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Amplified emission and lasing in a plasmonic nanolaser with many three-level molecules
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Steady-state plasmonic lasing is studied theoretically for a system consisting of many dye molecules arranged
regularly around a gold nanosphere. A three-level model with realistic molecular dissipation is employed to
analyze the performance as a function of the pump field amplitude and number of molecules. Few molecules and
moderate pumping produce a single narrow emission peak because the excited molecules transfer energy to a
single dipole plasmon mode by amplified spontaneous emission. Under strong pumping, the single peak splits
into broader and weaker emission peaks because two molecular excited levels interfere with each other through
coherent coupling with the pump field and with the dipole plasmon field. A large number of molecules gives rise
to a Poisson-like distribution of plasmon number states with a large mean number characteristic of lasing action.
These characteristics of lasing, however, deteriorate under strong pumping because of the molecular interference

effect.
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I. INTRODUCTION

The prospects of observing quantum effects in the response
of metallic material to light [1] and exploring their potential
applications [2—4] have stimulated abundant recent studies in
plasmonics. Most of the envisioned applications are based
on the enhanced and localized electromagnetic (EM) field
near metallic films and nanoparticles (MNP), due to the
formation of surface plasmons, i.e., collective oscillations
of the EM field and the conduction electrons in the metal.
This enhancement leads to strong light-matter interaction and
enhanced absorption [5,6], emission [7], and Raman scattering
[8,9] of quantum emitters, which can be naturally utilized
to improve sensitivity of spectroscopic instruments [10,11]
and efficiency of light emitting diodes [12,13] and solar cells
[14,15]. Plasmon field modes, confined within subwavelength
volumes, were utilized by Bergman and Stockman [16] to pro-
pose the “spaser” or plasmonic nanolaser in 2003, which was
then verified in experiments by Noginov and his co-workers in
2009 [17] with a system consisting of a gold nanosphere and
many dye molecules. Later experimental demonstrations of the
spaser have been reported with structures like semiconductor
wires [18-20] and squares [21,22] on metallic films, with
semiconductor pillars [23,24], dots [25,26], and wires [27,28]
inside metallic shells and with dye molecules deposited in
periodically arranged MNP arrays [29-33].

Semiclassical theories based on rate equations [16,25-27]
and Maxwell-Bloch equations [30-32] have been utilized to
study the plasmonic nanolaser. These equations can incor-
porate coherent molecular excitation mechanisms and inho-
mogeneous coupling and multiple lasing modes, but they
ignore quantum correlations between the molecules and the
lasing modes. While quantum theories accounting for these
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correlations have been presented with plasmon number states
[34] or coherent states [35], the molecules have been always
considered as identical two-level systems and the pumping
mechanism has been simply modeled with an incoherent
pumping rate.

To model the real and coherent pumping mechanism
more realistically and understand its influence on the system
quantum properties, we develop a quantum laser theory for
the system shown in Fig. 1(a) (resembling the one in the
experiment [17]). We thus consider the molecules as identical
three-level systems, where one molecular transition couples
with an external optical (driving) field and another transition
couples with the plasmon lasing mode. Remarkably, we find
that the two molecular excited states can interfere with each
other due to the two couplings, which leads to emission peak
splitting and reduced emission intensity.

The article is outlined as follows. In Sec. II, we introduce a
master equation to describe the dynamics of many molecules
and a single quantized plasmon mode. In Sec. III, we solve
this equation with an exact numerical method based on a
collective reduced density matrix (RDM), which applies to
systems with identical molecules. In Sec. IV, we apply an
approximate method, more general than Lamb’s laser theory
[36], based on elimination of the molecular degrees of freedom
and solution of a plasmon master equation. This method
is verified and subsequently used to simulate systems with
hundreds of molecules. In Sec. V, we conclude and discuss
possible extensions of our theory.

II. MASTER EQUATION

We assume the molecules located around the equator of the
sphere at a distance of 2.5 nm from the surface, see Fig. 1,
which is sufficient to exclude tunneling ionization [37]. The
molecules thus only exchange energy with the sphere through
the dipole plasmon mode, which is resonant with the molecules
and has its transition dipole moment along the z axis. The more
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FIG. 1. A gold nanosphere (10 nm radius) is surrounded by dye
molecules along the equator about 2.5 nm from the sphere surface.
The molecules have transition dipole moments along the z axis (black
arrows) and couple only with the dipole plasmon z mode (blue arrow).
The molecules are assumed identical with three energy levels (E,,
E., E;), and are coupled coherently to an external optical pump field
(red dashed arrow) and to the dipole plasmon (blue dotted arrows),
and decay by dissipation (black arrows).

general configuration involving randomly oriented molecules
and three resonant dipole plasmons has been investigated in
[38]. Higher multipole plasmons are off resonant and do not
affect the molecules [39] apart from a contribution to their
excited-state decay [40].

The master equation for the density operator p of the
plasmon mode and the molecular emitters reads

0
ot

The plasmon mode with excitation energy 7wy is described
by the Hamiltonian Hy = hiw,C *C with bosonic creation
and annihilation operators C*, C. The Hamiltonian of N

molecules reads H,, = ZN'“ 2, Ea,1@)(a,|, with the single
molecular ground state |a, = g,,) and first |a, = e,) and
second |a, = f,) excited states with energies E, , E,,, and
Ey,, respectively. We assume that the plasmon mode cou-
ples resonantly with the molecular ground-to-first excited-
state transition through the interaction Hamiltonian Vp_pn =

i ~ ~
—p= _E[le + Hp + Vplfm + Va(®),0] = D[p]. (1)

h Zn 1 v(")(C+ |gn)(en| + H.c.) (in the rotating wave approx-
imation). Here, the coefficient fiv() = [dJ) - dp — 3(dJ) -
X)(dp - X,)1/1X, I* is determined by molecular and plasmon
transition dipole moments dé’j_,), and dy = dye; (e, is the
unit vector along the z axis), and by the vectors X, = X, X,,
connecting the molecules and the sphere center. We assume
that the molecules are subject to a driving field with fre-
quency wyp, resonant with the molecular ground-to-second
excited-state transition through the Hamiltonian V,(¢) =
By ool (e |g,) ( ful + Hec.), where Ay = dJ) - nE is
determined by the molecular transition dipole moment d(") nd
the driving field amplitude E( and polarization n. D1ss1pat10n
is accounted for by several Lindblad terms:

DIpl = (1/2) Y k(L] Lo ply —2LupL). ()

u

Plasmon damping is included by terms with k, = ;) and iu =
C. yp1is mainly caused by electron-phonon collisions, while for
small metallic particles as considered here the electron-surface
collisions and radiation damping also contribute to the value
of yp1 [41]. The decay processes in the individual molecules

are represented by terms with k, = k[H ,» and ﬁu = |b,){a,|

for E,, > E},. For simplicity, we ignore pure dephasing of the
molecules.

III. COLLECTIVE REDUCED DENSITY
MATRIX EQUATION

Due to symmetry, the density matrix must at all times
be invariant under permutation of the identical molecules.
For two-level systems, this is utilized in collective repre-
sentations of the density matrix with Dicke states [42,43],
SU(4) group theory [44], and collective numbers [34,45].
Here, we choose the latter representation since it can be
easily extended to systems with multilevel molecules [46,47].
We consider the density matrix element pg, 4, () between
plasmon number states |u) and |v) and molecular product
states |) = [\, |a,) and |B) = [\, |b,). The invariance
under permutation of the molecules permits the representation
of many of these matrix elements by one and the same number
that we denote by ph" where n = {n,;} counts the number
of occurrences of |a, = a) and |b, = b) in the states |«a) and
|B). The master equation couples different matrix elements
which can be all systematically represented in the reduced
form. We effectively obtain a significantly reduced set of
coupled equations for the collective RDM pk”. The resulting
equations are presented as Eq. (B1) in Appendix B. The number
C}. +8(Npi + 1? of pp” is order of magnitudes smaller than
the number [3V" (N, + D]I* of pgy,qp- Here, Ny indicates the
highest plasmon state considered. For example, for a system
with ten molecules and six plasmon states, we reduce the
number of elements from 1.3 x 10! to 1.6 x 10°. For more
details of the method please refer to our article [48] about the
collective density matrix of multilevel emitters.

Using the density matrix with elements pn’ = pgy ap, We
can calculate all physical observables, for example, the popu-
lation of the molecular states |a = a,): P, (a for g,e, f), the
plasmon number state distribution |u): P, = Y, Py, and the
mean plasmon number Ay = ) u WPy as well as its normal-
ized second factorial moment ggl(O) => u e —DP,/ Agl
(this number characterizes the number distribution and equals
unity for a coherent state). We can also apply the quantum re-
gression theorem [49] and use the master equation to calculate
two-time correlation functions and, e.g., the emission spec-
trum. The explicit expressions to compute these observables
are detailed in Appendix B.

A. Exact numerical results for systems with up to ten molecules

Figure 2 shows the influence of strength of the driving field
Ey [Figs. 2(a)-2(c)] and decay rate ks, [Figs. 2(d)-2(f)] on
the steady-state properties of systems with eight molecules.
In the Fig. 2(a) the emission spectrum is weak for a weak
driving field and it develops a sharp peak for moderate driving
due to amplified spontaneous emission, which is verified by
the increased population of the plasmon excited states [see
Fig. 2(b)] and the molecular excited state [see the blue dotted
line in Fig. 2(c)]. At strong driving, the spectrum becomes
broadened and weak as a consequence of quantum interference
between the two molecular excited states. Although these
states do not directly couple with each other, they are coupled
through the coherent coupling with the driving field and with
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FIG. 2. Steady-state properties of systems with eight molecules
for different strengths of the driving field Ey [in panels (a)—(c)] and
different decay rates ks_,. [in panels (d)—(f)]. Panels (a) and (d) give
emission spectra (the photon energy is given relative to ficwy,). Panels
(b) and (e) give plasmon state populations P,. Panels (c) and (f)
show molecular state populations P, (blue lines; solid line P,, dotted
line P,, dashed line Py) and mean plasmon numbers Ap;. All further
parameters are specified in Table I in Appendix A.

the plasmon mode, and a similar phenomenon occurs in the
context of lasing without inversion [50]. If the fields couple to
two separate transitions as in the four-level molecular model
studied in [30], this interference effect is absent, and the
emission intensity saturates but it does not deteriorate for
large Eo. Similar behavior of the mean plasmon number A is
observed [see the red line in Fig. 2(c)].

In Fig. 2(d), the emission spectrum shows two peaks, a
broad peak and a single sharp peak with a broad background,
for small, moderate, and large decay rates, respectively. In
the absence of k_,,., the collective strong coupling of many
molecules with the plasmon Nm Vg (Originating from Vp_p
in the case of weak molecular excitation) leads to the formation
of two dressed excited states with energies Ex = £/ Ny fivg,
(relative to the plasmon energy fiwp) in the resonant case,
ie., E, — E;, = hwy. With Ny, = 8 and fivg, = 14 meV this
yields £+ ~ £40 meV and explains the double peak splitting.
The population of the dressed states is governed by the
quantum interference between the molecular excited states.
In the presence of k.., the population is in favor of the
state with higher energy and this explains the asymmetry
of the two peak intensities. For large value of k,_,., the
interference is suppressed and the single sharp peak results
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FIG. 3. Steady-state (a) emission spectrum (the photon energy is
given relative to Ziwy), (b) plasmon number state distribution P, and
(c) molecular state population P, (blue lines: solid line P,, dotted
line P,, dashed line Py) as well as mean plasmon number A ( red
line) for different numbers of molecules. All further parameters are
specified in Table I in Appendix A.

from amplified spontaneous emission. The emission intensity
increases with increasing k.. because the molecules with
increasing population on the excited state P, [see the dotted
line in Fig. 2(f)] transfer more energy to the plasmon, which
leads to increased population of the plasmon higher excited
states [see Fig. 2(e)] and plasmon mean number [see the red
line in Fig. 2(f)].

Figure 3 displays how the number of molecules Ny, affects
the emission and the plasmon state population P, , respectively.
In Fig. 3(a) the emission shows higher intensity and spectral
narrowing for the larger values of Ny,. Figure 3(b) shows
that only the u = 0,1 plasmon number states are populated
for N, = 1. With increasing N, the plasmon states with
u > 1 are gradually populated indicating an increased mean
plasmon number [see the red line in Fig. 3(c)] and strong
plasmon excitation. However, because of the backaction of
the strong plasmon excitation, the population of molecular
excited state P, reduces [see the dotted blue line in Fig. 3(c)].
These results clearly indicate a transition from fluorescence to
amplified spontaneous emission. In the following section we
shall demonstrate a further increase of the plasmon excitation,
i.e., lasing action, for systems with more molecules.

IV. APPROXIMATE PLASMON RDM EQUATION

The collective RDM allows only simulation of systems
with up to ten molecules because of the huge number of
matrix elements and thus it is necessary to develop approximate
methods to solve Eq. (1) for larger systems. Here we follow
the same methods as have been applied to the laser [36,51]
to adiabatically eliminate the molecular degree of freedom
and derive equations only for the plasmon RDM p,, =
trs{p(f)|v) (1|} The detailed derivation is given in Appendix C.
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FIG. 4. Steady-state properties of systems: panel (a) calculated by Eq. (3) shows P, for different number of molecules, large diamonds
show the exact result for ten molecules; panels (b) and (c) show A and panels (d) and (e) show gﬁ)(O) vs the decay rate k;_,, and the strength
of the driving field Ey; panels (b) and (d) are for systems with 10 molecules; (c) and (e) are for systems with 200 molecules; panel (f) shows
Ay and (g) shows gl(j)(O) vs decay rates k,_,, and ky_,, for systems with 200 molecules (fiks_,, = 100 meV and Ey = 3 x 10% V/m). Other

parameters are according to Table I in Appendix A.

Here we only outline the main procedure and present the final
results.

Due to the molecule-plasmon coupling, the elements p,,,
depend on the values of the molecule-plasmon correlations

,oi';)_ v and pf;}f +1.ev» Which are, in turn, coupled to the correla-
(n) ~(n) (n)

tions g, ., =€ ™o/ . and p/, ,, =€ pl |, due
to the simultaneous coupling with the plasmon and driving
fields. Since the dissipation of both the molecules and the plas-
mon contributes to the decay of p((l’;Z »v- they should reach steady
state much faster than the reduced elements p,,, that evolve
mainly by the plasmon decay rate. Thus, we apply an adiabatic

elimination by assuming the steady-state solution for pg;j by-

Similarly, correlations ,oe(_’/') o> pgjfl’ qv_1> and ,0}'271’ Fu1 CaN
(n)

be expressed as combinations of ,0272_1’ gvand pg .y, and py,,
leading eventually to a closed set of equations for the plasmon
RDM, see Eq. (C57) in Appendix C. It turns out that we obtain
separate equations for the diagonal and off-diagonal elements,
and we focus here on the plasmon state populations P, = p,,
obeying

d
EPM = _[(Vplﬂ + ku)Pu - puPufl]
+ [Vpl(ﬂv + D+ kyr11Pust — puti1 Pu. 3)

TABLE 1. Parameters used (for explanation see text).

hiop 26eV heol) 26eV
iy 100 meV ho'y) 2.7eV
dy 2925 D dy) 16D
AXimol-Mp 2.5nm d® 144D
E, 0...10° (1.2 x 10%) V/m hk?’; 0...100(100) meV
hawy 2.7eV Others 0 meV

The effective rates k, and p,, are defined by Eqs. (C58) and
(C59) in Appendix C and they can be viewed as extended
Einstein A and B coefficients due to the molecular pumping
mechanism. The rate k, describes loss of plasmons toward
molecular excitation, and causes depopulation of higher ex-
cited plasmon states and increased population of lower excited
plasmon states. The rate p, describes the plasmon emission
by the excited molecules.

In steady state, the time derivatives in Eq. (3) vanish, and
we obtain a recursion relation for the populations

ry = P,U./Pu—l = p,u-/(ypll/f + ku)- 4)

Together with the normalization ) u P, =1, this relation
allows us to readily calculate P, for systems with hundreds
and even thousands of molecules.

A. Results for systems with hundreds of molecules

The recursion relation (4) reproduces very well all the exact
results shown in Fig. 3(b) and thus proves the validity of the
adiabatic elimination of the molecular degrees of freedom
in large systems. In this section we thus apply the reduced
master equation (3) and thus Eq. (4) to systems with hundreds
of molecules, see Fig. 4. Figure 4(a) shows the plasmon
number distribution P, for systems with different numbers
Np of molecules. The big diamonds are the exact result for
ten molecules and agree very well with the black squares
calculated with Eq. (4). For N, = 10and 20, P,, decreases with
increasing ., while for Ny, > 40, the population distributions
show a peak structure, shifting to higher plasmon excitation
with increasing N,. The Poisson-like distributions indicate
lasing action, associated with the formation of a coherent
state.

The variation of Ay and gg)(O) is shown as a function of
the driving field Ey and the molecular dissipation rate k s, , for
systems with N, = 10 molecules in Figs. 4(b) and 4(d) and
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= 200 in Figs. 4(c) and 4(e). Note the different plasmon
number color bars in Figs. 4(b) and 4(c). The smaller systems
show amplified spontaneous emission and their statistics are
close to thermal, gl(j) (0) ~ 2, see Fig. 4(d), when the plasmons
are excited. The larger systems show lasing action with a
large mean plasmon number Ay >> 1, and a Poisson-like
distribution with g ])(O) = 1 [see Fig. 4(e)].
Figures 4(f) and 4(g) illustrate the influence of the de-
cay rates kr_,¢,k._,, for systems with 200 molecules (Eq¢ =

3x 10% V/m and Ak}, =100 meV). Figure 4(f) shows
that the increased decay rates reduce Ap. This occurs be-
cause they reduce the population inversion P, — P, and
because k.., contributes to the molecular dephasing rate
y;Z). Figure 4(g) shows that regimes of high (low) plas-
mon numbers are governed by Poissonian (super Poissonian)

statistics.

V. DISCUSSION AND OUTLOOK

In summary, we have solved the master equation for a plas-
monic nanolaser with three-level molecules under continuous

J

optical pumping. We developed and applied an exact method
for small systems with up to ten molecules and an approximate
method for larger systems with hundreds of molecules. The
small systems show amplified spontaneous emission, indi-
cated by an increased emission intensity, but predominant
population of lower plasmon number states and thermal-like
statistics. The systems show a destructive quantum interference
effect for strong pumping, leading to a reduced emission
intensity and a split emission spectrum. The larger systems
show lasing action as witnessed by a population of higher
plasmon number states and Poisson-like statistics. The exact
method can be generalized to systems with identical multilevel
emitters [48] and is thus ideal to explore collective effects
in those systems, for example, collective strong coupling and
superradiance.
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APPENDIX A: SYSTEM PARAMETERS

In Table I, we collect the reference parameters for our simulations. We consider a gold nanosphere of 10 nm radius. For such a
nanosphere, there are three dipole plasmons with transition dipole moments along three axes of the Cartesian coordinate system.
They have the same excitation energy fiwp = 2.6 eV and damping rate /iy, = 100 meV as well as a transition dipole moment
dpi = 2925 D. The driving field has an energy of fiwg = 2.7 €V and varying strength Ey from 0 to 10° V/m. The molecules are
assumed to be identical and have transition energy ha)(”) = Een — E,, = 2.6 eV and transition dipole moments dg}) = 16D and

d;’;) = 14.4 D. Here, we choose the transition energy hw e = Ef, — Eg, = 2.7 eV to avoid resonant energy transfer to higher
multipole plasmons. The decay rate fik_, . is varied from O to 100 meV while the other rates are zero. When the parameters are
varied in the main text, we state their values in the figure legend.

The amplitude of the driving field Ej is related to power density P by the relation P = E?/Z, where Zy &~ 377 Q is
characteristic impedance of vacuum. When Ej increases from 106, 107, 108 to 10° V/m, P increases from 264 kW/cmz,
26.4 MW /cm?,2.64 x 10> MW /cm? t02.65 x 10° MW /cm?. These values are consistent with the values used in the experiments
[18,21,22,31-33].

APPENDIX B: COLLECTIVE REDUCED DENSITY MATRIX, POPULATION, AND EMISSION SPECTRUM

—i(pn — V)a)plloll-lw

_IE a)bunabpn

0
Z oW =
atp"

-2 /(/'L+ D(v + l)p‘;lt+1v+l]
=Y (kasb/2) <Z (Mac + nea)pl” 2nuap(’;;,_1,nbb+1)>

— (/D[ + v)pf”

a#b a#b
. n+1v / nv+1 n—1v
+lUge Z [n“g\/—’o(n ,—1 nm-H) ~Neav 14 + p(n —1,ng, +1) +nae v+l ’O(nae—l n(,g-H) \/ﬁngap(ngu—l,ma-ﬁ-l)]
a=g.e,f
+ivg Y [ (nagplt! — Mg p )+ €7 (ngg ol W ). B
sf ”fp(naf—l,nag+l) ga'o(nga—l,nfa-k—l) agp(nag—l naf+l) fap(n/~,,—1,nga+l) :
a=g.e,f

In the main text, we have introduced the collective reduced density matrix (RDM) ph”
Eq. (B1) for such a matrix. More details can be found in [48]. In Eq. (B1) wy, = (Ep, —
To abbreviate the notation, we indicate only the numbers that change, for example, (g,
except n,, is reduced by one and 7., is increased by one.

In the following, we explain how to calculate the population and the emission spectrum from the collective RDM. The population
of the system states o) can calculated by P/, p(’%‘ £.0.0.0.100.0.0,0.n ) With 724 being the number of molecules on the

and explained the procedure to derive
E )]k, vee = vge, and vgr = vi,'?

— 1, ne. + 1) represents n (n = {ny})

ggoMeesNfr)

states |a, ). The population of the molecular product states |et) is Py, npen ) = 2 u The state population of individual

"
(Ngg.Nee N pf)"
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molecules P, = P,, can be calculated with

Nm  Nm—rnig
_ CMe e P (B2)
E : § : Na—1C Noy—n g L (g nee, Nm—tgg —nee )
ngg:l Nee=0
Nin—nee
Nee—1 ~Tgg
§ : 2 : C 71C n—Tee (ngg Nees N —Ngg—Nee )? (B3)
Nee=1 nge=0
Nm  Nm—ngy |
R nyf— Nee
Pf = z : 2 : CNmflCNmfnffP(Nm—n”—nff,n“,.nff)’ (B4)
nyp=1 ng,=0

where C' = n!/[m!(n — m)!] is a combinational coefficient. The population of the plasmon states |) can be calculated from

Nm  Nm—ngg

”gg' Tee H
M - Z Z C Nm m_”ggP(l’lgg,n“,,Nm—ngg—neg). (BS)

nge=0 n,=0

The average plasmon number Ay =) u 1P, and the second-order correlation function at steady state ggl 0) =
> . M(u = 1)P, /Ay can be directly calculated from P,,.

The steady-state emission spectrum F(w) o Re fooo dt e7' T (C*(1)C(0)) is determined by the Fourier transformation of
the correlation function (C*(t)C(0)). According to the quantum regression theory [49], (CT(7)C(0)) = try{C*6(r)} can be
calculated with the operator & satisfying the same equation as p with, however, the initial condition 6 (0) = C p. Here, fgs is the
system reduced density operator at steady-state. For the identical molecules the steady-state emission spectrum becomes

Nim—nyr
iwt ”ff nfa n—1p
F(w) x Re / dre” Z N/ Z Z O O 119 (o 110 0,0,0,m20.0.0,0,m57) - (B6)
0 ngr =0 n“—o

The sigma matrix elements on "(1) satisfy the same equations as oiY, cf. Eq. (B1), with, however, the initial condition

e =0=Jun+1 /on,Ss " given by the steady-state collective RDM.

APPENDIX C: DERIVATION OF APPROXIMATE EQUATION FOR PLASMON RDM

Because of the computational effort involved in solving the collective RDM equation, we can only simulate systems with few
molecules. To solve the Eq. (1) in the main text for many molecules, we have presented an approximate method based on the
plasmon RDM p,,, = trs{(#)|v){1t|}. The equation for this matrix can be easily derived from Eq. (1):

0 .
510#1} = —lWuyPuv — Vpl[(ﬂ + V)/Z]P,w + Vp1v (n+ D+ 1):0/L+1v+1

) ® (v o
- Zlv(n) e:llﬁl,gv o g}L ev— 1 Zlv(") v+1 'OelL v+l TV H + lpg’L+1 3") CDH

n=1

This equation depends on the molecule-plasmon correlations pa ..ov- The equations for these correlations can be again derived
from Eq. (1) in the main text. For the derivation, we introduce the following replacement

—liwu — ypi(i +1)/2100) 4, + vord/ (4 DO + Dp8 | s = —i@u o - (C2)

This removes the dependence of higher plasmon excited states due to the plasmon damping without underestimating its influence.
This has been successfully applied in our previous work on lasers with two-level [45] and three-level molecules [47], because the
differences introduced by the replacement are very small if the higher number states are involved. Here, the complex transition
frequency is defined as

(;);w = Wypy — lypl[(ﬂ + U)/2 — ,LLV]. (C3)
Due to the coupling with the driving field, we can introduce the following slowly varying correlations ,o f /4 o =€ it p}"}i v’
,5;,’3 pEe “"0’,02,'2 fv,[)(f"/i ol = e“"O’p(f"li ov_1-and p pm Lh=e "”U’pg? 1 rv- Finally, we get the equations for the correlations.
First, we present the equations for the population-like correlations p{") v
0
(n) P ) (n) (n) (n)  (n) (
ot pgr;lx gv _lwlwlog:t,gv - (kgﬁf + ke%f)pg;lt) gv + kfaglofu fv + k(n) gpe’;?ev
s (n) (n) (n) () (~(n) ~(n)

+ ”)gy; (“/;pgu»ev—l - ‘/ﬁpeu—l,gv) ”)gf ('Ofu gv ~ Peyp, fv) (&)
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ad
(n) : ~ (n) (n) (n) (n) (n) (n)
ot 10671, Lev—1 — _lwll-*l‘)*lpezfl,evfl + kgiepg’L 1,gv—1 + k;—wpfnu. 1, fv—1 (kén—)>g + ke’;f)pez Lev—1
+ivgé)<‘/;p£74)fl,gv - \/ﬁpg;lt),evfl)’ (CS)
ad
(n) _ (n) (n) (n) (n) (n)  (n) () (n) (n) (~(n) ~(n)
3tpfu o= TEOwPpy py — (kf%g kf%e)'ofu Tk %f'og’/ltgv k%fpe:lt Ev+lvgf('0f/4 g~ Pep. fv) (C6)

Obviously, these correlations couple with the coherence-like correlations pw »y With a # b. Their equations are

O 1 = 1B = uaa )l s + VST g~ V1) = 1 )
E?atp:’/? Lov = —1 (@ D0+ @y 1u),0§',? 1,gv +’v(")(‘/_/)£’;?—1,ev—1 - ﬁpg’;},gu) +wé?ﬂ£’3 Lfv> (C3)
88t /33,? Lfv = _i((’bi};‘) + ‘7’#71\))'527271,,‘1; + ’”(nf)pg;) lgv — lvé'?\/_p;'ﬁf fv (€9

20 s =00 = a0 s+ VT c10)
%5&)@ = (@) + @) B0 o — TGN 1 o+ 10 (06 g p;nli ) (C1D)
P = 0 = 0004 T =0 08 = ) e

In the above expressions, we have also introduced complex transition frequencies @{}) = () — iy\%’ with the dephasing rate
(n) — (k(n) + k('l) + k) (”) )/2 (Z)S}) — (") + wp l)/e(;) with y(") = (k(n) + k(”) 4 k(ﬂ) (’l) )/2 and d)g}) —

e—>g e—f g—)e g—)f e—>g e—>f f—)g f—)e
(") + wy — zy(f> with y(") = (ké’ze + k(") st k(;ie ("> Z,¢)/2. If relevant, pure dephasing rates of the molecules can also be

1ncluded in the above dephasmg rates.
Following the procedure stated in the main text, we can get closed equations for the plasmon RDM. In practice, first, we

express the steady-state coherence-like correlations p;';) » (@ # b) with the population-like correlations pc(,’fj’av. Second, we

insert those expressions in the equations for the latter correlations and solve the closed equations analytically. Third, we utilize
the expressions achieved to get analytical solutions for the correlations, which we insert into Eq. (C1) to get the equations

for py.
By setting the time derivatives to zero in Egs. (C9) and (C10), we have
MO NQ) (n)
~(n) _ gf pe;t l,gv — ; \/_pgp_ fv C13
Ioeu 1, fv — ~(n ( )
W5 +wM v
(n) (n) (n) (n)
~(n) _ YerPgpev—1 ~ Vg o \/_'Ofu gv (C14)
fu,ev—1 — ~ (n)* ’
a)ef — a)w,l
From Egs. (C11) and (C12) we get
(n) (n) () () (n)
~(n) Ver (’Ogrllhgv Pru, fv) Vg e \/_'Oeu 1, fv (C15)
Peu.fv = ~ (n) ’
Dgf + Ouy
(n) n) (n) ) (n)
) Yer ('Ogr;t v~ Pru, fv) Vge “/_pfu ev—1 (C16)
Pru,gv = ~(n)* ~ '
Oef — Puv
Inserting Egs. (C13) and (C14) into Egs. (C15) and (C16), we have
~(n) =(n), () (n) ~(n) ~ (n)
’Og,/l/- fv= (l) y [ (n)\/_pel;—l,gv - (we;' +wuflv) (pglljygv 'Ofn/i fv)]’ (C17)
~(n) ) (n) () ~ (n)x ~ (n)
'Ofnu v T T Hglg g}}[ (’1)“/_pgrllt,ev—l ( e’} - wﬂ”—l)(pgg g 'Ofnu fv)]' (C18)
Here, we have introduced the abbreviations
1/ 8 = (& " @, 1u)(wgf + @) — V01, (C19)
B8 = 6 — B ) — 1) ol 0
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We now insert Egs. (C17) and (C18) into Egs. (C4) and (C6) and obtain

(n) (n) (n)2 (n) = (n) =(n) ()% ~
’wuvpgft) gv kf~>g fu, fv + k(n)gpg;?ev + ll) (pg}z gv Iofu, fv)[ 511\3( + wM 1V) - "‘ffv(a)ef - CU;L\;—I)]

. n)2 =~ (n) (n)2 —~ (n)
+ivg (140 ERNVYog) oot — 10 (14 0,7 ERD) V01 g c21)
: ~ (n) (n) (n) (n (n ()21 = (n)* ~ (n)
[la)#‘) k\;‘lﬁg k;ae]pfnu fv — =k »fpfg’;)gu +k ﬁfpéz)el) +1i vgr} [ (n)(we’} - wl‘«“—l) - H(n)(w!} +w# IV)]
) (n)2 (. (n) (n)2 (n)
(/ngl gv 'oflt,fv) lvgf "‘/fv) gz)\/_pgu,ev 1+w Zlg z(,’ré)‘/_peufl.gw (€22)

In addition, we also write down explicitly Eq. (C5) in steady state as

.~ n n n n n) n (n) n n
(lw,u—lv—l + ki—{g + k;lf)pcg;g Lev—1 — k(l)epéu 1,gv—1 + k}i)epfp. 1, fv—1 + ZU( )(\/—’Oeu 1,gv \/ﬁpélz,eufl)‘ (C23)
Inserting Egs. (C15) and (C16) into Egs. (C13) and (C14), we have

~(n) _H()() () (n) ) (n) (n)
pe’;t Lfv ™ /fv g’/" [(wg’} + a),w)pe;: Lgv — Vg \/_(pgrllt gv 'O;M fv)] (€24
~(n) o) ([ ( ~(n) ~ (n) (n)
p.f{lu,ev—] = 2,1\3 grjl‘ [(wgnf* - wlw)pgr;lt,ev 1 (n)\/_(pgt) gv p}‘nu fV)] (C25)

Inserting the above results into Egs. (C7) and (C8), we have

(n) o) (n)2 ) () )

pgu ev—1 — qDEfg (73 gf (n)\/—(pg;; gv IOf;L fv) + cbglv ilne) (\/;pg/lt),gv \/_Ioeu 1,ev— 1)7 (C26)
(n) = (n)2 (n) (n)

Peri-1.e0 = P vy Ve VA (Pagher = Pfipn) + Pivee (VARG o0 = VP e0-1): (C27)

Here, we have introduced the abbreviations

1/ = B (8] + d) — (@) + @), (C28)
/1) = v (0 = ) = (0L = Dun)- (€29)

Inserting Egs. (C26) and (C27) into Egs. (C21)—-(C23), we get

11 12 13 (n)
Mr(l [L)V Mr(t /A)v Mr(l M)v 'og//«,g" kgyig 0
21 2 23 ()
Mr(z ;L)v Mr(t u,)v Mi(l ;L)v ’OE/L Lev—1 | = k(n) —f Puv + ?) Pp—1v—1- (C3O)
31 32 33 —k
Mr(l /,L)U Ml(l u:z MI(1 /4:) P_(fn,z,fv 0 kf‘w
Here, we have used p%),, = pu — p) ,, — o'\ ,, to get the first and second line of Eq. (C30) In order to get the third line
of Eq. (C30), we replace pfy—1, fu—1 by pu—1,0—1 — Pg,4)71,gv71 - :02’;)71,61; , and then upgrade ,ogﬂ 1,qv—1 DY pé’}}ygv. The matrix

elements M,(fﬁv are defined as follows:

M) = i@ + k&, + AW + 2B+ C), (C31)
MY =—(EQ) + FY), (C32)

M, = (K, K B+ C). (©€33)
MED =k — k" 4+ B+ C, (C34)
M0 = —Fy) (C35)

M) = — (i@ + K7, + K+ kD + W), (C36)
ME), = k", — k2 + F + E®, (C37)

M), = —(idu-1o1 + k0 + K"+, — GW), (C38)
M, = —FY). (C39)
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Here, to simplify the expressions, we have introduced the abbreviations

A = (00 — B,

B(n) ;?2 (n)2 (q)(n)ﬁ(n)u (D(")"(”)v),

o = g}% O2(SMEMy — HWEM?) ivfg'J‘P[Ejf)( (n>+wM W) — " (@ (r;) — )],

” o
E® = in®? /(0 — &),
2, (2 = % (n) 2
F) = o2 (0L — BUEL).
G(n) — lv(")z(CD("),u cp(n) )
In the next step, we calculate the inverse matrix of M,g';ﬁ,, and denote it as 0,(1';{2], to solve Eq. (C30):

(n) 11 1.(m) (12) 7,(m) (13) 7,(m)
IOg’L gv — (On //,uke”—>g On /wke%f) On }l.\)kfﬁep/‘« lv—1>

pe# Loyl = (0(21)k(n) — 0@ k(") ),O;w 0% k(l—>epu et

n;pve—g n;uve— f n;uy

(n) 31) 1.(n) (32) 1,(m)
Pfn o = (OS50, — OF 0k

Inserting Egs. (C46)—(C48) into Egs. (C26) and (C27), we get

(33) 1,(n)
n;uvte—g n;uy eaf)p}tv On Mukf*)ep//“ lv—1-

() = (n)2 1) (31 12 32) (n)
pgu ev—1 — CDXEU) (:13 gf (")\/_[(0,(1 Ay On pL)v)kgn—lg (Ofl M)V 07(1 Mv)kﬂﬁf]p/“)

= B EL Y v V(0L = 0SS courvm + SR (VWO — VIO K
— (VYO = VIO (Jows = B (VYOI = VIOZLKT. cpurvt.

(n) ()r-() (n)2 () a1 (31) \,(n) (12) (32) V1. (m
peu 1,gv (D . an gf ' \/_[(On H7AY On p_v)ken—>g (On Ay On ;w)ke—”‘]pﬂv
¢ )H( v (n)2 ( ) (13) (33) V(W (n),,() (11) 2D\
CD . /fv gf ’ \/_(On Ay On ;w)k epﬂ v—1 + (D/fv gré [(\/_On Ay \/_On ,uv)ker;g
12) (22) \,(m) (), () 13) (23) \7.(m)
- (\/ﬁon;/w - \/;071 ;w)keaf] - q)p’,lv gne (\/l_'LOn;;w - ﬁon p,v)k SePu—1v-1-

With these results, we are now ready to consider the following summations
(m) (n) (
(n)(\/_peufl,gv - \/;’Oglt.evfl) H n)lolw - I(v Pu—1v—1,

(n)(\/_’os/?—l.gv - \//'_’Lpg(,’:lj,ev—l) = J(n)p;w - K(n)pu lv—1-

Here, we have introduced the following abbreviations

H® = [(A™ + BW)0U) — E®OE) — BWoB) |k~ [(AD 4+ B™)0l12, — EM 0@ — B" 002 k™

Ly n;pv nypv [Ne—g ny Ly n; v 3Ly

](n) [(A(ﬂ) + B(n)) 013 _ E(n)0(23) B(ﬂ) 0B ]k({')

n;uy n;uv n;pv ™ f—e?

JO =[(ED + F™) 0D 4+ GMoe) — F®oeh 1k

n;puv n;puv n;pv Ne—g

[(E(n) + F("))o(lz) + G(ﬂ)0(22) F(11)0(32) ]k(”)

n;uv n;uv n;pv [Ne— f
K = [(EW + F?) 03 + 610l — Fm ot |k

n;uy n;uy muv ™ f—e

Inserting Egs. (C51) and (C52) into Eq. (C1), we get the equations for the plasmon RDM only:

0 .
Py = —IWuy Py — ypl[(ﬂ + V)/z]p;w + Vpiv (u+ D + 1)10M+1v+1

ot
N N Nin
Z H(n) + K(+1p+1 /O;w + lewpu -1+ Z‘] +1v+1pu+lv+l'
n=1 n=1 n=1

e—f>

(C40)
(C41)
(C42)
(C43)
(C44)

(C45)

(C46)
(C47)

(C48)

(C49)

(C50)

(C51)

(C52)

(C53)
(C54)

(C55)

(C56)

(C57)

The diagonal element of the plasmon RDM can be interpreted as the plasmon state population P, = p,,,. The equations for
the population can be easily achieved from Eq. (C57) and are given as Eq. (3) in the main text. There, we have introduced the
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molecule-induced plasmon damping rate

Nm Nﬂ\
o= H =0 9
n=I1 n=1
and the molecule-induced plasmon pumping rate
N N
— (n) _ (n)
P = Z Ilm - Z Kmt' (C59)

n=1

n=1
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