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We present a theoretical study of the finite-temperature Kosterlitz-Thouless (KT) and vortex-antivortex lattice
(VAL) melting transitions in two-dimensional Fermi gases with p- or d-wave pairing. For both pairings, when
the interaction is tuned from weak to strong attractions, we observe a quantum phase transition from the
Bardeen-Cooper-Schrieffer (BCS) superfluidity to the Bose-Einstein condensation (BEC) of difermions. The KT
and VAL transition temperatures increase during this BCS-BEC transition and approach constant values in the
deep BEC region. The BCS-BEC transition is characterized by the nonanalyticities of the chemical potential,
the superfluid order parameter, and the sound velocities as functions of the interaction strength at both zero
and finite temperatures; however, the temperature effect tends to weaken the nonanalyticities compared to the
zero-temperature case. The effect of mismatched Fermi surfaces on the d-wave pairing is also studied.
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I. INTRODUCTION

It was proposed by Eagles [1] and Leggett [2] several
decades ago that in a many-fermion system with attractive
interaction, one can realize an evolution from the Bardeen-
Cooper-Schrieffer (BCS) superfluidity to Bose-Einstein con-
densation (BEC) of difermion molecules by gradually increas-
ing the strength of the interaction. For s-wave interaction, such
a BCS-BEC evolution is a smooth crossover [3—11], which
has been experimentally studied by using the dilute ultracold
fermionic atoms [12—-14], where the interaction strength is
tuned by means of the Feshbach resonance. Such a dilute
ultracold-atomic system is characterized by a dimensionless
parameter 1/(kpay), where a; is the s-wave scattering length
of the short-range interaction and kg is the Fermi momentum
in the absence of interaction. The BCS-BEC crossover occurs
when 1/(kga;) goes from —oo to co. In addition, the Anderson-
Bogoliubov collective mode of fermionic superfluidity at
weak attraction evolves smoothly to the Bogoliubov excitation
of weakly repulsive Bose condensate at strong attraction
[5,11,15-17].

On the other hand, for nonzero orbital-angular-momentum
pairing, such as p- or d-wave pairing, the BCS-BEC evo-
lution is not smooth but associated with some quantum
phase transition [18-25]. Such a quantum phase transition
cannot be characterized by a change of symmetry or the
associated order parameter. Instead, different quantum phases
can be distinguished topologically [18]. Recently, the p-wave
Feshbach resonance has been realized in three-dimensional
ultracold Fermi gases of 40K [26] and bosonic ¥Rb — 8'Rb
mixture [27], and some of the predicted universal relations for
p-wave interaction [28,29] were successfully verified. On the
other hand, the two-dimensional (2D) systems are of particular
interest since the topological p-wave pairing state exhibits
non-Abelian statistics [ 18] and hence is useful for topological
computation. In cold-atom experiments, a quasi-2D Fermi
gas can be realized by arranging a one-dimensional optical
lattice along the axial direction and a weak harmonic trapping
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potential in the radial plane, such that fermions are strongly
confined along the axial direction and form a series of
pancake-shaped quasi-2D clouds [30-34].

For 2D fermionic systems with generic p-or d-wave
pairing at zero temperature, the thermodynamic quantities
and the velocity of the low-energy collective mode can be
nonanalytic functions of the two-body binding energy at
the BCS-BEC quantum phase transition point where the
chemical potential vanishes [19,20,25]. Interestingly, these
nonanalyticities are determined solely by the infrared behavior
of the interaction potential, i.e., independent of the details of
the interaction potential as well as the symmetry associated
with the order parameter [25]. However, the temperature in a
realistic ultracold-atomic gas is always nonzero. Therefore, it
is important to study how these nonanalyticities are modified
when the temperature is nonzero. In addition, it is well known
that the thermal superfluid transition in 2D becomes of the
Kosterlitz-Thouless (KT) type and vortex-antivortex lattice
(VAL) may also exist at low temperature [35-37]. It is thus
necessary to study the KT and VAL transitions in 2D fermionic
systems with p-or d-wave pairing. The KT and VAL transitions
has been comprehensively studied for 2D Fermi gases with s-
wave pairing [8,38—44] and with spin-orbit coupling [45—49].

In this work, we present a systematical study of the KT and
VAL melting transitions in 2D Fermi gases with p- or d-wave
pairing. We find that the nonanalyticities are weakened by the
finite-temperature effect. In particular, we calculate the sound
velocity v as a function of temperature and interaction strength
(the two-body binding energy). For the p-wave pairing, v is
a nonmonotonous function of the two-body binding energy,
while for the d-wave pairing, v decreases monotonously with
the binding energy. The effect of mismatched Fermi surfaces
is also studied for the d-wave pairing. In the BEC regime,
we find that the KT and VAL transition temperatures both
decrease linearly for large chemical potential imbalance, and a
superfluid-normal phase transition occurs when the imbalance
reaches a critical value.

©2017 American Physical Society


https://doi.org/10.1103/PhysRevA.96.063618

GAOQING CAO, LIANYI HE, AND XU-GUANG HUANG

The paper is arranged as follows. We present the study
of a p-wave pairing system and a d-wave pairing system in
Secs. Il and I, respectively. The theoretical formalism is given
in Secs. II A and IITA. The numerical results are given in
Sec. IIB for p-wave pairing and in Sec. III B for d-wave
pairing. Finally, we summarize in Sec. IV. We use the natural
units 7 = kg = 1 throughout.

p-WAVE PAIRING IN SPINLESS FERMI GASES

A. Formalism in Gaussian approximation

Since the fermion wave function should be antisymmetric,
the simplest setup to study p-wave pairing is a “spinless”
Fermi gas, or single-component Fermi gas. The Hamiltonian
can be written as [18,19]

H= ng‘pkwk"' Z ka’bkqbk’q’ (D

kK .q

where vy represents the fermion annihilation operator, byq =
Y _k+q/2Vk+q/2> and & = e — p with the kinetic energy ex =
k?/(2m). For the sake of simplicity, we consider a separable

J

) B
z- / [das*][dqs][dw][dw]exp{— f dr[z
0 q
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p-wave interaction potential Vi, [25],
Vi = —AIP(K)IP*(K), )

where X is the interaction strength. The I'-functions takes the
Nozieres-Schmitt-Rink (NSR) form [3,19]

(kx + lk))/kl kx/kl
(I+k/koy?” (14 k/ ko)’

with k = |Kk|. Here, s and a represent the symmetric (isotropic)
Px +ipy, and asymmetric (anisotropic) p, pairings, respec-
tively. The parameters ko and k; set the momentum scale in
the short- and long-wavelength limits, respectively [19]. The
form of the denominator is chosen to mimic the amplitude
damping for p-wave partial potential at large momentum [19].

The partition function at finite temperature can be given by
the imaginary-time path-integral formalism,

B
zZ-= /[dw*][dmexp {—/0 dz (Z Yo + W) } )
k

where t =it is the imaginary time and g =1/T, with
T being the temperature. Introducing an auxiliary bosonic
field ¢q(7) =21 ) , I'P(k)byq and applying the Hubbard-
Stratonovich transformation, we can rewrite the partition
function as

Pk = rak) = A3)

|¢q(f)|

5 Z &k

kk’

S| -

where we use the Nambu-Gor’kov representation o = (wli,l/f_k). The inverse fermion Green’s function is given by

G-l () = O — &8k P (DIP(EEE) ©
kK - * % ! '
P OTP () (=0 + &bk
Integrating out the fermion degrees of freedom, we obtain
Z= / [d™I[dgle ¢4, (7
with the effective action
g () _
Ser = / dr [Z "5‘1“ +5 =3 (6 — Treln Gk,Lf)}, ®)
0 q KK
where the trace is taken over imaginary time, momentum, and Nambu-Gor’kov spaces.
To proceed, we decompose the auxiliary field ¢q4(7) into its mean-field and fluctuation parts,
Pq(1) = Adq0 + dq(0). ©)

The effective action can be evaluated in powers of the fluctuation ¢,(7), i.e., Sy = S§ + S +

-. Here we omit the linear term

in the fluctuation since it vanishes due to the gap equation. The leading-order term Sg represents the mean-field contribution. The
next-to-leading-order term S5, which is quadratic in the fluctuation, represents the Gaussian fluctuations and hence the collective

mode dynamics.

1. Mean-field approximation

The mean-field contribution Sg can be evaluated as

AT 1 dzk
S =
0=hS [4,\ *3 (271)2

In det A? 1 d2k
Z/(z )2 n egk (lwn) :3 {___ (2 )2

Ex — & + 2T In(1 + e—Ek/Tn},

(10)
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where § is the area of the system and w, = 2n + D)aT (n €
7) is the fermion Matsubara frequency. The inverse fermion
Green’s function in the mean-field approximation is given
by

iy iw, — Ay
Gy en) = ( e isk)’ (n
which gives the fermionic quasiparticle spectrum Eyx =
(2 + |AP1»)"? with AP = ATP(K). The mean field A, nor-
mally referred to as the superfluid order parameter, is deter-
mined by the extreme condition 888 /0A = 0, which givesrise
to the gap equation

2 2
1:/ LS LY/ <ﬂ> (12)
y Qn2?  Ex 2T

The mean-field contribution to the number density is obtained
through the thermodynamic relation ny = —(888 Jon)/(BS).
We have

[ dk 1 [ dk £ Ex
(13)

The interaction strength A can be physically characterized
by the two-body binding energy E; in vacuum. It is given by
[19]

2 2
1:/ d?k 2|TP(K)| a4

A (27‘[)2 2€k — Eb ’
Note that unlike the s-wave case, here the binding energy
Ej can be both negative or positive. The weak and strong

attraction limits correspond to E, — 400 and E, — —o0,
respectively.

2. Gaussian fluctuation and Goldstone mode

The Gaussian fluctuation contribution to the effective action
is quadratic in ¢q(7) and thus represents the collective mode

J

It is easy to prove that these matrix elements satisfy
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dynamics. It can be evaluated as

lgqiv)> T .
Sg = ; {qT + E éTr[gqu/Z(lwm)

X O _q(=ivn)Grrqpiom + ivn)qu(ivn)]}, 15)

where v, = 2anT(n € Z) is the boson Matsubara frequency,
and the mean-field fermion Green’s function and the vertex
matrix ® are given by

. _ b o+ &) —Ayp )

gk(lwm) — (l.a)m)z _ E]% < —Ai* (iCl);71 - Sk) ’
Lo 0 bq(iv)TP(K)

Dy(iv,) = <¢3iq(—ivn)Fp*(k) R ) (16)

After some algebra, Sg can be written in a compact form,

LS i) figi (- Palive)
p__ L * _ q(iv,
S = 2 qX:[fﬁq(wn) g lUn)]M(q’w")(qﬁiq(—ivn))’
(17
where the inverse boson propagator M(q,iv,) takes the form

.y (Mu(q,iv,)  Mip(q,iv,)
M(q,zw)—(le(q’ivn) Mzz(q,iv,,))‘ (18)

The matrix elements are given by

1 T . . .
Miy =+ 52 3 Gl g iomGiqplion + v EP,
k,m
My =+ + = D G 4 (0n)Gih g aliom + iv) TP K1,
4. 25 &7k +/
T . . . E3
My = 523G gplion)Gigplion + iv) T WF,
k,m

T 21 . 21 . . 2
My = < %gk_q/z(zwn»gkﬂ/z(zwm +iv) TP, (19)

MT](‘LiVn) = M22(q’ivn)9 MTQ(qrivn) = MZI(q’iVn)- (20)

Completing the fermion Matsubara frequency summation, we obtain

u-—vy

2 2.,2
ujv-

] d’k |TP(K)|?
“_H+f(2n)2 2 {|:iv,,+(E+—E)_ivn—(E+—E)](f+_f_)

n [ uiu® viv? i|(1 fo g )}
iv,—(Ey +E.) iv,+(Ey+E.) R B

p p

k+q/2 A

My = —
12 Q) 8E.E_

A’k [P [[ Akgpd
iv, = (E4 —E-)

_ k—¢l/2A£+Q/2 (f _ f )
v+ (E4 —E_) |77 77

p p p
[ Aqu/ZAkJrq/Z Aqu/2

ivn - (E+ + E—)

p
k+q/2 _ _
ivn+(E++E_):|(l I+ f)}, 2D
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where the BCS distributions are defined as u2i =(1+£&./E+)/2 and Ui = (1 —-&./E1)/2, and the Fermi-Dirac distribution

is given by fi = (1 4+ ef+/T) l, with the dispersions &4 = &xiq/2 and Ex = Exiq/2. We note that the terms proportional to
f+ — f- correspond to the Landau damping effect, which vanish when 7' — 0.

It is more physical to decompose the fluctuation into its real and imaginary parts, i.e., #(x) = o(x) + im(x). In momentum
space, we have ¢3q(i V) = 0q(iv,) + img(iv,) and @;(z’ V) = o(;“(i V) — in;‘(ivn) = 0_g(—iv,) — im_q(—ivy,). Thus, the Gaussian

fluctuation part of the effective action can be expressed as

1

S =23 [og(ivn) n;(ivn)]n(q,ivn)(“q(i”")>, 22)

2
q.n

where the inverse boson propagator reads

m= (M1 + My + My + M)
(M1 — My + My — My)

The low-energy dynamics is governed by the gapless Gold-
stone mode. Diagonalizing the matrix I1, we obtain two
eigenmodes. Their inverse propagators are given by

D) (Qive) = My + My F V(M1 — M) + 4Mp Moy
(24)

We can prove that O, l(0,0) = 0, which indicates that the 6
mode is gapless, i.e., the Goldstone mode. It is a mixture of o
and 7 components and can be expressed as

Oq(iv,) = CLD; " (q,ivn)oq(iva) + Dy (@, iva)Tg(iva)],
(25)

where C is a normalization coefficient.

The KT transition is related to the stiffness of the Goldstone
mode, i.e., the gapless 6 mode. To this end, we need to study
the low-energy dynamics of the collective modes. At small
energy and momentum, the propagator of the gapless 6 mode
can be expressed as

D,;1(q,ivy) = —¢PGv,)* +

A2 (kPq; + PPg3), (26)

where pf and ,of, are the so-called stiffnesses of the Goldstone
mode. To compute the coefficients P, p}z, and ,05, we make
the low-energy expansion of Mj (i,j = 1,2) to the quadratic
order in frequency and momentum,

Mij(q.ivy) = Ajj + ivy Bij + (iv)*Cy + Djjq; + Djq;. (27)
However, because of the Landau damping terms proportional
to fy — f— in Eq. (21), such an expansion is, in principle,
only valid at zero temperature or near the superfluid transition
temperature [5,50]. Mathematically, the Landau damping
terms bring divergences when doing such an expansion. Since
the KT and VAL melting transitions occur at low temperature
where the pairing gap is still large, we may neglect the
divergences from the Landau damping effect and perform
this expansion. Physically, in this approximation, we neglect
the damping of the collective modes and treat them as stable
modes. Below the KT transition temperature, we expect that
the large pairing gap suppresses the damping of the collective
modes and validates this approximation.

7q(TVn)

i(—My — My + Moy + Mzz)) 23)

(M1 — My — Moy + My)

By neglecting the Landau damping effect, we can evaluate
the expansion coefficients as

1 d*k ITP(k)|? Ex
An=An=—— | —(Ef +& tanh | — |,
n=dn= - | oo (Bt &) §ET (2T>
d’k & |TP(k)[2 E
By = —Byp = — zé:l(—3tanh k),
Qr?  8E] 2T
d’k ITP(k)[? Ex
Ci = Cry = — E2+ &2 tanh [ — |,
e (271)2( L) RE; <2T
d’k TPk Ey
Ap=Ay=A" | — tanh [ — ),
12 21 (27[)2 8Ei an <2T
By = By =0,
d*k |TPk)* Ex
Cip=Cy = A? tanh | — ). 28
e Qry 32E; <2T> (28)

The coefficients D;;” can be obtained, but are quite lengthy
(see the Appendix). Here we show the combined quantities,

p; =4mA*(Dyy + Dy, — Dyp — D5y), i =x,y, (29)

which are exactly the superfluid density along the x and y
directions. After a lengthy calculation, we obtain

d’k k? E
pF:/m[rzo(k)— 4”;Tsech2<ﬁ>}. (30)

At zero temperature, the superfluid density is isotropic for
both p, and p, + ip, pairings and we have p} = p) = n as
required by the Galilean invariance [51,52]. However, for p,
pairing, the finite-temperature effect generates anisotropy of
the superfluid density.

Finally, the low-energy behavior of the & mode or the
Goldstone mode is given by Eq. (26), where the coefficient
¢P reads

2

B
=G (31)

with {é’ = —2(Cy; — Cy2). The Goldstone mode velocity or
sound velocity along the i direction reads

oF
Y 2
0=\ e (32)
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We note that the term Blzl /A, arises from the coupling
between the phase and amplitude modes and is rather important
to recover the correct sound velocity in the BCS-BEC evolution
[43]. We also emphasize that even though the low-energy
expansion of the matrix elements M;;(q,iv,) suffers from the
divergence problem caused by the Landau damping effect,
these divergences cancel exactly for the coefficients ¢P, oL,
and pf . The divergences only arise for higher-order terms
in the expansion (26). These divergences correspond to the
damping of the Goldstone mode and we may neglect it at low
temperature.

Comparing to the previous approach to the KT transition
in superfluid 2D Fermi gases [8,40,53], we make some
comments here. The previous approach adopted an alternative
decomposition of the superfluid order parameter field ¢(x),
ie., ¢(x) =[A 4+ n(x)]1e™, and the amplitude fluctuation
n(x) is normally neglected [8,40,53]. The KT transition can
be obtained by studying the low-energy dynamics of the pure
phase mode 6(x). The advantage of this approach is that it
formally does not suffer from the Landau damping problem,
as we encounter here. We have also evaluated the low-energy
expansion for the phase mode in this approach. The expansion
also takes the form (26) and leads to the same result for the
superfluid density ,of. However, the coefficient ¢P is different
[53]:

p_/ d’k_|IP(k)[?
~J @n)y 8E}

P2 2
X |:|Ak| tanh (ﬁ> + s—ksechz(&>:|. (33)
Ex 2T 2T 2T
We can easily identify that the first term is just {é) and the
second term comes from the fact that this approach amounts
to take the limit q — O first when evaluating the low-energy
expansion. As clarified in [43], this approach leads to an
incorrect result for the sound velocity v in the BCS-BEC
evolution. In summary, our approach can recover not only the
correct superfluid density but also the correct sound velocity.
The price we pay in this approach is that we have to neglect
the damping of the collective modes.
In our low-energy approximation, the contribution of the
Goldstone mode to the thermodynamic potential can be given
by

d*q - t3)T?
P __ Sq/T —
Qb = / Oy TIn(l —e )= 27 (TT) (34)

where the dispersion relation of the Goldstone mode is
given by g4 = [Zi:xyy(uipqi)2]1/2 and ¢(x) is the Riemann
zeta function. At finite temperature, we take into account
the fluctuation contribution to the number density. The total
fermion number density n can be given by
p 3 PP
n:no—%zno— t3)T 28(vay)' (35)
o 27 ( uP ug ) I

At T = 0, we have n = n¢ and therefore the quantum fluctua-
tions [54-56] are not taken into account in the present theory.
For s-wave pairing, it was found that inclusion of quantum
fluctuations leads to slight correction to the KT transition
[57,58]. Thus we expect that the present theory can provides
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reliable results for the KT and VAL transition for higher partial
wave pairings.

B. Kosterlitz-Thouless and vortex-antivortex lattice
melting transitions

The KT and VAL melting temperatures are both directly
related to the stiffness J; = pip /(4m) [35-37,53],

Ter = =) JP(Tar) P (Tir),  Tag = 0.3/ JP(Tan) JO(T,
KT = Jy (Txr)Jy (Txr), Tv = 0.3/ Jx (Tm)Jy (Tw).

(36)

For the anisotropic p, pairing, the vortex might be elliptically
shaped and the usual square vortex-antivortex lattice will
also deform accordingly, just like the case with anisotropic
spin-orbit coupling [46]. However, one can scale one direction
so that the scaled vortex is circular (the scaled lattice thus
becomes square). Thus we can apply Eq. (36) to the scaled
vortex and lattice. Then for a given E;, and number density, the
gap equation (12), the number equation (35), and the critical
temperature equation (36) can be solved self-consistently to
give Txr (Tm) and A and p at Tt (Tw)-

To present the numerical results, it is convenient to define
the Fermi momentum kr and Fermi energy ep of a noninteract-
ing Fermi gas, through n = k%/(4r) and er = k2/(2m). The
numerical results are shown in Fig. 1 in which we plot the
transition temperatures Txt and Ty, the chemical potential,
the order parameter, and the sound velocity at Tkt and Ty as
functions of E,. The E; dependence of Txr clearly shows
the BCS-BEC evolution when E) is tuned from positive
to negative values (note that for p-wave pairing in 2D, an
attractive potential does not necessarily lead to a bound state;
when E;, > 0, the two-fermion state is a scattering state). The
chemical potential at Tkt and 7Ty is almost the same for a
given p-wave pairing; similarly, the order parameter at Txr
and Ty is also almost the same. In the deep BEC region where
E;, < 0 with a large magnitude, the transition temperatures
Tkt and Ty are found to be constants, Tkt =~ 0.0625¢g
and Ty =~ (0.6/m)Txr, which are comparable to the s-wave
pairing case [53]. In addition, the anisotropy in the sound
velocity disappears for p, pairing in the deep BEC region,
as illuminated in the plot of the sound velocities v, and vy,
because the basic degrees of freedom are now compactly bound
bosons and the Yoshida term in Eq. (30) is suppressed.

One interesting feature that we observe is that there is
nonanalytic behavior at the BCS-BEC transition point u = 0.
We can see this most clearly from the sound velocity. For other
values of u, the KT and VAL melting transitions are always
analytic and smooth. To illuminate this more explicitly, we
show the results for Tt around the region u ~ 0 in one of
the insets of Fig. 1 for the anisotropic p, pairing, which is
more obvious than the isotropic p, + ip, pairing. In order
to understand the nonanalyticity, we explore the properties
of the most relevant quantity ¢, around p = 0. The first two
derivatives of 5(1,) with respect to  are given by

sech?(£k) :|

8_55) _ d’k &|I'P(k)|? | 3 tanh (f—;)
Ex 2T

aw ) @n)r 8E}
(37)
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FIG. 1. Upper panel: The transition temperatures, Txr (solid
lines) and Ty (dashed lines), as functions of the two-body binding
energy E, for the isotropic p, + ip, pairing (black and green thick
lines) and anisotropic p, pairing (blue and red thin lines). Lower
panels: The chemical potential u and sound velocity v as functions
of E, at Txr and Ty. The anisotropic velocities for p, pairing are
denoted by v, and v,. The insets show the zoom-in plots of Txt with
respect to u around the BCS-BEC transition point i = 0 for the p,
pairing and the order parameter A as a function of Ej,. The parameters
for the NSR potential are ky = 10*/?kg and k; = 10"/?k.

0% _ [ 4k |rp<k>|2[3(5as.%—E.%)t h(Ek>
> (2n)? 8E; E}
APJ? E
—l k| sech?( ==
2T Ex 2T
2 E E
—E—ktanh K Ysech?( =X ) |. (38)
272 2T 2T

For small u — 07, 3¢} /9 is finite but

Py 1

"
0~ TaT A (39)
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FIG. 2. The behavior of the quantities £},¢P, and pP with respect
to the chemical potential p for the p, + ip, pairing. These quantities
have been scaled by proper constants so that they are dimensionless
in the plot. In the calculations, we choose T' = 0.06€g and A = 4eg.
The parameters for the NSR potential are the same as used in Fig. 1.

As ;g appears in n and p!, this shows that the higher-order
derivatives of n and pf with respect to u are not analytic at the
point where i = 0. Also, Tkt, Tm, and the sound velocity v
are all nonanalytic at the point where 1 = 0. But we note that
the temperature effect weakens the nonanalyticities, as can be
seen from the above equations. Thus, the BCS-BEC evolution
in the p-wave pairing system is actually a phase transition,
although there is no change of symmetry across the transition.

The sound velocities behave nonmonotonically versus Ej
and we will analyze it in more detail. For the anisotropic
px pairing, the sound velocities along the x and y directions
split in the BCS region (E; positive and large) and merge
into a single curve in the deep BEC region. For the isotropic
Dx + ipy pairing, we plot the relevant functions g“g ,¢P, and pP
versus the chemical potential x in Fig. 2 to understand the
extremas in the sound velocities. As can be seen, the term
B121 /A1, dominates Qf at low temperature, which indicates
the importance of the o component in the § mode and the
increasing feature of the sound velocities in the BCS region is
due to the fast decreasing of ¢P. The sound velocity decreases
in the BCS regime with large E, where A is small. This
interesting nonmonotonic behavior of the sound velocity may
be used to probe the BCS-BEC transition in Fermi gases with
p-wave pairing.

III. d-WAVE PAIRING IN SPIN-1/2 FERMI GASES

A. Formalism in Gaussian approximation

We now consider a spin-1/2 Fermi gas or a two-component
Fermi gas with a d-wave interaction between the unlike spin
components. In this case, Fermi surface mismatch between
different spin components can be introduced through the
Zeeman effect induced by a magnetic field [59-62], through
imbalance spin populations [63-65] or through spin-orbit
coupling [66]. The Hamiltonian density can be written as [20]

H= Z skxwlix Ipk,s + Z Vl?k’bltqbk’qv (40)

k,s=1] kK .q
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where Y ; represents the fermion annihilation operator with
Spil’l § = T,\L, bkq = w—k+q/2,¢1//k+q/2,T, and %-ks = Ek — S(S[L.
Here and in the following, s = +(—) for the spin 1(| ) is used.
For the sake of simplicity, we consider a separable d-wave
interaction potential [25],

V3, = —ATYK) ™K, (41)

where the I'-functions are defined according to NSR-type
potentials [19],

(ky +iky)? /K3
(1 +k/ koY’
(k2 — k2)/ k3
(1 +k/ ko’
with s and a representing the symmetric (or isotropic)
dy>_y» +2id,, and asymmetric (or anisotropic) d,>_,» pair-
ings, respectively. The form of the denominator is chosen to
mimic the amplitude damping for d-wave partial potential at
large momentum [19].

Then, the partition function at finite temperature is given
by

z= [ [Tiavnav.]

s=tl

k) =
(42)
rdk) =

B .
X exp —/ dt Z U, +H | ¢ (43)
0 ks=14
Introducing the auxiliary field ¢q(v) =21, Fd(k)bkq
through Hubbard-Stratonovich transformation, the partition
function can be rewritten as

B 2
zZ= / [dqs*][dm[dw*'udw]exp{— / dr[z 'd"‘(;)'
0 K

+ ) (&b + ‘I‘lGi,Lf‘I’k/)] } (44)

kK’ |

siay = ps[ 2 4 [ 4K
o=l A (2n)2

A [ dk
:ﬁs{,\ (2n)2[ "_gﬁzﬂn
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where the fermion field in Nambu-Gor’kov space is \I/li =
(wl]; 1+»¥—xk,,)- The inverse propagator is then a 2 x 2 matrix,

which is given by
(9 + &kp)dkw

— v (D)9 (K
Gk,i«<w=< ) e e 5 )>-
e (DT (5K

(07 — &k} )0k K
(45)

Integrating out the fermion degrees of freedom, we can get a
bosonic version of the partition function,

z-= / [d* [dleSialé" o1, (46)

with the effective action

B 2
Seir = /0 dt |:Z |¢k§f)| + Z (&kdkw — Trin G;L)]

k kK’

(47)

where the trace is taken over imaginary time, momentum, and
Nambu-Gorkov spaces.

To proceed, we decompose the auxiliary field ¢q(7) into its
mean-field and fluctuation parts,

Pq(T) = Adq0 + Pq(T). (48)

The effective action can be evaluated in powers of the
fluctuation qbq(r) ie., S¢ i = Sd +Sd . The leading-
order term S represents the mean-field contribution. The
Gaussian term Sg represents the collective modes.

1. Mean-field approximation

The mean-field effective potential can be obtained in a way
parallel to the p-wave pairing case. We obtain

2/ o) InDetG, (la),,):|

)} } , (49)

where the dispersion is Ex = (&2 + |A{|?)!/? with the gap function Al = AT"Y(k). The inverse fermion propagator reads

1. — (lwn +$kT)
Gy iwon) ( "

_Ad
(iw, — kém))' (50)

The saddle-point condition BSS(A) /0 A = 0 gives the gap equation for the order parameter A,

2 _Z/ d’k |T9(K)[?
v 2 ) e 2k

E 1)
tanh (M) (51)
2T

The number density can be obtained through the thermodynamic relation n = —[3S%:(A)/d1]/BS. We obtain

Z / - )2n0<k ) =

22 Gy

4k Ex + 8
Sk tanh [ ZR TS0 1 (52)
| ! Ek 2T
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Similar to the p-wave pairings, the interaction strength A can be physically characterized by the two-body binding energy E;,

in vacuum [19],

1 [ dk TP
LA ) Q)2 —Ep

(53)

The weak and strong attraction limits correspond to E;, — +o00 and E, — —o00, respectively.

2. Gaussian fluctuation and Goldstone mode

Similar to the p-wave pairing case, the the effective action
for the collective modes can be evaluated as

lpgGiv)> T
S

q.n

Y tlGi_qpalion)
k,m

XP_q(=ivp)Gxiqp2(iom + ivn)d>q(ivn)]}, (54)

where the fermion propagator and the matrix @ are given by

SN 1 (fwn — &ky) Ay )
gk(lwn) - (l(,()n — 5#)2 — Eﬁ( Ai* (la),, + EkT‘) B
o 0 —q(iv)I(K)
Dy (iv,) = (_ B (i T (k) 4 0 ) (55)

After some algebra, SS can be written in a compact form,

Pqivi)
= Y i) b zw))M(q,wn)(&;’(_ivn)),

q.n

(

where the inverse boson propagator M(q,iv,) takes the form

M iV, M Y
M(q,iv,) = ( 1(q . ) 12(q . n)). (57)
M1(q,ivy)  M2(q,iv,)
The matrix elements of M are given by
1T , . .
Mir =~ + <Y 6\ gnion)Gi gplion + vl 0P,
k,m
Moy = 24+ L3626l galion + v T ®IP,
PR k—q/2 k+q/2

k,m

T . . . *
Mo = < > G 42(0n)Gi g aliom + iv)[TH (R,
k,m

T
Mo = <D Gl qnion)Giigalion +imTEP. (58)
k,m

It is easy to prove that these matrix elements satisfy

MY (q,ive) = Mx(q.ivy), Mi5(q.ive) = Mai(q,iv,). (59)

Completing the summation over the fermion Matsubara

(56) frequency iw,,, we obtain
J
1 d’*k (k)2 u?v? ut v?
M = — _ s __ s
" A*S_Zi/(zn)z 2 [(z‘vn+<E+—E_> ivn—(E+—E_>>(f+ &
v_%_u2

N < uiuz_

ivg— (Ex +E_)  iv,+

(E++E)) i fé}

dzk Fd* k 2 A B A Ad7 Ad
Z/( o] [( T = )(fi—fi)
s==+

27)? 8ELE_

LV — (E+ -

E—) v, + (E+ - E—)

(60)

(Ey +E-)

d d d d
Ak—q/2Bk+q/2 Ak—g/2Bk+q/2 (= F— f)
iv, +(E4 + E) A

v, —

where the Fermi-Dirac distribution function is given by f = (1 4 e(F++s30/T) "

1
. Again, we note that the terms proportional to

fi — f2 correspond to the Landau damping effect, which vanish for the balanced case u = 0 when T' — 0.

It is more physical to decompose the collective mode & (x) into a sum of real and imaginary parts, that is, d(x) = o(x) + in(x).
Then the Gaussian fluctuation part of the effective action can be reexpressed as

_ 1 e Ko . oq(ivy)
=5 D_logtiv) nq(zvn)]n(q,zm(nq(ivn) : (61)
q.n
where the effective inverse boson propagator is
0= ( M+ Mo+ Moy + M) (=M — M+ My + M) (62)
My — M+ My — My)  (Myy— My — Mo+ M) )
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Thus, all the matrix elements of IT are real and the propagators of independent collective modes can be obtained through the

diagonalization, and we find

Dy (@.ive) = My + My F v/ (My) — My)? + 4Mp My, (63)

It can be verified that D, 1(0,0) = 0, which shows 6 to be the Goldstone mode with the following mixing of o and 7 components:

Oq(ivn) = C[ Dy (Q,iv)oq(iva) + Dy (Q,iv,)mq(iva)], (64)

where C is a normalization coefficient.

The approach for the KT and VAL transitions is the same
as we adopted for the p-wave pairing. At small energy and
momentum, the propagator of the gapless # mode can be
expressed as

D, (q,ive) = —¢%iva)? + 0, (65)

4m A2

where we can show that the stiffness p¢ is isotropic for both
isotropic and anisotropic d-wave pairings. To compute the
coefficients ¢¢ and p¢, we make the low-energy expansion
of My (i,j =1,2) to the quadratic order in frequency and

momentum,
Mij(q,ivy) = Ajj +iv, By + (iv,)’Cij + D g7 + Djjq;.  (66)

The Landau damping problem still exists here. We again
neglect the damping of collective modes and perform this
expansion. The expansion coefficients read

IF (k)|
An:Azz————Z £7) 3
A ks=+ SEk
E 1)
X tanh <ﬂ>’
2T
(k)2 E é
B = —By = — Z &kl (3)| tanh( k+Ss ,U«>7
Sk,s::t 8L, 2T
Il““(k)l2
Cii=Cp=——
11 22 kSX:i k 32E£
E 1)
X tanh (M)’
2T
|AR T () Ex + s8u
Ap = Ay =— tanh | — |,
12 21 Z 8E3 an T
By = By = 0,
|AGI T (k) [? <Ek+s8u)
Cp=0Cy=~— tanh | ——— ). (67
12 = Cy kZi RE T (67)

The coefficients Dj; are again rather lengthy and we show the

combined quantities,
pf =4mA*(D}, + D5, — D}, — D5)), i=ux,y, (68)

which are exactly the superfluid densities along the x and y
directions. After a lengthy calculation, we obtain

klz Ek +S(S/L
Z/ (2 )2 |:n0(k,s) — 4steCh2<T)i|.

(69)

(

Compared to p-wave pairing, the superfluid density is isotropic
forbothd,»_,> + 2id,, and d,>_,> pairings at any temperature.
We have ,0)‘3 = ,0‘3 = pd.

Finally, the Iow-energy behavior of the # mode or the
Goldstone mode can be given by Eq. (65), where ¢¢ =
;‘6’ + Blzl/Alz with §(§‘ = —2(Cy; — Cy2). The sound velocity
is given by

d P
V= [ ———. 70
4mAZrd (70)
As mentioned in the p-wave case, the coupling term Bf1 /A1
ensures that we recover the correct sound velocity in the
BCS-BEC evolution. The Goldstone-mode contribution to the
thermodynamic potential can be given by

d’q
d __ —&q/Ty —
2_/(271)2T1n(1—e "=

where the dispersion relation is eq = v%|q|. At finite temper-
ature, we take into account the fluctuation contribution to the
number density. The total fermion density 7 is given by
. 929 . ¢(3)T? vt
n=ny— —— =00~ " "33 2
o m(vd)3 I
which reduces to the mean-field result n = n( at zero temper-
ature.

OV
27 (v)2’

(71)

(72)

B. KT and VAL melting transitions

In the following, we explore the feature of KT and VAL
transitions in this spin-1/2 Fermi system with d-wave paring.
The KT and VAL melting temperatures are both directly related
to the stiffness J = p9/(4m) in the following way [35-37,53]:

b
Tir = ZJ(Tir), T = 0.3J(Tw). (73)

The transition temperatures Txt and Ty can be determined
by self-consistently solving the gap equation (51), the number
equation (72), and critical temperature equation (73). In the
following, we will consider balanced (§ = 0) and imbalanced
(6 # 0) systems. To present the numerical results, we
define the Fermi momentum kr and Fermi energy ep of a
noninteracting balanced Fermi gas, through n = k3/(27) and
e = k2/(2m).

1. Balanced Fermi gases

For the balanced system with §u = 0, the numerical results
are shown in Fig. 3. The transition temperatures Tt and Ty
approach constants in the deep BEC region, Txr = 0.125¢p
and Ty; = (0.6/7)Tkr, as we found in the p-wave pairing case.

063618-9



GAOQING CAO, LIANYI HE, AND XU-GUANG HUANG

Wy
0.12T
0.10 - Tk
0.08
0.06
0.04 | Ty

YH/E}T

s

% 0.117]
< o1

< d‘g & 0115
S o4

0.113]

0.112| |

>
2 m
. P ]
& L\ﬂ,/‘ﬂ Toor —om ow 0w oor 1
-5F ¥ pler |
| ]

v /up

S0 -8 -6 -4 -2 0 2 4
Ey/er
[

0.0 b B
-10 -8 -6 -4 =2 0 2 4
Ey/er

FIG. 3. Upper panel: The transition temperatures, Tkt (solid
lines) and Ty (dashed lines), as functions of the two-body binding
energy E; for the isotropic d,2_y» + 2id,, pairing (black and green
thick lines) and the anisotropic d,2_,» pairing (blue and red thin
lines). Lower panels: The chemical potential ;o and sound velocity v
as functions of E;, at Txr and Ty;. The insets show the zoom-in plots
of Tt with respect to  around the BCS-BEC transition point & = 0
and the order parameter A as a function of E,. The parameters for
the NSR potential are kg = 10°/%kg and k; = 10"/%kg.

The chemical potential, the order parameter, and the sound
velocity are not sensitive to the temperature. At intermediate
and at strong coupling, their values at Ty and Tkt are almost
the same.

For the d-wave pairing case, the nonanalyticity is also found
at the BCS-BEC transition point u = 0. To see this, we can
take the same argument as we gave for the p-wave pairing
case. We explore the properties of the most relevant quantity
¢§ around p = 0. The derivative of ¢ with respect to u is
given by

3¢y [ d’k EITK))? 3tanh (£%)  sech®(x)
aw ) @) 4E} Ex 2T '

(74)
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8 P
. o _// ]
4 pd 4/
5l ]
0 ‘ d - qu ]

-5 —4 -3 -2 -1 0 1
H/€r

FIG. 4. The behavior of the quantities ¢¢,¢¢9, and p! with respect
to the chemical potential u for the d,2_» + 2id,, pairing. These
quantities have been scaled by proper constants so that they are
dimensionless in the plot and the magnitudes are all increased by
multiplying 10°. In the calculations, we choose T = 0.12¢r and
A = 150¢g. The parameters for the NSR potential are the same as
used in Fig. 3.

which is divergent logarithmically at p = 0. This further
induces nonanalyticities in n, Txr, Tu, etc. In the numerical
results shown in Fig. 3, the nonanalyticities are not obvious
for the present choice of the parameters ky and k;; however,
we can easily identify the nonanalyticity in the inset figure for
Txr-

Unlike the p-wave pairing case, the sound velocity for
d-wave pairing does not show nonmonotonicity: it is always a
decreasing function when E;, goes from negative to positive.
This can be understood from Fig. 4: As ¢¢ always increases
faster than p® with w, the sound velocity v decreases
monotonously with the binding energy Ej.

2. Mismatched Fermi gases

In order to study the effect of mismatched Fermi surfaces
(6 # 0) on KT and VAL melting transitions, we choose a
fixed binding energy E, = —2ep which lies in the BEC region
as an example.

We plot the transition temperatures Txy and Ty, the
chemical potentials at Txr and Ty, the order parameters A
at Txr and Ty, and the sound velocity v at Txr and Ty as
functions of §u in Fig. 5. As we expect, all of these quantities
decrease with Su. For small Su, the decreasing effect is
not significant. However, for large u, they almost linearly
decrease with §uu and finally reach a critical point §u, ~ 3e€r
beyond which the superfluidity is destroyed, and the KT and
VAL melting transition temperatures both approach zero at
this point.

IV. SUMMARY

In this work, the features of the Kosterlitz-Thouless and
vortex-antivortex lattice melting transitions are explored in
detail for fermionic systems with higher partial wave pairings,
including p-wave and d-wave pairings. The KT and VAL
melting transitions are obtained by studying the low-energy
dynamics of the gapless Goldstone mode. Our approach takes
into account both the amplitude and phase modes and can
recover the correct sound velocity in the BCS-BEC evolution,
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FIG. 5. Upper panel: The transition temperatures, Txr (solid
lines) and Ty, (dashed lines), as functions of the Zeeman field § 1« with
a fixed binding energy E, = —2¢ for the isotropic d,2_,» + 2id,,
pairing (black and green thick lines) and the anisotropic d,2_,2 pairing
(blue and red thin lines). Lower panels: The chemical potential p and
sound velocity v as functions of §¢ at Tyt and Ty. The inset shows
the order parameter A as a function of §u. The parameters for the
NSR potential are the same as used in Fig. 3.
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which enables us to include correctly the collective modes
contribution to the thermodynamics.

The main results of this work can be summarized as follows:

(a) For the p-wave pairing, we find that the transition tem-
peratures Txt and Ty approach constants in the BEC region:
Txr = 0.0625¢x and Ty = (0.6/m)Txr. The KT transition
temperature is thus reachable in current cold-atom experi-
ments. The transition temperatures and the sound velocities
are continuous but nonanalytic across the BCS-BEC transition
point . = 0. For the anisotropic p, pairing, the sound velocity
is anisotropic in the BCS region, but becomes nearly isotropic
in the BEC region. The sound velocity exhibits nonmonotonic
behavior and may be used to probe the BCS-BEC transition in
Fermi gases with p-wave pairing.

(b) For d-wave pairing, the transition temperatures Tkt
and Ty also approach constants in the BEC region: Tt =
0.125¢r and Ty = (0.6/m)Txr. The transition temperatures
and sound velocities are noncontinuous across the BCS-BEC
transition point u = 0 because of the higher divergence degree
[25]. Because of the exchange symmetry between k, and k,,
the sound velocity is isotropic even for the anisotropic d,2>_»
pairing. We find that the effect of mismatched Fermi surfaces
also destroys the d-wave superfluidity and the associated KT
transition.
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APPENDIX: THE EXPANSION COEFFICIENTS FOR THE § MODE

In order to obtain the analytic form of the stiffness, we expand M1 + My, — M, — M>; for small q at iv, = 0. We take the
d-wave pairing case as an example and the p-wave pairing case is similar. The relevant term is

1

F =
(@) Z [(ic?)m)z _ El%—q/z] [(i@m)Z — E§+q/2]

k,m

{2(i@m — Ex—q/2) i@ + Exrq2)I TR

—Ax_q/2Dkiq2[T* K] — Lq/zAltJrq/z[rd(k)]z}’ (AD)

where i®,, = iw,, — ;. The first derivative of F(q) with respectto g; (i = x,y) is

1

0, F(q) =
! (q) k,g [(id)m)z - Elzfq/Z] [(id)m)z - El<21+q/2]

2

memm+%ww%mwwW@WMW®ﬁ

1, ., , | /
+_(Ak—q/2Ak+Q/2 - Ak—q/ZAk+q/2)[Fd*(k)]2 + E(Alt—q/ZAlt-‘rq/Z - A]’i_q/zALq/Z)[Fd(k)]z}
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k,m (lwm) E]% q/z] [(i@m)z - E]%_;,_q/z]
X A2(i @ — Ex—q/2) (@ + Excrq) TR = Ak_q2Akq2 TR — Af 5 A% TR (A2)

Here we use the notation A’ = 3, A. Keeping in mind that [(i@,)* — Ef_y»][(i@n)* — Ef /5] is an even function of g, we can
evaluate the second derivative of F(q) around q = 0 as

2 _ 1 2 2 d 2 Az d NG
0, F(@)lg=0 = gﬂ: m{[&%& + 3(3, &) ] IT )1 + T”F (C9]) }

4T9(k))? I
—3[skak,.sk + ~(|Ak] )} : (A3)
k,m [(iJ)nI)z - Eﬁ] 2

Finally, we complete the Matsubara frequency summation and obtain

1 It~ 'T/e ~
S (Ek_qp) [(@n)* = Eiiqpa] = (Eiiqpa) [(@n)* = Ei_g 2]}

tanh (%) sechz(%)
a,iF(qu:o:kSZi{[skakskH(aksk)]|Fd(k>| +— |rd<k>|)} SEL T I6TE2

: ) | 3sech(5h) | tanh (5 )sect(5)
+ Z &y, & + l(|Ak|2)/ |Fd(k)|2 B 3tanh (2T N 3 sech 3T N tanh 3 sech 7 A
= ' 2 8E; E; 2T Ex 272

Here, E;, = Ex + sdu for convenience.
For s-wave or p-wave pairing, we only need to change the corresponding y functions I'Y(k) to I'P(k) and set §;« = O for the
p-wave case. For s-wave pairing where I'*(k) = 1, Eq. (A3) becomes

s ExOF & + 3(9, &u)? A(Ex D £
0 F@lgmo = )} =+ (A5)
Yom [(la)m) — Ek] [(la)m) — Ek]
Using the following identities:
d Ex 1 4& 2
_8_ N 22= N 22+ .~ 2k 213’ (A6)
K [(i@m)* — EE] [((@m)? — E}] [(la)m) E 2]
&k , 0 &k %’k
=) (O Sk) ——= =) &) 5 = dék(ak b —————
Z M [ @m)? — E2] Z Wk [(i@m)? — E2 Z 8-’3 k[(i® E2]
3
= Z / &9 ék - =—> 8k ﬁ, (A7)
(lwm) k,m (l wm) Ek]
we obtain
2(0y, £x)? k% | tanh (5 sech?( L
R D D e e L (A8
P [(lcbm)z _ Ek] " 4m?Ej Ex 2T
at 0 = 0. This is equivalent to the explicit form given in [53].
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