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We propose a superconducting circuit platform for simulating spin-1 models. To this purpose we consider
a chain of N ultrastrongly coupled qubit-resonator systems interacting through a grounded superconducting
quantum interference device (SQUID). The anharmonic spectrum of the qubit-resonator system and the selection
rules imposed by the global parity symmetry allow us to activate well controlled two-body quantum gates via ac
pulses applied to the SQUID. We show that our proposal has the same simulation time for any number of spin-1
interacting particles. This scheme may be implemented within the state-of-the-art circuit QED in the ultrastrong

coupling regime.
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I. INTRODUCTION

A major challenge in quantum physics is the development
of capabilities to study dynamical properties of quantum
many-body systems [1-6]. Among these problems we have
the study of interacting magnetic particles described by the
Ising or Heisenberg model, possibly including anisotropy,
which becomes intractable as the system size increases. In
particular, spin-1 systems have drawn increasing interest due to
the presence of diverse exotic phenomena such as the Haldane
phase [7-10] and quantum phase transitions [11-13]. Recent
proposals have explored platforms to engineer interactions of
effective spin-1 particles to study symmetry-protected topo-
logical phases [14—16]. Further, finite-size magnetic systems
could be of great relevance since their properties depend on the
system structure [17-21]. Nevertheless, the exact calculation
of dynamical properties of such systems is not possible using
classical tools [22], because the resources required for data
storage scale exponentially with the number of particles in
the system. Overcoming this problem requires a quantum
simulator (QS) [23] that, as conjectured by Feynman, needs
only a data storage and processing capability that increases
polynomially with the number of particles [24].

A highly scalable and tunable technology for QSs is the
superconducting circuit architecture [25-30]. This technol-
ogy allows for the study of light-matter interaction in the
ultrastrong (USC) [31-33] and deep-strong coupling (DSC)
regimes [34,35]. The USC regime offers features such as
anharmonic energy spectrum and parity symmetry, which
lead to interesting theoretical applications such as fast quan-
tum gates [36], as well as high-fidelity quantum state trans-
fer [37,38], among others [39-42].
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In this article, we propose to simulate a spin-1 chain of the
Heisenberg and Ising models using ultrastrongly coupled light-
matter systems, whose lowest three energy levels simulate
the spin-1 particles. We can implement two-body interactions
through coupling between resonators by means of grounded
superconducting quantum interference devices (SQUIDs) [43].
We use two different interleaved qubit-resonator systems to
simulate all nearest-neighbor interactions in a single gate, thus
producing the same simulation time for any number of spin-1
interacting particles.

II. THE MODEL

Let us consider a chain of N ultrastrongly coupled qubit-
resonator systems, referred to as quantum Rabi systems (QRS),
coupled by a grounded SQUID through their respective res-
onators [44,45]; see Fig. 1. We stress that this system may be
implemented in a circuit quantum electrodynamics platform
where each QRS is built of a superconducting resonator
coupled to a transmon qubit [46,47]. The transmons must be
located at the edges of the resonators for the outer QRSs of
the chain and at the center of each resonator for the remaining
QRSs as is shown in Fig. 1. This ensures a maximum coupling
between the transmon and the electric field distribution over
each resonator, which is imposed by zero voltage boundary
conditions at the SQUIDs. The Hamiltonian that describes this
system reads (see the Appendix)
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FIG. 1. Top: chain of quantum Rabi systems, given by transmon-
qubit (green box) ultrastrongly coupled to transmission lines (gray
solid line). The QRS; and QRS are coupled through grounded
SQUID; ;. (box with crosses). The chain is composed by interleaved
species of QRSs (A and B). Bottom: the spatial function x (x) of the
voltage, that define a A /4-resonator for the edges, and A /2-resonators
for the bulk.
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where ¢ refers to the fth site of the chain, the pair (£, +
1) refers to the SQUID, ,,; between the sites £ and £ +
1, ®;,.1(t) is the external time-dependent magnetic flux
threading the SQUID, ;. 1, a, (a;f) is the annihilation (creation)
operator of the lowest mode of the resonator, Pf’”l and Qf’“l
are time-independent constants given by

LI+ _ oy 1
‘ 41.Z3Cy cos (5!)’
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 41.72Cy cos? ((i)f;l“)’

with @, is flux quantum, /. the critical current; o}, C¢, and Z,
are the fundamental frequency, capacitance, and impedance,
respectively, that characterize the £th site. ®,/*! is the off-
set component of the external magnetic flux threading the
SQUID; ;4. Additionally, we use two interleaved species of
QRS, to obtain controllable two-body interactions, as will be
shown in the next section. Finally, H, EQRS is the Hamiltonian of
the £th QRS described by the quantum Rabi model [48,49],

hw!?
HE = ZLof + hojajac + hgof @) +a). ()

with oLf“ is the k-Pauli matrix associated with the qubit of the
QRS. In addition, a)Z is the qubit frequency and g, the qubit-
resonator coupling strength. The diagonalization of Eq. (3)
defines the eigenbasis {|j),} as
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FIG. 2. Energy-level diagram for two adjacent QRSs. The blue
solid arrows match the €f — €’ transition, and the red dashed arrows
match the €f — ¢! transition. v, are the necessary frequencies to adjust
the resonance condition for different transitions.

where j = {0,1,2,...,00}, and kﬁ. is the eigenenergy of the jth
eigenstate |j), of the th QRS. The spectrum of the QRS
is anharmonic and exhibits parity symmetry defined by the
operator [T, = ¢i™@4+090) [49_51]. These properties allow
us to engineer a spin-1 particle with the three lowest energy
levels of a QRS.

III. TWO-BODY INTERACTIONS

Let us focus on two adjacent QRSs for arbitrary sites ¢
and £ 4 1, these QRSs have different energy spectrums (see
Figs. 2 and 3). This means that the chain will be composed
by two interleaved species of QRSs (A and B) as is shown in
Fig. 1, such that each QRS has a different spectrum compared
with its nearest neighbors. To view the effect of this condition
in the quantum dynamics, it is instructive to see which terms
of Hamiltonian Eq. (1) will play a role in the implementation
of two-body interactions.

Before we continue our discussion, it is instructive to write
the field operator (a} + ay) inthe basis {| j )} defined by Eq. (4)
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FIG. 3. Energy diagram of Hamiltonian (7). Blue continuous line
indicate the states with parity 41 and red dashed lines states with
parity —1, the vertical dashed lines indicate the coupling strength for
the QRS and for the QRS used in our numerical calculations.
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where X/f, i= e(kl(ae + ag)| J)e. This operator can only relate
states with different parity, thus X/f, i= 0 when |k), and |j),
have the same parity. Now, the first interaction operator that
we consider is the single-mode squeezing term (aZ + ay)?, this
is a parity preserving operator over the subspace defined by

HERS [45]. This means that they can only produce transitions
between states of equal parity and energy shifts for a single
QRS according to

Z BN ]|+HC]+ZZ
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(6)

where zf; = ¢(kl(a¢ + a1 j)e = Y% xfx); are matrix el-
ements in the eigenbasis {|j)¢}. The last term of Eq. (6)
together with H, lQRS will define the diagonal time-independent
Hamiltonian for the £th site as

oo
Hy =D [+ (P 4 P )2 1]
j=0
oo
=Y el @
j=0 ‘
HP = 3 (PR 4 P ]
jk>j
2W Z Z Xk,X;flerl

Jok>jlim=>l

+Z Z)/n 2 u+1

n Jik>j

(QZKJFI‘}‘QE 1@

Jok>jlm=>l

Second, we consider the interacting terms (ag + ag)(ag at
ag+1)in Eq. (1), they appear as time-independent (second line)
and time-dependent (fourth line) contributions that might lead
to the desired two-body interactions between different species.
These operators preserve the global parity of the system, but
change the local parity of the pair of QRS involved in the
interaction according to Eq. (5).

Since the QRS, has different energy spectrum compared
to QRS,, |, the time-independent interactions [second line of
Eq. (1)] are off-resonant and can be neglected by applying
a rotating wave approximation (RWA) with respect to H, =
>, H! for a specific choice of system parameters. Under
similar condition one could neglect single-body transitions
induced by matrix elements zﬁ «» in Eq. (6). Finally in this way,
the last terms in Eq. (1) might implement two-body interactions
for a proper choice of resonant condition in the magnetic flux
®y 41, as we will demonstrate below.

The magnetic flux P ¢.¢+1 can be written for all SQUIDs as
a linear superposition of harmonic signals

=Y yacos(ud), ®)

et
where y, and v, are the amplitude and frequency of nth
component, respectively. To see how effective two-body in-
teractions are achieved by using this magnetic signal, we write

the Hamiltonian Eq. (1) in the interaction picture with respect
to H, for adjacent sites £ and £ + 1,
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where & = e+ (ef - ) and AP = |(ef! —

) —

(ef — €%)|. Since we use two different interleaved species

of QRSs (A and B), all 8,’:}’ and AZ}’ do not depend on £. Now, to obtain an effective two-body interaction we need to adjust a
frequency v, to a specific transition, for example, if the magnetic flux Eq. (8) has a component with frequency v, = A}g, the
term proportional to |1),(0] ® |0),(1] + H.c. becomes resonant and will survive under the RWA with respect to H,. In the same
way, the term |1),(0] ® |1),(0] + H.c. becomes resonant if the frequency v, = § 1'8 Then, for a proper choice of each harmonic
component in Eq. (8), one can activate different transitions in Eq. (9). An operator like

1
=Y 1)l + U1 + Dealjl + He, (10)
j=0

S8 4 st st

can be engineered by setting ®(¢) to be composed of four signals with frequencies v; = A1), v, = A2} v3 = AL, vy = A3l and
amplitudes y1 = f/(xfoxiad s v2 = F/oxar D vs = F1OGixia ), w;=fﬂxéx§‘xmw4—i)“mﬂeflsammmmmme

parameter proportional to the amplitude of the magnetic flux threading the SQUID. For Cff“ f e bl ﬁf}ﬂ <L A ki
can apply the RWA with respect to H, to obtain the effective Hamiltonian
H)((Z%Hl)(cf;lﬂ) — CZ'”I(Sf(Sf(H + Sf,SfH)
= Ci T I 01 ® (1001 (1 + 111 2D +12)¢ (1 © (10) 1 (1] + 1)1 (2D] + Hec, (11
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where
1
Sk = E(IIMOI + 12)e (1] + 10)e (1] + [1)£(2D),
1
Sy = 501 = 1201 100 (1] 41120, (12)

Furthermore, since each SQUID is connecting one QRS 4 and a QRS, we can set Cf_’f“ =Cyy = fo/ Qa0 forall £. Figure 2

shows the energy diagram of both QRSs and the frequencies v, needed to obtain Eq. (9). Since all magnetic fluxes &, are
independent, they can be switched on at the same time, so the Hamiltonian Eq. (9) can be simulated for the entire chain given by

- N-1
Hyy =) H5T'(Coy) = Coy > (SESE + 5553, (13)
= (=1

To complete the simulation of the Heisenberg model for adjacent spin-1 particles we need to simulate the following term

1
1 . . .
SLSEH = _§ Ye(f + U@ es1 G+ L1+ 1D+ 1)er1(jl1+ He,, (14)
=0

l\.)

To achieve this, we consider an eight-component magnetic flux of the form

4
D 1(1) =) Falcos(vat) + cos(vuan)], (15)
n=1

where the first four frequencies are the same as in the previous case, vs = 8}, v = 810, v7 = 830, vg = 831, and 7, = y,,/2, with
yu defined previously. Under similar conditions, we can perform the RWA and obtam the next effectlve Hamiltonian,

Hy (e = o85S (16)

where C;y = f+/Q4Qp. We can obtain different constants C, or C; by changing the value of f manipulating the amplitude y,
or y,, respectively. We can also extend this result for the entire chain using the same magnetic flux Eq. (15) through all SQUIDs,
thus obtaining in the interaction picture

N—-1
Hy =C. ) Sisy. (17)
=1

Therefore, a key ingredient in the protocol is to set the energy differences Ak”’j’ to enable the RWA. As we are interested in
simulating a spin-1 particle, we forbid the transition |0); — |2),, to do this we choose both values of g4 and gp in the region
where |0), and |2), have the same parity, this happens for {g4,g5} > 0.5. Also, we require that g4 and gp are far enough to
obtain appreciable energy differences for the system, obtaining optimal values of g4 = 0.6 and gg = 0.9. Finally, any two-body
interaction between sites that are not nearest neighbor is only possible in a dispersive way, therefore, they are slower and can
be neglected. Figure 3 shows the energy spectrum of Eq. (7) as a function of qubit-resonator coupling g, vertical dashed lines
indicate the values for the QRS (g4) and QRS (g5p).

Finally, local single-spin rotations can be generated by means of a classical driving n(¢) acting upon each QRS, with

net) = [Q cos (1i"1 + V) + QP cos (1Pt + ¢P)] (@} + ar), (18)

to see the effect of this driving, we write the interaction Hamiltonian when all signals in the SQUIDs are switched off (y,, = 0),
obtaining for adjacent sites

N
L0+ £,e+1 =18\ _t ( —eh) £,0+1 u+1 01 isn .
Hy =30 D0 (P P )z Ry = 2y PPN Y Y i (@ IR
=1 | jk>j Jk>jlm=>l
iAm! 2 (l) t[(e —€ +M(1))t+<p(l) il(ef —€; 7,u(l))t 1) .
+ €207 e k) m) e ( l|+Z 3 (et el g gt 1y (] | 4+ He.,  (19)

Jik>j

choosing p1f = €/ —€/_,, Q() \/Er/xfl_l, gole) = @ for all £ and /; with r a manipulable parameter. If » is much smaller than

all frequencies in the dr1v1ng, we can apply the RWA obtaining for one site

HY(p) ~ %[e"’%un(m F12)6 (1)) + €10} (1] 4 [1)¢(2]) = r(S% cos(p) + SL sin(g)), (20)
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then, for ¢ = /2 and ¢ = 0 we have

Hy)(n/2)=rSy, HY(0)=rS. 1)

respectively, these interactions produce rotations with respect to the y axis Rbe™S7/2 or x axis RSe~'57/2 over the £th QRS.
Since all n,(¢) are independent, we can switch on all of them at the same. In particular, for the interacting time t = 7 /(2r), we

obtain

N N
Ry =[[e™ 2, Ry =[]e75, (22)
=1 =1

which rotate all species simultaneously. This approach allows the generation of simultaneous one- and two-body gates between

adjacent spin-1 particles defined on each QRS system.

IV. SPIN-1 MODELS

Now we present the protocols for the digital quantum sim-
ulation of the Heisenberg model and for the analog simulation
of the Ising model. The anisotropic Heisenberg model of a spin
chain of N sites is given by

N—1
Hy =Y (AeSESE! +a,Sy8pH + 2,85 85M)
=1
= Hxy(Cyy) + Hyz(Cy,) + Hzx(Cyy), (23)
where
N—1
I:Iotﬂ(cotﬂ) = Cot,B (Sf, Sf,-H + Sé SE_H)’ (24)

o~
I

1

so that A,=C,,+C,,, Ay=Cyy+C,;, and A,=C,,+C;,, with
nyzflx/ 0403, Cyz:fZ\/ 04035, Cx=f34/040p, where
fi, f>» and f3 are different values for f of y using in
Eq. (8). B

The term Hyy(C,,) in Eq. (23) is the gate given by
Eq. (13), the terms Hyz(Cy;) and Hzx(C,,) can be simulated
as R;FIXY(CyZ)Ry and Ry FIXY(CZX)RL respectively, where we
use rotations given by Eq. (22). In this way, the time evolution
of the Heisenberg interaction in Eq. (23) up to time ¢ can be
digitally simulated in n,, Trotter steps following the seven steps
protocol. Step 1: Perform the R; rotation. Step 2: Evolve the
system under the Hamiltonian Hyy (C.,) for a time ¢/n,. Step
3: Perform the Ry rotation. Step 4: Perform the Ry rotation.
Step 5: Repeat step 2 but with Hamiltonian I-_IXY(C_VZ). Step

6: Perform the R; rotation. Step 7: Repeat step 2 but with
Hamiltonian Hxy(Cxy). This can be summarized as

e*l’HHt
~ (e_iI:IXY(C,\y)l/nt/ R;e—iﬁxy(cyz)l/ﬂo RYRXe—iﬁxy(sz)l/ﬂu R.i)-()nu.

(25)

Figure 4(a) shows the gates diagram of this protocol for
adjacent sites (¢,£ + 1), and Fig. 4(b) for the entire chain.
XXZ Heisenberg model simulation involves two kind of
gates, the Hyy given by Eq. (13) and the Hy given by Eq. (17),
but switching on all magnetic fields at the same time. The
protocol works as follows. Step I: Perform the Ry rotation.
Step 2: Evolve the system under Hamiltonian Hx(C.) for a

time t/n,. Step 3: Perform the R; rotation. Step 4: Repeat

(

step 2 but using Hamiltonian Hy y(Cyy). If Cyy = C; we obtain
the isotropic model.

Finally, since we can engineer Hx(Cx) in Eq. (17), the
analog quantum simulation of the Ising model is also feasible
via

N—1 N
Higing = »_ JSESE™ + ) BSy = Hy(J)+ Sx(B). (26)
=1 =1

where the term Sx(B) = Z?’:, BS% can be implemented by a
classical driving given by Eq. (15).

V. NUMERICAL SIMULATIONS

Numerical simulations of spin-1 models are carried out for a
chain of N = 4 sites and in the interaction picture with respect
to H, = Z?’zl H'. We include dissipative effects through the
master equation [52-54]

p= —ilH.pl+ Y > T+, DIDI|j)(kllp
L jk>j

+ 33 rfal, TPk @7

o jk>j

)i L —— @i o ——— (ol )
I 22| Ry 112 Ry | Ry 72 .l
XY sl 22Xy {5 o | XY |3
2_:;}2“,’5‘ IRY ey Ry iRy Y Ry
L EEX 3 fee XX (H37F T fec XX (B3
3 |H34 | B34 Ry |RX 34 |
A XX R4 Xy R4”r| RLXY |t
s (NS s @ s S
Ll sl il g
L A N L
C— -l e
Hyy Hyz Hzx

FIG. 4. Diagram of the digital quantum simulation of the
anisotropic Heisenberg model, for (a) adjacent sites and (b) the entire
chain.
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FIG. 5. Fidelities as a function of time for the simulation of (a) the
anisotropic Heisenberg model and (b) the Ising model. In both figures
blue circles stand for a lattice size of N = 2, red crosses N = 3, and
yellow triangles N = 4 spin-1 particles.

where D[O]p = %(ZOA,OOAT —pO0t0 — 010 p), i isthe mean
photon number of thermal baths at temperature 7' chosen
as T = 15[mK], and w;; = ¢ — €!. The index £ stands for

the £th QRS and the frequency-dependent rates have three
different component, I'f,) = I()*" 4 T4 4 F,((?deph, where

r‘l((?”" = (a)ﬁj/cc/a)z)|g(k|(az +ay)|j)e|* associated to cavity

losses, F,(cf.)dec = (w,fj/cx/wZ)|g(k|a,j‘|j)g|2, associated to qubit

decay, and I = (f k. /)| (K|(07)]j)e|? associated to

qubit dephasing. We use effective constant in Eq. (1) Pf‘“l =

Qﬁ’”l = 3.655 [MHz] [45] forall £ and for all simulations (see
Supplemental Material). Also, we use k. = 2w x 10 [kHz],
ky = 2w x 20[kHz] and x, = 27 x 10 [kHz] [28,45]. Specif-
ically, we carried out the numerical calculations for the dig-
ital quantum simulation of the isotropic Heisenberg model
and the analog quantum simulation of the Ising model. In
both cases we use a chain of interleaved QRSs of the form
A — B — A — ..., where we fix the parameters of the QRS ,
and QRS as o'y = wj =27 x 10[GHz], 0%, = 0} =27 x
9[GHz], g4 =27 x 6[GHz] and gp =27 x 9[GHz]. Fi-
nally, we choose for all cases the SQUID parameter [ = 2w X
10 [GHz] [55], which allows to implement an effective cou-
pling between sites J = f/Qa0p =27 x 0.0366 [GHz].
We point out that the proposed values of the couplings g4 and
gp are larger than what is nowadays achievable for transmon
qubits, while reaching these couplings may require novel
circuit designs.

The simulations are compared with the exact quantum
dynamics given by the anisotropic XXZ Heisenberg model,
Ay =XAy=J and A, = J/2 in Eq. (23) and the Ising model
in Eq. (26). For the latter we choose B = 27 x 0.01 [GHz].
Figure 5 shows the average fidelity F = Try/p!/20p!/? with
o being the state evolved from the exact Hamiltonian and
o the state evolved from the simulated Hamiltonian for 100
random initial states, being Fig. 5(a) for the Heisenberg model
and Fig. 5(b) for the Ising model. In both figures blue circles
stand for a lattice size of N =2, red crosses N = 3, and
yellow triangles N = 4 spin-1 particles. The simulations were
done with n, = 10 Trotter steps and the elapsed time of
the total simulation are ty, = ty, = ty, ~ 0.486 [us] for the
Heisenberg model, andt;, =t;, =¢t;, =t =m/J ~ 0.01 [1s]
for the Ising model for N = 2, 3, 4.

The fidelity decreases with the increase of number of
particles, which is a result of two main sources, that is,
the increase of digital errors in the Heisenberg model and
the increase of the multibody gate errors. Nonetheless, the
noticeable point of our protocols is that the simulation time
does not depend on the number of sites in the chain, such that
dissipative processes may have a smaller effect than in usual
simulation protocols.

Finally, itis pertinent to mention that though this calculation
does not consider multimode effects, the main scope of this ar-
ticle would not change, since neither parity nor anharmonicity
of the QRM spectrum will be affected if we include multiple
resonator modes. Also, the coupling between resonators would
not change because they interact via low-impedance grounded
SQUID, which imposes zero voltage boundary condition at the
edge of the resonators. Nevertheless, the multimode effects
will change the expression for the effective constants Pel o

and Qé‘l“ in Hamiltonian Eq. (1), the energy-level structure
and, therefore, the resonance condition for the activation of
specific transitions. A detailed discussion of multimode effects
in circuit QED has been introduced by A. Parra-Rodriguez et.
al. in Ref. [56].

VI. CONCLUSION

We have proposed a protocol for the digital quantum simu-
lation of spin-1 Heisenberg and analog quantum simulation
of spin-1 Ising models based on a feasible experimental
implementation in circuit quantum electrodynamics within the
ultrastrong coupling regime. We show how a time-dependent
coupling between quantum Rabi systems allows us to activate
different two-body transitions without individual QRS manip-
ulation. Finally, we have shown that in our protocols we can
activate all one- and two-site interactions at the same time. In
this way, we obtain simulation times that are independent of
the number of particles in the spin chain, which provides a
great potential in scalability.

ACKNOWLEDGMENTS

F.A.-A. acknowledges support from CONICYT Doctorado
Nacional Grant No. 21140432, G.R. acknowledges funding
from FONDECYT under Grant No. 1150653, J.C.R. thanks
FONDECYT for support under Grant No. 1140194, L.L.
acknowledges support from Ramén y Cajal Grant No. RYC-
2012-11391, while L.L. and E.S. are grateful for the funding
of Spanish Grant No. MINECO/FEDER FIS2015-69983-P and
Basque Government Grant No. [T986-16.

APPENDIX: EFFECTIVE COUPLING

In this section we derive the Hamiltonian of a chain of
N transmission lines coupled through SQUIDs, as shown in
Fig. 3. We modeled each transmission line (TL) as a set
of inductors and capacitors as shown in Fig. 6 for adjacent
sites [44]. We use the Hamiltonian circuit description through
the spanning tree theory [57], denoting by qﬁz") the flux
associated with the jth active node of the £th transmission
line. An inductance per unit length /, and a capacitance per
unit length ¢, is associated to each resonator. The Lagrangian
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FIG. 6. Diagram of the circuit that models two adjacent transmission lines coupled through a grounded SQUID.

of the entire chain reads

N
L= Z (L + L g + 'Czé-&-l)’ (A1)
=1

with
L Ax(69)? G+ _ 50?2 |
¢ 22;[ x(d ZAJ¢ —ol)
1 [1/ 2
££,£+1 = _E[Z_( o — ¢ e+1)
1 1 2
l_<¢é+1 4’131.E+1> :|’
CZJZ+1
S
L] = T(‘Pz z+1) +2E/,,,

¢(,Z+1

)5

20,

cbz,fﬂ
20,

(A2)

where Ax is the characteristic length of each LC circuit, E; ea1
and @y ,, | are the Josephson energy and the external magnetic
flux threading the SQUID, ;. ;, respectively, and we consider
symmetric SQUIDs along the chain. The first equation in
Eq. (A2) corresponds to the £th TL, the second equation is the
interaction between the SQUID and the adjacent TL, and the
third term corresponds to the SQUID, ,, ;. The Euler-Lagrange

(E-L) equation for ¢(j ) reads

coAxgd) = lzﬁ[(@jﬂ) B ¢§j)> _ <¢éj) _ ¢§j‘“>}.

(A3)

The E-L equation for ¢, is written as

J J
CZ,[+1¢Z,Z+1

1 1
(e8] J (n) J
= E [E(¢E+l - ¢z,e+1> <¢ ¢’u+1):|
E/, (®*
é,l+1( z,e+1) sin (¢z,e+1>’ (Ad)
Do 20,

where E/z (@ pyy) = zlz+1 cos ( ”“) In the continuum
limit Ax — 0, Eq (A3) reads
¢ 1 0%y
—_— == A5
0x? v2 912 (A5)

with 1/ v2 = I,¢;. In the same limit, Eq. (A4) reads

1 1
T ¢z+1 - = ¢z
+1 x=d, x=d,
E @y dy.t
z,z+1( Lert) sin <¢( p,1)
Po 20,

Equation (A3) is the wave equation, which can be solved
using separation of variables ¢y (x,t) = x¢(x)7,(t), thus, for the
spatial function we obtain

)+%H@@ﬁ.m&

2
= (&)’ xe = xe(x) = Asin(Rex) + B cos(kex),
(A7)
In the low-impedance limit of the SQUIDs, the boundary
conditions for each bulk resonator are x(d;) =0, for £ =
{1,2,...,N — 1}. The boundary conditions for the edges of
the chain establish that no current is flowing which means

PRl

x'(0) = x'(dy) = 0. Then, the spatial function reads

xe(x) = Ay sin[icy (x — de—1)], (A8)
where /?Z—d - , for £ =1{2,3,.. -1}, & = d(n—i—
1/2), and iy = %. These conditions define a A/4-

resonator for the edges of the chain and A/2-resonators for
the rest of the chain.

Assuming that for each SQUID the Josephson energy is
much larger than the charging energy, that is the phase regime,
we can approximate sin(¢(de,1)/(29,)) ~ ¢(de,1)/(2¢,),
cos(@(de,1)/(29,)) ~ 1 — ¢(de,1)?/(8¢92). Also, if the plasma
frequencies of SQUIDs are the largest scales compared with
low-lying frequencies in the system, we can neglect the last
term of Eq. (A6) since we can consider the system dynamics
slower [58]. These approximations lead to

u+1( te+1)
202
1

lz+1

d(dy,1)

)

1

Ly

a

(a (A9)

)

x=d, x=d,
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To calculate the Hamiltonian, we integrate the spatial modes
of the Lagrangian Eq. (A1) in the continuum limit, obtaining
for the £th transmission line

Kn2
/,CTLd ( 4 ln2 4 n2>’ KZ :E?(dﬁ_dé—l)-

2L,
(A10)

The Lagrangian for the SQUIDs, the last term of Eq. (A1), in
the harmonic approximation reads

@ (dy,1)?

ﬁg,ul = —EEJ,HI(CDLHI)W’ (A11)

and using the condition of Eq. (A9) for ¢(0,¢), we obtain

‘P2 0+1 Ky ?
< o, ——t¢ > , (A12)
EZJ,(ZH(CD?,(ZH)(LHI o L ‘

N —
EZ.E-H -

then, the total Lagrangian for the lowest modes of each
resonator reads

C@ K2
= [ eas =3 (G - 311

2

(po (KZ-H Ky )

- : T — 1) . (A13)
El (@5 1) \Lent L,

Now, using the canonical conjugate variable p, = dL/dt, =
C1,, we can write the Hamiltonian as

N N 2
HzZpW_ESYSzZ(E*EZZ)
=1

N-1 2 2

+ Z @, <Kz . Ke+1 .

7 o ax \7 U 77U+ )
=1 Ee,e+1(q)e,e+1) Ly L

defining w; = k¢/+/C¢L¢, we obtain
Ce 55
"= Z(zce 2 ”‘)

2

(00 <wz W41 )

+—X =T — ——7T+1 ), (Al5)
EZJ,L’Jrl(cDZ,L’Jrl) Zy Zit

where Z, = +/L;/C,. Using the standard quantization proce-

dure,
hCaw, I ,
5 (@l —ap), = /2Cea)z (@} +ap). (A16)

Pe =1

the Hamiltonian reads

N N-1

N hig? [w

H = ha)(agllg + 2 [ (ag + ag)
=1 ZzEjHl(q’ tern) LZe

I [oen
Zo1 N Coq

(agﬂ +az+1)} - (A17)
Now, we assume that all SQUIDs are equal, then E ZJ 1 = EJ
We consider the external flux @y, to be composed by a DC
signal and a small AC signal as @7 ,, | = &7 ;| + Py ¢41(7).
Since | Py o41(1)] K ®Z,(+1, we can expand 1/E1(<I>’e"e+1) as

1 1

= 5 =
Ej(®} 441) Ejcos (%”“(’))

1 sin(®
(1+ ( u+1)

E,; cos(®f . ))

o, e+1(t)) (A18)

where E; = E;cos(®) , ), D), = q)z%;:',and Dy pra(t) =

%. We can rewrite the Hamiltonian Eq. (A17) as

A

Mz

H = [hweagae +ha(P; T+ P IZ)(GZ +ar)’]
=1
N-1
R a0
=1
N
+Z [(QF ™ ®p i (t) + OF ' g1 (D)(a] + ap)’]
=1
N-1
(2 Q5 QUL ®u v (t)af+an(al,, +aven)],
=1
(A19)
where
LI+l _ _ $o®t !
¢ 41.Z2C¢ cos(PL1)’
Ql I+ Powr sin(@LI*) (A20)

ALZ2Cy cos2(D5TYY

with I. = E;/(2¢,) the critical current. For the simulation
in the main text we use for sites ¢, the flux quantum ¢, =
3.2911 [fWD], the critical current /. = 1 [mA], the transmis-
sion line impedance Z, = Z = 100 [€2] and capacitance C;, =
C = 200 [fF], and same time independent offset component
of the external magnetic flux &L/ = &, = /4 for all
SQUIDS; giving us effective constants Pl L p= Ql =
Q = 3.655[MHz].
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