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We explore theoretically the generation and all-optical control of optical frequency combs (OFCs) in
photon transmission based on a combination of single-atom-cavity quantum electrodynamics (CQED) and
electromagnetically induced transparency (EIT). Here an external control field is used to form the cavity dark

mode of the CQED system. When the strengths of the applied EIT control field are appropriately tuned, enhanced
comb generation can be achieved. We discuss the properties of the dark mode and clearly show that the formation
of the dark mode enables the efficient generation of OFCs. In our approach, the comb spacing is determined by
the beating frequency between the driving pump and seed lasers. Our demonstrated theory may pave the way
towards all-optical coherent control of OFCs using a CQED architecture.
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I. INTRODUCTION

The optical frequency comb (OFC) spectrum [1-4] consists
of a series of equally spaced teeth with fixed frequency
positions  f,, = fo + mfip, Where m is an integer, fo the
carrier frequency offset, and fi, the laser repetition rate.
Typically, the frequency difference between neighboring teeth
frep 1s on the order of 10 MHz to 1 GHz. A broad range
of techniques has been developed for generating the OFC
spectrum. Traditionally, OFCs with a stable repetition rate
can be generated in nonlinear optical fibers by utilizing
mode-locking lasers [1,2]. In recent years, much attention has
been focused on the generation of OFCs based on parametric
frequency conversion compact optical microresonators [3—7].
However, these methods typically either need high optical
pump power to obtain a larger number of comb lines due
to large insertion losses or limit comb spacing tunability in
unchanged Kerr materials. It appears more favorable and de-
sired for practical applications to generate OFCs with ultralow
operating power and tunable comb-tooth spacing. The goal
of this paper is to generate an OFC spectrum with low input
powers and a tunable slow repetition rate using the four-wave-
mixing processes induced by electromagnetically induced
transparency (EIT) with an atom in a high-finesse optical
cavity.

Coherently driven, three-level A-type atoms or comparable
solid-state emitters, instead of two-level atoms, are widely
used to study a variety of new quantum optical phenomena
in which the dynamics of a reference probe beam can be
efficiently controlled by a secondary control beam. One of the
most important aspects is the modification of the absorption,
dispersion, and nonlinearity of the system due to quantum
coherence and interference. Examples include EIT [8-11] and
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related topics [12—14]. Over the past few years, several groups
have succeeded in trapping and demonstrating EIT of single-
particle systems in free space [15—17]. Compared to particles
in free space, the introduction of an optical cavity has several
major advantages since it can enhance the light-atom coupling
in the setup and also effectively increases the nonlinearity
of the studied system. Furthermore, an optical cavity is also
useful for controlling the mode structure, thereby enabling
high input-output efficiencies. Optical control has already been
realized in single-particle cavity quantum electrodynamics
(CQED) experiments [18-26]. Incorporating EIT technique
can boost the capabilities of CQED. It has been shown that
merging EIT with CQED and a single quantum of matter is
likely to become the cornerstone for many novel applications
[27-35].

Recently, Miicke et al. experimentally observed EIT with
a single rubidium atom trapped inside a high-finesse optical
cavity, where the atom serves as a quantum-optical transistor
with the ability to coherently control the transmission of
light through the cavity [28]. Based on this achievement, in
the present work we put forward a single-atom-cavity EIT
scheme to generate and control OFCs at driving laser powers
as low as a few nanowatts by means of a classical control
field. When the strengths of the control field are appropriately
tuned, enhanced OFC generation can be achieved by using
state-of-the-art experimental parameters of the CQED systems.
The comb-tooth spacing can be well tuned by changing the
beating frequency between the driving pump and seed lasers. A
few-megahertz repetition rate can be achieved, which is small
for any microcomb. This is otherwise possible in the standard
OFC only by changing the physical cavity length. In addition
to numerical simulations demonstrating this controlled OFC
effect, a complete physical explanation of the underlying
mechanism is presented. The proposed scheme would be
applicable to several other types of optical cavity systems
(e.g., photonic crystal cavities, pillar cavities, microtoroids,
and bottle microresonators) [26,36,37]. The scheme in prin-

©2018 American Physical Society


http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.97.023826&domain=pdf&date_stamp=2018-02-15
https://doi.org/10.1103/PhysRevA.97.023826

JIAHUA LI YE QU, RONG YU, AND YING WU

PHYSICAL REVIEW A 97, 023826 (2018)

ciple is also suitable for a multiatom CQED system (i.e.,
an ensemble of atoms inside a high-finesse optical cavity)
[38—40].

The organization of the paper is as follows. In Sec. II we
establish the theoretical model and present the Hamiltonian of
the system within a rotating frame as well as the Heisenberg-
Langevin equations of motion. Then we choose the readily
achievable atom-cavity system parameters. In Sec. III we
illustrate the generation and control of OFCs based on a
combination of single-atom CQED and EIT in the transmission
power spectra via numerical simulations. Also, we discuss
the underlying physical mechanism of these phenomena.
Finally, in Sec. IV a brief summary and conclusions are
given.

II. SYSTEM

We consider a single atom with three energy levels in a
A configuration [see Figs. 1(a) and 1(b)] coupled to a single
electromagnetic mode of a high-finesse optical resonator and
an externally classical control laser. Details of this cavity
EIT device in the regime of a single atom have been ex-
perimentally reported and demonstrated in Refs. [28-32]. It
should be pointed out that the three-level atom, as modeled
here, is a simplified three-level quantum system, which can
be a nitrogen-vacancy center [41], a quantum dot [42,43], a
superconducting qubit [44,45], or a genuine atom [28-32].
Notice that, for the different three-level quantum emitters
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FIG. 1. (a) Illustration of the setup. A single rubidium atom is
trapped inside a high-finesse optical cavity and illuminated by a
control laser along the y axis. The cavity considered here can be
symmetric; the loss rates of the two cavity mirrors are the same.
The blue curve denotes the atom-cavity coupling strength along the
z axis. A biharmonic cw driving laser consisting of a pump field
and a seed field is coupled into the cavity mode along the cavity
axis and its transmission can be measured using an optical spectrum
analyzer to infer the key features of the cavity EIT system. (b) Atomic
level scheme of the ¥Rb D, line with relevant transitions (|1) =
|5251/2,F = 1), |2) = |5251/2,F = 2), and |3) = |52P3/2,F = 1))
A three-level atom in the A configuration interacts with a cavity mode
(angular frequency w,, vacuum Rabi frequency g,, and frequency
detuning A,) from the atomic |1) <> |2) transition (transition fre-
quency wj3;) and an external control laser (angular frequency w,, Rabi
frequency 2., and frequency detuning A ) from the atomic |2) < |3)
transition (transition frequency ws,), respectively. The three-level
atom is initially in the ground state |1).

mentioned above, the values of the system parameters exhibit
a significantly large difference or gap. So, for the convenience
of the parameter choice, we take into account a specific 8’Rb
atom [28-32].

As illustrated in Ref. [28], the relevant -electronic
levels of the ®’Rb atom (nuclear spin / = 3/2) are the
long-lived hyperfine ground states |1) = |52S;,F = 1) and
[2) =525 /2, F = 2), which couple to the common excited
state |3) = |52P3/2,F = 1) via an external continuous-wave
(cw) control laser propagating along the y direction and the
quantum cavity mode along the z direction, respectively. This
is the so-called cavity EIT configuration. This forms a A-level
scheme suitable for the generation of a coherent dark state
[10]. Specifically, the cavity field with resonance frequency w,
and vacuum Rabi frequency (coupling constant) g, interacts
with the |1) <> |3) transition of a three-level A-type atom.
Here g, = u31/wq/2heyV, where w3 is the atomic transition
dipole moment for the cavity-field coupling, |1) <> |3), and V
is the cavity-mode volume. At the same time, the cw control
laser, defined as E.(t) = £.e~®" with the angular frequency
w, and the field strength &., drives the atomic transition
|2) <> |3). The cavity is coherently driven by a biharmonic
cw laser composed of a pump field and a seed field, i.e.,
Sari(t) = Epe™ @' 4+ Ee™' ! where w; (j = p,s) is the
angular frequency and &; are the strengths of the biharmonic
driving components with power P; = iw;E? incident on
the optical cavity with field decay rate «,. Introducing
the electric dipole and rotating-wave approximations, the
time-independent Hamiltonian describing the dynamics of
such a coupled atom-cavity system driven by a biharmonic
laser field is given in a rotating frame by [11,31] H/h =
Apata+ (A, + Ay — A)6n + (A, + D63 + (b3 +
H.c.) + (8,0631 + Hee) + Ko (Epa' + EeAaT + Hee),
where & and @' are photon annihilation and creation operators,
respectively, and 6;; = |i){jl, i,j = 1,2,3, are the atomic
raising and lowering operators (i # j) and the atomic
energy-level population operators (i = j), respectively. The
energy of the ground state |1) is set as zero (i.e., iw; = 0)
for simplicity. Here 2. is the classical Rabi frequency of
the control laser and is given by Q. = u3&./2h, where
u3 is the dipole moment of the atomic transition being
driven by the control laser. In addition, A, = w, — w, is
the detuning of the cavity resonance frequency w, from
the frequency of the pump component w,, A, = w3 — w,
is the detuning of the |1) <> |3) transition frequency ws;
from the cavity resonance frequency w,, and A, = w3 — @,
is the detuning of the |2) <> |3) transition frequency ws;
from the control-field frequency w.. Further, A = o, — w,
is the beating frequency between the seed field w, and the
pump field w, for the biharmonic driving. Without loss of
generality, we take Rabi frequencies g, and €2, to be real in the
following.

To fully describe the CQED system, losses need to be intro-
duced phenomenologically. The two main loss mechanisms are
the cavity-field decay rate «, = w,/Q (where Q is the quality
factor of the optical cavity) and the atomic polarization decay
rates y3; and y3, from the excited level |3) to the levels |1)
and |2), respectively. The relaxation rate of coherence among
the levels |1) and |2) is negligible and can be safely neglected
because this transition is non-dipole-allowed in our considered
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model. With this notation, the dynamics of a coupled atom-
cavity system can be described by the Heisenberg-Langevin
equations of motion as

da (iA, +Ky)a —ig,6
— = —(A,+ky))a—ig,6
dt ! 8a013
— i K&y + EeTD) + by, )]
déy s A st A
o = 2rom +igq,0631 —ig,a'613 + hyy, 2
dé ~
d—fz = 2y30633 + iQ:63 — iQ:623 + ho, 3)
déy . . i~ A
T —i(Ap + Ay — A1 — i92:613
+ig.a63 + hia, 4)
dés . A o A
prale —[i(A, + Ay + v31 + 321613 — iR2:612
+ig,0(833 — 611) + his, &)
déa3 . N N
Fral —(Ac + y31 + ¥32)023 — 840621

+iQ(633 — 622) + hos, (6)

with 611 4 622 + 633 = 1. The operators ﬁa, fz“, fzzz, lez,
fl13, and fzzg above are the noise operators that conserve
the commutation relations at all times. The Langevin noise
operators have zero mean values by assumption in this treat-
ment, as shown already in earlier works [46,47]. Equation (1)
describes the dynamics of the cavity modes in the optical cavity.
Equations (2)—(6) describe the dynamics of the three-level
A-type atom. Optical emission from the cavity mode is directly
proportional to the corresponding intracavity photon number
(at(na(r)) [23,24,48], where (-) stands for the expectation
value. In the work of Dong et al. [48], these spectra are
also called intracavity emission spectra and below we will
present the numerical results for the transmission response [i.e.,
the cavity-output power hw,k,(af(t)a(t))] in the frequency
domain.

In the following discussion, we consider that the optical
cavity operates in the intermediate-coupling regime with the
experiment parameters {g,,kq,¥31,¥32}/27m = {4.5,2.9,3,3}
MHz from Ref. [28]. The wavelength of the driving pump laser
is chosen to be 780 nm. When the amplitudes of the pump and
seed fields are set as £, = & = 105 «/Hz, the corresponding
powers are P, = P; =2.5 nW according to the expression
P =hw;E; (j = p,s). For the cavity with the length L =
495 ;m [28], it has a high finesse of F = 5.2 x 10* based
on the formula 7 = mc/Lk and has a large bandwidth of
Aw/2mr = 7.4 GHz based on the formula Aw = w,/F, where
c is the speed of light. Outside this bandwidth of the cavity,
no modes are allowed and therefore it is the fundamental
bandwidth limit of the achievable OFC in the proposed scheme.
In the following, all the generated OFC spectra are located
within the bandwidth of the optical cavity.
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FIG. 2. The OFC spectra generated in the cavity EIT system for
four different values of the control laser 2. at P, = P; = 2.5nW and
A/2r =1 MHz: (a) Q./27 = 0 MHz, (b) Q./27 = 0.8 MHz, (c)
Q./2m = 8§ MHz, and (d) 2./27 = 80 MHz. Here we only consider
the case of resonant excitations for the pump, control, and cavity fields,
in which the cavity EIT effect is the most prominent. For the case of
nonresonant excitations, the powers of the comb teeth decrease with
increasing detunings (not shown here). The other system parameters
for the simulation are g,/2m = 4.5 MHz, «,/2mr = 2.9 MHz, and
V31/27 = y3/2m = 3 MHz.

III. NUMERICAL SIMULATIONS AND DISCUSSION

Figure 2 shows how the considered cavity-EIT system can
be used to coherently modify the OFC spectra of photon
emission. As can be seen in Fig. 2, the applied EIT control
field affects significantly the magnitude of the respective comb
teeth in the generated OFC spectra. Specifically, for the case
that the control laser is switched off [i.e., Q2./27 = 0 MHz
in Fig. 2(a)], the phenomenon of optical high-order comb
teeth cannot be generated efficiently because the intracavity
dark state is absent. Under this condition, the nonlinear optical
process of parametric frequency conversion is very weak and
the generated high-order comb teeth are almost absorbed.
More specifically from Fig. 2(a), the rightmost comb line at
(w1 — wp)/A =1 just represents the seed field w; = w;. The
central comb line at (wp — w,)/A = 0 happens to be the pump
field w, = wy. The leftmost comb line at (w_; — w,)/A = —1
stands for the idler field w_. For more details about these three
comb lines (see also Fig. 4 below).

In contrast, when the control laser is switched on for
Q./2m = 0.8 MHz in Fig. 2(b), a series of higher-order comb
teeth can be observed in the photon emission spectra, which
is a signature that the system is driven toward a dark mode.
As the sideband order is increased, the intensity of the higher-
order comb tooth is decreased gradually. The frequency of the
comb tooth of order m can be formulated by the relationship
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Wy = wp +mA, where m is the number of comb teeth,m = 0
corresponds to the pump field w,, m = 1 corresponds to the
seed field w; = w, + A, and m = —1 corresponds to the idler
field w_; = w, — A. These equidistant comb teeth will be
explained below in detail. When 2. /27 = 8§ MHz in Fig. 2(c),
the intensity of each comb tooth is largely enhanced. However,
for the case that 2./27 = 80 MHz in Fig. 2(d), the intensity
of the comb tooth quickly decreases with the order of the comb
tooth.

Figure 3(a) displays the dependences of the picked 5th,
15th, and 25th comb-tooth intensities from Fig. 2 on the
control field 2. to quantify the above observation further.
These comb-tooth intensities first increase with the control
field and then decrease gradually. The results also provide
more support to the claims that this method can be used to
suppress or enhance the intensities of the comb lines. To
gain insight into the origin of the change of the comb-tooth
intensity, we define two cavity polariton modes according to
Ref. [10]: a dark-state polariton mode Ads = cosfa — sin06,
and a bright-state polariton mode Aps = sin0a + cos 061,,
with sinf = ga(gg + SZ%)’I/2 and cosf = Qc(gﬁ + Qf)’l/z,
respectively. In order to demonstrate the fact that the dark-
mode formation can enable efficient generation of OFCs in
the cavity EIT system, we introduce the dark-mode fraction,
which is defined as the ratio of the dark-mode population
over the total bright-mode and dark-mode population, i.e.,
n = (Al Ag) /(AL Ags) + (Al Aw)). Figure 3(b) plots the
calculated dark-mode fraction 1 as a function of 2. Here 1 is
large and correspondingly the optical high-order comb-tooth
intensity of photon emission from the cavity mode is high.
However, after the system is driven into a predominantly
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FIG. 3. (a) The 5th, 15th, and 25th comb-tooth intensities from
Fig. 2 versus the control-field strength 2. (b) Calculated dark-mode
fraction . The other parameters are the same as in Fig. 2.

dark mode, a further increase in €2, leads to a saturation and
then a decrease in the emission. In other words, the physics
behind such atom-cavity-assisted OFC generation is due to the
formation of the intracavity dark state.

In what follows, we further give the physical explanations
of the comb-tooth spacing and linewidth in the generated OFC
spectra. In an optical cavity EIT system with appropriate dis-
persion, an external biharmonic cw driving resource consisting
of a pump field w, and a seed field w,, which is launched into
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FIG. 4. Energy-level diagram of degenerate and nondegenerate FWM processes. The OFC spectra are generated by a combination of
degenerate FWM, in which two identical pump photons at frequency w, and a seed photon at frequency w; are converted into an idler photon
at frequency w_1, as well as nondegenerate FWM, in which three pump photons at different frequencies w,,_;, w,, and w,,,, are converted
into a new photon at frequency w,,_, (top left) or w1, (top right). The FWM process results in equidistant sidebands. Note that, in the case of
CQED-based OFC spectra, the sideband order 0 is the pump field and the sideband order 1 is the seed field.
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FIG. 5. The OFC spectra generated in the cavity EIT system for
four different values of the beating frequency A at Q./2r = 8 MHz:
(@) A/2m = 0.5MHz, (b) A/27 = 1 MHz, (¢c) A/27n = 2 MHz, and
(d) A/2w = 4 MHz. The other parameters are the same as in Fig. 2.

a cavity mode, can coherently excite parametric four-wave-
mixing (FWM) processes via the atom-cavity-induced strong
Kerr nonlinearity [49,50]. There are dominantly two types
of FWM, degenerate and nondegenerate, which are clearly
illustrated in Fig. 4. First, due to the momentum conservation
among the interacting photons, a degenerate FWM process
converts two identical pump photons at frequency w, and a
seed photon at frequency w; into an idler photon at frequency
w_1. Then a nondegenerate FWM process converts three pump
photons at different frequencies wy,—1, @y, and w,,+, into a
new photon at frequency w,,_, or w,,+». The iteration of these
processes thus produces a series of optical high-order comb
teeth at frequency w, = w, + mA = mw; + (1 — m)w,, i.e.,
the so-called OFCs. Obviously the frequency spacing of the
comb teeth is the beating frequency, i.e., the difference A in
the frequencies of the pump and seed driving fields. As a result,
the comb spacing can be finely tuned by setting A. Finally, by
means of the uncertainty relations of time and energy [51],
it is easy to calculate the uncertainty of the frequency as
Aw = AE/h ~ 2m /7. The applied biharmonic driving (see
Fig. 1) is two cw lasers and lasts about infinity, i.e., T — +00.
In this case, we can obtain the comb-tooth linewidth Aw — 0
in the frequency domain as shown in Fig. 2. Thus the comb
teeth are relatively narrow sharp sideband lines.

In order to further check whether the comb spacing can be
tuned by setting the frequency difference A between the pump
and seed fields, we proceed to examine the OFC generation
with a numerical simulation to vary the frequency difference
A.InFig. 5 we plot the OFC spectra under the same conditions
as in Fig. 2(c), but with four different values of the frequency
difference A. It is clearly shown in Fig. 5 that tunable comb
spacings of 2w x 0.5, 27 x 1, 27 x 2, and 27w x 4 MHz

G

iy

(©)

Emission power (dBm)
o

-30 -20 -10 0 10 20 30
Frequency (o )A

m_mp

FIG. 6. The OFC spectra generated in the cavity EIT system for
four different values of the phase noise ¢ at 2. /2w = § MHz: (a) ¢ =
0,(b)¢p =mn/4,(c)¢p = m/2,and (d) ¢ = 37 /4. The other parameters
are the same as in Fig. 2.

for the output spectrum as an example within the frequency
bandwidth of 27 x 60 MHz can be achieved. Specifically,
when the frequency difference A between the driving pump
and seed fieldsis setas A /2w = 0.5 MHz in Fig. 5(a), the OFC
is generated with 120 comb lines within the given frequency
bandwidth of 27 x 60 MHz. For the case of A/27 = 1 MHz
in Fig. 5(b), the number of comb lines is decreased to the
value of 60, which is half as many as in Fig. 5(a). For the
case of A /2w =2 MHz in Fig. 5(c), there are 30 comb lines.
Further increasing A /2w = 4 MHz in Fig. 5(d), only 15 bars
of comb lines occur. Moreover, via numerical estimations it
is predicted that the lower limit of the repetition rate is taken
to be A/2w ~ 0.1 MHz and the upper limit is taken to be
A /2w ~ 10 MHz. Overall, a closer view of Fig. 5 reveals that
the quantity A indeed plays an important role in the amount
of comb spacing. Furthermore, we also confirm that the comb
spacing is directly determined by the frequency difference A
between the driving pump and seed fields.

The stability of the OFC repetition frequency is determined
by the stability of the beat frequency A. Therefore, at this
stage, one may ask the following question: Does the phase
noise in the beat frequency A influence the generation of the
OFC? To answer this question, the biharmonic driving laser
(i.e., pump plus seed) needs to be rewritten in the form Sg;i(¢) =
&y + EeA111% in the rotating frame at w., where ¢ stands for
the known phase noise from the beating frequency A. In Fig. 6
we present the OFC spectra by adding four different values of
the phase noise under the same conditions as in Fig. 2(c). As can
be seen from Fig. 6, also including the other phase noise values
(not shown here), the frequency of the certain comb line is sta-
ble, which is independent of the change in the phase noise ¢. Of
course, the stability of the phase noise spectrum is also superb.
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FIG. 7. (a) The OFC spectra generated in the cavity EIT system
when we set, in our model, the duration of the pump, seed, and control
lasers equal to 7, = 50 ms. (b) Magnified view of the OFC spectrum
from (a) in a smaller region. The other parameters are the same as in
Fig. 2.

Finally, itis important to mention that, in the above analysis,
we have neglected the linewidth of the pump, seed, and control
lasers. A natural question to ask, then, is how the laser linewidth
influences the linewidth of the comb tooth. To properly address
this problem we start from a nonzero linewidth for the applied
lasers via a numerical simulation. The detailed result for the
OFC spectrum is displayed in Fig. 7. From this figure it can
be found that there are certain widths of the OFC spectral
features. Concretely, we model the signal driving laser involved
here as a Gaussian-shaped wave packet in Fig. 7, where the
total duration is about At = 27, ~ 100 ms. According to the
basic theory of the uncertainty relations mentioned above, it is
straightforward to preliminarily calculate the linewidth of the
comb tooth as Aw/2mw ~ 0.01 kHz in the frequency regime.

As a consequence, the generated OFC spectrum is still robust
in the presence of the laser linewidth.

IV. CONCLUSION

We have demonstrated theoretically that by means of a
single three-level A-type atom in a high-finesse cavity it
is possible to generate and optically control OFCs via a
combination of EIT and single-atom CQED. The generated
OFCs can be largely enhanced or suppressed, depending on
the control-laser parameters. Also, a few-megahertz repetition
rate can be obtained in our scheme, which is small for any
microcomb. We discuss the properties of the intracavity dark
mode and indicate that the formation of the dark mode enables
the efficient generation of OFCs in this cavity EIT system.
Recent experiments [18,19,21] have provided the feasibility
of the proposal and the presented mechanism can be employed
to tailor and control OFCs in a CQED architecture. We believe
that our proposal is feasible in experimental realizations and
deserves to be tested with currently available technology.
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