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A quantum Galilean cannon is a one-dimensional sequence of N hard-core particles with special mass ratios and
a hard wall; conservation laws due to the reflection group Ay prevent both classical stochastization and quantum
diffraction. It is realizable through specie-alternating mutually repulsive bosonic soliton trains. We show that an
initial disentangled state can evolve into one where the heavy and light particles are entangled, and we propose
a sensor, containing Ny, atoms, with a /Nl times higher sensitivity than in a one-atom sensor with Ny

repetitions.
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I. INTRODUCTION

In a one-dimensional (1D) system of hard-core particles,
by tuning the ratios between the particle masses one can
choose a variety of distinct regimes of motion [1,2]. While
generic values result in thermalization, for some special ones
the system maps to known multidimensional kaleidoscopes
[3,4]. The outcome velocities then become determined by the
initial velocities only, independent of the initial positions if
the particle ordering is preserved. In the quantum version,
the eigenstates are finite superpositions of plane waves, with
no diffraction [5]. In particular a (run in reverse) Galilean
cannon—a hard wall followed by a 1D sequence of N hard-core
particles with mass ratios of 1 : % : é : % Teee m—will
evolve from a state where only the lightest particle is moving
(approaching the others from infinity), to a state where all of the
particles are moving away from the wall, with the same speeds.
The final state of the heavy particles is very different from the
initial one, yet highly predictable, presenting an opportunity:
if created, a superposition of the final and initial states would
resemble a Schrodinger cat state [6], in the following sense:
just as the « particle controls the well-being of the cat, so
the state of the lightest particle controls either (a) the rest of
the particles or (b) the heaviest particle, after the others are
detected [7]. And yet the whole system is in a pure state. The
stored entanglement is ready to be used, and we will propose
an interferometric application.

II. GENERAL SOLUTION FOR A TIME-DEPENDENT
SCHRODINGER EQUATION FOR A GALILEAN CANNON
ENSEMBLE OF HARD-CORE PARTICLES: EXAMPLE OF

A GAUSSIAN INITIAL STATE

Consider a system of N 1D hard-core particles with masses
my, my, ...,my on the half line x > 0, bounded by a hard
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wall at x = 0. The Hamiltonian is given by the kinetic energy,

N 2 2
N h 0
H=- —_— 1
the wave function W(xy, x;, ..., xy) satisfies the boundary
conditions

lI'l|)61:0 = lp|x1:x2 === \plxN,I:xN =0. (2)

The coordinate transformation x; = /u/m;z; for i =
1,2, ..., N,where y is an arbitrary mass scale that can be cho-
sen at will, converts the system to a single N-dimensional par-
ticle of mass p moving inside a mirror-walled wedge formed
by N mirrors; the outward normalized normals to its mirrors
are given by ny = —e; and n; = /m;/(m;_y +m;)e;—_ —
mi_1[/(m;_1 +m;)e; fori =2,3, ..., N, where e; is the
unit vector along the z; axis.

For a generic set of masses, sequential reflections about
the mirrors generate an infinite set of spatial transformations.
However, for every full reflection group [8] of a regular
multidimensional polyhedron (i.e., Platonic solid), there is
a set of masses whose corresponding system of mirrors
generates that group [4]. In these cases the eigenstates of
the system can be found exactly through Bethe ansatz [3,4]:
they are given by finite linear combinations of plane waves.
In particular, the “Galilean cannon” set of masses m, m; =
mi/3,m3y=mi/6, ...,my = mml corresponds to the
symmetry group of a regular N-dimensional tetrahedron [9].

As the initial state for the reverse Galilean cannon (Fig. 1,
insert), we take the tensor product of the Gaussian wave packets
for each particle, supplemented by its images needed to satisfy
the boundary conditions (2). The corresponding solution of the
time-dependent Schrodinger equation with the Hamiltonian
(1), subject to the boundary conditions (2), is
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FIG. 1. A light-heavy entangled state produced in a Galilean
cannon system with N =4 particles. The conditional two-body
density distribution for the heaviest and the lightest particles,
W (xy, 3¢, 6, x4)|?, is plotted, at a time #,,, subject to the second
and the third particles being held at (x,, x3) = (3, 6) £. The initial
state is a Gaussian wave packet for each of the particles. The mean
initial velocities of all the particles but the lightest vanish, while the
lightest is approaching the system at a speed V. The magnified
portions are centered around the self-crossing point, (x, x5, X3, X4) =
(1, 3, 6, 10) £, where the head of the distribution is capable of crossing
its tail. In the figures, the head part is not visible outside of the
crossing with the tail. The centers of the initial Gaussians are at
(xfo), xéo), xgo), xflo)) = (1,3, 6,31.5)¢. The speed V', the observa-
tion time, and the dispersions of the initial Gaussians are V© =
949 I /(m L), tops = 0.0332m£2/h, and (0,1, 02, Oy 3,004) =
(0.129, 0.223,0.315, 9.49) ¢, respectively. With the exception of the
lightest particle direction, the initial spatial distribution is round, if
expressed through the z coordinates; it is disproportionately elongated
in the z4 direction (i.e., the initial state of the lightest particle is
comparatively much broader) to ensure that the many-body wave
packet can self-cross. The observation time corresponds to the exact
middle point of the time evolution (see main text). Inset: Galilean
cannon run in reverse: the lightest particle sets in motion all the
heavy particles, at the same speed. In addition, the initial positions
of the particles are chosen in such a way that there exists a particle
configuration—namely, the initial positions of all particles but the
lightest, whose position is instead indicated by the cross—that is
realized twice in the course of the time evolution.

where

@20\ difpo? vy (=2 D) r2iprvo? /h
4021 +hn)/Quo?)]

Uz, 1129, v, 0,) = Alt)e

is the one-body Gaussian wave packet expanding freely;
A(t) = {271022[1 + (iht)/(Zuof)]2}71/4 is the normalization
constant. The sum runs over all possible distinct orthogonal
transformations of space g: all possible distinct outcomes that
can be generated by a finite succession of N reflections §j,,

W(z) LN W (z —2(n; - 2)n),

about mirrors defined by the normals r; described above. Each
transformation § can be labeled by a permutation of N + 1
objects with labels 0, 1, 2, ..., N; the N generators above are
mapped to a permutation of two consecutive objects, &, —
[(i — 1) <> i], and the multiplication table of the ¢ s is identical
to the multiplication table of the permutations. This solution is
obtained in the same way as the Bethe eigenstates in the case of
hard-wall kaleidoscopes [4], which, in turn, is a special case of
the general solution for kaleidoscopes with Robin’s boundary
conditions [3,10-15], which was inspired by the Bethe ansatz
solutions for a gas of bosons [16-19]. The set of g’s forms
the reflection group Ay, containing (N + 1)! elements [20].
P(g) is the parity of the group element, i.e., the parity of the
number of reflections about the N generating mirrors (given
in particular by the normals n; above) needed to produce this
element.

III. GENERATING AN ENTANGLED STATE
USING LONG WAVE PACKETS

Having obtained the general solution for the problem, let
us return to the physical coordinates xi, x, ... xy. For the
sequence depicted in the inset of Fig. 1 (“the Galilean cannon
run in reverse”), the initial velocities of the particles are v, y =
—V)EO) <0and vy =v,0=...=vyny—1 = 0. At the final
stage of the process, each particle moves away from the
wall with the same speed V, = /my/MV® = VO /N, where
M =YY 'm; is the total mass of the system. The initial
distances between the particles, and between the leftmost
particle and the wall, are assumed much greater than the
widths of their initial packets: xfo) > 0,1 and xl.(o) — xi((i)l >
max(oy i, 0x,;—1) fori =2,3, ..., N. In this case, the initial
state is close to a product state of individual nonoverlapping
states of finite support: the images, while formally present in
the expression (3), will be exponentially small at r = 0 (but
will come to prominence at later times, as the particle wave
packets move around and broaden).

If the initial multidimensional Gaussian wave packet is
sufficiently long, the various parts of the superposition (3) will
start overlapping at intermediate stages of the time evolution,
forcing the particles to entangle—despite the closeness of
the initial state to a product state. The most promising is
the superposition between 1. the initial packet and 2. the
“outgoing” one, where all the particles are moving with a
velocity +V,: here the state of the lightest particle controls the
state of each of the heavier ones, including the heaviest. It turns
out that for a properly tuned set of initial conditions, there will
be regions of space where these two waves spatially overlap
and all other parts of (3) are exponentially small. Indeed,
one can show that if a classical trajectory passes through
the point (x{*”, x5, ..., x$9) = (¢, 3¢, 6¢, ..., Y& it
will do so twice, once during the initial leg of the evolution
and once during the final. (Here and below, £ is an arbitrary
length scale, and the subscript “sc” stands for “self-crossing.”)
We will call (xgsc), xésc), ., xl(\‘jc)) the “self-crossing point.”
The distances between the particles increase linearly with the
index: x — x) = j¢. At the exact middle point of the time
evolution (which can be shown to equal the time when the
lightest particle would hit the wall if there were no other
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particles present), the state around the point of self-crossing
is close to

i [mNViU) (xN —xj\s,c))%-%]

W(xy, X2, ..., XN) X e

e[ i) et]

)

where the relative phase ¢ can be approximated, using the

eikonal approximation, as fi¢p = 2m;V?¢. This is obtained
. . (sc IT)
from the classical action, ftf y dt Z,N: ] mivi,i(t)/Z, between

the first and the second time the particles pass through the
self-crossing point (xgsc), xésc), ...,xﬁc)). Here v, ;(¢) is the
classical trajectory with the initial coordinates and velocities
given by the initial positions and velocities of the quantum
Gaussian wave packets. In the state above, the coordinate of the
lightest particle is entangled with the center-of-mass position
of the remaining bodies. Below we will use this entangle-
ment as a way to improve the sensitivity of interferometric
measurements. As for the “cat” per se, we have the position
of the center of mass of the particles being spread over an
~N?¢ range. If this seems too abstract, one can also generate
entanglement between two localized objects, one light and
one heavy: suppose the intermediate particles 2,3, ..., N — 1
have been detected at particular positions. The particles 1
and N remain entangled, in spite of the N — 2 hard walls
between them formed by the detected intermediate particles.
For example, when the intermediate particles are detected at
their “self-crossing” values, the state of the system becomes

vt ) ¢ D () 4]

R O P L 5 S

This state resembles a paradigmatic Schrodinger cat state in the
sense that a light particle (xy), the “o-particle,” is entangled
with a heavy one (x), the “cat” [7].

Figure 1 shows the results of time propagation according to
the above scheme, for N = 4. At the classical self-crossing
point, the incident and the outgoing waves dominate: as a
signature of that fact, we see the clear interference fringes in the
x1-x4 plane, with the wave vector given by the difference be-
tween the wave vectors of the two plane waves in (5). The
absence of diffraction is a sign of integrability [5,18]. Also note
that for a generic set of masses, the most probable outcome of
the process is equipartition of energy. In this case, the velocity

of the heaviest particle will be /N(N +1)/2 N2t N times
lower than in the integrable case, leaving it effectively at rest.

We have numerically computed the Rényi entropy
Sy[particle 1] = — In[Tr[pyi 1] for the reduced density
matrix Ppariicle 1 Of the heaviest particle, for the state truncated
to the square area in Fig. 1, and (x;, x3) fixed to (3, 6) £. To
compute the entropy, we discretized the (x;, x4) space into a
square grid and, in doing so, reduced the computation to a
standard setting where the Hilbert space has a finite number
of dimensions. We verified that for small enough grid spacing,
the entropy does not depend on the value of the spacing. As
expected, S»[particle 1] ~ In(1.991), close to In 2, indicating
two element-wise-distinct sets of particle momenta.

IV. GENERATING AN ENTANGLED STATE USING AN
ADDITIONAL MIRROR. INTERFEROMETRIC
MEASUREMENTS

The scheme described in the previous section is a prelim-
inary, most obvious attempt to generate entanglement. We
will now present a scheme that improves considerably on it
by addressing the following two drawbacks of the original
scheme.

The first drawback of the original scheme is that experimen-
tally, it would require one to discard most of the repetitions,
leaving only those where particles 2 through (N — 1) were
detected in positions close to the respective self-crossing
values. Notice, however, the following: consider the N-body
density corresponding to the full many-body wave function
W(xy, X2, ...,xy) in Eq. (4): if this density is plotted as
a function of the coordinate X = Xcom + %y, then, in
the vicinity of the self-crossing point, it shows interference
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FIG. 2. A Galilean-cannon-based interferometer: an example
with N = 4 particles. Initially all particles are at the point of self-
crossing, (xi, X2, x3,x4) = (1,3,6, ..., w N=*10) €. At time B,
a beam splitter is applied to the lightest particle. After a series
of collisions, each particle returns to its initial position, at the
detection time D, where the particle positions are measured. A
phase object, both spatially and temporarily localized, is shown as
a gray rectangle. While no individual particle position distribution
possesses any structure, the distribution of the X = Xcom + %x,\,
variable shows interference fringes, whose position is controlled
by the phase introduced by the object. The inset shows a sample
histogram derived from 79 900 simulated realizations of the detection
cycle. These were selected from a longer sequence, such that we kept
only the realizations with particle positions within a hypercube of
dimensions 0.1¢ x 0.1¢ x 0.1¢ x 0.1¢, centered at the self-crossing
point (1, 3, 6, 10) £. The distance between the crests is consistent with
the predicted value of AX = 27/(MV,) = 0.0165 £. The velocity
kick induced by the beam splitter is the same as the initial velocity
V@ of Fig. 1. The initial wave packet width of the lightest particle
is 0,4 = 0.408 ¢. The period of time between the beam splitting
and detection is 0.0210m£%/i. The remaining parameters are the
same as in Fig. 1. Note that because of the presence of the beam
splitter and the additional mirror, the initial wave packet is no longer
required to be long enough to self-cross. Accordingly, if viewed in
the z coordinates, the initial many-body wave packet is perfectly
round.

013630-3



OLSHANII, SCOQUART, YAMPOLSKY, DUNJKO, AND JACKSON

PHYSICAL REVIEW A 97, 013630 (2018)

fringes with crest-to-crest distance of AX = 27 /(MV). This
is as if the fringes were produced by a wave for a single
massive particle of mass M split by a =MV, /2 beam splitter.
Here Xcom = Z,N: , mix; /M is the center-of-mass coordinate.
These fringes can be made visible if the full four-body density
distribution is used to produce the distribution of X.

The second drawback of the original scheme is that one
needs a long coherence length in the initial wave packet
for the lightest particle, to ensure interference at the self-
crossing moment. This requirement can be relaxed if instead
the lightest particle, like the other particles, starts at rest at
its self-crossing position xy = wg. The lightest particle
is then beam split and subsequently reflected from a second
wall placed symmetrically to the first one (where the axis of
symmetry coincides with the initial position of the lightest
particle).

Both improvements are implemented in the interferometric
scheme shown in Fig. 2. Indeed, in this scheme, the beam
splitter only acts on the lightest particle, while due to the
entanglement buildup, the more massive particles also affect
the position of the fringes.

Below we will suggest a possible experimental realization
in which the role of the particles is played by polymers of
atoms: bosonic solitons. Assume that the lightest particle is
a polymer consisting of Mgy atoms. The heaviest one will
contain Npeayy = Might X N(N + 1)/2 ~ Nora atoms, where
Niotal is the total number of atoms in the system. Imagine that
a phase object, a potential barrier of height U, per atom, acting
during a limited time t, is introduced between the wall and the
default position of the heavy polymer. The best sensitivity to
the strength U of the phase object can be easily estimated
as AUagalilean cannon ™ h/(tMleavy) ~ h/(TMotal)a i.e., by the
energy-time uncertainty relation for an interferometer formed
by the heaviest polymer attempting to measure a barrier of hight
N U within a time t. However, if N individual atoms
are used, the maximal sensitivity is only AUindividual atoms ™~
n/(t/ Nrotal ), Which is the sensitivity of a single-atom interfer-
ometer further improved by the signal-to-noise reduction using
Niotal TEpeEtitive measurements. The net relative sensitivity gain
produced by the entanglement, for a given number of atoms
N available, becomes a gain ~ /Nl

V. CONCLUSION AND OUTLOOK

In conclusion, we showed that for a particular one-
dimensional mass sequence, it is possible to realize a protocol
in which the system evolves, on its own, from a product
state to a state where a heavy particle becomes entangled
with a light one, thus realizing Schrodinger’s a-cat-and-an-
o-particle paradigm. We show numerically that the Rényi
entropy of the heavy particle can rise to almost In2. The
robustness of the protocol is due to the integrability of the
model that protects it from both classical stochastization and
quantum diffraction. We suggest a concrete way to exploit
the heavy-light entanglement by proposing an atomic in-
terferometric sensor scheme that shows an /N increase
in sensitivity, where Ny is the total number of atoms
employed.
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APPENDIX A: A POTENTIAL EXPERIMENTAL
REALIZATION USING ATOMIC SOLITONS: REALIZING
DESIRED SOLITON MASS SPECTRA USING THE
CONSERVATION LAWS GOVERNING THE NONLINEAR
SCHRODINGER EQUATION

As an empirical realization of the scheme presented above
we suggest using chains of cold bosonic solitons [21-23]. For
our scheme, it is necessary to have two internal states available
(or, alternatively, two kinds of atoms). We assume that like
species attract each other, while the scattering length between
the opposite species is tuned to a positive value. For "Li atoms,
the desired window in Feshbach magnetic field strength does
exist: in particular, at 855G, the scattering lengths govern-
ing a (mp = —1)—(mp = 0) mixture are a_; _; ~ —0.5asg,
ao0 < —10ag, and a_; o ~ +1.0ag, where ag is the Bohr
radius [24]. The kinetic energy of the relative motion of the
solitons must be lower than both the intra- and interspecies
interaction energy per particle, in order to ensure both a sup-
pression of the inelastic effects and an absence of interspecies
transmission.

Finally, the soliton sizes must be adjusted to fit the desired
mass sequence. In order to accurately (and in the mean-field
limit exactly) divide the gas onto the desired fractions, one can
use the nontrivial integrals of motion present, at the mean-field
level, in cold 1D Bose gases [25-27]. Let N be an integer
and o a real number such that —1/2 < o < 41/2. According
to Ref. [26], a sudden increase in the coupling constant by a
factor of 7 = (N + «)? simultaneously produces two kinds of
objects: first, N stationary solitons whose masses form the
ratio (1 +2a): (3 +2a):---: (2N — 1 4+ 2a) and, second,
spatially expanding thermal excitations that carry a fraction
of (a/(N + a))? of the initial population. The most straight-
forward, but hopefully not the most optlmal way of generating
the desired mass spectrum 1 : 3 % : E - N(Z\% ) would
be to start from a single soliton and then quench the coupling
constant up by a factor n = (N + «)?, with o = 1 and N =

lem ({1,3, 6,10, ..., ¥2*D}) Here lem(- - -) stands for the

“least common multiple.” The resulting ensemble of N solitons
(with masses increasing in a geometric progression) must
subsequently be pruned extensively, leaving only the following

_2N  2N-1
members of the mass progression: NONET)? (N-DN* * and N.
Those will constitute the desired sequence. Regretfully, only
16N N
) QN+D(N+1)
rest will be lost to either a thermal component or the removed
solitons of unwanted masses
For instance, the 1, 4 3 6, 110 mass spectrum considered
above can be created using a quench of the coupling constant

by a factor of 84—1. The third, fifth, 10th, and 30th members of

a fraction of of the initial soliton will be used; the
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the resulting arithmetic progression of masses would constitute
the target sequence. This sequence will comprise % ~ 0.1
of the population of the initial soliton. Note that already for
a 10-soliton target sequence, this proportion is much lower,
namely, % ~ 0.0003. Further optimization of the mass-

spectrum generating procedure is needed.

APPENDIX B: SENSITIVITY TO SHOT-TO-SHOT
MASS FLUCTUATIONS

Potentially, residual fluctuations in the soliton occupations
may be detrimental to the effects we discuss. To address this
problem, we performed a series of classical simulations of the
dynamics of a Galilean cannon with masses fluctuating from
one run to another. For a given particle, the variance of its mass
fluctuations was proportional to the mean particle mass, mim-
icking the Poissonian law, while the mass distribution itself
had a rectangular profile. The spectra of the mean masses was
the same as the mass spectra considered above. The parameter
€ = s.d.[my]/mean[my] controlled the overall magnitude of
the mass fluctuations. In the integrable limit, ¢ — 0, the final
velocities of the particles are equal. On the other hand, for finite
values of €, one expects to see, on average, an equipartition
of energy. As a quantitative definition of the critical value
€* that signifies the transition between the integrable and
stochastic regimes, we choose the value of € at which S E—gv,
where S is the spectral entropy of the heaviest-lightest pair,

0.50+

0.10r .

0.05 °

5 10 50

100 500 1000 N
FIG. 3. Relative size of the mass fluctuation of the lightest particle
at which a transition from an integrable to stochastic behavior occurs,

as a function of the number of particles.

SE ==Y varIngy, withg? = (Ey)eo/ D ey v (Endeo
and E, = m, v,% /2, where (- - - ) is the infinite time average
(this entropy is expected to be maximized whenever a system is
stochastic); and SV is the “velocity” entropy of the pair, S* =
=2 et n 4y In gy With g = (Va)oo/ 30—y, y {Vn)eo (in our
case, this entropy is maximized in the integrable regime,
because then all final velocities are equal). Our results (see
Fig. 3) show that up to 1000 particles, mass fluctuations less
than 5% can be tolerated.
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