
PHYSICAL REVIEW A 97, 013837 (2018)

Amplified emission and lasing in a plasmonic nanolaser with many three-level molecules
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Steady-state plasmonic lasing is studied theoretically for a system consisting of many dye molecules arranged
regularly around a gold nanosphere. A three-level model with realistic molecular dissipation is employed to
analyze the performance as a function of the pump field amplitude and number of molecules. Few molecules and
moderate pumping produce a single narrow emission peak because the excited molecules transfer energy to a
single dipole plasmon mode by amplified spontaneous emission. Under strong pumping, the single peak splits
into broader and weaker emission peaks because two molecular excited levels interfere with each other through
coherent coupling with the pump field and with the dipole plasmon field. A large number of molecules gives rise
to a Poisson-like distribution of plasmon number states with a large mean number characteristic of lasing action.
These characteristics of lasing, however, deteriorate under strong pumping because of the molecular interference
effect.
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I. INTRODUCTION

The prospects of observing quantum effects in the response
of metallic material to light [1] and exploring their potential
applications [2–4] have stimulated abundant recent studies in
plasmonics. Most of the envisioned applications are based
on the enhanced and localized electromagnetic (EM) field
near metallic films and nanoparticles (MNP), due to the
formation of surface plasmons, i.e., collective oscillations
of the EM field and the conduction electrons in the metal.
This enhancement leads to strong light-matter interaction and
enhanced absorption [5,6], emission [7], and Raman scattering
[8,9] of quantum emitters, which can be naturally utilized
to improve sensitivity of spectroscopic instruments [10,11]
and efficiency of light emitting diodes [12,13] and solar cells
[14,15]. Plasmon field modes, confined within subwavelength
volumes, were utilized by Bergman and Stockman [16] to pro-
pose the “spaser” or plasmonic nanolaser in 2003, which was
then verified in experiments by Noginov and his co-workers in
2009 [17] with a system consisting of a gold nanosphere and
many dye molecules. Later experimental demonstrations of the
spaser have been reported with structures like semiconductor
wires [18–20] and squares [21,22] on metallic films, with
semiconductor pillars [23,24], dots [25,26], and wires [27,28]
inside metallic shells and with dye molecules deposited in
periodically arranged MNP arrays [29–33].

Semiclassical theories based on rate equations [16,25–27]
and Maxwell-Bloch equations [30–32] have been utilized to
study the plasmonic nanolaser. These equations can incor-
porate coherent molecular excitation mechanisms and inho-
mogeneous coupling and multiple lasing modes, but they
ignore quantum correlations between the molecules and the
lasing modes. While quantum theories accounting for these
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correlations have been presented with plasmon number states
[34] or coherent states [35], the molecules have been always
considered as identical two-level systems and the pumping
mechanism has been simply modeled with an incoherent
pumping rate.

To model the real and coherent pumping mechanism
more realistically and understand its influence on the system
quantum properties, we develop a quantum laser theory for
the system shown in Fig. 1(a) (resembling the one in the
experiment [17]). We thus consider the molecules as identical
three-level systems, where one molecular transition couples
with an external optical (driving) field and another transition
couples with the plasmon lasing mode. Remarkably, we find
that the two molecular excited states can interfere with each
other due to the two couplings, which leads to emission peak
splitting and reduced emission intensity.

The article is outlined as follows. In Sec. II, we introduce a
master equation to describe the dynamics of many molecules
and a single quantized plasmon mode. In Sec. III, we solve
this equation with an exact numerical method based on a
collective reduced density matrix (RDM), which applies to
systems with identical molecules. In Sec. IV, we apply an
approximate method, more general than Lamb’s laser theory
[36], based on elimination of the molecular degrees of freedom
and solution of a plasmon master equation. This method
is verified and subsequently used to simulate systems with
hundreds of molecules. In Sec. V, we conclude and discuss
possible extensions of our theory.

II. MASTER EQUATION

We assume the molecules located around the equator of the
sphere at a distance of 2.5 nm from the surface, see Fig. 1,
which is sufficient to exclude tunneling ionization [37]. The
molecules thus only exchange energy with the sphere through
the dipole plasmon mode, which is resonant with the molecules
and has its transition dipole moment along the z axis. The more
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FIG. 1. A gold nanosphere (10 nm radius) is surrounded by dye
molecules along the equator about 2.5 nm from the sphere surface.
The molecules have transition dipole moments along the z axis (black
arrows) and couple only with the dipole plasmon z mode (blue arrow).
The molecules are assumed identical with three energy levels (Eg ,
Ee, Ef ), and are coupled coherently to an external optical pump field
(red dashed arrow) and to the dipole plasmon (blue dotted arrows),
and decay by dissipation (black arrows).

general configuration involving randomly oriented molecules
and three resonant dipole plasmons has been investigated in
[38]. Higher multipole plasmons are off resonant and do not
affect the molecules [39] apart from a contribution to their
excited-state decay [40].

The master equation for the density operator ρ̂ of the
plasmon mode and the molecular emitters reads

∂

∂t
ρ̂ = − i

h̄
[Hpl + Hm + Vpl−m + Vm(t),ρ̂] − D[ρ̂]. (1)

The plasmon mode with excitation energy h̄ωpl is described
by the Hamiltonian Hpl = h̄ωplC

+C with bosonic creation
and annihilation operators C+, C. The Hamiltonian of Nm

molecules reads Hm = ∑Nm
n=1

∑
an

Ean
|an〉〈an|, with the single

molecular ground state |an = gn〉, and first |an = en〉 and
second |an = fn〉 excited states with energies Egn

, Een
, and

Efn
, respectively. We assume that the plasmon mode cou-

ples resonantly with the molecular ground-to-first excited-
state transition through the interaction Hamiltonian Vpl−m =
h̄

∑Nm
n=1 v(n)

ge (C+|gn〉〈en| + H.c.) (in the rotating wave approx-
imation). Here, the coefficient h̄v(n)

ge = [d(n)
ge · dpl − 3(d(n)

ge ·
x̂n)(dpl · x̂n)]/|Xn|3 is determined by molecular and plasmon
transition dipole moments d(n)

ge , and dpl = dplez (ez is the
unit vector along the z axis), and by the vectors Xn = Xnx̂n,
connecting the molecules and the sphere center. We assume
that the molecules are subject to a driving field with fre-
quency ω0, resonant with the molecular ground-to-second
excited-state transition through the Hamiltonian Vm(t) =
h̄

∑Nm
n=1 v

(n)
gf (eiω0t |gn〉〈fn| + H.c.), where h̄v

(n)
gf = d(n)

gf · nE0 is

determined by the molecular transition dipole moment d(n)
gf and

the driving field amplitude E0 and polarization n. Dissipation
is accounted for by several Lindblad terms:

D[ρ̂] = (1/2)
∑

u

ku([L̂+
u L̂u,ρ̂]+ − 2L̂uρ̂L̂+

u ). (2)

Plasmon damping is included by terms with ku = γpl and L̂u =
C.γpl is mainly caused by electron-phonon collisions, while for
small metallic particles as considered here the electron-surface
collisions and radiation damping also contribute to the value
of γpl [41]. The decay processes in the individual molecules
are represented by terms with ku = k

(n)
a→b and L̂u = |bn〉〈an|

for Ean
> Ebn

. For simplicity, we ignore pure dephasing of the
molecules.

III. COLLECTIVE REDUCED DENSITY
MATRIX EQUATION

Due to symmetry, the density matrix must at all times
be invariant under permutation of the identical molecules.
For two-level systems, this is utilized in collective repre-
sentations of the density matrix with Dicke states [42,43],
SU(4) group theory [44], and collective numbers [34,45].
Here, we choose the latter representation since it can be
easily extended to systems with multilevel molecules [46,47].
We consider the density matrix element ρβν,αμ(t) between
plasmon number states |μ〉 and |ν〉 and molecular product
states |α〉 ≡ ∏Nm

n=1 |an〉 and |β〉 ≡ ∏Nm
n=1 |bn〉. The invariance

under permutation of the molecules permits the representation
of many of these matrix elements by one and the same number
that we denote by ρ

μν
n where n = {nab} counts the number

of occurrences of |an = a〉 and |bn = b〉 in the states |α〉 and
|β〉. The master equation couples different matrix elements
which can be all systematically represented in the reduced
form. We effectively obtain a significantly reduced set of
coupled equations for the collective RDM ρ

μν
n . The resulting

equations are presented as Eq. (B1) in Appendix B. The number
C8

Nm+8(Npl + 1)2 of ρ
μν
n is order of magnitudes smaller than

the number [3Nm (Npl + 1)]2 of ρβν,αμ. Here, Npl indicates the
highest plasmon state considered. For example, for a system
with ten molecules and six plasmon states, we reduce the
number of elements from 1.3 × 1011 to 1.6 × 106. For more
details of the method please refer to our article [48] about the
collective density matrix of multilevel emitters.

Using the density matrix with elements ρ
μν
n ≡ ρβν,αμ, we

can calculate all physical observables, for example, the popu-
lation of the molecular states |a = an〉: Pa (a for g,e,f ), the
plasmon number state distribution |μ〉: Pμ = ∑

α Pαμ, and the
mean plasmon number Apl = ∑

μ μPμ as well as its normal-
ized second factorial moment g2

pl(0) = ∑
μ μ(μ − 1)Pμ/A2

pl
(this number characterizes the number distribution and equals
unity for a coherent state). We can also apply the quantum re-
gression theorem [49] and use the master equation to calculate
two-time correlation functions and, e.g., the emission spec-
trum. The explicit expressions to compute these observables
are detailed in Appendix B.

A. Exact numerical results for systems with up to ten molecules

Figure 2 shows the influence of strength of the driving field
E0 [Figs. 2(a)–2(c)] and decay rate kf →e [Figs. 2(d)–2(f)] on
the steady-state properties of systems with eight molecules.
In the Fig. 2(a) the emission spectrum is weak for a weak
driving field and it develops a sharp peak for moderate driving
due to amplified spontaneous emission, which is verified by
the increased population of the plasmon excited states [see
Fig. 2(b)] and the molecular excited state [see the blue dotted
line in Fig. 2(c)]. At strong driving, the spectrum becomes
broadened and weak as a consequence of quantum interference
between the two molecular excited states. Although these
states do not directly couple with each other, they are coupled
through the coherent coupling with the driving field and with
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FIG. 2. Steady-state properties of systems with eight molecules
for different strengths of the driving field E0 [in panels (a)–(c)] and
different decay rates kf →e [in panels (d)–(f)]. Panels (a) and (d) give
emission spectra (the photon energy is given relative to h̄ωpl). Panels
(b) and (e) give plasmon state populations Pμ. Panels (c) and (f)
show molecular state populations Pa (blue lines; solid line Pg , dotted
line Pe, dashed line Pf ) and mean plasmon numbers Apl. All further
parameters are specified in Table I in Appendix A.

the plasmon mode, and a similar phenomenon occurs in the
context of lasing without inversion [50]. If the fields couple to
two separate transitions as in the four-level molecular model
studied in [30], this interference effect is absent, and the
emission intensity saturates but it does not deteriorate for
large E0. Similar behavior of the mean plasmon number Apl is
observed [see the red line in Fig. 2(c)].

In Fig. 2(d), the emission spectrum shows two peaks, a
broad peak and a single sharp peak with a broad background,
for small, moderate, and large decay rates, respectively. In
the absence of kf →e, the collective strong coupling of many
molecules with the plasmon

√
Nmvge (originating from Vpl−m

in the case of weak molecular excitation) leads to the formation
of two dressed excited states with energies E± = ±√

Nm h̄vge

(relative to the plasmon energy h̄ωpl) in the resonant case,
i.e., Ee − Eg = h̄ωpl. With Nm = 8 and h̄vge = 14 meV this
yields E± ≈ ±40 meV and explains the double peak splitting.
The population of the dressed states is governed by the
quantum interference between the molecular excited states.
In the presence of kf →e, the population is in favor of the
state with higher energy and this explains the asymmetry
of the two peak intensities. For large value of kf →e, the
interference is suppressed and the single sharp peak results

(meV)

FIG. 3. Steady-state (a) emission spectrum (the photon energy is
given relative to h̄ωpl), (b) plasmon number state distribution Pμ, and
(c) molecular state population Pa (blue lines: solid line Pg , dotted
line Pe, dashed line Pf ) as well as mean plasmon number Apl ( red
line) for different numbers of molecules. All further parameters are
specified in Table I in Appendix A.

from amplified spontaneous emission. The emission intensity
increases with increasing kf →e because the molecules with
increasing population on the excited state Pe [see the dotted
line in Fig. 2(f)] transfer more energy to the plasmon, which
leads to increased population of the plasmon higher excited
states [see Fig. 2(e)] and plasmon mean number [see the red
line in Fig. 2(f)].

Figure 3 displays how the number of molecules Nm affects
the emission and the plasmon state population Pμ, respectively.
In Fig. 3(a) the emission shows higher intensity and spectral
narrowing for the larger values of Nm. Figure 3(b) shows
that only the μ = 0,1 plasmon number states are populated
for Nm = 1. With increasing Nm, the plasmon states with
μ � 1 are gradually populated indicating an increased mean
plasmon number [see the red line in Fig. 3(c)] and strong
plasmon excitation. However, because of the backaction of
the strong plasmon excitation, the population of molecular
excited state Pe reduces [see the dotted blue line in Fig. 3(c)].
These results clearly indicate a transition from fluorescence to
amplified spontaneous emission. In the following section we
shall demonstrate a further increase of the plasmon excitation,
i.e., lasing action, for systems with more molecules.

IV. APPROXIMATE PLASMON RDM EQUATION

The collective RDM allows only simulation of systems
with up to ten molecules because of the huge number of
matrix elements and thus it is necessary to develop approximate
methods to solve Eq. (1) for larger systems. Here we follow
the same methods as have been applied to the laser [36,51]
to adiabatically eliminate the molecular degree of freedom
and derive equations only for the plasmon RDM ρμν ≡
trS{ρ̂(t)|ν〉〈μ|}. The detailed derivation is given in Appendix C.
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FIG. 4. Steady-state properties of systems: panel (a) calculated by Eq. (3) shows Pμ for different number of molecules, large diamonds
show the exact result for ten molecules; panels (b) and (c) show Apl and panels (d) and (e) show g

(2)
pl (0) vs the decay rate kf →e and the strength

of the driving field E0; panels (b) and (d) are for systems with 10 molecules; (c) and (e) are for systems with 200 molecules; panel (f) shows
Apl and (g) shows g

(2)
pl (0) vs decay rates ke→g and kf →g for systems with 200 molecules (h̄kf →e = 100 meV and E0 = 3 × 108 V/m). Other

parameters are according to Table I in Appendix A.

Here we only outline the main procedure and present the final
results.

Due to the molecule-plasmon coupling, the elements ρμν

depend on the values of the molecule-plasmon correlations
ρ

(n)
eμ−1,gν and ρ

(n)
gμ+1,eν , which are, in turn, coupled to the correla-

tions ρ̃
(n)
f μ,gν ≡ eiω0t ρ

(n)
f μ,gν and ρ̃

(n)
f μ,eν−1 ≡ eiω0t ρ

(n)
f μ,eν−1, due

to the simultaneous coupling with the plasmon and driving
fields. Since the dissipation of both the molecules and the plas-
mon contributes to the decay of ρ

(n)
aμ,bν , they should reach steady

state much faster than the reduced elements ρμν , that evolve
mainly by the plasmon decay rate. Thus, we apply an adiabatic
elimination by assuming the steady-state solution for ρ

(n)
aμ,bν .

Similarly, correlations ρ(n)
eμ,eν , ρ

(n)
gμ−1,gν−1, and ρ

(n)
f μ−1,f ν−1 can

be expressed as combinations of ρ
(n)
eμ−1,gν and ρ

(n)
gμ+1,eν and ρμν ,

leading eventually to a closed set of equations for the plasmon
RDM, see Eq. (C57) in Appendix C. It turns out that we obtain
separate equations for the diagonal and off-diagonal elements,
and we focus here on the plasmon state populations Pμ = ρμμ,
obeying

∂

∂t
Pμ = −[(γplμ + kμ)Pμ − pμPμ−1]

+ [γpl(μ + 1) + kμ+1]Pμ+1 − pμ+1Pμ. (3)

TABLE I. Parameters used (for explanation see text).

h̄ωpl 2.6 eV h̄ω(n)
eg 2.6 eV

h̄γpl 100 meV h̄ω
(n)
fg 2.7 eV

dpl 2925 D d
(n)
gf 16 D

	xmol−MNP 2.5 nm d (n)
ge 14.4 D

E0 0 . . . 109 (1.2 × 108) V/m h̄k
(n)
f →e 0 . . . 100(100) meV

h̄ω0 2.7 eV Others 0 meV

The effective rates kμ and pμ are defined by Eqs. (C58) and
(C59) in Appendix C and they can be viewed as extended
Einstein A and B coefficients due to the molecular pumping
mechanism. The rate kμ describes loss of plasmons toward
molecular excitation, and causes depopulation of higher ex-
cited plasmon states and increased population of lower excited
plasmon states. The rate pμ describes the plasmon emission
by the excited molecules.

In steady state, the time derivatives in Eq. (3) vanish, and
we obtain a recursion relation for the populations

rμ = Pμ/Pμ−1 = pμ/(γplμ + kμ). (4)

Together with the normalization
∑

μ Pμ = 1, this relation
allows us to readily calculate Pμ for systems with hundreds
and even thousands of molecules.

A. Results for systems with hundreds of molecules

The recursion relation (4) reproduces very well all the exact
results shown in Fig. 3(b) and thus proves the validity of the
adiabatic elimination of the molecular degrees of freedom
in large systems. In this section we thus apply the reduced
master equation (3) and thus Eq. (4) to systems with hundreds
of molecules, see Fig. 4. Figure 4(a) shows the plasmon
number distribution Pμ for systems with different numbers
Nm of molecules. The big diamonds are the exact result for
ten molecules and agree very well with the black squares
calculated with Eq. (4). For Nm = 10 and 20, Pμ decreases with
increasing μ, while for Nm � 40, the population distributions
show a peak structure, shifting to higher plasmon excitation
with increasing Nm. The Poisson-like distributions indicate
lasing action, associated with the formation of a coherent
state.

The variation of Apl and g
(2)
pl (0) is shown as a function of

the driving field E0 and the molecular dissipation rate kf →e for
systems with Nm = 10 molecules in Figs. 4(b) and 4(d) and
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Nm = 200 in Figs. 4(c) and 4(e). Note the different plasmon
number color bars in Figs. 4(b) and 4(c). The smaller systems
show amplified spontaneous emission and their statistics are
close to thermal, g(2)

pl (0) ≈ 2, see Fig. 4(d), when the plasmons
are excited. The larger systems show lasing action with a
large mean plasmon number Apl � 1, and a Poisson-like
distribution with g

(2)
pl (0) = 1 [see Fig. 4(e)].

Figures 4(f) and 4(g) illustrate the influence of the de-
cay rates kf →g,ke→g for systems with 200 molecules (E0 =
3 × 108 V/m and h̄k

(n)
f →e = 100 meV). Figure 4(f) shows

that the increased decay rates reduce Apl. This occurs be-
cause they reduce the population inversion Pe − Pg and
because ke→g contributes to the molecular dephasing rate
γ (n)

ge . Figure 4(g) shows that regimes of high (low) plas-
mon numbers are governed by Poissonian (super Poissonian)
statistics.

V. DISCUSSION AND OUTLOOK

In summary, we have solved the master equation for a plas-
monic nanolaser with three-level molecules under continuous

optical pumping. We developed and applied an exact method
for small systems with up to ten molecules and an approximate
method for larger systems with hundreds of molecules. The
small systems show amplified spontaneous emission, indi-
cated by an increased emission intensity, but predominant
population of lower plasmon number states and thermal-like
statistics. The systems show a destructive quantum interference
effect for strong pumping, leading to a reduced emission
intensity and a split emission spectrum. The larger systems
show lasing action as witnessed by a population of higher
plasmon number states and Poisson-like statistics. The exact
method can be generalized to systems with identical multilevel
emitters [48] and is thus ideal to explore collective effects
in those systems, for example, collective strong coupling and
superradiance.

ACKNOWLEDGMENTS

The authors acknowledge C. Yu and L.F. Buchmann for
several illuminating discussions. Their work was supported by
the Villum Foundation.

APPENDIX A: SYSTEM PARAMETERS

In Table I, we collect the reference parameters for our simulations. We consider a gold nanosphere of 10 nm radius. For such a
nanosphere, there are three dipole plasmons with transition dipole moments along three axes of the Cartesian coordinate system.
They have the same excitation energy h̄ωpl = 2.6 eV and damping rate h̄γpl = 100 meV as well as a transition dipole moment
dpl = 2925 D. The driving field has an energy of h̄ω0 = 2.7 eV and varying strength E0 from 0 to 109 V/m. The molecules are
assumed to be identical and have transition energy h̄ω(n)

eg = Een
− Egn

= 2.6 eV and transition dipole moments d
(n)
gf = 16 D and

d (n)
ge = 14.4 D. Here, we choose the transition energy h̄ω

(n)
fg = Efn

− Egn
= 2.7 eV to avoid resonant energy transfer to higher

multipole plasmons. The decay rate h̄kf →e is varied from 0 to 100 meV while the other rates are zero. When the parameters are
varied in the main text, we state their values in the figure legend.

The amplitude of the driving field E0 is related to power density P by the relation P = E2/Z0 where Z0 ≈ 377 
 is
characteristic impedance of vacuum. When E0 increases from 106, 107, 108 to 109 V/m, P increases from 264 kW/cm2,
26.4 MW/cm2, 2.64 × 103 MW/cm2 to 2.65 × 105 MW/cm2. These values are consistent with the values used in the experiments
[18,21,22,31–33].

APPENDIX B: COLLECTIVE REDUCED DENSITY MATRIX, POPULATION, AND EMISSION SPECTRUM

∂

∂t
ρμν

n = −i(μ − ν)ωplρ
μν
n − (γpl/2)

[
(μ + ν)ρμν

n − 2
√

(μ + 1)(ν + 1)ρμ+1ν+1
n

]

− i
∑
a 	=b

ωbanabρ
μν
n −

∑
a 	=b

(ka→b/2)

(∑
c

(nac + nca)ρμν
n − 2naaρ

μν
(naa−1,nbb+1)

)

+ ivge

∑
a=g,e,f

[
nag

√
νρ

μν−1

(nag−1,nae+1) − nea

√
μ + 1ρ

μ+1ν

(nea−1,nga+1) + nae

√
ν+1ρ

μν+1

(nae−1,nag+1) − √
μngaρ

μ−1ν

(nga−1,nea+1)
]

+ ivgf

∑
a=g,e,f

[
eiω0t

(
naf ρ

μν

(naf −1,nag+1) − ngaρ
μν

(nga−1,nf a+1)
) + e−iω0t

(
nagρ

μν

(nag−1,naf +1) − nf aρ
μν

(nf a−1,nga+1)
)]

. (B1)

In the main text, we have introduced the collective reduced density matrix (RDM) ρ
μν
n and explained the procedure to derive

Eq. (B1) for such a matrix. More details can be found in [48]. In Eq. (B1) ωba = (Ebn
− Ean

)/h̄, vge = v(n)
ge , and vgf = v

(n)
gf .

To abbreviate the notation, we indicate only the numbers that change, for example, (ngg − 1, nee + 1) represents n (n = {nab})
except ngg is reduced by one and nee is increased by one.

In the following, we explain how to calculate the population and the emission spectrum from the collective RDM. The population
of the system states |αμ〉 can calculated by P

μ
(ngg,nee,nff ) ≡ ρ

μμ
(ngg,0,0,0,nee,0,0,0,nff ) with naa being the number of molecules on the

states |an〉. The population of the molecular product states |α〉 is P(ngg,nee,nff ) = ∑
μ P

μ
(ngg,nee,nff ). The state population of individual
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molecules Pa = Pan
can be calculated with

Pg =
Nm∑

ngg=1

Nm−ngg∑
nee=0

C
ngg−1
Nm−1C

nee

Nm−ngg
P(ngg,nee,Nm−ngg−nee), (B2)

Pe =
Nm∑

nee=1

Nm−nee∑
ngg=0

C
nee−1
Nm−1C

ngg

Nm−nee
P(ngg,nee,Nm−ngg−nee), (B3)

Pf =
Nm∑

nff =1

Nm−nff∑
nee=0

C
nff −1
Nm−1 C

nee

Nm−nff
P(Nm−nee−nff ,nee,nff ), (B4)

where Cm
n = n!/[m!(n − m)!] is a combinational coefficient. The population of the plasmon states |μ〉 can be calculated from

Pμ =
Nm∑

ngg=0

Nm−ngg∑
nee=0

C
ngg

Nm
C

nee

Nm−ngg
P

μ

(ngg,nee,Nm−ngg−nee). (B5)

The average plasmon number Apl = ∑
μ μPμ and the second-order correlation function at steady state g2

pl(0) =∑
μ μ(μ − 1)Pμ/Apl can be directly calculated from Pμ.
The steady-state emission spectrum F (ω) ∝ Re

∫ ∞
0 dτ e−iωτ 〈C+(τ )C(0)〉 is determined by the Fourier transformation of

the correlation function 〈C+(τ )C(0)〉. According to the quantum regression theory [49], 〈C+(τ )C(0)〉 ≡ trs{C+σ̂ (τ )} can be
calculated with the operator σ̂ satisfying the same equation as ρ̂ with, however, the initial condition σ̂ (0) = Cρ̂ss. Here, ρ̂ss is the
system reduced density operator at steady-state. For the identical molecules the steady-state emission spectrum becomes

F (ω) ∝ Re
∫ ∞

0
dτ e−iωτ

∑
μ

√
μ

Nm∑
nff =0

Nm−nff∑
nee=0

C
nff

Nm
C

nee

Nm−nff
σ

μ−1μ

(Nm−nff −nee,0,0,0,nee,0,0,0,nff )(τ ). (B6)

The sigma matrix elements σ
μ,ν
n (τ ) satisfy the same equations as ρ

μ,ν
n , cf. Eq. (B1), with, however, the initial condition

σ
μ,ν
n (τ = 0) = √

μ + 1ρ
μ+1,ν
n,ss given by the steady-state collective RDM.

APPENDIX C: DERIVATION OF APPROXIMATE EQUATION FOR PLASMON RDM

Because of the computational effort involved in solving the collective RDM equation, we can only simulate systems with few
molecules. To solve the Eq. (1) in the main text for many molecules, we have presented an approximate method based on the
plasmon RDM ρμν ≡ trS{ρ̂(t)|ν〉〈μ|}. The equation for this matrix can be easily derived from Eq. (1):

∂

∂t
ρμν = −iωμνρμν − γpl[(μ + ν)/2]ρμν + γpl

√
(μ + 1)(ν + 1)ρμ+1ν+1

−
Nm∑
n=1

iv(n)
ge

(√
μρ

(n)
eμ−1,gν − √

νρ
(n)
gμ,eν−1

) +
Nm∑
n=1

iv(n)
ge

(√
ν + 1ρ

(n)
eμ,gν+1 −

√
μ + 1ρ

(n)
gμ+1,eν

)
. (C1)

This equation depends on the molecule-plasmon correlations ρ
(n)
aμ,bν . The equations for these correlations can be again derived

from Eq. (1) in the main text. For the derivation, we introduce the following replacement

−[iωμν − γpl(μ + ν)/2]ρ(n)
aμ,bν + γpl

√
(μ + 1)(ν + 1)ρ(n)

aμ+1,bν+1 → −iω̃μνρ
(n)
aμ,bν . (C2)

This removes the dependence of higher plasmon excited states due to the plasmon damping without underestimating its influence.
This has been successfully applied in our previous work on lasers with two-level [45] and three-level molecules [47], because the
differences introduced by the replacement are very small if the higher number states are involved. Here, the complex transition
frequency is defined as

ω̃μν = ωμν − iγpl[(μ + ν)/2 − √
μν]. (C3)

Due to the coupling with the driving field, we can introduce the following slowly varying correlations ρ̃
(n)
f μ,gν ≡ eiω0t ρ

(n)
f μ,gν ,

ρ̃
(n)
gμ,f ν ≡ e−iω0t ρ

(n)
gμ,f ν , ρ̃(n)

f μ,eν−1 = eiω0t ρ
(n)
f μ,eν−1, and ρ̃

(n)
eμ−1,f ν ≡ e−iω0t ρ

(n)
eμ−1,f ν . Finally, we get the equations for the correlations.

First, we present the equations for the population-like correlations ρ(n)
aμ,aν :

∂

∂t
ρ(n)

gμ,gν = −iω̃μνρ
(n)
gμ,gν − (

k
(n)
g→f + k

(n)
e→f

)
ρ(n)

gμ,gν + k
(n)
f →gρ

(n)
f μ,f ν + k(n)

e→gρ
(n)
eμ,eν

+ iv(n)
ge

(√
νρ

(n)
gμ,eν−1 − √

μρ
(n)
eμ−1,gν

) − iv
(n)
gf

(
ρ̃

(n)
f μ,gν − ρ̃

(n)
gμ,f ν

)
, (C4)
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∂

∂t
ρ

(n)
eμ−1,eν−1 = −iω̃μ−1ν−1ρ

(n)
eμ−1,eν−1 + k(n)

g→eρ
(n)
gμ−1,gν−1 + k

(n)
f →eρ

(n)
f μ−1,f ν−1 − (

k(n)
e→g + k

(n)
e→f

)
ρ

(n)
eμ−1,eν−1

+ iv(n)
ge

(√
νρ

(n)
eμ−1,gν − √

μρ
(n)
gμ,eν−1

)
, (C5)

∂

∂t
ρ

(n)
f μ,f ν = −iω̃μνρ

(n)
f μ,f ν − (

k
(n)
f →g + k

(n)
f →e

)
ρ

(n)
f μ,f ν + k

(n)
g→f ρ(n)

gμ,gν + k
(n)
e→f ρ(n)

eμ,eν + iv
(n)
gf

(
ρ̃

(n)
f μ,gν − ρ̃

(n)
gμ,f ν

)
. (C6)

Obviously, these correlations couple with the coherence-like correlations ρ
(n)
aμ,bν with a 	= b. Their equations are

∂

∂t
ρ

(n)
gμ,eν−1 = i

(
ω̃(n)∗

eg − ω̃μν−1
)
ρ

(n)
gμ,eν−1 + iv(n)

ge

(√
νρ(n)

gμ,gν − √
μρ

(n)
eμ−1,eν−1

) − iv
(n)
gf ρ̃

(n)
f μ,eν−1, (C7)

∂

∂t
ρ

(n)
eμ−1,gν = −i

(
ω̃(n)

eg + ω̃μ−1ν

)
ρ

(n)
eμ−1,gν + iv(n)

ge

(√
νρ

(n)
eμ−1,eν−1 − √

μρ(n)
gμ,gν

) + iv
(n)
gf ρ

(n)
eμ−1,f ν, (C8)

∂

∂t
ρ̃

(n)
eμ−1,f ν = −i

(
ω̃

(n)
ef + ω̃μ−1ν

)
ρ̃

(n)
eμ−1,f ν + iv

(n)
gf ρ

(n)
eμ−1,gν − iv(n)

ge

√
μρ̃

(n)
gμ,f ν, (C9)

∂

∂t
ρ̃

(n)
f μ,eν−1 = i

(
ω̃

(n)∗
ef − ω̃μν−1

)
ρ̃

(n)
f μ,eν−1 − iv

(n)
gf ρ

(n)
gμ,eν−1 + iv(n)

ge

√
νρ̃

(n)
f μ,gν, (C10)

∂

∂t
ρ̃

(n)
gμ,f ν = −i

(
ω̃

(n)
gf + ω̃μν

)
ρ̃

(n)
gμ,f ν − iv(n)

ge

√
μρ̃

(n)
eμ−1,f ν + iv

(n)
gf

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)
, (C11)

∂

∂t
ρ̃

(n)
f μ,gν = i

(
ω̃

(n)∗
gf − ω̃μν

)
ρ̃

(n)
f μ,gν + iv(n)

ge

√
νρ̃

(n)
f μ,eν−1 − iv

(n)
gf

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)
. (C12)

In the above expressions, we have also introduced complex transition frequencies ω̃(n)
eg = ω(n)

eg − iγ (n)
eg with the dephasing rate

γ (n)
eg ≡ (k(n)

e→g + k
(n)
e→f + k(n)

g→e + k
(n)
g→f )/2, ω̃

(n)
ef = ω

(n)
ef + ω0 − iγ

(n)
ef with γ

(n)
ef ≡ (k(n)

e→g + k
(n)
e→f + k

(n)
f →g + k

(n)
f →e)/2 and ω̃

(n)
gf =

ω
(n)
gf + ω0 − iγ

(n)
gf with γ

(n)
gf ≡ (k(n)

g→e + k
(n)
g→f + k

(n)
f →e + k

(n)
f →g)/2. If relevant, pure dephasing rates of the molecules can also be

included in the above dephasing rates.
Following the procedure stated in the main text, we can get closed equations for the plasmon RDM. In practice, first, we

express the steady-state coherence-like correlations ρ
(n)
aμ,bν (a 	= b) with the population-like correlations ρ(n)

aμ,aν . Second, we
insert those expressions in the equations for the latter correlations and solve the closed equations analytically. Third, we utilize
the expressions achieved to get analytical solutions for the correlations, which we insert into Eq. (C1) to get the equations
for ρμν .

By setting the time derivatives to zero in Eqs. (C9) and (C10), we have

ρ̃
(n)
eμ−1,f ν = v

(n)
gf ρ

(n)
eμ−1,gν − v(n)

ge

√
μρ̃

(n)
gμ,f ν

ω̃
(n)
ef + ω̃μ−1ν

, (C13)

ρ̃
(n)
f μ,eν−1 = v

(n)
gf ρ

(n)
gμ,eν−1 − v(n)

ge

√
νρ̃

(n)
f μ,gν

ω̃
(n)∗
ef − ω̃μν−1

. (C14)

From Eqs. (C11) and (C12) we get

ρ̃
(n)
gμ,f ν = v

(n)
gf

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

) − v(n)
ge

√
μρ̃

(n)
eμ−1,f ν

ω̃
(n)
gf + ω̃μν

, (C15)

ρ̃
(n)
f μ,gν = v

(n)
gf

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

) − v(n)
ge

√
νρ̃

(n)
f μ,eν−1

ω̃
(n)∗
gf − ω̃μν

. (C16)

Inserting Eqs. (C13) and (C14) into Eqs. (C15) and (C16), we have

ρ̃
(n)
gμ,f ν = −
(n)

μνv
(n)
gf

[
v(n)

ge

√
μρ

(n)
eμ−1,gν − (

ω̃
(n)
ef + ω̃μ−1ν

)(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)]
, (C17)

ρ̃
(n)
f μ,gν = −
̃(n)

μνv
(n)
gf

[
v(n)

ge

√
νρ

(n)
gμ,eν−1 − (

ω̃
(n)∗
ef − ω̃μν−1

)(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)]
. (C18)

Here, we have introduced the abbreviations

1/
(n)
μν = (

ω̃
(n)
ef + ω̃μ−1ν

)(
ω̃

(n)
gf + ω̃μν

) − v(n)2
ge μ, (C19)

1/
̃(n)
μν = (

ω̃
(n)∗
ef − ω̃μν−1

)(
ω̃

(n)∗
gf − ω̃μν

) − v(n)2
ge ν. (C20)
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We now insert Eqs. (C17) and (C18) into Eqs. (C4) and (C6) and obtain

iω̃μνρ
(n)
gμ,gν = k

(n)
f →gρ

(n)
f μ,f ν + k(n)

e→gρ
(n)
eμ,eν + iv

(n)2
gf

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)[

(n)

μν

(
ω̃

(n)
ef + ω̃μ−1ν

) − 
̃(n)
μν

(
ω̃

(n)∗
ef − ω̃μν−1

)]
+ iv(n)

ge

(
1 + v

(n)2
gf 
̃(n)

μν

)√
νρ

(n)
gμ,eν−1 − iv(n)

ge

(
1 + v

(n)2
gf 
(n)

μν

)√
μρ

(n)
eμ−1,gν, (C21)[

iω̃μν + k
(n)
f →g + k

(n)
f →e

]
ρ

(n)
f μ,f ν = k

(n)
g→f ρ(n)

gμ,gν + k
(n)
e→f ρ(n)

eμ,eν + iv
(n)2
gf

[

̃(n)

μν

(
ω̃

(n)∗
ef − ω̃μν−1

) − 
(n)
μν

(
ω̃

(n)
ef + ω̃μ−1ν

)]
× (

ρ(n)
gμ,gν − ρ

(n)
f μ,f ν

) − iv
(n)2
gf 
̃(n)

μνv
(n)
ge

√
νρ

(n)
gμ,eν−1 + iv

(n)2
gf 
(n)

μνv
(n)
ge

√
μρ

(n)
eμ−1,gν . (C22)

In addition, we also write down explicitly Eq. (C5) in steady state as(
iω̃μ−1ν−1 + k(n)

e→g + k
(n)
e→f

)
ρ

(n)
eμ−1,eν−1 = k(n)

g→eρ
(n)
gμ−1,gν−1 + k

(n)
f →eρ

(n)
f μ−1,f ν−1 + iv(n)

ge

(√
νρ

(n)
eμ−1,gν − √

μρ
(n)
gμ,eν−1

)
. (C23)

Inserting Eqs. (C15) and (C16) into Eqs. (C13) and (C14), we have

ρ̃
(n)
eμ−1,f ν = 
(n)

μνv
(n)
gf

[(
ω̃

(n)
gf + ω̃μν

)
ρ

(n)
eμ−1,gν − v(n)

ge

√
μ

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)]
, (C24)

ρ̃
(n)
f μ,eν−1 = 
̃(n)

μνv
(n)
gf

[(
ω̃

(n)∗
gf − ω̃μν

)
ρ

(n)
gμ,eν−1 − v(n)

ge

√
ν
(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

)]
. (C25)

Inserting the above results into Eqs. (C7) and (C8), we have

ρ
(n)
gμ,eν−1 = �̃(n)

μν
̃
(n)
μνv

(n)2
gf v(n)

ge

√
ν
(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

) + �̃(n)
μνv

(n)
ge

(√
νρ(n)

gμ,gν − √
μρ

(n)
eμ−1,eν−1

)
, (C26)

ρ
(n)
eμ−1,gν = �(n)

μν

(n)
μνv

(n)2
gf v(n)

ge

√
μ

(
ρ(n)

gμ,gν − ρ
(n)
f μ,f ν

) + �(n)
μνv

(n)
ge

(√
μρ(n)

gμ,gν − √
νρ

(n)
eμ−1,eν−1

)
. (C27)

Here, we have introduced the abbreviations

1/�(n)
μν = 
(n)

μνv
(n)2
gf

(
ω̃

(n)
gf + ω̃μν

) − (
ω̃(n)

eg + ω̃μ−1ν

)
, (C28)

1/�̃(n)
μν = 
̃(n)

μνv
(n)2
gf

(
ω̃

(n)∗
gf − ω̃μν

) − (
ω̃(n)∗

eg − ω̃μν−1
)
. (C29)

Inserting Eqs. (C26) and (C27) into Eqs. (C21)–(C23), we get⎡
⎢⎣

M (11)
n;μν M (12)

n;μν M (13)
n;μν

M (21)
n;μν M (22)

n;μν M (23)
n;μν

M (31)
n;μν M (32)

n;μν M (33)
n;μν

⎤
⎥⎦

⎡
⎢⎢⎣

ρ(n)
gμ,gν

ρ
(n)
eμ−1,eν−1

ρ
(n)
f μ,f ν

⎤
⎥⎥⎦ =

⎡
⎢⎣

k(n)
e→g

−k
(n)
e→f

0

⎤
⎥⎦ρμν +

⎡
⎢⎣

0
0

−k
(n)
f →e

⎤
⎥⎦ρμ−1ν−1. (C30)

Here, we have used ρ(n)
eμ,eν = ρμν − ρ(n)

gμ,gν − ρ
(n)
f μ,f ν to get the first and second line of Eq. (C30). In order to get the third line

of Eq. (C30), we replace ρf μ−1,f ν−1 by ρμ−1,ν−1 − ρ
(n)
gμ−1,gν−1 − ρ

(n)
eμ−1,eν−1 and then upgrade ρ

(n)
gμ−1,gν−1 by ρ(n)

gμ,gν . The matrix

elements M
(ij )
n;μν are defined as follows:

M (11)
n;μν = iω̃μν + k(n)

e→g + A(n)
μν + 2B(n)

μν + C(n)
μν , (C31)

M (12)
n;μν = −(

E(n)
μν + F (n)

μν

)
, (C32)

M (13)
n;μν = −(

k
(n)
f →g − k(n)

e→g + B(n)
μν + C(n)

μν

)
, (C33)

M (21)
n;μν = k

(n)
g→f − k

(n)
e→f + B(n)

μν + C(n)
μν , (C34)

M (22)
n;μν = −F (n)

μν , (C35)

M (23)
n;μν = −(

iω̃μν + k
(n)
f →g + k

(n)
f →e + k

(n)
e→f + C(n)

μν

)
, (C36)

M (31)
n;μν = k(n)

g→e − k
(n)
f →e + F (n)

μν + E(n)
μν , (C37)

M (32)
n;μν = −(

iω̃μ−1ν−1 + k(n)
e→g + k

(n)
e→f + k

(n)
f →e − G(n)

μν

)
, (C38)

M (33)
n;μν = −F (n)

μν . (C39)
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Here, to simplify the expressions, we have introduced the abbreviations

A(n)
μν = iv(n)2

ge

(
�(n)

μνμ − �̃(n)
μνν

)
, (C40)

B(n)
μν = iv

(n)2
gf v(n)2

ge

(
�(n)

μν

(n)
μνμ − �̃(n)

μν
̃
(n)
μνν

)
, (C41)

C(n)
μν = iv

(n)4
gf v(n)2

ge

(
�(n)

μν

(n)2
μν μ − �̃(n)

μν
̃
(n)2
μν ν

) − iv
(n)2
gf

[

(n)

μν

(
ω̃

(n)
ef + ω̃μ−1ν

) − 
̃(n)
μν

(
ω̃

(n)∗
ef − ω̃μν−1

)]
, (C42)

E(n)
μν = iv(n)2

ge

√
μν

(
�(n)

μν − �̃(n)
μν

)
, (C43)

F (n)
μν = iv(n)2

ge v
(n)2
gf

√
μν

(
�(n)

μν

(n)
μν − �̃(n)

μν
̃
(n)
μν

)
, (C44)

G(n)
μν = iv(n)2

ge

(
�̃(n)

μνμ − �(n)
μνν

)
. (C45)

In the next step, we calculate the inverse matrix of M
(ij )
n;μν and denote it as O

(ij )
n;μν to solve Eq. (C30):

ρ(n)
gμ,gν = (

O(11)
n;μνk

(n)
e→g − O(12)

n;μνk
(n)
e→f

)
ρμν − O(13)

n;μνk
(n)
f →eρμ−1ν−1, (C46)

ρ
(n)
eμ−1,eν−1 = (

O(21)
n;μνk

(n)
e→g − O(22)

n;μνk
(n)
e→f

)
ρμν − O(23)

n;μνk
(n)
f →eρμ−1ν−1, (C47)

ρ
(n)
f μ,f ν = (

O(31)
n;μνk

(n)
e→g − O(32)

n;μνk
(n)
e→f

)
ρμν − O(33)

n;μνk
(n)
f →eρμ−1ν−1. (C48)

Inserting Eqs. (C46)–(C48) into Eqs. (C26) and (C27), we get

ρ
(n)
gμ,eν−1 = �̃(n)

μν
̃
(n)
μνv

(n)2
gf v(n)

ge

√
ν
[(

O(11)
n;μν − O(31)

n;μν

)
k(n)
e→g − (

O(12)
n;μν − O(32)

n;μν

)
k

(n)
e→f

]
ρμν

− �̃(n)
μν
̃

(n)
μνv

(n)2
gf v(n)

ge

√
ν
(
O(13)

n;μν − O(33)
n;μν

)
k

(n)
f →eρμ−1ν−1 + �̃(n)

μνv
(n)
ge

[(√
νO(11)

n;μν − √
μO(21)

n;μν

)
k(n)
e→g

− (√
νO(12)

n;μν − √
μO(22)

n;μν

)
k

(n)
e→f

]
ρμν − �̃(n)

μνv
(n)
ge

(√
νO(13)

n;μν − √
μO(23)

n;μν

)
k

(n)
f →eρμ−1ν−1. (C49)

ρ
(n)
eμ−1,gν = �(n)

μν

(n)
μνv

(n)2
gf v(n)

ge

√
μ

[(
O(11)

n;μν − O(31)
n;μν

)
k(n)
e→g − (

O(12)
n;μν − O(32)

n;μν

)
k

(n)
e→f

]
ρμν

−�(n)
μν


(n)
μνv

(n)2
gf v(n)

ge

√
μ

(
O(13)

n;μν − O(33)
n;μν

)
k

(n)
f →eρμ−1ν−1 + �(n)

μνv
(n)
ge

[(√
μO(11)

n;μν − √
νO(21)

n;μν

)
k(n)
e→g

− (√
μO(12)

n;μν − √
νO(22)

n;μν

)
k

(n)
e→f

]
ρμν − �(n)

μνv
(n)
ge

(√
μO(13)

n;μν − √
νO(23)

n;μν

)
k

(n)
f →eρμ−1ν−1. (C50)

With these results, we are now ready to consider the following summations

iv(n)
ge

(√
μρ

(n)
eμ−1,gν − √

νρ
(n)
gμ,eν−1

) = H (n)
μν ρμν − I (n)

μν ρμ−1ν−1, (C51)

iv(n)
ge

(√
vρ

(n)
eμ−1,gν − √

μρ
(n)
gμ,eν−1

) = J (n)
μν ρμν − K (n)

μν ρμ−1ν−1. (C52)

Here, we have introduced the following abbreviations

H (n)
μν = [(

A(n)
μν + B(n)

μν

)
O(11)

n;μν − E(n)
μνO

(21)
n;μν − B(n)

μν O(31)
n;μν

]
k(n)
e→g − [(

A(n)
μν + B(n)

μν

)
O(12)

n;μν − E(n)
μνO

(22)
n;μν − B(n)

μν O(32)
n;μν

]
k

(n)
e→f , (C53)

I (n)
μν = [(

A(n)
μν + B(n)

μν

)
O(13)

n;μν − E(n)
μνO

(23)
n;μν − B(n)

μν O(33)
n;μν

]
k

(n)
f →e, (C54)

J (n)
μν = [(

E(n)
μν + F (n)

μν

)
O(11)

n;μν + G(n)
μνO

(21)
n;μν − F (n)

μν O(31)
n;μν

]
k(n)
e→g (C55)

− [(
E(n)

μν + F (n)
μν

)
O(12)

n;μν + G(n)
μνO

(22)
n;μν − F (n)

μν O(32)
n;μν

]
k

(n)
e→f ,

K (n)
μν = [(

E(n)
μν + F (n)

μν

)
O(13)

n;μν + G(n)
μνO

(23)
n;μν − F (n)

μν O(33)
n;μν

]
k

(n)
f →e. (C56)

Inserting Eqs. (C51) and (C52) into Eq. (C1), we get the equations for the plasmon RDM only:

∂

∂t
ρμν = −iωμνρμν − γpl[(μ + ν)/2]ρμν + γpl

√
(μ + 1)(ν + 1)ρμ+1ν+1

−
Nm∑
n=1

(
H (n)

μν + K
(n)
μ+1ν+1

)
ρμν +

Nm∑
n=1

I (n)
μν ρμ−1ν−1 +

Nm∑
n=1

J
(n)
μ+1ν+1ρμ+1ν+1. (C57)

The diagonal element of the plasmon RDM can be interpreted as the plasmon state population Pμ = ρμμ. The equations for
the population can be easily achieved from Eq. (C57) and are given as Eq. (3) in the main text. There, we have introduced the
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molecule-induced plasmon damping rate

kμ =
Nm∑
n=1

H (n)
μμ =

Nm∑
n=1

J (n)
μμ, (C58)

and the molecule-induced plasmon pumping rate

pμ =
Nm∑
n=1

I (n)
μμ =

Nm∑
n=1

K (n)
μμ. (C59)
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