PHYSICAL REVIEW A 97,032115 (2018)

Generalized speed and cost rate in transitionless quantum driving

Zhen-Yu Xu,"" Wen-Long You,' Yu-Li Dong,' Chengjie Zhang,' and W. L. Yang?
College of Physics, Optoelectronics and Energy, Soochow University, Suzhou 215006, China
2State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics, Wuhan Institute of Physics and Mathematics,
Chinese Academy of Sciences, Wuhan 430071, China

® (Received 27 November 2017; revised manuscript received 27 January 2018; published 16 March 2018)

Transitionless quantum driving, also known as counterdiabatic driving, is a unique shortcut technique to
adiabaticity, enabling a fast-forward evolution to the same target quantum states as those in the adiabatic case.
However, as nothing is free, the fast evolution is obtained at the cost of stronger driving fields. Here, given the
system initially gets prepared in equilibrium states, we construct relations between the dynamical evolution speed
and the cost rate of transitionless quantum driving in two scenarios: one that preserves the transitionless evolution
for a single energy eigenstate (individual driving), and the other that maintains all energy eigenstates evolving
transitionlessly (collective driving). Remarkably, we find that individual driving may cost as much as collective
driving, in contrast to the common belief that individual driving is more economical than collective driving in
multilevel systems. We then present a potentially practical proposal to demonstrate the above phenomena in a
three-level Landau-Zener model using the electronic spin system of a single nitrogen-vacancy center in diamond.
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I. INTRODUCTION

The interpretation of the energy-time uncertainty relation
experienced a long period of friendly debate after the birth
of quantum mechanics. It has now widely accepted that this
uncertainty relation is not a statement about simultaneous
events but rather about the intrinsic time scale of a quantum
system in a given process to evolve to a target state [1,2]. The
minimum period of time for the dynamical process is usually
specified as the quantum speed limit time (see recent reviews
in Refs. [3,4]). Since any realistic quantum system is subject
to environmental noise [5], the research on the energy-time
uncertainty relation has recently been extended to general
open systems [3,4,6-10]. This uncertainty relation between
energy and time has a large variety of applications in quantum
physics, such as exploration of the ultimate speed of quantum
computers [11,12], the mechanism for quantum dynamical
speedup [13-21], the ultimate bound for parameter estimation
in quantum metrology [22,23], and the efficiency of charging
power in quantum batteries [24].

In particular, the energy-time uncertainty relation plays
a key role in understanding the principle of counterdiabatic
driving [25], or transitionless quantum driving [26], in the
realization of shortcuts to adiabaticity [27]. This nonadiabatic
(fast) protocol, which reproduces the same target state as an
adiabatic (slow) process, enjoys wide applications in quantum
computation and quantum thermodynamics [27—48]. However,
there is no such thing as free speedup, e.g., the superadiabatic
route to the implementation of universal quantum computation
is founded to be bounded by the quantum speed limit [37].
Recently, a rigorous relation between the speed of quantum
evolution (v) and the cost rate of the driving field (9,C) has
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been constructed [45], indicating that instantaneous manip-
ulation is impossible as it requires an infinite cost rate. In
fact, this relation is roughly demonstrated by the energy-time
uncertainty relation (AE ~ i/7) since the variance of energy
AE is related to the cost rate of the driving field and /i /7 o v.
However, this relation is obtained in a particular case, where
the driving is restricted to a particular eigenstate (individual
driving). Then questions naturally arise: Will a similar relation
still exist in a more general case where all energy eigenstates
are simultaneously driven in a transitionless way (collective
driving)? Does the cost rate of individual driving always
take less consumption than the collective case? What is the
relationship of the dynamical speed between individual and
collective driving? The answer to these questions are of
great importance and may provide deeper insight into the
mechanisms of counterdiabatic driving for complex quantum
systems [27,31,34,35].

In this work, given the systems initially get prepared in
equilibrium states, i.e., 9; p|;—o = 0 [49], we construct general
and concise relations (or inequality) for the speed of quantum
evolution and the cost rate both in collective and individual
driving cases. As a by-product, we find that the cost rate of
individual driving may become as large as that of collective
driving, which is contrary to the common belief that collec-
tive driving costs more than individual driving in multilevel
systems. As an example, we analyze the presented theory
with a three-level Landau-Zener (LZ) model and design a
protocol to test the above phenomena in an electronic spin
of a single nitrogen-vacancy (NV) center in diamond under
current experimental conditions.

The rest of this paper is organized as follows. In Sec. II,
we present the generalized cost-cost (Sec. ITA), speed-speed
(Sec. I B), and speed-cost (Sec. I1 C) relations under individual
and collective counterdiabatic driving cases. Section IIl is ded-
icated to the three-level LZ model with the theory introduced in
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Sec. II. An experimental analysis is performed in Sec. IV with
a NV center in diamond. Finally, we close with a discussion
and summary in Sec. V.

II. GENERALIZED SPEED AND COST RATE DURING
TRANSITIONLESS DRIVING

Consider a time-dependent Hamiltonian H(¢) with instan-
taneous eigenstates {|n;)} and eigenvalues {E,(¢t)}. When
H(t) varies sufficiently slowly, the dynamics for the nth
eigenstate |n,) in the adiabatic approximation is |V, ()) =
exp{—(i/h) [, dt'E,(t") — [, dt'(ny|d,ny)}|n,). The central
goal of transitionless driving is to find an auxiliary Hamiltonian
HA(¢) such that | W, (1)) becomes the exact dynamical solution
of the Schrodinger equation i 19, |W,,(¢)) = H(t)|W,(t)), where
H(t) = H(t) + H*(t). According to the transitionless track-
ing algorithm, H4(¢) can be constructed as follows [26]:

HA(0) =ik Y aIned{m) - |ng) (nel. (1

We remark that the driving in Eq. (1) guarantees that all energy
eigenstates evolve transitionlessly. For convenience, we call
Eq. (1) collective driving. However, this strong requirement
can be relaxed when we focus on a single particular eigenstate,
e.g., the nth eigenstate |n,), to ensure that only this eigenstate
is driven transitionlessly. In other words, we may decouple
the nth eigenstate from the rest of the eigenstates, and the
corresponding auxiliary driving Hamiltonian is modified as
[25,42,45]

HA() = i3 (In) (m]), ng) e 1], 2)

which is hereinafter called individual driving for simplicity
[50]. Here the notation [-,-] denotes the commutator and
the subscript n represents the individual driving for the nth
eigenstate.

A. Cost rate

A series of cost functions for transitionless driving have
recently been introduced, among which the simplest member,
ignoring the setup constant, possesses the following form
[42,45]:

‘ 3)

t
Cuy = [ ar |0
0

where || X|| = /tr(XTX) is the Frobenius norm of operator X,
and the superscript « depends on the nature of the driving
field. For simplicity, we focus on the cost rate of transitionless
driving,i.e., 3;Cn) = || H(’,‘l)(t) 1. Through straightforward cal-
culations with Eq. (3), we obtain the cost rate for driving all
energy eigenstates as

a2
9,C = h*” |:Z(<atnl|atnl> + (nt|8tnt>2):| s 4

and for driving a particular single eigenstate as

8Cy = R[2(@0mi3n,) + (ni|3n)HI2 (5)

Thus, it is easy to see that the relation between the collective
cost rate and the individual cost rate is given by

a/2
1 o
3C = [5 ;(a,c,az/ } : (6)

This relation implies that the individual driving cost rate may
become as large as the collective case. For instance, we have
0;Cr = 0;C when the condition,

a2

C= | Y _@C)" | . (7)
n#k

is satisfied [51]. Note that for n = 2, the above condition
0;C1 = 0;,C; is met automatically [50], i.e., the cost rate of
individual driving is equivalent to the collective case (9,C =
9;C1 = 9,C,) for any two energy level systems.

B. Dynamical speed from the perspective of geometry

Characterizing the dynamical speed from the perspective of
geometry is intuitionistic. Before we introduce the geometric
method to define the dynamical speed of quantum evolution,
it is beneficial to recall the definition of the instantaneous
speed v of an object in three-dimensional Euclidean space with
Cartesian coordinate system v = 9,5, where s is the length of
the trajectory with the line element ds’> = dx* + dy* + dz°.
Analogous to the above definition, it is very natural to define
the “speed” of quantum evolution in the space of quantum
states (parametrized by {c#}) as

v =5 = V5, )

where the line element ds?> = g,,do*do” and g, =
80,07 0,0V [52,53]. The repeated Greek indices represent
summation and g, is the corresponding metric. In this paper,
we adopt the quantum Fisher information metric [54], which
is related to the distance between quantum states p, and p;q;
measured by fidelity: F(0;,014ar) = tr[\//PiPr+ai/Pr] =
1 — (1/2)g,dt? [55,56]. By employing the spectral decompo-
sition of quantum state p;, = i Pili){Jjl, & can be written
in an explicit form [53,55,56],

1 @pj)* 1 (pj—p)?, . 2
= - —_— - - o). 9
8p 4; P; 2; P+ pi [{Je10:1:)] &)

It is easy to check that if the state is pure, e.g., p; = |D;)(D;|,
Eq. (9) reduces to

(3, D 118, D,)]?
(0, @110, Py) °

where the unnormalized state [9,P,) = [0,D;) —
(P;]0,D,;)|P,;) is the component of |0,D;) orthogonal to
|D,) [56,57].

For simplicity, we consider that the initial states get prepared
in equilibrium, i.e., 9; p|;=o = 0 [49]. Therefore, pp and H can
be simultaneously diagonalized, thus providing the possibili-
ties to establish a link between cost rate and speed of evolution.
We first consider an initial state in the form of canonical ensem-
ble pg = exp[—H(0)/(kT)1/Z = }_, pnlno)(nol, where Z =
tr[e~H /1] i5 the partition function with temperature T, k

go = (10)
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is the Boltzmann constant, and p, = exp[—E,(0)/(kT)]/Z
[49]. We remark that under transitionless driving, p, is time
independent, i.e., 9, p, = 0. Therefore, Eq. (9) reduces to

1 (pm_pn)2 2
= — —\(m,|0;n;)|". 11
8p 23# o+ P [{m;]0;n, )| (11)

As a special case when the system is initially in the nth
eigenstate |ng), according to Eq. (10), the quantum Fisher
information metric continuously reduces to the well-known
Fubini-Study metric as follows:
2
g = ORI o) + (il (12)
(0ny|9ny)
where |0;n1) = |0,n;) — (n;19,1;) ;).
Here, it is convenient to establish a relation of quantum
speed between the collective and the individual driving. Ac-
cording to Egs. (8), (11), and (12) we have

1 (Pw — pn)?
v = - —|<mt|3tnt)|2

2 m#n Pm + Pn

1
<[5 2P+ pollmiloim) 2
\ m#n

= \/Z Pal(m|0m,)|?

m#n

\/Z Pa((Bymi18,m0) + (n13n,)2)

= > P, (13)

where v, = /(3m;10,n;) + (n;]8,m;)2.  Note  that
(pm — pn)2 < (pm + pn)2 is employed in the second line
of Eq. (13), and the equality in the second line is achieved
when the system is initially prepared in a single eigenstate.

C. Relationship between cost rate and dynamical speed
Clearly, with Egs. (5), (8), and (12), the cost rate and the
dynamical speed of transitionless quantum driving for a single
eigenstate |n;) is obtained as

- \/atcn (14)

n \/E A .
We note that the above relation bears resemblance to the speed
and the cost rate relation first presented in Ref. [45] but in a
more concise form. However, the relation between the cost rate
and the dynamical speed by collective transitionless driving is
not as concise as Eq. (14). For the collective transitionless
driving case (n > 2), with Egs. (4) and (13), we have

' \/Z<<a,n,|a,n,> gy = Y2E 0 as)

h

Equations (6), (13), (14), and (15), which reflect the general
relations between the dynamical speed and the cost rate in

shortcuts to adiabaticity for both collective and individual
transitionless driving, are the main contributions in this paper.
The properties of these relations are explored in the following
pedagogical nontrivial example.

III. THREE-LEVEL LANDAU-ZENER TUNNELING
MODEL

In this section, we consider the Landau-Zener tunneling
model in the simplest multilevel system, i.e., the three-level
system, with the following Hamiltonian:

H() = y.B() - S, (16)

where y, is the electronic gyromagnetic ratio, B(z) =
{A,0,A(2)}/y. is the magnetic field applied along the x and
z directions, and S ={S,,S,,S;} is the S =1 electron spin
operator [58]. Here A denotes the minimum energy separation
and A(t) characterizes the strength of a controllable driving
field.

According to the method introduced in Ref. [26], it is
convenient to validate that the collective transitionless driving
for Eq. (16) is given by

HA(t) = V(1)S,, (17)

with V(¢) = —Aat)n(t)/[A2 + A%(¢)], which is similar to the
two-level case [26,33]. The given control field is scanned
linearly within ¢ € [0,7], i.e., A(t) = «(2t/t — 1), where k
is related to the strength of the driving field. Considering the
nature of the applied fields, we adopt the parameter o« = 2 [42]
for evaluating the cost rate of transitionless driving.

We first employ the above driving protocol to analyze
the collective and individual cost rates during transitionless
quantum driving. The results are shown in Fig. 1(a) with
A/k = 0.1 as an example. In general, the peaks in Fig. 1(a)
illustrate that more resources or higher cost rates are required to
realize transitionless driving in the neighborhood of an avoided
crossing. Obviously, the individual driving of eigenstates
E4(t) costs less than the collective driving, which can easily
be understood in terms of Egs. (4) and () as 9,Cyy = 9,C_; =
(1/2)9,Cy < 9;C. However, an interesting phenomenon oc-
curs. The individual driving for eigenstate Ey(¢) (red circle)
costs as much as the collective driving (black curve), in contrast
to the common belief that the individual transitionless driving
leads to less consumption for multilevel quantum systems.
In fact, since 9,Cy = 29,C+| = 9,C1| + 9,C_1, which is just
the condition of Eq. (7) in the three-level case. Therefore, we
have 9,C = 9,;Cy. Physically, this can be interpreted by means
of the configuration of eigenstates in Eq. (16) shown in the
insets of Fig. 1(a). In order to achieve the individual driving of
E(t), transitions from Ey(¢) to both E_;(¢) and E(¢) should
be avoided. In turn, the eigenstates E.(z) will not transit to
Ey(t), and their mutual transitions are prohibited, which is the
principle of collective driving.

In addition, the tendency between the cost rate and the
speed can be seen by comparison with Fig. 1(b), where the
instantaneous speed of states for the above two scenarios is
depicted. We note that although the cost rates for the collective
driving (9, C) and the individual driving (9, Cp) are equal in this
model, the corresponding dynamical speed does not possess
such a property, i.e., v < vg [see in Fig. 1(b)].
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FIG. 1. (a) The cost rate (divided by %%t ~2) of collective (8,C)
and individual (9,C},9,Cy,d,C_) transitionless quantum driving for
the three-level LZ model evolved through the avoided crossing by
Mt) =kQ2t/t — 1), and A/k = 0.1. The inset shows the energy
eigenvalues (divided by i« ) of the LZ model of Eq. (16) with the above
parameters. (b) The corresponding speed (divided by ') of states
under collective and individual transitionless driving. For collective
driving, we have set fik /(kT') = 1/2 for the initial canonical ensemble
state as an example.

We then examine the instantaneous cost rate and the speed
under transitionless driving with different driving time dura-
tions T and energy splittings A. For convenience, we focus on
the collective driving, and the values are reported in the form
of the base-2 logarithm. As clearly shown in Fig. 2(a), if the
energy splitting is fixed, e.g., A/« = 0.1, a higher cost rate is
required to rapidly go through the avoided crossing with a faster
dynamical speed to realize the transitionless driving, which is
in agreement with Eq. (15). When approaching the adiabatic
limit, e.g., T = 100 (s), almost no transitionless driving is
needed (9,C — 0). On the other hand, if the energy splitting A
is sufficiently large, e.g., A /k = 100 in Fig. 2(b), only a little
cost is required to achieve the transitionless driving.

IV. POSSIBLE EXPERIMENTAL REALIZATION USING NV
CENTERS IN DIAMOND

The NV center spins in diamond possess long coherence
time at room temperature and high sensitivity to external
signals. These properties make the NV center a promising
candidate for quantum computation [59] and quantum sensors
[60]. Here, we first outline a possible implementation of
detecting the collective cost rate of transitionless driving and
the dynamical speed for the three-level LZ model by using the

FIG. 2. Time dependence of the dimensionless cost rate
log,/8,C/(h*t=2) and speed log,[v/(z~")] during collective tran-
sitionless quantum driving for the three-level LZ model. (a) Different
choices of time duration t with fixed energy splitting A /k = 0.1. (b)
Various energy splitting A with fixed time duration v = 0.1 (s). All
other parameters are the same as in Fig. 1.

electron spin of a single NV center in diamond. The key pro-
cedures include the preparation of initial states, the realization
of the three-level LZ Hamiltonian under transitionless driving,
i.e., Egs. (16) and (17), and the detection of speed and cost rate.
We first apply a static magnetic field to the [111] axis (taken
as the z axis) of the NV center and employ the ground electronic
spin state | — 1), |0), and | + 1) as the qutrit. According to
Eq. (16), it is convenient to check that the energy eigenstates
of the initial three-level LZ Hamiltonian are just | — 1), |0),
and | 4 1). Therefore, preparation of an initial single energy
eigenstate is achievable by microwave (MW) pulses [61,62].
For an initial canonical ensemble, it can be prepared by waiting
for a certain time for the dephasing from a superposition
state [63]. On the other hand, the Hamiltonian describing the
electronic spin of the NV center takes the form [59,60],

Hxv(t) = DS2/h + v, B.S., (18)

where the zero-field splitting D = 2.870 (GHz), and the
electronic gyromagnetic ratio y, = 28.02 (GHz/T). We select
B, = D/(3y,) and apply a polarized # — MW pulse on |0)
and | — 1) after biasing all three energy levels by 2/ D/3.
Then, Eq. (18) reduces to Hny(t) = @S, with wy =2D/3
[see Fig. 3(a)]. According to Egs. (16) and (17), as long as we
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FIG. 3. (a) The energy-level diagram for the electronic spin
ground triplet state of a single NV center with a zero-field splitting
D. A polarized 1 — MW pulse is performed on |0) and | — 1) at
B, = D/(3y.) to achieve the required Hamiltonian Hyv(?) = wyS,
with wy = 2D /3. (b) Diagram of the schematic experimental pulse
sequences employed to realize the three-level LZ model under
transitionless driving. The electronic spin state is initialized by a
532-nm laser. The initial equilibrium states can be prepared by
a serial of MW pulses. Then a microwave field B,(¢) = §(t)/y.
with §(t) = 2[Acose(t) — V(¢)sine(t)] and 9,&(t) = wy — A(t), is
performed along the x axis of the NV center. Tomography is then
performed if we would like to detect the instantaneous speed and cost
rate (t is short enough). We may also roughly estimate the average
speed ¥ by only recording the time duration t (relatively long) of
the B, (t) performed on the electronic spin, since T oc 1/9, where
v =(1/7) [y di'v.

select appropriate A(f) and V (), the collective transitionless
driving is immediately achievable. However, the LZ avoided
crossing cannot be realized directly by electron spin reso-
nance because it requires the microwave strength approaching
4D/(3y,) =~ 0.137 (T), far beyond the current experimental
conditions [33,61,62]. In light of the method introduced in
Refs. [33,61,62], our collective transitionless driving for a
three-level LZ model can also be realized in a rotating frame
if we apply a microwave field B, (t) = 6(¢)/y., where 6(¢) =
2[Acose(t) — V(t)sine(t)]and 0;&(t) = wy — A(t),alongthe
x axis of the NV center. Thus, the total Hamiltonian in the
laboratory frame is H(t) = y. B (¢)Sy + wpS;. By transferring
to the rotating frame with U = explie(¢)S;/h], we obtain

Ht)=UH@®OU +in(3,U)U!
= A1)S, + Us(1)S, U'
~ AS, + V(1)S, + A(1)S., (19)

where a rotating wave approximation, ignoring the fast-
oscillating items exp[ +2ie(?)], is employed in the deduction

of the third line. Clearly, the above equation yields the exact
Hamiltonian presented in Eqgs. 16) and (17). In this rotating
frame, A and A(t) are, respectively, controlled by the power
and frequency of the microwave field in the x axis, which in
turn determines the corresponding counterdiabatic field V (¢).
Thus, the cost rate of the transitionless quantum driving field
and the speed of evolution can be completely controlled by
the microwave field B, (¢). According to Egs. (4) and (13), the
detection of the speed and cost rate in experiment is flexible,
which can be realized by the tomography of the instantaneous
density matrix. In addition, even with no tomography, we can
also roughly estimate the average speed of quantum evolution
by detecting the duration of the evolved time 7, since T oc 1/,
where v = (1/71) for dt'v. A diagram of the above schematic
experimental pulse sequences is depicted in Fig. 3(b).

Because the individual transitionless driving is equivalent
to a collectively driving two-level system [42,50]; thus, the
corresponding experimental methods can refer to the two-
level case in Ref. [33]. Together with the above analysis, the
phenomenon that the cost rate of individual driving may be as
large as collective driving can also be verified with the above
three-level LZ model in NV centers.

V. DISCUSSIONS AND CONCLUSIONS

Though our present example mainly focuses on a three-level
LZ model, the cost rate and speed relations of collective driving
and individual driving presented in Sec. II are applicable to
any multilevel systems. Therefore, further study on more com-
plicated multilevel (n > 4) physical systems will be of great
interest and importance in the field of shortcuts to adiabaticity.
On the other hand, quantum thermodynamics processes of
experimental implementation at the fundamental level of a
single spin is now emerging, e.g., a single-spin test with a
single ultracold Ocat trapped ion has been employed to verify
the Jarzynski-related information equality [63]. Therefore,
in addition to NV centers, it would also be desirable and
interesting to further investigate our theory with trapped ion
systems in experiment.

In summary, general relations between the dynamical speed
and the costrate of individual and collective transitionless driv-
ing have been constructed, which provide a unified way to ex-
plore the cost-cost, speed-speed, and speed-costrelations under
individual and collective counterdiabatic driving. In particular,
the counterintuitive phenomenon that the cost rate of individual
driving can be as large as the corresponding collective driving
in multilevel systems has been discovered and illustrated in
a three-level LZ model. We have also proposed a possible
experimental verification of this phenomenon in the electron
spin of a single NV center in diamond. We expect these studies
to contribute to the identification of the physical mechanisms
for the costs of shortcuts to adiabaticity and its experimental
examination in simple or complex quantum systems.
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