoom in to the a/ayo < 1 domain (inset), we
find that all models agree well in the weakly interacting regime.
In addition to these, other independent computations such as
the K-harmonic method [14] and diffusion Monte Carlo [45]
have predicted the weakly interacting system accurately.

In the large-scattering-length limit, Fig. 6 shows the satu-
ration of the energy per particle to an asymptotic value, which
grows with N (as we will show below, the energy per particle
scales as N'/3 as anticipated by the Thomas-Fermi approx-
imation [12]). It is well known that the GP approximation
diverges in this limit. In addition, Monte Carlo calculations
with hard spheres cannot approach this limit, although Monte
Carlo calculations with renormalized scattering lengths can
circumvent this issue [39].

Of particular interest is the hyperspherical Faddeev method
(dotted line). Using the formalism of Ref. [22], one finds that
the energy per particle saturates to a far lower value than for the
HLOCYV approach. This situation gets worse as the number of
particles N increases. Note that the HLOCV v that goes into
the V™ plays a different role from the pure hyperspherical
Faddeev v [19,22]; also, the latter does not place any restriction
on the o domain. Using the formalism of Refs. [19,22], we
find that the asymptotic hyperspherical Faddeev v at large N
approaches v — 2 in the large-a limit. In this model, therefore,
the energy per particle is a decreasing function of N and does
not adequately describe the system in this limit.

One distinct benefit of the HLOCV approach is the ease
with which it extends to the large-N limit. In this formalism,
N is just a parameter in the differential equations and their
boundary conditions. For example, Fig. 7(a) shows the energy
per particle for N = 1000 particles. Obtaining these results
is not computationally harder than the same result for N =
10. Also shown, in Fig. 7(b), is the two-body contact C», a
thermodynamic quantity given by [46]

ma* dE

Cy=8me 22—
2= B

m O0F
T——.
K2 a(1/a)

This quantity determines how the energy changes as the
scattering length changes and has a dimension of inverse
length. Physically, it describes the short-range behavior of
pairs of atoms (explicitly included in the HLOCV method) or,
alternatively, the tail of the momentum distribution. In some
cases, the intensive contact density C,, which has a dimension
of (length)™, is used.

Figure 7 shows the two-body contact per particle C,/N
for N = 1000. It increases slowly at small a and then rises
dramatically within the intermediate regime until it hits a
maximum before saturating at unitarity. A similar behavior
is also observed for different N and in the renormalized
Thomas-Fermi method [12] albeit in different units.

(46)

C. Limiting cases

In the HLOCYV model, once the value of v is determined,
properties of the condensate follow by solving the hyperradial
equation for F,. Even simpler, to a good approximation the
relative energy is given by the minimum value of the effective
potential Veff(p).In two limiting cases |a| < ago and a > apo,
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FIG. 7. (a) Ground-state energy per particle, in units of Zw.
The inset shows the various perturbative versions (small-a region).
(b) Two-body contact per particle, in units of al](l), as a function of the
scattering length a for N = 1000.

v can be approximated analytically in the large-N limit, hence
so can the condensate’s energy and contact. These details
are discussed in Appendixes B and C. Here we explore the
analytical results that follow and compare these results to
others in the literature.

1. Small scattering length

When |a| is much smaller than the trap length ayo, we find
in Appendix B that

1 /3
VoA —,/—EN”2 ifﬂ« 1. “47)
N>3 2V T p aygo

In this case the interaction potential takes the perturbative form

n? 3 [3
2 [2N128 for large N. (48)
P

Vinl —
(0) mp? 4\ 7

This potential has the familiar a/p® scaling found already in
the K -harmonic approximation and its extensions [14,22]. The
size of the perturbation can be estimated by taking p & pg &
V/3N/2 ayo at the minimum of the noninteracting effective
potential [see Eq. (24)]. Since V42(p,) is of the order N,
then V™ can be considered perturbative if |a|/p < N~/
Then the total energy of the weakly interacting system can be
approximated by
__ 3N 1 5 a

Ey > ho + mN - ho. 49)
A similar perturbative energy result emerges from the K-
harmonic [14] and hyperspherical- Faddeev [22] methods. See
the inset of Fig. 7(a).

2. Infinite scattering length

Of arguably greater interest is the resonant limit of infinite
two-body scattering length, which is far from perturbative in
many models. However, the HLOCV method is capable of
producing analytical results in this limit as well. The details
are worked out in Appendix C.

In this limit and at large N, the index v has the form

1/672
e = | X (27 / N2/3
OO V6 \ 27
~ 2.122N?/3, (50)

where xp &~ 2.798 is the root to a transcendental equation
defined in Appendix C. This asymptotic value of v, is
independent of hyperradius in the a > p limit, whereby it
is easy to find the minimum of the effective potential. This
minimum is located at hyperradius

1/2
xo (27\"®
e 3]

~ 1.588N*3ayo. (51)

From this, the condensate ground-state energy is presented in
Appendix C up to order 1/a (and ignoring the center-of-mass
energy that is small in the large-N limit),

Eo ~ \/3N2voo|:1 - %ﬁ(%o)]hw

N—oo \ 167
167\ /12 eXo + 1 an
_ (o7 /6% + Lano
><|:1 (27> x7/2 p how
~ 2.52N4/3<1 — 0.254N1/6“i°>hw, (52)
a

where the function 8 is defined in Eq. (C17). A consequence
of this expansion is that we have an analytic expression for the
contact of the resonant gas,

C,/N ~ 16.1N"® Jayq. (53)

The pair wave function used to construct the ground-state
wave function at unitarity has a node at ¢* = «/E,ooo(xc, where

033608-9



M. W. C. SZE, A. G. SYKES, D. BLUME, AND J. L. BOHN

PHYSICAL REVIEW A 97, 033608 (2018)

TABLEI. Ground-state energy per particle, computed by various
methods. The uniform gas energies are given in units of A*n%?/2m,
while the result of Ref. [12] for a trapped system is given in units of
1% (n?)/2m with the mean density (n**) determined by averaging
over a Thomas-Fermi profile in a trap. This same averaging allows
this energy to be written in terms of the trap frequency w in the final
column.

Method Energy Energy in terms
of w
Ey/N (uniform gas) (R2n*3 /2m)
LOCV [26] 26.66
condensate amplitude variation [6] 7.29
renormalization-group [48] 6.0
hypernetted-chain [49] 7.60
resummation scheme [50] 8.48
renormalization-group [51] 8.11
self-consistent Bogoliubov [7] 7.16
renormalization-group [13] 12.94
Monte Carlo LOCV [39] 10.63
Ey/N (trapped gas) (R2(n) /2m) (N'hw)
renormalized K -harmonic [12] 12.67 1.205
HLOCV 2.52
o, is defined in Eq. (C3), or
1/12
at & Ll(m_”) / N"Yau0
¥ 2\ 27
~ 0.989N ~VSayo. (54)

This quantity serves as the effective scattering length and is
about 30% greater than the renormalized scattering length ajp
found in Ref. [12]:
2.182 N'/®
o 1/3y A
arp = G (i)’ (n'/7) = 0.4282 e (55)
Further, in this limit the breathing mode frequency of
the condensate is easily derived. It is simply the oscillation
frequency in the hyperradial potential, given by

1 d2Veft
wp = [ : (56)
map” |p=pun

On resonance, this quantity is given by

3N2 -4
wp = w\/6< ”°°> <'O;’°) +1=20., (57)
2 ano

a result already worked out long ago based on symmetry
considerations [35,47].

The ground state of a resonant Bose gas has been considered
previously for ahomogeneous gas as well as, more recently, for
a trapped gas. Listed in Table I are the resulting energies from
these previous calculations. Because the HLOCV method is
intrinsically tied to a trapped gas, it is hard to compare directly
to other calculations. However, the result of Ref. [12] provides
a link, by first calculating fixed-density quantities and then
translating them into trapped values by means of the local-
density approximation.

In the homogeneous case, the energy per particle in the
resonant limit a — oo is expected to be a multiple of the

TABLE II. Contact densities, computed by various methods. For
the uniform gas, the intensive contact densities C, are given in units
of n*3, while the extensive contact C,/N, in units of (n'/3), is given
in Ref. [12] for a trapped gas. Averaging over a Thomas-Fermi profile
in a trap allows this C,/N to be written in terms of the characteristic
trap length ayo in the final column.

Method Density Contact
C, (uniform gas) (n*?)

Monte Carlo LOCV [39] 9.02

hypernetted-chain [49] 10.3

many-body model [8] 12
renormalization-group [13] 32

self-consistent Bogoliubov [7] 158

virial theorem [46] 20

C3/N (trapped gas) ((n'3) (N'®/ayo)
renormalized K -harmonic [12] 11.8 5.05
HLOCV 16.1

characteristic (Fermi) energy /i*n*/3/2m associated with the
density n. Several such values are reported in the table, span-
ning a range of about a factor of 4 for the uniform system and
2 for the trapped gas. In the case of Ref. [12], the renormalized
scattering length affords a different energy at each value of
density, whereby the energy can be represented in terms of the
mean value /% (n*/?) /2m averaged over an assumed Thomas-
Fermi density profile. Using this same density profile, one
can write the energy per particle in terms of the characteristic
energy scale of the trap Zw, whereby a direct comparison can
be made with the HLOCV method. This is done in the third
column of Table I. Just as the homogeneous LOCV appears to
come in on the high side for the ground-state energy, so too
does the HLOCV method for the trapped gas.

Likewise, there are various estimates for the contact on
resonance, summarized in Table II. For a homogeneous system
on resonance, one reports the intensive density-dependent
contact density C, = yn*/3, where n is the gas density and
y is a dimensionless constant. This quantity, like the energy,
is subject to an array of values tied to the different methods.

For the trapped gas, fewer examples of the contact have
been calculated. We again turn to the work of Ref. [12] to
make the link. For a trapped gas, one can describe an extensive
contact C,, related to the contact density by C, = y N (n'/3),
using the local-density approximation. In this approximation,
the trap results of Ref. [12] give y = 11.8 (see Table II).
Further, using the average value of n!/3 in the Thomas-Fermi
approximation (55), this result can be translated into natural
harmonic-oscillator units, yielding C; = 5.05N'/® /ayo. Com-
pared to this, our value, also in the table, is 16.1N 1/6 /ano- Like
the energy, the HLOCYV seems to overestimate the contact on
resonance. It does, however, correctly identify the N''/¢ number
dependence of the contact for a trapped gas.

V. CONCLUSIONS

Despite its essential simplicity, the HLOCV method pro-
vides a reasonable qualitative description of the mechanically
stable Bose gas on resonance. Notably, the method affords
analytical estimates of essential quantities such as energy per
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particle and contact, when the scattering length is infinite.
It must be remembered that the approximation used here is
only the lowest-order version of a hyperspherical theory that
incorporates two-body correlations. Various improvements can
be made, including the following.

(i) Extension to excited states. We have so far incorporated
only a single adiabatic channel function, consistent with our
immediate goal of approximating a ground state. Yet there
exists a whole spectrum of states corresponding to different
¢, (p; o). We can contemplate states in which one or more par-
ticles are placed in excited states, corresponding to excitations
of the BEC, or in the nodeless state below the condensate state,
standing for bound molecular pairs. We can also contemplate
placing all the pairs in this nodeless state, to approximate the
liquidlike configuration of Refs. [38,40]. In any case, having a
spectrum of approximate energy eigenstates is a place to begin
looking at the dynamics of a BEC quenched to resonance or
to any value of a. Along with this, nonadiabatic couplings and
their effect can be evaluated.

(ii) Extension of the Hamiltonian. Thus far only two-
body interactions have been contemplated, leading to pairwise
Bethe-Peierls boundary conditions and universal behavior. In
more realistic treatments, additional three-body interactions
are required and can also be incorporated. In such a case, the
hyperspherical basis set can be extended to incorporate triplets
of atoms, just as pairs were used here. This involves adding
an additional Jacobi coordinate and in principle several new
hyperangles. The machinery for this extension is well known,
yet incorporating it into the HLOCV formalism requires
careful attention.

(iii) Extension of the Jastrow method. A key approximation
in the HLOCYV method has been to evaluate important integrals
by approximating two-body correlation functions as in (40).
This rather severe approximation can be ameliorated, for ex-
ample, by a perturbation expansion known as the hypernetted-
chain approximation [36].
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APPENDIX A: KINETIC ENERGY INTEGRALS

To put the adiabatic basis functions to use, we must
compute the matrix element that appears in Eq. (21). In general
this matrix element involves complicated multidimensional
integrals. However, far simpler approximate versions of these
integrals are often possible by means of the cluster expansion.
This is the same set of ideas developed originally in statistical
mechanics to derive virial coefficients in the not-quite-ideal
gas equation of state.

We need to evaluate matrix elements of the grand angular
momentum operator Aﬁ,_l. Because our wave functions con-
sider only one pair of atoms at a time, it should be sufficient
to consider only the leading term TI?, acting on the pair
(ij) = (12), and get the rest from symmetry.

To do so, let us for a moment return to independent-particle
notation. The kinetic energy 7 is a sum of single-particle
operators that acts on a pairwise-symmetrized wave function

N N
Y T []euth.
k=1

i<j

(AL)

Choosing a single atom, say, atom 1, the operator 7; acts
identically on N — 1 of the terms in the product. Because N
atoms do the same, the action of T on the wave function can be
written, for purposes of taking matrix elements, as (this is the
substance of what Jastrow derives in his original paper [23])

NN = DITip(12)] ]

i<j.(i/)#(12)

¢u(ij), (A2)

where Tj acts on a single pair, here chosen to be the pair (12).
Translated into the Jacobi coordinate ny_; = rj2/ \/5, the
kinetic energy acting on ¢,(12) is given by

n_, n*_, (1,
- —Vi=——VL=-+—(=V
om ! 2m 2T am\2
(A3)

ignoring the p derivatives that are set to zero in the adiabatic
approximation. Moreover, ¢, is an eigenfunction of IT? in the
interval 0 < o < «y, as described in (32). Beyond oy, ¢, (o)
is constant and T1%¢,(cr) vanishes [where the operator I1? is
defined in (16)]. Thus, the action of the hyperangular kinetic
energy becomes

For a single channel calculation, the expectation value of the grand angular momentum is therefore given by

1
WAL V) = EN(N — 1)2v(2v +3N —5)

N
= 32\)(21) + 3N —5),

0<a<
S N7 (A4)
o> 0o4.
4 0%1 on,fdQN—Z Hi<j |¢v(l./)|2
SdQ@n Tl lguGnI?
(A5)
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where the last equality is obtained by enforcing the LOCV
normalization condition that sets Eq. (37) to unity.

APPENDIX B: WEAK INTERACTION
IN THE LARGE-N LIMIT

The ground-state solution for the noninteracting system,
a=0,givesv=0,B =0, and

du(ag) = A=1. (BD)
The LOCYV boundary condition (41) becomes

32 e 3
1~ (2 N5/2/ "daora? =3,/ SN
ﬁ 2 0 T 3

(B2)

where we used

I o ) S,

e IR

(B3)
Thus,
og ~ (1/6) N6 ifa =0, (B4)

which is an extremely small quantity when N — oco. We
assume the same scaling for «; when 0 < a < ayp. Now, for
small nonzero a, B # 0, the boundary condition (36) becomes

ad)v / /
0= 3 ~ Af,(aq) + Bg,(aq),
al,
fll@) : <3N_5 - ) (BS)
o A ——v Ve,
Y V3Nvakl, 3 2
akl
(@) ! +4< 1><3N_6+ )
o ~ - —v— = v,
8 SN <1, a2 2 2
a L1
(B6)

which gives

A 31
— ~ — [ —-N¥ (B7)
B N—>oo 2w v
With the Bethe-Peierls boundary condition (35), we get
1 /3
P R RTINS (BS)
2V mp auo

Note that v is not an absolutely small quantity as it also depends
on N.

APPENDIX C: STRONG INTERACTION
IN THE LARGE-N LIMIT

As a — 400, we assume from Eq. (35) that A ~ 0 and

3N 1
() =~ Ba‘lel<—voo,—,—;a2)
N>voo>>% 2 2
VONVs 02
:BCOS Voo X ’ (Cl)

o

where we used

3N 1 2 (=Df
F —V,—/—,=; 2 = 3N 2k
2 ‘( "2 “) kz:;(zk—l)uk!( ve)
= cos VONva?. (C2)

Note that & may be small but the product /6 N v« need not
be. Also, this wave function is zero when o = «:

T 1
o = — .
2 \/6Nvs

Boundary conditions (36) and (41) yield the relations

(C3)

oq

B= ——— (C4)
cos /6N vt

0= 1+ /6Nvead tan /6N v, (C5)

1~ (B) e )
VIAZ) oos2 J6N vy 2
sin (2, / 6Nvooot[21)
_ . (Co)
2,/ 6Nvoooc§

From Egs. (C5) and (C6) we get

x [14

2\ /6
g = <%) N=5/6 ~ 07843 N~5/5 ifa — +o00. (CT7)

Equation (C5) has the form
1+ xgtanxy = 0, (C8)
with solutions x¢ ~ 2.798,6.121, .. .. If xg = \/6Nvoooz§,then

17672
e = | (27 / N2/3
V6 \ 27
~ 2122 N** if xy = 2.798. (C9)
Now, if 0 < ago/a <K 1, then

3N 3,
d(a) =~ : A Fi| —v, 5

s,
N>v>>§ 2 2
+ Ba 'L Fy [ —v N l'ot2
2f SCREE
sin V6N va? cos vVONva?
~ A + B . (C10)
V6N va? o
The boundary condition (36) yields
A 1+ 6Nva§tan\/6Nvoz§
B \/ ~VONv. (C11)

,/6Nva§ —tan,/6Nva§

With the Bethe-Peierls boundary condition (35), we get the
relation

1+ xtanx
— = —€, (C12)
X —tanx
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where
x = ,/6Nva3, (C13)
1
€ — 3p1vv - (Cl4)

Letx = xo — A.Ife = 0, then werecover Eq. (C5)and A = 0.
Suppose 0 < € < 1 so that A is also a small varying quantity.
Then, using

tanxg — A

tanx ~x —,
14 Atanxg

Eq. (C12) gives

€. (C15)

Expressing x and € in terms of v and a,

2
+1 p 1
V6Nvay = xg — 22 - Cl16
W= e A (C16)

Note that if the second term vanishes, then v = v, as defined
in Eq. (C9). Let v = vo(1 — B), where g is a function of 1/a.
Then Eq. (C16) leads to

1 x2+1 P
6Nvao| 1 — =B |ag ~xg — =2 _—
v oo( 2,3> a4~ Xo 2 N

11+1,3
X_ —
a 2

0 1

2
1
x‘)f L (1
xp 3Nvy a

= p~2
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