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Owing to its ability to provide unique information on electron dynamics, time-resolved electron momentum
spectroscopy (EMS) is used to study theoretically a laser-driven electronic motion in atoms. Specifically, a chirped
laser pulse is used to adiabatically transfer the populations of lithium atoms from the ground state to the first
excited state. During this process, impact ionization near the Bethe ridge by time-delayed ultrashort, high-energy
electron pulses is used to image the instantaneous momentum density of this electronic population transfer.
Simulations with 100 fs and 1 fs pulse durations demonstrate the capability of EMS to image the time-varying
momentum density, including its change of symmetry as the population transfer progresses. Moreover, the spectra
corresponding to different pulse durations reveal different kinds of electronic motion. We discuss how to properly
interpret these time-resolved EMS spectra, which represent a generalization of time-independent EMS.
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I. INTRODUCTION

Studies of time-resolved electron dynamics in various
atomic, molecular, and condensed-matter reactions have in-
creased over the past two decades [1–7] owing to experimental
progress in generating ultrashort and/or intense pulses of
extreme ultraviolet light [8,9], x rays [10,11], and electrons
[12,13]. These advances open the possibility of obtaining a
deeper understanding of physical and chemical reaction mech-
anisms. In particular, electronic motions during reactions have
been monitored in real time [14–16]. Moreover, various aspects
of electronic motions can be retrieved using different probe
schemes. For example, attosecond transient absorption spec-
troscopy tracks the frequencies, phases, and lifetimes of excited
oscillating dipoles [17,18], time-resolved x-ray absorption and
x-ray Raman spectroscopy provide element-specific probes of
evolving electronic motion and chemical bonding [19,20], and
x-ray and electron diffraction are able to directly image elec-
tronic spatial motions with (sub)angstrom resolution [21–23].

Electron momentum spectroscopy (EMS) provides a differ-
ent probe scheme that images electronic states in momentum
space [24–28]. It thus provides a distinct yet complementary
perspective on electron dynamics. In brief, EMS utilizes the
clean knockout mechanism of high-energy impact ionization
near the Bethe ridge [29], whereby the ionized electron receives
nearly all of the momentum transfer from the projectile electron
(with the target ion nuclei and electrons serving as spectators
whose only role is to define the binding energy of the ionized
electron). Hence this impact ionization process is essentially
a binary collision between the projectile electron and the
target electron that is ionized. By measuring the momenta
of the two outgoing electrons, one can infer the momentum
of the ionized electron and its momentum distribution at the
instant of collision using the conservation laws of energy
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and momentum and the differential ionization cross section.
The binary collision approximation is most valid for weakly
bound electrons. Hence EMS is most useful for determining
the momentum density of valence electrons, which usually
play dominant roles in chemical bonds and reactions. More-
over, EMS measurements having sufficient energy resolution
enable state-selective determination of the target electron(s)
participating in a reaction. More importantly, EMS renders
a straightforward interpretation of the experimental results,
without further reference to simulations and/or elaborate anal-
yses. The main disadvantage of EMS is that it suffers from low
data statistics due to small cross sections [25].

Early research on the electron impact ionization process,
or (e,2e), for the case of high-energy incident electrons
was focused on the ionization mechanism and the validity
of the momentum-density interpretation for target valence
electronic states (see, e.g., Refs. [30–32]). The ability of EMS
to map momentum densities was beautifully demonstrated for
hydrogen and helium electronic orbitals [33,34]. Over the past
three decades EMS experimental techniques have steadily
improved the precision, accuracy, and detection efficiency of
EMS measurements [25,28]. As a result, EMS measurements
have been employed as benchmarks for evaluating the
accuracy of theoretical calculations of molecular momentum
distributions [35,36]. Moreover, owing to the sensitivity
of valence electrons to the structure of a molecule, EMS
can detect and study modifications of electron momentum
densities due to molecular conformation changes [37],
molecular pseudorotations [38], multicenter effects [39,40],
or vibrations [41,42]. Recently, (e,2e) measurements have
been carried out for excited molecular states [43,44]. Recent
theoretical advances include analyses and simulations of
laser-assisted EMS processes [45] as well as of time-resolved
EMS for electronic motions in atoms and molecules [46]. With
regard to the latter, the time scale of typical electronic motions
ranges from femtosecond (fs) to sub-fs, which exceeds current
temporal resolutions of EMS measurements.

2469-9926/2018/97(2)/022702(12) 022702-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.97.022702&domain=pdf&date_stamp=2018-02-05
https://doi.org/10.1103/PhysRevA.97.022702


HUA-CHIEH SHAO AND ANTHONY F. STARACE PHYSICAL REVIEW A 97, 022702 (2018)

FIG. 1. Schematic setup for time-resolved electron momentum
spectroscopy (EMS) for a laser-driven population transfer in lithium
atoms. A chirped laser pulse drives the population of the lithium
atoms adiabatically from their ground state (2s) to their first excited
state (2p). During this transition, changes in the population and
symmetry of the valence electron’s momentum density are imaged by
time-delayed, high-energy electron pulses through the mechanism of
electron impact ionization, i.e., (e,2e). In the symmetric noncoplanar
configuration, the scattered and ejected electrons share the same
kinetic energy, scattering angle θ , and azimuthal detection angle ϕ

(relative to the positive and negative x axis). By varying the azimuthal
angle ϕ of both detectors, the momentum distribution of the orbital
from which the electron is ionized can be mapped from the EMS
spectrum. The scattering angle θ is chosen such that the momentum
density along the z axis is imaged. For future reference, the coordinate
system used in this paper is defined here.

In this paper we propose use of EMS to image a laser-
controlled, picosecond (ps) electronic motion in atoms as a
means of exploring the capabilities and limitations of EMS
for studying time-resolved electron dynamics. Specifically, we
consider a laser-driven population transfer in lithium atoms
from the ground state (2s) to the first excited state (2p) [47].
This electronic motion comprises two distinct time scales. The
slow population transfer motion is controlled by the driving
laser, while the fast motion stems from the quantum beating
of the coherent eigenstates involved in the population transfer.
The symmetric noncoplanar electron detection configuration
shown in Fig. 1 is chosen for EMS measurements because this
setup selects impact ionization events that satisfy the clean
knockout mechanism and because the differential cross section
directly reflects the momentum distribution of the lithium
valence electronic state.

We model the time-resolved EMS spectra by generalizing
the time-independent theory of EMS to take account of the
effects of the driving laser field and the finite duration of the
incident electron pulses (Sec. II). Simulations with two pulse
durations (100 fs and 1 fs) are performed (Sec. III). The sim-
ulations show that the time-resolved spectra depend critically
on the pulse duration and that different kinds of information
on the electronic motion can be retrieved from the different
spectra (Sec. IV). The results and analyses presented here thus
extend the conventional momentum-density interpretation of
the EMS spectra to the case of time-resolved EMS, which we
demonstrate to be an effective tool for directly investigating
electron dynamics in atoms and molecules.

Finally, we note that x-ray Compton scattering provides a
similar probe scheme for measuring the momentum density

of target electrons [48,49]. However, as discussed above,
EMS requires the clean knockout mechanism involving large
momentum transfers as well as a coincidence measurement
that resolves the momenta of both the scattered particle (i.e.,
either the incident electron or the incident x-ray photon) and
the ejected electron. These requirements can be challenging
for x-ray Compton experiments.

II. THEORY

In this section we present the theory upon which we base our
simulations of time-dependent EMS of a laser-driven adiabatic
2s → 2p population transfer in Li atoms. In Sec. II A we
recapitulate the conventional theory of time-independent EMS,
using lithium as an example and with an emphasis on how
and under what conditions the momentum densities of target
stationary states relate to (e,2e) measurements. In Sec. II B we
then compare the conventional theory with the time-dependent
theory, with a focus on the additional conditions required
when making time-resolved measurements. Finally, in Sec. II C
we briefly discuss the adiabatic passage theory as applied to
frequency-swept population transfer in a two-state, lithium
atom system. Unless specified otherwise, atomic units (a.u.),
e = h̄ = me = 1, are used throughout this paper.

A. Electron momentum spectroscopy

Consider an impact ionization process in which an energetic
electron collides with a lithium atom,

e−(k0) + Li(k1) → e−(ka) + e−(kb) + Li+(kc) , (1)

where k0 and k1 are the respective momenta of the incident
electron and the lithium atom and ka , kb, and kc are the
momenta of the scattered electron, the ejected electron, and
the residual ion, respectively. We assume that the momenta
of the incident electron and the lithium atom target are well
defined (i.e., that they can be characterized by a single value).
If the momenta of the projectile electron and the lithium atom
have finite distributions, these are treated as probability distri-
butions rather than as coherent (wave-packet) distributions.

The collision ionizes the lithium atom from an initial
eigenstate φn to an ionic eigenstate φ−1

m and the corresponding
transition amplitude is [25,26,50,51]

Tmn = (
χ (−)

a χ
(−)
b χ (−)

c φ−1
m ,V ψ (+)

n

)
, (2)

where the χ
(−)
j , j ∈ {a,b,c}, are eigenstates of the particles on

the right-hand side of Eq. (1), V is the Coulomb interaction
between the incident electron and the ionized electron, and
ψ (+)

n is the scattering state corresponding to the left-hand
side of Eq. (1). Here n and m denote the collections of
quantum numbers specifying the neutral and ionic states of the
lithium atom, respectively. The superscripts (+) and (−) for the
entrance state ψ (+)

n and the exit states χ
(−)
j indicate respectively

outgoing- and incoming-wave boundary conditions. Note that
a δ function for the conservation of energy has been factored
out from Eq. (2).

In general, the evaluation of the transition amplitude Tmn

is challenging because the scattering state ψ (+)
n can involve

complicated electron correlations during the process of ion-
ization [52]. However, under the so-called EMS conditions
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[25,26,28], as discussed below, the ionization mechanism
simplifies dramatically, and, as a result, the calculation be-
comes much simpler. Moreover, the final expression yields a
clear physical interpretation. First, for energetic collisions the
distortion of the wave functions of the incident electron and of
the lithium atom target can be neglected, so that the first-order
Born approximation can be employed for the projectile-target
interaction. Hence ψ (+)

n can be approximated by the product
of the initial states,

ψ (+)
n � χ0 χ1 φn , (3)

where χ0 and χ1 φn are respectively the states of the incident
electron and the lithium atom target. Since we assume the
incident electron is characterized by a single momentum, χ0 is
a plane wave with momentum k0,

χ0 = (2π )−3/2 eik0·x0 , (4)

where x0 is the coordinate of the incident electron. Likewise,
χ1 has a similar plane-wave expression with momentum k1.
Second, since EMS measurements select ionization events with
large momentum transfer, both the ejected electron and the
scattered electron have large kinetic energy. Therefore, the
distortion of the exit states after the collision is also small and
the exit states can also be approximated by plane waves,

χ
(−)
j � (2π )−3/2 eikj ·xj , (5)

where xj is the coordinate of the j th particle, j ∈ {a,b,c}.
While Eq. (5) may seem to be a crude approximation for parti-
cles having Coulomb interactions, simulations have shown that
calculations using the plane-wave approximation agree with
those using the distorted-wave approximation provided that
large momenta are transferred and that the initial momentum
of the ionized electron at the instant of collision is �1.5 a.u.
(i.e., near the Bethe ridge) [28,53]. The validity of this plane-
wave approximation can also be verified experimentally by
comparing (e, 2e) measurements for different energies of
the incident electrons (see, e.g., Refs. [28,35,37,38]). Since
we are interested in the motion of valence electrons, whose
momentum distributions are typically concentrated within the
range of 0.0–2.0 a.u., this approximation is adequate for our
purposes. Third, owing to the heaviness of the Li nucleus,
the electron-to-nucleus mass ratio is assumed to be negligible.
Under the above considerations, the ionization amplitude Tmn

factorizes into a product of kinetic and structural factors
[25,26]:

Tmn � δ(Pf − Pi)
1

2π2

1

s2
ψmn(q). (6)

Here Pf ≡ ka + kb + kc and Pi ≡ k0 + k1 are the respective
linear momenta of the products and reactants, s ≡ k0 − ka is
the momentum transfer, q ≡ ka + kb − k0, and ψmn(q) is the
structure amplitude [26], given by

ψmn(q) = 1

(2π )3/2

∫
dxb e−iq·xb

(
φ−1

m ,φn

)
. (7)

The inner product in the integrand of Eq. (7) involves an
integration over all coordinates of the target electrons except
for the coordinate xb of the ejected electron. The structure
amplitude ψmn(q) in Eq. (7) is the Fourier transform of the

overlap between the ionic and neutral states of the lithium atom,
which is a single-electron function called the Dyson orbital.

The structure amplitude can be further related to the mo-
mentum wave function of the orbital from which the valence
electron is ejected by making some additional approximations.
Specifically, if a single Slater determinant is used to construct
each of the eigenstates φn and φ−1

m , then the Dyson orbital is the
ejected electron’s momentum space wave function multiplied
by a spectroscopic factor, i.e., the overlap of the core electrons’
initial and final orbitals. If one further assumes that the collision
does not excite the core electrons and that the core orbitals
do not relax during the ejection of the valence electron, then
the frozen-core approximation can be used. In this case, the
spectroscopic factor is unity. Consequently, the Dyson orbital
is simply the momentum space wave function of the valence
(ejected) electron. The above assumptions can be satisfied by
selecting collision events near the Bethe ridge having large
momentum transfer.

For given initial and final states, φn and φ−1
m , of the lithium

atom and ion, EMS simulations usually calculate the triply
differential cross section, d3σ/dEa d k̂a d k̂b, corresponding to
the scattering of the incident electron with energy Ea along
the angle k̂a and the ionized electron escaping along the angle
k̂b. The triply differential cross section is proportional to the
absolute square of the transition amplitude Tmn:

d3σ

dEa d k̂a d k̂b

∝ |ka| |kb|
|k0/m0 − k1/m1|

1

s4
|ψmn(q)|2, (8)

where m0 and m1 are the masses of the projectile electron and
the lithium atom, respectively. The first factor on the right-hand
side takes account of the incoming and outgoing fluxes of the
impact ionization. Because of the indistinguishability between
the scattered and ejected electrons, antisymmetrization of
the electronic wave function leads to an exchange of the
roles of ka and kb and a modification of the kinetic factor
1/s4 of Eq. (8), which is given in Ref. [26]. Finally, since
the spins of the incident and target electrons are usually
unpolarized and the spins of the scattered and ejected electrons
are not measured, the triply differential cross section must
be averaged over initial spins and summed over final spins.
For high-energy collisions, these spin-exchange effects on
the dynamics of the ionization process are minimal; only the
kinematic factors are altered.

As shown in Eq. (8), under the above approximations
the triply differential cross section is proportional to the
momentum density, |ψmn(q)|2, of the orbital from which the
electron is ejected. By selecting ka and kb, and hence q, one is
able to map the momentum distribution of the valence orbital
from the triply differential cross section. The symmetric non-
coplanar configuration (Fig. 1) provides a convenient scheme
for EMS because the momentum transfer s is independent
of the azimuthal scattering angle ϕ; moreover, the kinetic
factors [i.e., the first and the second factors in Eq. (8)] remain
insensitive to small changes of ϕ near zero degrees even after
antisymmetrization (see Fig. 3 of Ref. [28]). Therefore, the
triply differential cross section as a function of ϕ can be
directly interpreted as the momentum distribution of the ejected
electron without further manipulation of the experimental data.
The scattering angle θ can be chosen such that qy = 0; thus
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the momentum density along the z axis, |ψmn(qz)|2, can be
imaged by rotating the azimuthal angles ϕ of both detectors.
The z component of the momentum of the ejected electron at
the instant of collision is determined by

qz = 2kf sin θ sin ϕ, (9)

where kf is the momentum of each of the two outgoing
electrons.

B. Time-resolved electron momentum spectroscopy

If target electronic states are nonstationary states, the
above theory needs to be generalized to take account of
the electronic motion. Time-dependent EMS theory has been
developed for nonstationary states that can be represented
as coherent superpositions of the eigenstates of the target
[46]. However, in the case of laser-driven population transfer
in lithium atoms, the scattering system is influenced by the
external laser electromagnetic field, and hence the lithium
target electronic state cannot be described simply as a coherent
superposition state. In our previous works [47,54], we have
developed a time-dependent distorted-wave approximation to
simulate the diffraction of ultrafast electrons from laser-driven
scattering target systems. This approximation fully accounts
for the interaction between the laser and the scattering target
system (in the electric dipole approximation) such that the
dressing of the wave function of the incident electron and
the population transfer in the lithium atoms can be accurately
described, while the target-projectile interaction is modeled
as a perturbation. This same idea is applicable to the current
study. Since we have presented a detailed theoretical derivation
and analysis in Ref. [54], we emphasize here the changes and
additional approximations that are necessary to generalize the
conventional EMS theory to the time-dependent case.

The first needed modification is to generalize the transition
amplitude Tmn for the case of a system having a time-dependent
Hamiltonian [54–56]. Since the Born approximation remains
valid, the effects of the projectile-target interaction on the
entrance wave function can be neglected. Then one can show,
using the time-dependent distorted-wave approximation, that
the transition amplitude from an initial state ψi(t) to a final
state ψf (t) can be approximated by [cf. Eq. (2)]

Tf i �
∫

dt
(
ψ

(−)
f (t),V ψ

(+)
i (t)

)
, (10)

where ψ
(+)
i (t) is the exact wave function of the entrance

channel in the laser field satisfying the initial condition:

ψ
(+)
i (t) → ψi(t) as t → −∞. (11)

Similarly, ψ
(−)
f (t) is the wave function of the exit channel

satisfying the asymptotic condition:

ψ
(−)
f (t) → ψf (t) as t → ∞. (12)

Thus ψ
(+)
i (t) and ψ

(−)
f (t) are the time-dependent counterparts

(in the presence of the laser field) of the entrance and exit states
appearing in Eq. (2), and Eq. (10) is the Born approximation
counterpart of Eq. (2).

Before formulating expressions for ψ
(+)
i (t) and ψ

(−)
f (t) and

evaluating the transition amplitude (10) for the population

transfer, let us estimate the effects of the laser pulse on
these wave functions. In laser-assisted impact ionization, if the
projectile electron and/or the ejected electron absorb or emit
photons, then the transition amplitude (10) comprises a sum
of terms with each proportional to Jl(q · α), where Jl is the lth
order Bessel function of the first kind, l indicates the number
of absorbed or emitted photons, and α is the displacement
amplitude of an electron in the laser field [45,56,57]. In our
simulations |α| � 0.005 a.u., since the laser field used to drive
the population transfer in the lithium atom is assumed to have
low intensity; see Sec. III for the laser parameters used in our
simulations. Also, our interest is in valence electron momenta
|q| � 1.5 a.u. Thus the magnitudes of the arguments of the
Bessel functions are much smaller than unity, so the probability
that the electrons absorb or emit photons is negligible. In other
words, the dressing of the incident and ejected electrons can be
neglected and the only effect of the laser pulse is to drive the
electronic motion in the lithium atom. Accordingly, instead of
a Volkov wave, a plane wave is used to represent the incident
high-energy electron in ψ

(+)
i (t).

Time-dependent EMS theory requires a second modifi-
cation of the representation of ψ

(+)
i (t). In time-independent

EMS theory (Sec. II A), the entrance state of the projectile
electron and that of the lithium atom are assumed to be
represented by single momentum states (or by an incoherent
sum of momentum states), with each represented by a plane
wave. However, in order to properly describe time-dependent
scattering, localization of the incident electron and the lithium
atom in both space and time is necessary in order to define
the time of collision. This localization of the incident electron
and the target can be accomplished using wave-packet inte-
grals [22,46,58] that superpose plane-wave states χ0 and χ1

[cf. Eq. (3)]:

ψ
(+)
i (t) �

∫
dk0 dk1 a0(k0) a1(k1) χ0(t) χ1(t) ψ1(t). (13)

Here a0(k0) and a1(k1) are the respective momentum am-
plitudes of the projectile electron and the lithium atom and
ψ1(t) is the electronic wave function of the lithium atom.
Note that these entrance states are generalized from the
time-independent ones in Eq. (3) to time-dependent ones in
accord with the first modification above. As shown later, the
longitudinal extent (or longitudinal coherence) of the entrance
states introduced by the wave-packet integrals is related to the
temporal resolution of time-resolved EMS.

The electronic wave function ψ1(t) of the lithium atom
target can be expanded in its field-free eigenstates φn. Since the
lithium atom undergoes the laser-driven population transfer,
ψ1(t) is different at each pump-probe delay time. In order
to model this dependence on delay time, we assume that the
population transfer is initiated prior to the collision by a time
td , and, thus, ψ1(t) is displaced in time accordingly. Hence the
wave packet of the projectile electron is the same for all delay
times, but ψ1(t) at a given delay time td is

ψ1(t) =
∑

n

Cn(t + td ) φn e−iωn(t+td ), (14)

where ωn is the energy of the eigenstate φn and Cn(t) is the
amplitude at td = 0. The magnitude of Cn(t) indicates the time-
varying population of the φn state.
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Similar considerations may be adduced for the exit-channel
wave function, ψ

(−)
f (t). Specifically, laser dressing of the

states of the scattered electron, the ionized electron, and
the lithium ion remains negligible, as are the distortions
of the wave functions for these three particles. In other words,
the validity of the plane-wave approximation for the final
states is unaffected by generalizing the time-independent EMS
theory to the time-dependent case. Therefore, the outgoing
waves are approximated by

ψ
(−)
f (t) � χa(t) χb(t) χc(t) φ−1

m (t), (15)

where χj (t) is the plane wave for the j th particle, j ∈ {a,b,c}
[see Eq. (1)].

Substituting Eqs. (13), (14), and (15) into Eq. (10), one
obtains the following expression for the transition amplitude:

Tf i �
∫

dk0 dk1 a0(k0) a1(k1)
∫

dt ei(εf −εi )t

×
∑

n

Cn(t + td ) Tmn e−iωntd . (16)

Here εf and εi are respectively the total kinetic energies of
the products and reactants and Tmn is evaluated using the
plane-wave approximation [see Eq. (6)]. As shown in Eq. (16),
the transition amplitude Tf i is a coherent superposition of
the transitions Tmn weighted by the amplitudes of the wave
packets and phases at the delay time td . If one further assumes
the frozen-core approximation for Tmn [see Eq. (7) and the
text below it], then the second line of Eq. (16) is proportional
to

∑
n Cn(t) ψmn(q) e−iωnt at the delay time td , which is

the time-dependent, momentum-space wave function of the
ejected electron.

The probability of the (e,2e) process is defined by

P =
∫

dka dkb dkc |Tf i |2, (17)

where the ranges of the final-momentum integrals depend on
the experimental configuration. In typical EMS measurements,
the momenta of the scattered and ejected electrons are mea-
sured, but the recoil momentum of the residual ion is not.
Thus the ranges of ka and kb integrals are set by the energy
and angular windows of the detectors and the momentum kc

is integrated over. As in conventional EMS theory [26], one
must antisymmetrize the electronic wave function and, if the
electrons are unpolarized, sum over the final spin states and
average over the initial spin states. Furthermore, since the
impact parameter b is rarely controlled with atomic precision
in gas-phase collisions, an average of P over the relative
positions between the projectile electrons and the lithium
atoms in a gas ensemble is necessary. Therefore, the measured
ensemble-averaged EMS probability is

〈P〉 = 1

4

∑
sa,sb

∫
db ρ(b) P(sa,sb), (18)

where ρ(b) is the projected area density (along the propagation
direction of the incident electrons) of the lithium atom gas,
sa and sb denote the respective spins of the scattered and
ejected electrons, and P(sa,sb) includes all possible spin
configurations of the entrance channels.
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FIG. 2. Diabatic and adiabatic energy levels for the one-photon
dressed 2s and 2p states of lithium atoms as a function of the laser
frequency. The diabatic energies for the one-photon dressed 2s and
2p states are represented by the diagonal and horizontal dashed lines,
respectively. The solid (red) and dash-dotted (green) lines are the
adiabatic energies that connect the dressed 2s and 2p states. The
amplitude of the laser electric field is 3.00 × 10−5 a.u., corresponding
to an intensity of 3.16 × 107 W/cm2. The frequency of the laser is
given in units of eV.

C. Frequency-swept adiabatic passage

The frequency-swept adiabatic passage technique [59,60]
is chosen to perform the population transfer in lithium atoms
owing to its simplicity and controllability. This scheme can be
understood within a dressed-state picture. Figure 2 shows the
photon-dressed energy diagram of the lowest two electronic
states of the lithium atom as a function of laser frequency.
The diagonal and the horizontal dashed lines are the diabatic
energies of the one-photon dressed 2s and the 2p states,
respectively. (Since the population transfer is essentially a
one-electron process, the eigenstates φn of the valence electron
are labeled by their orbitals.) The energy of the dressed
2s state increases linearly with laser frequency and the two
diabatic energies cross at the 2s-2p resonance frequency.
On the other hand, the adiabatic energies (indicated by the
solid and dash-dotted lines) have an avoided crossing near the
resonant frequency that connects the dressed 2s and 2p states.
Therefore, if the population transfer starts from a negative
detuning and the instantaneous frequency of the laser pulse is
swept upward adiabatically, then the population of the lithium
atoms follows the lower adiabatic level and is transferred to
the 2p state.

III. SIMULATION DETAILS

As many details of our simulations have been discussed in
the context of ultrafast electron diffraction [47,54], we focus
on those aspects that are unique to the (e,2e) process and only
summarize briefly our numerical procedures. Since the lithium
electronic state ψ1(t) is written in terms of its eigenstates [see
Eq. (14)], the first step is to calculate φn. An independent
particle representation is employed, so that φn is constructed
from a Slater determinant of single-particle orbitals. These or-
bitals are calculated using the Herman-Skillman potential [61],
which is obtained by solving the Hartree-Fock equation within
a central-field approximation in which the electron-electron
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interaction is replaced by the Hartree-Fock-Slater potential.
We neglect fine-structure effects. While the Herman-Skillman
potential is unable to provide spectroscopic accuracy, it serves
well for our current purpose of demonstrating the capability of
EMS to image electronic motions and it allows us to identify
the features of those electronic motions that are reflected in the
time-resolved spectra.

After obtaining the eigenstates, the second step is to simu-
late the laser-driven population transfer process in the lithium
atom targets. The time-dependent Schrödinger equation is
solved numerically, from which the amplitude Cn(t) of each
eigenstate [see Eq. (14)] can be obtained. We use a linearly
polarized laser electric-field pulse having a Gaussian envelope
and a full width at half maximum (FWHM) duration of 2.0 ps.
The peak intensity of the pulse is 1.93 × 107 W/cm2. The
chirp is 1.5 × 10−3 eV/ps, and the instantaneous frequency
equals the 2s-2p resonant frequency (1.946 eV) at the peak
of the laser pulse. These laser parameters are chosen such that
the time scale of the population transfer is controlled to be
of the order of a few ps, which is longer than the fs electron
pulses but shorter than the lifetime of the excited 2p state.
The valence electron in the initial state of the lithium atom is
in the 2s state. We neglect multiphoton ionization during the
population transfer.

The time-resolved EMS spectra are calculated according
to Eq. (18). The incident electron pulses have a central kinetic
energy of 5.0 keV, so the first-order Born approximation should
be adequate to describe impact ionization near the Bethe
ridge [62]. The momentum density |a0(k0)|2 is described by
a Gaussian distribution whose width along the longitudinal
direction is set by the incident electron pulse duration. Two
pulse durations are considered in our simulations: 100 fs and
1 fs (FWHM). We also assume the pulses are transform limited
(i.e., chirpless), so that the corresponding bandwidths are 0.018
and 1.8 eV (FWHM). The width of a0(k0) in the transverse
direction is set by the angular divergence of the incident
electron beam. However, since the polar angles of the scattered
and ejected electrons are θ ≈ 45◦ in the symmetric nonplanar
configuration, as long as the angular divergence does not
affect the momentum resolution, the small angular divergence
of a well-collimated pulse is not significant. Therefore, the
transverse spread of a0(k0) is neglected.

The calculation of Tmn requires the momentum wave func-
tions of the lithium atom [see Eqs. (6) and (7)], which are
computed by calculating the Fourier transforms of the Hartree-
Slater 2s and 2p eigenstates for the valence electron. Since the
central-field approximation is used to calculate the orbitals of
the lithium atom, the orbital wave functions factorize into radial
and angular parts. Accordingly, the Fourier transform factors
into two parts: the radial part is calculated numerically and the
angular part is simply a spherical harmonic.

We assume the ensemble of lithium atoms has a homoge-
neous transverse distribution whose dimension is much larger
than the cross section of the incident electron pulses. The
longitudinal width of the ensemble is assumed to be 50 μm in
order to reduce the effect of group-velocity mismatch between
the laser pump and electron probe pulses. The density of the
lithium atom ensemble is assumed to be 1010 cm−3 [63], so
that the projected area density of the lithium atom gas is
ρ(b) = 5.0 × 107 cm−2.

The energy and angular windows of the detectors are as-
sumed to be rectangle functions centered at the corresponding
nominal values. The width of the energy window is 0.6 eV
and the widths θ and ϕ of the angular windows for
different simulations are specified when presenting the results
in Sec. IV. The final-momentum integrals are performed using
Gaussian quadrature. As in time-independent EMS theory, the
scattering angle θ can be chosen such that qy = 0 (where
q ≡ ka + kb − k0); it must be varied according to the energies
of the two outgoing electrons. Then, the momentum density
along the z axis, |ψmn(qz)|2 [see Eq. (7)], can be obtained by
varying the azimuthal angles ϕ of both detectors [see Eq. (9)].

IV. RESULTS AND DISCUSSION

In this section we briefly summarize our results for the laser-
driven 2s → 2p population transfer process in the target Li
atoms and then present our EMS results for incident electron
pulses having durations of 100 fs and 1 fs.

Before beginning the presentation of our results, however,
we remark upon the terminology used in this work. Since non-
stationary states superpose eigenstates with different energies
[see Eq. (14)] and since multiple momentum components are
included in the incident electron wave packet [see Eq. (13)], in
general one may not use the conservation of energy in the time-
dependent EMS case to identify the ionization transitions from
EMS measurements. In other words, the ensemble-averaged
probabilities 〈P〉 (18), unlike the differential cross sections in
conventional EMS [see Eq. (8)], are not necessarily associated
with the momentum density of a single orbital, even with
perfect detector resolution. In particular, as we will show, 〈P〉
can depend on the properties of incident electron pulses (e.g.,
their bandwidth). Therefore, in this work we define the EMS
spectrum as the ensemble-averaged probability 〈P〉, which is
a function of (i) the energy difference between the incident
electron energy and the energies of the two outgoing electrons
and (ii) the azimuthal angle ϕ of the detectors. Also, the EMS
spectra at fixed energies are called momentum profiles (or
simply profiles if there is no ambiguity) in order to distinguish
them from the momentum density of the probed state, which
is an intrinsic property independent of how the experimental
measurements are carried out.

A. Li 2s → 2 p population transfer

Although the results of the 2s → 2p population transfer
in the Li atoms have been reported in Refs. [47,54], for the
purpose of completeness we reproduce the main features of
those results here. Figure 3 presents the populations of the
electronic states of the Li atom as a function of time. Different
lines correspond to different electronic states labeled according
to the legends and the shaded area indicates the profile of the
driving laser electric field. One sees that the time scale of the
population transfer is about 3 ps, that the 2s population (solid
line) decreases monotonically, and that the 2p population
(dash-dotted line) grows monotonically. At the end of the
process almost all the initial 2s population is transferred to the
2p,ml = 0 state; moreover, other excited states have negligible
populations throughout the entire process.
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FIG. 3. Populations of the 2s, 2p, and 3d states of the lithium
atom undergoing a laser-driven population transfer as a function of
time. The shaded area indicates the envelope of the electric field of
the pump laser.

B. EMS for 100 fs incident electron pulses

Time-resolved EMS spectra of the Li 2s → 2p population
transfer imaged by 5.0 keV 100 fs incident electron pulses at
four different pump-probe delay times are shown in Fig. 4.
The abscissa is the binding energy of the ejected electrons,
defined as the energy difference between the central energy
of the incident electron and the central energy of the pair of
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FIG. 4. Time-resolved EMS spectra of an electronic population
transfer in target Li atoms imaged by 5.0 keV 100 fs (FWHM) incident
electron pulses at four pump-probe delay times, td = 1.0, 3.0, 4.0, and
5.0 ps. The adiabatic 2s → 2p population transfer in the Li atoms
is driven by a chirped laser pulse (see Fig. 3). The delay times are
measured from the time zero of the population transfer. The energy
window of the detectors is 0.6 eV and the angular window is θ ×
ϕ = 0.5◦ × 0.5◦.

outgoing electrons and the ordinate is the azimuthal angle ϕ

of the detectors (see Fig. 1). A positive angle ϕ corresponds
to a positive z component of q [see Eq. (9)]. The delay time
is defined with respect to the onset of population transfer
(i.e., the time zero of Fig. 3), not the peak-to-peak time
difference between the pump and probe pulses. The energy
window of the detectors is 0.6 eV and the angular windows
are θ × ϕ = 0.5◦ × 0.5◦. While the energy resolution of
the spectrum results from the convolution of the bandwidth of
the incident electron pulse, the energy distribution of the target
electronic motion, and the energy resolution of the detector, for
the 100 fs case the widths of the peaks in the spectrum stem
mainly from the energy resolution of the detector.

The spectra in Fig. 4 exhibit two separate distributions
centered at binding energies of 3.6 and 5.5 eV and their
intensities vary with the time delay td . The distributions at
higher and lower binding energies correspond to ionization
from the 2s and 2p orbitals, respectively. Although both
distributions are symmetric with respect to ϕ = 0◦, they show
distinct momentum profiles since the electron is ionized from
orbitals having different symmetries. The 2s distribution peaks
at ϕ = 0◦, but the 2p one has a minimum at ϕ = 0◦, which is
consistent with the zero-momentum node of the 2p orbital. In
addition to distinct momentum profiles, the two distributions
show opposite temporal behaviors. Since the majority of the
population remains in the 2s state at td = 1.0 ps (see Fig. 3),
only the 2s distribution can been seen in the td = 1 ps spectrum.
Then, as td increases, the 2s profile gradually disappears while
the 2p profile emerges, thus reflecting the 2s → 2p population
transfer. Because of the spectroscopic measurements, the time-
resolved spectra reflect the changes in the energy composition
of the electronic motion during the population transfer. In short,
these results demonstrate the capability of time-dependent
EMS to differentiate and image the time-varying momentum
density of the valence electron during the population transfer.

In order to compare quantitatively the measured momentum
profiles with the momentum densities of the valence orbitals of
the Li atom, we present in Fig. 5 the profiles of the 2s and 2p

distributions from Fig. 4 and the momentum densities of the
2s and 2p orbitals. (Note that the results in Fig. 5 are presented
on a logarithmic scale, whereas those in Fig. 4 are presented
on a linear scale.) The energies of the momentum profiles of
the 2s and 2p states are chosen at their corresponding binding
energies (i.e., 5.5 and 3.6 eV, respectively); also, results are
presented for ϕ � 0. Since the momentum resolution is highly
dependent on the angular resolution of the detectors for the
100 fs case, in Fig. 5 we also compare the sensitivity of the
momentum profiles to the angular resolution of the detectors
by varying the angular windows θ and ϕ for three different
cases, as indicated by the legends in Fig. 5(b). In order to
compare the shapes of the profiles for different detection
windows, the profiles are rescaled such that the maxima of
the profiles are normalized to unity.

As shown in Fig. 5(a), the node of the 2s orbital is well
reproduced by the angular windows having ϕ = 0.5◦ (dotted
and dashed lines), whereas the momentum profile for the
angular window having ϕ = 2.0◦ (dash-dot-dot line) lacks
a clear nodal structure and spans a wider range of ϕ than the 2s

momentum density. For the 2p case, the profile for the angular
window having ϕ = 2.0◦ also fails to reproduce the zero-
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FIG. 5. Sensitivity of momentum profiles for the 2s (a) and the
2p (b) states to the angular resolution of the detector. The 2s and 2p

profiles are presented from the results in Fig. 4 at their corresponding
binding energies (5.5 and 3.6 eV) for time delays td = 1.0 ps and
6.0 ps, respectively, and for an energy window 0.6 eV. The red solid
lines represent the momentum densities of the corresponding states
and the profiles for three different angular windows of the detector are
indicated in the legends of panel (b). See Fig. 1 for the definition of the
angular window. For ease of comparison, the momentum profiles and
densities are scaled such that their maxima are normalized to unity.
Results are presented on a logarithmic scale.

momentum node. The profiles in both cases are more sensitive
to ϕ than to θ because (i) for high-energy incident electron
pulses the momentum profiles are confined to a small range
of ϕ around zero degrees and (ii) at small ϕ, the uncertainty
in qz is dominated by ϕ [see Eq. (9)]. Thus, if the width
of the angular window ϕ approaches that of the range of ϕ

over the momentum profile of the target state, then one quickly
loses sufficient momentum resolution. For both the 2s and 2p

orbitals the agreement between the momentum profiles for the
case of the angular window θ × ϕ = 2.0◦ × 0.5◦ (dashed
line) and the corresponding momentum densities decreases
as ϕ increases, whereas for the case of the angular window
0.5◦ × 0.5◦ (dotted line) the comparisons are quite good for all
values of ϕ. This may be attributed to the asymmetric detection
windows and the bigger effect of averaging over qz for the
uncertainty θ at larger values of ϕ.

In addition to the time dependence of the momentum
profiles, a distinctive feature of time-resolved EMS for the case
of photoinduced target reactions is the ability to image the
anisotropy of the resulting electronic motions. Conventional
EMS commonly measures unoriented targets, so only one-
dimensional (spherically averaged) momentum profiles can
be retrieved from the measurements. On the other hand, two-
or three-dimensional momentum profiles can be obtained
from polarized electronic motions, which provides information
on the electrons’ geometric motions (or on molecular steric
transitions). Hence, if one varies the polarization axis of the
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FIG. 6. Comparison of two-dimensional momentum profiles at
time delays (a) td = 1.0 ps and (c) 5.0 ps (top row) with the
corresponding momentum densities of (b) the 2s and (d) the 2p

orbitals in the x-z plane (bottom row). Two-dimensional profiles are
obtained by rotating the polarization of the pump laser. However,
the profiles are presented in the coordinate frame of the Li atom in
which the z axis is along the direction of the laser polarization. The
energy window of the detector is 0.6 eV and the angular windows are
θ × ϕ = 0.5◦ × 0.5◦. The momentum profiles are presented in
terms of nominal momentum q calculated from the central momentum
values of ka , kb, and k0 [see Eq. (9)].

laser pulse with respect to the z axis of the spectrometer, one
obtains the momentum profiles of the 2s and 2p orbitals in the
x-z plane [see Figs. 6(a) and 6(c)], which are compared with the
corresponding momentum densities. The angular distributions
and symmetries of the momentum profiles agree well with
the two-dimensional momentum densities [see Figs. 6(b) and
6(d)]. However, since we neglect the dressing of the laser field
on the incident and outgoing electrons in our model, in practice
small p and s characters may be observed in the respective
2s and 2p profiles if the amplitudes for photon emission or
absorption are appreciable.

C. EMS for 1 fs incident electron pulses

The EMS results for 100 fs incident electron pulses success-
fully differentiate the momentum densities of the Li 2s and 2p

orbitals and the time-resolved spectra exhibit two separated
distributions whose intensities reflect their populations at the
moment of collision (Fig. 4). The conventional momentum-
density interpretation (Sec. II A) thus seems extendable to
time-resolved EMS. However, since there is only a single
valence electron involved in the population transfer, the two
disconnected distributions in the spectrum suggest that the va-
lence electron of each Li atom jumps discontinuously between
the two states. On the other hand, as shown in Figs. 2 and 3,
the population transfer is a continuous process in which the
wave function of the Li valence electron progressively evolves
from the 2s state to the 2p state. The discontinuity suggests
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FIG. 7. Time-resolved EMS spectra of the time-varying elec-
tronic motion in Li atoms for 1 fs (FWHM) incident electron pulses
at delays td = 1.0, 3.7 − T/2, 3.7, 3.7 + T/2, and 6.0 ps. The 2s-2p

beat period is T ≈ 2.13 fs. The energy window is 0.6 eV and the
angular windows are θ × ϕ = 0.5◦ × 0.5◦.

some information on the electronic motion is missing from
the 100 fs momentum profiles. By inspecting Eq. (14) one
observes that, in addition to the slow laser-driven population
transfer, the Li valence state oscillates rapidly owing to the
quantum beat originating from the energy difference between
the 2s and 2p states. Moreover, since the 2s and 2p states have
opposite parities, the electron density wiggles from one side
of the core to the other with a beat period of T ≈ 2.13 fs. To
resolve such electronic motion during the population transfer,
we study here the use of 1 fs incident electron pulses to measure
the momentum density.

The EMS results for 1 fs incident electron pulses are
presented as a function of pump-probe delay time in Fig. 7.
The middle three panels are for delay times that differ by half
the beat period T (with the central one at 3.7 ps) in order to
image the wiggling of the electronic motion. In contrast to the
100 fs case, the energy resolution is now dominated by the
energy spread of the incident electron pulses.

Contrary to the 100 fs spectra (Fig. 4), the 1 fs spectra show a
single distribution that evolves continuously from the 2s to 2p

profiles as the delay time increases. At td = 1.0 and 6.0 ps, the
spectra exhibit the respective 2s and 2p characters as observed

in the 100 fs case (except that the distributions are wider in
energy due to the larger bandwidth of the 1 fs electron pulses).
However, as the population transfer progresses, one sees in
the middle three panels only a single distribution spanning
continuously across the energy region of the 2s and 2p binding
energies. Moreover, these spectra are not simply a superposi-
tion of the 2s and 2p profiles weighted by their populations
as observed in the 100 fs case, but they show an energy- and
ϕ-dependent structure. The high- and low-energy sides of each
distribution exhibit respectively the 2s- and 2p-like profiles,
while in the middle energy region (≈4.0 eV) one sees an
asymmetric distribution with respect to ϕ = 0◦. The spectrum
also shows rapid oscillation as the delay time changes and
the similarity between the second and fourth panels indicates
that the period of the oscillation conforms with the 2s-2p beat
period. These distinctive features are a reflection of the details
of the electronic motion during the population transfer.

Although a deeper layer of information on the electronic
motion is revealed by the 1 fs incident electron pulses, the
intuitive interpretation of EMS spectra cannot be directly
applied to the 1 fs spectra. For the 100 fs case, the momentum
profile of an orbital can be determined by its binding
energy, provided one has adequate energy resolution and no
degeneracy. For the 1 fs case, the momentum profiles at the
valence orbital binding energies do not indicate the momentum
density of the valence electron. Since only the pulse duration
is changed in the two simulations, the energy-dependent
structure results from the interplay between the energy
distributions of the incident electron and the Li atom’s valence
electron. One may ask whether the 1 fs spectrum still possesses
a momentum-density interpretation even though the energy
resolution is reduced by the pulse bandwidth.

In order to investigate this, in Fig. 8 we compare the mo-
mentum density with the two-dimensional momentum profiles
from the EMS spectra of the 1 fs pulses as a function of the time
delay td for three binding energies: those of the 2s and 2p states
as well as one between them (4.4 eV). We have chosen five time
delays beginning at tref = 3.6992 ps and increasing by intervals
of T/8, so that the results in Fig. 8 extend over half the beat pe-
riod. The momentum density in the right-hand column of Fig. 8
shows asymmetric distributions: the wiggling motion begins
with a negatively skewed momentum distribution (i.e., kz < 0)
along the z axis (corresponding to downward spatial motion)
that reverses its direction of motion at the end of the time delay
series (corresponding to upward spatial motion). Of the three
momentum profiles (first three columns in Fig. 8), the profile
for the energy 4.4 eV agrees best with the momentum density.

One can understand this agreement by analyzing the time-
dependent transition amplitude (16). According to the EMS
conditions discussed in Sec. II A, each ionization transition
from an initial state φn to an ionic state φ−1

m is associated
with a peak in the EMS spectrum, whose position depends
on the energy exchanged between the projectile electron and
the (ionized) valence electron. The spectral line shape results
from the convolution of the line shape of the valence electron
state and the energy distribution of the incident electron. (To
simplify the discussion, no effects of the energy resolution
of the detectors are considered here.) If the valence electron
state is a nonstationary state, the transition amplitude Tf i is a
superposition of the constituent transitions Tmn, each of which
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FIG. 8. Sequence of two-dimensional momentum profiles and
densities of the wiggling valence electron motion in Li at delay
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pump-probe delay times are given in the panels of the first column.
The left three columns show the momentum profiles at three binding
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column shows the corresponding momentum densities.

corresponds to a different energy exchange. Thus the scattered
wave comprises different energy components. If the bandwidth
of the incident electron pulse is narrower than the energy
differences of the 2s and 2p valence electron states, the various
components of the scattered wave are well separated in energy
and multiple peaks appear in the spectrum, as seen in the 100 fs
case (Fig. 4). On the other hand, as the duration of the incident
electron pulse decreases, adjacent peaks in the spectrum begin
to overlap. Moreover, each component of the scattered wave
carries phase information of the target electronic motion at
the moment of collision (as well as phase information on
the incident electron). Therefore, the overlap of the various
scattered wave components results in an interference in the
spectrum that is observed at energies between two adjacent
transitions. This is the reason we observe a single, continuous
distribution in the 1 fs spectra (Fig. 7) and the momentum
profile midway between the two valence states (i.e., at 4.4 eV)
gives the most accurate momentum profile (Fig. 8).

D. Discussion of the 100 fs and 1 fs results

Our results for incident electron pulses having 100 fs and 1
fs durations illustrate how the pulse duration controls the kinds
of information one can extract from time-dependent EMS
spectra. If the pulse duration is short enough (i.e., has adequate
coherent bandwidth) and still has good monochromaticity (i.e.,
the central energy is much larger than the bandwidth), then the
ensemble-averaged probability is insensitive to details of the
electron pulse and is proportional to the momentum density of

the ejected electron at the time td [22,46,58]:

〈P〉 ∝
∣∣∣∑

n

Cn(td ) ψmn(q) e−iωntd

∣∣∣2
. (19)

On the other hand, if duration of the incident electron pulse is
much longer than the 2s-2p beat period (but still short enough
to resolve the population transfer), then the valence electron
oscillates many times during the collision. Therefore, the phase
information is lost and the probability is proportional to the
momentum density of the orbital weighted by its population at
the corresponding binding energy:

〈P〉 ∝
∑

n

|Cn(td )|2 |ψmn(q)|2. (20)

V. SUMMARY AND CONCLUSION

To summarize, we have presented a time-dependent theory
for EMS of the Li valence electronic state that undergoes
a laser-driven population transfer. This electronic motion
consists of a slow 2s → 2p population transfer on a ps time
scale and a rapid wiggling of the electron density on a fs
time scale. Simulations of the 100 fs and 1 fs electron pulses
demonstrate the capability of EMS to resolve and differentiate
the time-varying momentum density and the associated change
of symmetry of the electronic motion.

The information about the electronic motion and the in-
terpretation of the time-resolved EMS spectra depends on
the pulse duration relative to the time scale of the electronic
motion. For the 100 fs case, the EMS spectra can be understood
using the conventional momentum-density interpretation. The
spectra show the momentum profiles of the orbitals participat-
ing in the population transfer and the intensities of the profiles
reflect the time-dependent populations of the corresponding
orbitals. For the 1 fs case, the EMS can differentiate the
relative phases between the eigenstates participating in the
population transfer, so a complete picture of the electronic
motion can be observed in the spectra. The momentum profiles
show asymmetric distributions with respect to the x-y plane,
reflecting the wiggling motion of the valence electron as a result
of quantum beating. The momentum-density interpretation can
still be directly applied to the 1 fs case by properly selecting
the momentum profiles from the EMS spectra.

Although the EMS spectra of an atomic system lack
some features observed for molecular targets, it nevertheless
provides a simple, controllable, and comprehensible system
for advancing time-resolved EMS measurements and provides
a basis for understanding the electron dynamics involved in
molecular reactions. Unlike traditional spectroscopic measure-
ments, the interpretation of the EMS spectra is straightfor-
ward and unequivocal and the retrieved information of the
target electronic motions is unique. Moreover, as shown in
the present simulations, the EMS spectra for a laser-driven
target electronic motion exhibit features that are sensitive
to the incident electron pulse duration. Therefore, such a
system can serve as a prototype for investigating time-resolved
measurements of EMS and for examining the assumptions of
the present theoretical model. Although EMS suffers from low
statistics and presents many experimental challenges, owing
to its advantages, it seems worthwhile to pursue time-resolved
EMS further.
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