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Finite-temperature behavior of the Bose polaron
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We consider a mobile impurity immersed in a Bose gas at finite temperature. Using perturbation theory valid
for weak coupling between the impurity and the bosons, we derive analytical results for the energy and damping
of the impurity for low and high temperatures, as well as for temperatures close to the critical temperature
T. for Bose-Einstein condensation. These results show that the properties of the impurity vary strongly with
temperature. In particular, the energy exhibits a nonmonotonic behavior close to 7,, and the damping rises
sharply close to 7,.. We argue that this behavior is generic for impurities immersed in an environment undergoing
a phase transition that breaks a continuous symmetry. Finally, we discuss how these effects can be detected

experimentally.
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I. INTRODUCTION

The experimental realization of highly population-
imbalanced atomic gases has dramatically improved our
understanding of the properties of mobile impurities in a
quantum medium. Using Feshbach resonances [1] to tune the
interaction between the impurity and the reservoir, cold-atom
experiments have systematically explored the properties of
impurities first in fermionic [2—4] and recently also in bosonic
[5,6] reservoirs. While there are many similarities between
impurities in fermionic and bosonic reservoirs (termed the
Fermi and Bose polarons, respectively), there are also impor-
tant differences. For instance, whereas the Fermi polaron has a
sharp transition to a molecular state with increasing attraction
[7-15], the Bose polaron exhibits a smooth crossover instead,
either to a molecular state [16] or the lowest Efimov trimer
[17] depending on the value of the three-body parameter. The
Bose polaron has also been proposed to be unstable toward
other lower lying states [18,19].

Here, we investigate a unique feature of the Bose polaron
(polaron from now on): The medium exhibits a phase transition
between a Bose-Einstein condensate (BEC) and a normal gas.
The effect of such a transition on the quasiparticle properties
has not been explored before in previous finite-temperature
studies of the Bose polaron [20,21]. Using perturbation theory
valid for weak coupling, we show that this transition gives rise
to several interesting effects. Both the energy and the damping
of the polaron depend strongly and in a nontrivial way on the
temperature in the region around the critical temperature 7.
More generally, these effects are relevant to the behavior of
quasiparticles near a phase transition that breaks a continuous
symmetry of the system. We discuss how these effects can
be measured. Very recently, the temperature dependence of
the polaron was investigated for strong coupling [22]. Our
present study focuses instead on the weak-coupling regime
where rigorous results can be derived.

The paper is organized as follows. In Sec. II, we describe
the model and introduce the perturbative framework. Our
main results are presented in Sec. III. Here we describe the
polaron properties in three different temperature regimes: at
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low temperature, in the region close to the critical temperature
for Bose-Einstein condensation, and all the way to high
temperature. We conclude in Sec. I'V.

II. MODEL AND METHODS

We consider an impurity of mass m in a gas of bosons with
mass mp. The Hamiltonian is
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where the operators bl and cl create a boson and the
impurity, respectively, with momentum k and free dispersions
ep = k?/2myp and ex = k*/2m. The boson-boson and the
boson-impurity interactions are short range with coupling
strengths gg and g, respectively, and we work in units where
the volume, 7, and kg are 1.

The Bose gas is taken to be weakly interacting, i.e., naf3 «l1,
where 7 is the boson density and ag > 0 is the boson-boson
scattering length. As we are interested in deriving rigorous
results, we use Popov theory to describe the Bose gas. Below

the BEC critical temperature 7, 2~ W%,

the usual Bogoliubov dispersion Eyx = [ef(ef + 27gng)]
where ng is the condensate density, and 7 = 4mwag/mp
the boson vacuum scattering matrix. Below T, we have the
normal and anomalous propagators for the bosons in the BEC,

we have
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where uj =1+ v = [(f + Tgno)/Ex +11/2 are the
coherence factors and wy = i2sT is a boson Matsubara
frequency with s integer. The condensate density is then found
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FIG. 1. [(a), (b)] First-order and [(c)—(h)] second-order diagrams
for the impurity self-energy. The impurity propagator is shown as the
bottom red lines, and the external impurity propagators attach to the
red dots. The boson normal and anomalous propagators are shown
as the upper solid black lines, while dashed lines are condensed
bosons. The wavy vertical lines denote the impurity-boson scattering
matrix 7,,.

self-consistently from the condition
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where fi = [exp(Ex/T) — 117" is the Bose distribution
function for temperatures 7 < T.. Popov theory provides
an accurate description except in a narrow critical region
determined by |T — T.|/ T, < n'/*ag [23].

~

Perturbation theory

We use perturbation theory in powers of the impurity-
boson scattering length a to analyze the impurity problem.
At T =0, this approach has yielded important information.
For instance, the impurity energy was shown to depend
logarithmically on a at third order [24], similarly to the energy
of a weakly interacting Bose gas beyond Lee et al. [25,26].
The first order self-energy in Figs. 1(a) and 1(b) gives the
mean-field energy shift ¥; = 7,n, where 7, = 2ma/m, is
the boson-impurity scattering amplitude at zero energy, with
m, = mgm/(mp + m) being the reduced mass. This shift is
independent of temperature, and in order to get a nontrivial 7
dependence, we need to go to second order.

The six possible second-order diagrams are shown in Fig. 1.
Diagrams 1(c)-1(f) yield the “Frohlich” contribution

1
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where the frequency w is taken to have an infinitesimal
positive imaginary part. The first term in the integrand comes
from replacing the bare boson-impurity interaction g with the
scattering matrix 7, (see, e.g., Ref. [24]). These diagrams are
nonzero only for 7 < T, as they correspond to the scattering
of a boson into or out of the condensate. The term 1" can also
be obtained from the Frohlich model [27-29].
The “bubble” diagrams [Figs. 1(g) and 1(h)] give
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K
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where the pair propagators IT1y; and Il;, are given in
Appendix A. The bubble diagrams have not previously
been evaluated, as they require particles excited out of the
condensate and consequently are suppressed by a factor
x/noag for T <« T, compared with the Frohlich diagrams.
Their magnitude, however, increases with 7 as particles get
thermally excited out of the BEC, and Ef is indeed the only
nonzero contribution to second order for T > T,.. Note that
the Frohlich model does not include Zf and therefore cannot
describe the polaron correctly for finite 7' [24].

III. BOSE POLARON AT FINITE TEMPERATURE

The polaron energy E, for a given momentum p is found
by solving Ep = €, + Re[Z(p, Ep)]. Here, we focus on an
impurity with momentum p = 0. To second order in a, it is
sufficient to evaluate the self-energy for zero frequency [24],
and the equation for the polaron energy therefore simplifies to

E =Re[2(0,0)] = 7,n + Re[Z] (0,0) + £7(0,0)]. (6)

The broadening of the polaron is given by I =
—Im[2£(0,0) + ££(0,0)]. To simplify the notation, we will
suppress the momentum and energy arguments of the self-
energy, as these are zero. Instead, we will write X(T) to focus
on the T dependence.

Our main results for the second-order polaron energy shift,
AE = E — Tyn, and broadening I' are shown in Fig. 2 for
m = mp. We observe a strong temperature dependence, along
with an intriguing nonmonotonic behavior across the phase
transition. We discuss the various regimes and limiting cases
in the following. For concreteness, we mainly discuss the case
of equal masses mp = m, with the equations for mp # m
relegated to the appendices.

A. Low-temperature behavior

The term (7)) can be evaluated analytically for 7 = 0,
giving [24,28,29]

3242 a*ng
3 méo ’

where & is the healing length & = 1/4/8mnpap evaluated at
zero temperature. An analytic expression for general mass ratio
is given in Ref. [28].

When evaluating Y8 we find that it contains terms that
diverge logarithmically at large momentum. This is similar to
the third-order logarithmic divergence in the polaron energy
at T = 0 [24]. The divergence can be cured by including the
momentum dependence of the scattering matrix, which pro-
vides an ultraviolet cutoff at the scale 1/k = a* ~ max(a,ap).
Since the healing length sets the lower limit in the momentum
integral, we find

4/6ma’ng ( 2 "
m”; - (3\7/T§ - 1) noag In(@*/€),  (8)

where we ignore terms of order (npaag)’. Equation (8) is
suppressed by (noa3)!/? compared with £ (0), and we thus
ignore the terms in ©7 that give rise to this divergence and
focus on the remainder, denoted flf (T) (see Appendix B

A (7

22(0) ~
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FIG. 2. (a) Second-order energy shift and (b) decay rate for
m = mg. The lines are for n'/3ay taking the values 0.04 (solid),
0.1 (dashed), and 0.25 (short dashed). In panel (a), we also show
the T = T, prediction (12) for the three interaction values (dots), as
well as the low-temperature prediction to fourth order in 7'/ 7, (thin,
black). The shaded region illustrates where Popov theory is expected
to fail.

for details). Note that a divergent term of the form (8)
in the self-energy is to be expected, since at a = ap the
polaron ground-state energy must correspond to the chemical
potential of a weakly interacting Bose gas, i.e., E = d Ews/0n,
with Ews being the energy of the weakly interacting Bose
gas including the correction by Wu and Sawada [25,26].
From this argument, we also conclude that there must be a
similar contribution arising from the Frohlich-type diagrams
if we treat the excitations of the BEC beyond Bogoliubov
theory. Such an investigation is beyond the scope of this
work.

To proceed, we take advantage of how the self-energy below
T, simplifies into a product of a T-dependent prefactor and a
function of &/A, where A = (27'r/mBT)1/2 is the de Broglie
wavelength. Specifically

no(T)
no(0)

3/2
Ef(T)=2§(0)( )[1+Ip($//\)]. )

Here 7y is a dimensionless form of the integral appearing
in (4); see Appendix B for details. It vanishes at 7 = 0 and
its imaginary part at low temperature is only nonzero when
m < mp (Appendix C). Similarly to Eq. (9), an expression for
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2B(T) which explicitly contains the additional suppression
factor (noaz)l/ 2 is given in Appendix B.

Because of the suppression factor, at low temperature we
neglect 2 and focus on ©F. Here, the superfluid density
no(T) decreases as T2 for T <« T, [23,30], which from Eq. (9)
gives a T? decrease in the polaron energy. Indeed, expanding
Eq. (3) at low temperature yields

n—noT)  mAT/T)
n60(3) (nad) "

(T T
480z (3)"* (nag)™"®
(10)

where at each order in 7/T, we keep only the leading-
order contribution in nag. However, we find that Zp(§/A) «
(na%)"‘/ 3(T/ T.)* for T « T, and since this increase is
proportional to (na%)"‘/ 3, it quickly dominates for a weakly
interacting BEC. As a result, we obtain

n?a® T*

E(T) >~ E —_———,
) ()+6Oa§nc3

(1)

where we have introduced the speed of sound in the BEC: ¢ =
(4magn)'/? /m. Interestingly, the low T dependence of the po-
laron energy (11) can be related to the free energy of phonons in
a weakly interacting BEC for T <« T,: Fy, = —7>T*/(90c?)
[31]. Indeed, by setting a = ag we find that (11) exactly
matches the change in the BEC chemical potential due to the
thermal excitation of phonons, i.e., Au = —Bth/8n|T’V. To

our knowledge, this 7* increase in the chemical potential of a
weakly interacting BEC has never been measured. Our result
thus suggests a way to measure this effect using, for instance,
radio-frequency (RF) spectroscopy on the impurity [5,6].

B. Behavior close to 7,

‘We now turn our attention to temperatures close to 7,. From
Eq. (4) it follows that EZF(T) o« no(T) and one would at first
sight expect that it vanishes as T — T, This is in fact not the
case when m = my. Expanding Eq. (4) to lowest order in ny
yields

72 na’®
2(T0) = ?;ka =dr (12)
k

Thus, 24 (T) has a nonzero value o 1/ag when T — T..
Since Zf obviously is zero for T > T, this means that it is
discontinuous at T,.. The origin of this surprising result is that
the low-energy spectrum of the Bose gas changes from linear to
quadratic in momentum at 7, increasing the density of states
dramatically. Consequently, the diagram given by Fig. 1(d),
describing the scattering of the impurity on a thermally excited
boson, develops an infrared divergence for np — 0 whenm =
mpg. For m % mg, on the other hand, we find EZF(TC_) =0so
that £¥ is continuous across 7.; see Appendix B.

Above T, f)f (T) is the only nonzero second-order term and
Eq. (5) simplifies considerably since vk = 0 and Ex becomes
6,](3 + Tgn — u; i.e., Popov theory corresponds to the Hartree-
Fock approximation for 7 > T.. The boson chemical potential
is therefore . = pig + 7gn, with pyq the chemical potential of
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an ideal Bose gas. We obtain

(T > Tp) 1
= — IN(T/T,
=T =0) n(l)/3(0)aB[ VT
3yr[Lia2) + L log?(1 — 2)] [ T \?
i 16277(3/2) <T> ’

13)
where we have used the ideal Bose gas relation nA> = Lis 2(2),
with Li being the polylogarithm and z = exp(uig/T) being
the fugacity. The dimensionless function Zy(T/T,) is given
in Appendix D. It follows from Eq. (13) that the imaginary
part of the self-energy diverges as log?(1 — z) when z — 1
for T — T;. This comes from infrared divergences in the
integrals containing the Bose distribution function. Physically,
it means that the polaron becomes strongly damped close to
T,. The real part of X,(T) can also be shown to diverge when
T — T as outlined in Appendix D.

C. High-temperature behavior

Finally, we consider the limit 7 >> T,. Expanding the self-
energy to lowest order in the fugacity z yields

BE(T) ... 3@ T
50 —K[o.315T SATTTRYITE Tg] (14)

with k = [no(O)ag]’l/ 6. Thus, whereas the energy shift of the
polaron decreases with increasing temperature, the polaron
becomes increasingly damped as the impurity collides with
more energetic bosons.

D. Validity of perturbation theory

At T = 0, the small parameter of perturbation theory is
a/& and we additionally require a”/agé < 1 for the polaron
to be well defined [24]. In general, we expect perturbation
theory to be valid provided ¥, < ¥,. From this, we derive the
condition |a| < ag valid close to T, by comparing (12) with
the first-order shift 7,n. For a small gas parameter, n'Bag,
this condition is much stricter than the 7 = 0 conditions. We
therefore expect perturbation theory to break down earlier
for temperatures close to T,. Above T, perturbation theory
is accurate when n~'/3 1 > |a|. Note also that perturbation
theory breaks down in the critical region | T — T,.|/T. < n'/3ag
[23,32], which is the origin of the infrared divergences as T —
T.. However, the critical region is narrow for a weakly interact-
ing BEC, making our results reliable except very close to 7.

E. Numerical results

In Fig. 2, we plot the second-order self-energy X, as
a function of 7, evaluated numerically using Eq. (9) for
various values of the gas parameter. We see an intriguing
nonmonotonic temperature dependence of both the polaron
energy shift and damping. For T < T, the energy shift
increases and the numerical results recover our predicted 7
behavior in Eq. (11) for T <« 7. In particular, the rate of the
increase scales with ag /% 50 that there is a strong temperature
dependence when the gas parameter of the BEC is small. The
damping of the polaron, I' = —Im X, also increases with 7
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FIG. 3. Polaron energy as a function of interaction strength.
(a) m = mp and n'/3ag = 0.003 as in the Aarhus experiment [5] for
T = 0 (solid line) and 7' = T,/10 (dashed). (b) m/mp = 40/87 and
n'3ag = 0.03 as in the JILA experiment [6] with T = 0 (solid line)
and T = T, /2 (dashed). The lines are thinner in the regime a®> > ag&,
where the polaron ceases to be a well-defined quasiparticle [24],
and they are only plotted in the range where the finite-temperature
second-order shift is smaller than the mean-field energy. Note that
our perturbative results are reliable at a higher temperature in the
JILA experiment since the gas parameter n'/3ag is larger than in the
Aarhus experiment.

as more thermally excited bosons scatter on the impurity. Both
the energy shift and the damping vary strongly close to 7. This
reflects both the logarithmic divergences discussed above as
well as the discontinuous jump in the Frohlich self-energy at
T. given by Eq. (12), which is indicated by e’s in Fig. 2. Since
perturbation theory breaks down close to 7., we do not plot
the numerical results in this region. For T > T, the energy
shift of the polaron decreases and it vanishes as 7 — oo. The
predicted increase in the damping rate for 7 > T in Eq. (14)
is not visible in the range of temperatures shown in Fig. 2,
which focuses on the phase transition region.

In Fig. 3, we plot the total polaron energy X; + 3, as a
function of the interaction parameter 1/n'/3a for zero and finite
temperature. We consider both the Aarhus *’K experiment and
the JILA *°K-3’Rb experiment, where the latter corresponds
to the case of a light impurity. In the region where we expect
perturbation theory to be reliable, we see that the polaron
energy for the equal-mass Aarhus case is shifted significantly
higher by temperature, even when 7' < T... Moreover, we find
a small decay rate I' << AE in this regime. Thus, the polaron
energy shift should be measurable, as we discuss below. On
the other hand, the light impurity in the JILA case has a finite-
temperature energy shift that is negative rather than positive.
The reason is that—contrary to the equal mass case— X5 (T') is
now continuous across 7, where it goes to zero, as discussed
in Sec. III B. Its positive contribution to the polaron energy
is therefore much smaller, and the overall temperature shift
becomes negative. The decay rate I', on the other hand, is
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comparable to |A E| in the regime where | A E| is significant for
the JILA parameters. This can be traced to the fact that E{ (T)
develops a pole and corresponding imaginary part when m <
mp—see Appendix C for an analytic expression for ImX4'.
Physically, the pole originates from processes where thermally
excited Bogoliubov modes scatter resonantly on the polaron.
These scatterings are possible since the equation €x = Ey has
a solution for m < mg, and they lead to decay.

IV. DISCUSSION AND CONCLUSION

The nontrivial temperature dependence of the impurity
properties close to 7, is due to quite generic physics and
is not limited to the specific system at hand. It originates
from the change of the dispersion from quadratic to linear
at T, which is a consequence of the U (1) symmetry-breaking
resulting from the formation of a condensate. This dramatically
changes the low-energy density of states of the Bose gas,
which impacts the excitations that couple strongly to the
impurity. Thus, similar effects should occur in other systems
involving impurities coupled to a reservoir that undergoes
a phase transition where a continuous symmetry is broken.
This includes impurities in helium mixtures [33], conventional
or high-T, superconductors [34], magnetic systems [35], and
nuclear matter [36].

The temperature dependence of the polaron energy can
be investigated by RF spectroscopy of *K atoms. In these
experiments, a RF pulse transfers a small fraction of atoms
fromaBECinthe |FF = 1,mp = —1) state into the |1,0) state,
such that they form mobile impurities. The impurity-BEC
interaction is highly tunable using a Feshbach resonance and
thus the polaron energy can be obtained both for attractive
and repulsive interactions. As shown in Fig. 3, the energy
shift due to a finite temperature is sizable in the regime where
perturbation theory should be reasonable: at 1/(n'/3a) = 10
the energy at T = T,/10 compared to 7' = O corresponds to
a RF frequency shift of ~7 kHz, which is comparable to the
experimental resolution. Since the temperature dependence of
the polaron energy scales with £ (0) o a’ny, it is favorable
to access a given interaction strength by choosing a large
scattering length and accordingly small density.

To conclude, using perturbation theory valid in the weak
coupling regime, we investigated the properties of the Bose
polaron as a function of temperature. We derived analytical
results both for low temperature 7 < T,, T ~ T,, and high
temperature 7 >> T,. These results show that the superfluid
phase transition of the surrounding Bose gas has strong effects
on the properties of the polaron. The energy depends in
a nontrivial way on 7 with a pronounced nonmonotonic
behavior around T, and the damping increases sharply as
T, is approached. We argued that these effects should occur
in a wide range of systems consisting of impurities immersed

J
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in an environment undergoing a phase transition. Finally, we
discussed how this intriguing temperature dependence can be
detected experimentally.
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APPENDIX A: PAIR PROPAGATORS

After performing the Matsubara frequency sums, we obtain

21 2 2m,
1'111(17)=Z[ il + Ji) Vicfi +k_n;i|

Lz Ex —€kip 7+ Ex — €kyp
(A1)

for the normal pair propagator at four-momentum p = (p,z),
and

Mi(p) = =T Y Gia(—k, — 0,)G(K+ p.o, +2)

“zl

Moa(p) = =T Y Gor(—k, — ©,)G(k + p,, +2)

x|

for the anomalous and particle-hole propagators.

Uk Vi fic
€k+p — Ex—z

uxv(1 + fi) n
Ek + €k+p — <

} . (A2)

vi(l + f)
Z— Ek — €k+p

Mﬁfk

7+ Ex — €k+4p

} (A3)

APPENDIX B: SELF-ENERGY BELOW 7,: FROHLICH
AND BUBBLE DIAGRAM INTEGRALS

To find the polaron energy within perturbation theory,
we evaluate the Frohlich diagrams at zero momentum and
frequency, but finite temperature:

1 & ( 1+ /i fx
SF(T) = no(T)T? —k< )]
e 3 P
2nn0(0)a2A( )(no(T)>3/2 21+ 1/a 7 K2dk ( -1 N 1 ) B1)
= o —_— )
my & 10(0) A@) 2\ 2+ kja  JRE+2—k/a
= (T=0) IrE/x,0)
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where we have switched to dimensionless variables in the
second line, measuring momentum in units of the inverse
healing length. Here o« = m/myp is the mass ratio and & is the
BEC healing length evaluated at T = 0. The Bose distribution
in dimensionless units is

_ 1

- exp [ 2= 5zk\/k2 2] - 1

The function defined in the main text for equal masses is
IrE/A) =Zr(E/A,1). For T « T, we have

IrE/r) =

(B2)

4 T\*
—). ®3
1280¢ (3)"° (na3) "’ <T>

The mass-ratio dependent function A was found for general
mass ratio in Ref. [29] (see also Ref. [24]) to be

A(a)=2;/§1ia|: 1+a‘/oz— arctan | S :|
(B4)
J
S2) =172 ) { Avillnk,
k

+ vl (k, — Ex) — ugvg 1o (k, — Ey)}
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with the definition /—1 = i. The function A is well defined
for equal masses, where

am =32

3 (B5)

which leads to EZF(O) = 32ﬁa2n0/(3m50).

Similarly to the Frohlich diagrams, we evaluate the “bub-
ble” contribution. We note that again there is a contribution
which is present even at T = 0. Specifically, this is the
term which does not contain a Bose distribution in any of
the momentum summations. This term, however, arises from
bosons excited out of the condensate (see Fig. 1), and is thus
suppressed by a factor ,/noag compared with the Frohlich
diagrams. This suppression only increases at finite temperature
and therefore we ignore this term in the following. Instead,
using Eq. (5) we define

— Ex) + upT 1 (K, Ex) — uveI1a(k, Ex) — uvg ok, — 12%)

+ 1/a)@n)*?

= =T =0) nO(O)ag<”°(T))

2A()

2.0 | -2-0 e,
Uy Up + ity + ity Uil p Up

0(0)
§ / Bkd®p
(2m)6 Ex + Ep + éip

—-2-2 _ _ -
o | vy + Uk UklpUp
{_fkfp|: = P = — +

=20 | =2-0 S
Uy Up + iy + 2ty Ukl p Up

-2 -2 -
Uy vp + Uk Ukilp Up i|

—Ex+ Ep + &y —Ex — Ep + é&cpp

ey S
- | Uy + Vi, + 2ty Ukt p Up
—Jx = = -
Ex + Ep + &4p

no(T)
no(0)

=xNT =0) no(O)aé<

Here, we made the integral in the first line dimensionless by ex-
tracting a factor 2m g /&%, and defining the dimensionless func-

tions Ekzkv2+k2, gkaZ/O{,b_lkZ kzzgkl +%,andz7k=
kzzal - % [1;; refers to the pair propagator including only

those terms involving the Bose distribution function f, as we
ignore the term which is suppressed at zero temperature (see
discussion in the main text). Comparing Eq. (B6) with Eq. (B1)
explicitly shows that it is suppressed by a factor (nga%)l/ 2

The bubble diagrams contain several simple poles, which
we treat numerically by introducing a small imaginary part,
i.e., by taking z — z + i6 (in the above, this can be achieved by
shifting €y slightly below the real axis), and then extrapolating
our results to § =0. We estimate the relative error in
the evaluation of the bubble diagrams resulting from this
procedure to remain well below 1% for all £ /A considered.

In Fig. 4, we show the result for the dimensionless functions
T and Zp for equal masses. In this case, the Frohlich diagrams

—Ex+ Ep + &y

2
) Ip(E/2 ).

B i + by
1+ a)ép

(B6)

(

are purely real, and we see that they are larger than the bubble
diagrams except at very small (outside the range shown) or
large temperature.

For unequal masses, the main qualitative difference is that
the Frohlich diagram develops a simple pole when mg > m.
This is easily integrated over, and in Fig. 5 we show the
resulting functions for the particular case of a “°K atom
immersed in a ®’Rb condensate.

APPENDIX C: IMAGINARY PART OF
THE FROHLICH SELF-ENERGY

The imaginary part of the Frohlich self-energy for zero
momentum and frequency is found from Eq. (4) of the main
text to be

B
=] () = ~no(1T? Y & fidlew — Ew). ()
k
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FIG. 4. The functions Zy (solid, black) and the real (green,
dashed) and imaginary (green, dot-dashed) parts of Zp, calculated
for equal masses mp = m. The latter two are negative; therefore, we
take the absolute values of these.

It follows that the imaginary part is nonzero only if ex = Ex
has a solution, i.e., if m < mp. Doing the integral (C1) yields

2 o’
(1 —a?)3/?
where Ky is the k vector which solves €x = Fk.

=} (7) = — Tno(T)*my* Ty fiyr  (C2)

APPENDIX D: SELF-ENERGY ABOVE T,

Above T, the second-order self-energy reduces to the term
from the bubble diagrams

2.(T > Tp)
=177 Z SeIli(k, Ex)
K

1+ f 1
=77 ) K 2 — +
; ; e}f—eg—ek,pﬂo € +€p
1

e /zig— 1
1 1
X = T 5 35
Xp: [(pz e 10>

1 1
+ e[p+k/(1+a)]2/zid —1k2/y? — p2+ i0i|’

= 7;28m]23mr T? Z
K

(D1)
|

pdpP
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FIG. 5. The dimensionless integrals for a **K impurity immersed
in a ¥Rb BEC. We show the real (black, solid) and imaginary
(black, dotted) parts of Zr together with the real (green, dashed)
and imaginary (green, dot-dashed) parts of Z. These are all negative
within the range shown.

where in the second line we shifted p — p + k/(1 + «) in
all terms except the renormalization (last term of the first
line). We also measured momenta in units of /2mgT and
defined the ratio mg/m, = y. The quantity z;qg = /7 is the
fugacity of the ideal Bose gas. It is related to the density
through

nad =23 Z Sk = Liz;2(zia)s (D2)
k

and can be further related to 7/T, through the ideal gas
expression

T/T. =[£G/ (na) 3. (D3)
To proceed, we note that the integral over the angle between
k and p in Eq. (D1) can be performed analytically:

/ld ! L =€ (D4)
X——— = —log ——,

_1 edtbx 1 b g ed — eb

assuming a > b > 0. Since the integral over the term in
parentheses in the second line of Eq. (D1) is purely imaginary,

we have

P /(40— /T _ p=2kp/(14a)

Re[Z,(T > T,)] _ T24mimT? 1 /00 k dk /oo
SHT=0) — SET=0) 8x* )y eF-m/T —1J,

-1 2 14a (T/T)? [*®

k2/y2 _ p2

O8 " (Iray /T _ g2kp/(1+a)

pdpP P /(40— /T _ ,=2kp/(1+0)

kdk /°° )
= (0]
Vo1 Bag V3 Ale) £43(3/2) Jg  eF—m/T—1Jy  p? —k?/y? s

eP R /(4 =y /T _ p2kp/(1+a)

In(T/ Te.)
(D5)

where P indicates that only the principal part of the integral should be evaluated. The prefactor which scales as 1/./ag arises
from the normalization by £ (7 = 0). The integral Zy is evaluated numerically, and the result is shown in Fig. 6. The function
referenced in the main text Eq. (13) is Zy(T/T,) = Iy(T/ T;,1).

For equal masses, the imaginary part of the self-energy can be determined analytically for all T > T:

Im[Z(T >T)l _ 3V ! (1)2[L.()+11 21— )]
ST =0)  160°G/2) JngOPag \ 1) [ 7T T2 7]
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FIG. 6. The dimensionless integral appearing in the self-energy
for temperatures above 7. We show the result both for equal masses
(blue, solid) and for a **K impurity immersed in a 8Rb BEC (red,
dashed).

For a “°K impurity in a ®’Rb condensate, we evaluate the

imaginary part of the self-energy numerically, again using
Eq. (D4).

PHYSICAL REVIEW A 96, 063622 (2017)

Logarithmic divergence of 2 above T,

For concreteness, we focus on equal masses. One can
rewrite the integral appearing in Eq. (D5) at T, as

Z fkfp

€k — €p — €x—p +10

k.p
_orm? /d /dk Pk
— et ] e e =
p+k—i0
log | 12— D7
% Og|:p—k—i0:| ®n
NszB/drl/dqb 1 o cos ¢ +sing — i0
B & r sin ¢ cos ¢ g cos¢ —sing — i0
(D8)
— —(19.71 — 21.78) 22 log(r). (D9)

a

Here we have made the transformation p =rcos¢, k =
r sin ¢, and then considered the regime r < 1. Thus, we see
that this integral diverges logarithmically as r — 0.
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