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It is well known that the lanthanide and actinide elements are formed by the filling of 4f and 5f subshells which
occurs after the filling of 5d and 6d subshells, respectively, has begun. With increasing ionization one expects the
energy levels to eventually regroup to their hydrogenic ordering, i.e., in terms of principal quantum number. In the
lanthanides, the 4f electron binding energy overtakes that of 5p near the 6th or 7th ion stage and 5s near the 14th
or 15th ion stage, leading to dramatic rearrangements of ground-state configurations. In this paper we report on
the results of a study to explore the effects of increasing ionization on the ground-state configurations of actinide
ions as a result of 5f and 6p or 6s level crossings. It is seen that the effects generally occur later and are more
strongly influenced by spin-orbit splitting than in the lanthanides. The near degeneracies of 5f and 6l energies
in these stages lead to configuration interaction (CI) amongst configurations with variable numbers of 5f and 6p

electrons. The effects of CI on the level complexity are explored for ions along the Rn I sequence and are found
to lead to the formation of “compound states” as predicted for the lanthanides. The extreme ultraviolet and soft
x-ray spectra of medium and highly charged lanthanides are dominated by emission from unresolved transition
arrays (UTAs) of the type �n = 0, 4p64dN+1−4p54dN+2 + 4p64dN 4f , which, in general, overlap in adjacent
ion stages of a particular element. Here, the corresponding �n = 0, 5p65dN+1−5p55dN+2 + 5p65dN 5f UTAs
have been studied theoretically with the aid of Hartree-Fock with configuration interaction calculations. As well
as predicting the wavelengths and spectral details of the anticipated features, the calculations show that the
effects of configuration interaction are quite different for the two different families of �n = 0 transitions and,
once more, spin-orbit interactions play a major role.
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I. INTRODUCTION

It is well known that the lanthanide and actinide series
of elements are formed by successive filling of electronic
4f and 5f subshells, in the elements following lanthanum
(Z = 57) and thorium (Z = 90), respectively, as a result of f

wave function collapse [1]. For neutral atoms of the elements
from Ag to La, the effective radial potential consists of an
attractive Coulomb and a centrifugal repulsion l(l + 1)/2μr2

term, where l is the orbital angular momentum quantum
number and μ is the reduced mass of the electron. The
resulting potential is bimodal, with an inner well close to
the nucleus, whose depth rapidly increases from Z = 47
(silver), where a shallow minimum first appears, to Z = 58
(cerium), where it first supports a bound 4f state leading
to the formation of the lanthanides [1–3]. In the elements
preceding La (Z = 57), this inner well is separated by the
centrifugal barrier from a broad outer well with a minimum
near the hydrogenic value of 16a0 and its effective principal
quantum number has been predicted to change abruptly from
a value of n ≈ 4 in Cs to n < 2 in La to n ≈ 1 in Ce,
where a 4f electron first appears in the ground state [4].
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With increasing nuclear charge or degree of ionization, the
inner well deepens and the barrier decreases, resulting in a
mixing of the inner- and outer-well states [5,6]. In this context,
it should be noted that the ground configuration of Ce is
(Xe)6s25d4f and in the excited (Xe)6s24f 2 configuration the
4f electrons behave essentially as eigenstates of the different
potential wells or, more correctly, as superpositions of inner-
and outer-well functions [7]. Consequently, term-dependent
calculations are required to correctly describe the resulting
level structure which, in turn, limits the accuracy of any
intermediate coupling calculation as the various interaction
parameters depend strongly on the choice of wave function.

In a similar fashion, in the elements preceding protactinium,
Pa (Z = 91), the 5f wave function is an eigenstate of an outer
well with a minimum at 25a0 while the inner well only supports
bound 4f states. With increasing Z, the inner well deepens
sufficiently that at Z = 91 the 5f wave function is predicted
to be essentially an eigenstate of the inner well and the lowest
configuration is (Rn)7s26d5f 2 [4]. Also, with increasing Z,
the 5f subshell gradually fills to form the actinide group
of elements. Because of the more diffuse nature of the 5f

wave function, the ground configurations of the lanthanides
and their corresponding homologous actinides are not always
necessarily the same, so simply changing the value of n to
n + 1 will not always define the lowest configuration. Already,
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TABLE I. Ground-state configurations of charge states I–XIII as tabulated in the NIST database [19]. For charge states I–XIII, ground-state
configurations listed 5f n have a Rn-like core, i.e., (Rn)5f n.

I II III IV V VI VII VIII IX X XI XII XIII

Ac 6d7s2 7s2 7s 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9

Th 6d27s2 6d7s2 5f 6d 5f 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10

Pa 5f 26d7s2 5f 27s2 5f 26d 5f 2 5f 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s

U 5f 36d7s2 5f 37s2 5f 4 5f 3 5f 2 5f 6p6 6p5 6p4 6p3 6p2 6p 6s2

Np 5f 46d7s2 5f 46d7s 5f 5 5f 4 5f 3 5f 2 5f 6p55f 6p45f 6p35f 6p25f 6p2 6p

Pu 5f 67s2 5f 67s 5f 6 5f 5 5f 4 5f 3 6p55f 3 6p45f 3 6p35f 3 6p25f 3 6p25f 2 6p25f 6p2

Am 5f 77s2 5f 77s 5f 7 5f 6 5f 5 5f 4 5f 3 6p55f 3 6p45f 3 6p35f 3 6p25f 3 6p25f 2 6p25f

Cm 5f 76d7s2 5f 77s2 5f 8 5f 7 5f 6 5f 5 5f 4 6p45f 5 6p35f 5 6p25f 5 6p25f 4 6p25f 3 6p25f 2

Bk 5f 97s2 5f 97s 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4 6p35f 6 6p25f 6 6p25f 5 6p25f 4 6p25f 3

Cf 5f 107s2 5f 107s 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4 6p25f 7 6p25f 6 6p25f 5 6p25f 4

Es 5f 117s2 5f 117s 5f 11 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4 6p25f 7 6p25f 6 6p25f 5

Fm 5f 127s2 5f 127s 5f 12 5f 11 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4 6p25f 7 6p25f 6

Md 5f 137s2 5f 137s 5f 13 5f 12 5f 11 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4 6p25f 7

No 5f 147s2 5f 147s 5f 14 5f 13 5f 12 5f 11 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5 5f 4

Lr 5f 147s27p 5f 147s2 5f 147s 5f 14 5f 13 5f 12 5f 11 5f 10 5f 9 5f 8 5f 7 5f 6 5f 5

as we have seen, a 4f electron is present in the ground
configuration of Ce, while the lowest configuration in the
homologous species, Th, is (Rn)7s26d2 [8]. However, with
increasing ionization the differences are predicted to diminish
and by the 3rd ion stage the ground configurations of both sets
of elements are expected to be of the same form, i.e., (Xe)4f n

and (Rn)5f n.
The primary purpose of the present paper is to explore

how the correspondence of the lowest configurations between
homologous actinide and lanthanide ions progresses as we
proceed to higher ion stages. In the lanthanides, because of
the tendency for electron energies to regroup according to
their hydrogenic ordering, i.e., in terms of principal quantum
number, with increasing ionization, the 4f binding energy
increases more rapidly than that of either 5p or 5s as the 4f

wave function contracts. A study based on the average energy
of configuration (Eav) calculations performed with Cowan’s
code [9] showed that 4f first crosses 5p near the 7th ion stage
in elements up to and including Z = 68 and in the 8th ion stage
of elements from 68 < Z < 71 [10]. Thereafter, the lowest
configurations contain a mixture of open 5p and 4f subshells
until the 10th ion stage up to Z = 66 (Tb) and the 11th ion
stage in elements with Z > 66. Subsequently the 4f and 5s

levels cross at the 14th or 15th ion stage. As a result of these
level crossings, complex configurations with variable numbers
of 5p and 4f electrons overlap, frequently within a narrow
energy range leading to significant configuration mixing and
the formation of so-called “compound” or “chaotic” states.
These states have properties exactly analogous to nuclear
compound states observed as narrow resonances in low-energy
neutron scattering whose adjacent level distributions follow a
Wigner distribution [11–14]. For example, in Xe-like Sm IX,
the lowest configuration is predicted to be 5p34f 3 and in
ascending energy we have 5p44f 2, 5p24f 4, 5p4f 5, 4f 6, and
5p6, all of which lie within 20 eV or so of the ground state [15].

An early study to establish theoretical values of ionization
potentials that included both highly charged lanthanides and
actinides and was sensitive to level rearrangement predicted
both 4f −5p and 4f −5s crossing to occur at ion stages

lower than those established experimentally in the lanthanides
[16]. These calculations included spin-orbit interaction and
so introduced a large spin-orbit splitting that gave rise to
mixed 4f and 5p configurations in a number of ion stages.
Since jj -coupling is expected to be even more significant for
the actinides, the combined effect of the diffuseness of the
5f wave function and the energy spread of the spin-orbit
split 6p configuration was that the 5f −6p crossing was
predicted to take place at higher ion stages and persist for
longer than 4f −5p crossings in the lanthanides. In addition,
the 5f −6s crossing was predicted not to be an issue in
highly charged actinides [16]. Subsequently another set of
calculations for ionization potentials were reported based
on the fully relativistic Dirac-Fock approximation but to a
large extent these ignored the effects of 5f contraction [17].
Ground-state configurations from the NIST database based on
these works and the calculations of Cao and Dolg [18] are
presented in Tables I and II [16–19]. An earlier study for all
ion stages of U also did not show any evidence of 5f −6p

level crossings in stages up to U11+, where the 6p subshell
empties, nor of 5f −6s crossings in the next two stages [20].
Much theoretical effort has, in fact, been directed towards the
calculation of ionization potentials of U ions using increasingly
refined theoretical approaches [21,22].

As might be expected, because of the highly transient
nature and lack of availability of samples for spectroscopic
analysis, experimental data for the majority of actinides
in ion stages relevant to the present work are essentially
nonexistent [8]. Very few experimental data exist to provide
verification of the ground configurations of actinide ions.
Whilst the ground configurations of many of the actinides
have been established experimentally by spectroscopic studies,
little work has been done on spectroscopy of their ions
with the exception of the first few ions along the Fr-like
[23,24] and Rn-like sequences [25]. The most detailed cal-
culations on level structure and transition rates performed
using relativistic many-body perturbation theory including
the Breit interaction [26] and the relativistic intermediate
Hamiltonian Fock-space coupled-cluster method, respectively
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TABLE II. Ground-state configurations of charge states XIV–XXVI as tabulated in the NIST database [19]. For charge states XIV,
ground-state configurations listed as 5f n have a Rn-like core, i.e., (Rn)5f n.

XIV XV XVI XVII XVIII XIX XX XXI XXII XXIII XXIV XXV XXVI

Ac 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d 5p6 5p5 5p4 5p3 5p2

Th 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d 5p6 5p5 5p4 5p3

Pa 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d 5p6 5p5 5p4

U 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d 5p6 5p5

Np 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d 5p6

Pu 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2 5d

Am 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3 5d2

Cm 6p25f 6p5f 5f 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5d3

Bk 6p25f 2 6p5f 2 5f 2 5f 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4

Cf 6p25f 3 6p5f 3 5f 3 5f 2 5f 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5

Es 6p25f 4 6p5f 4 5f 4 5f 3 5f 2 5f 6s2 6s 5d10 5d9 5d8 5d7 5d6

Fm 6p25f 5 6p5f 5 5f 5 5f 4 5f 3 5f 2 5f 6s2 6s 5d10 5d9 5d8 5d7

Md 6p25f 6 6p5f 6 5f 6 5f 5 5f 4 5f 3 5f 2 5f 6s2 6s 5d10 5d9 5d8

No 6p25f 7 6p5f 7 5f 7 5f 6 5f 5 5f 4 5f 3 5f 2 5f 6s2 6s 5d10 5d9

Lr 5f 4 6p5f 8 5f 8 5f 7 5f 6 5f 5 5f 4 5f 3 5f 2 5f 6s5f 5f 5d10

[27], have also concentrated on the lower ion stages of
these two isoelectronic sequences. Also, the identification of
some simple transitions of the type 5d106s2−5d96s25f and
5d10−5d95f in the spectra of Th XI and Th XIII and U XIII
and U XV [28,29] and the observation of broad, intense, unre-
solved transition arrays (UTAs) in extreme ultraviolet (EUV)
spectra of laser-produced plasmas of these elements [30] and
following uranium impurity injection in tokamak plasmas
[31] have been reported. These UTAs were identified as
arising from 5p65dN+1−5p55dN+2 + 5p65dN5f transitions
and completely dominate the EUV emission in these plasmas.
In the present work, calculations based on both Cowan’s
code [9] and the Flexible Atomic Code (FAC) [32] were
performed to establish the ground configurations of actinide
ions in stages where 5f −6p and 5f −6s level crossings
can lead to electron rearrangement and, in addition, the
predicted positions of 5p65dN+1−5p55dN+2 + 5p65dN 5f

UTAs are determined and their behavior is compared with
the corresponding n = 4-4 UTAs in the lanthanides. The high
intensity of 4p64dN+1−4p54dN+2 + 4p64dN 4f transitions
has led to the development of plasma sources for applications
of major technological importance ranging from lithography
to biological imaging [33–35].

II. GROUND-STATE CONFIGURATIONS IN
ACTINIDE IONS

Calculations were performed using the Hartree-Fock with
Configuration Interaction (HFCI) suite of codes written by
Cowan [9] to obtain Eav values. Because of the high Z of
the atoms and ions of interest, relativistic effects, namely
the mass-velocity and Darwin corrections were included. The
Slater-Condon Fk , Gk , and Rk parameters were scaled to
85% of their ab initio values while the spin-orbit parameters
were unchanged. Calculations were performed for ion stages
from Au-like to Bk-like. Along the Au-, Hg-, Tl-, Pb-, and
Bi-like isoelectronic sequences, calculations were performed
for configurations with variable numbers of 5f , 6s, and 6p

electrons. Thus, for example, in the particular case of the

Bi I sequence, where the lowest configuration is expected to
change from 6s26p3 to 6s25f 3 and eventually to 5f 5, all 15
configurations of the type 6sM6pK5f N (M + K + N = 5)
were included, i.e., 6s26p3, 6s26p25f , 6s26p5f 3, 6s6p4,
6s6p35f , 6s6p25f 2, 6s6p5f 3, 6s5f 4, 6p5, 6p45f , 6p35f 2,
6p25f 3, 6p5f 4, and 5f 5. Due to computational limitations,
it was not possible to perform calculations with variable
5f/6s/6p occupancy for values of M + K + N > 5. To this
end, calculations for heavier sequences were performed with a
closed 6s subshell. Although not as extensive a model as was
adopted for the lighter isoelectronic sequences, one would
expect, however, that the most important interactions for these
heavier sequences would take place among configurations with
variable 5f/6p occupancy. For each ion stage of each element,
the configuration with the lowest average energy was taken to
specify the ground configuration and the results are presented
in Table III. From this table it is clearly seen that the 6p−5f

crossing takes place at ion stages significantly higher than
those in the corresponding lanthanides beginning at Pu13+,
then Am12+, Cm11+, Bk11+, and Cf11+, and then changing to
the 10th ion stage in the heavier actinides. Also the 6s−5f

level crossing is delayed so much that it does not impact the
ground configuration of any of these ions.

However, the HFCI calculations also show that, as expected,
spin-orbit splittings are larger for the actinides than for the
lanthanides and the level structure is best defined by jj rather
than LS coupling. In Fig. 1, the natural logarithm of the ratio
of the Slater F 2(nlnl) direct Coulomb interaction parameter
to the spin-orbit parameter, ζnl , for nl = 5p and 4f along the
Xe-like isoelectronic sequence for the configuration 5p44f 2

and for nl = 6p and 5f along the Rn-like isoelectronic
sequence for the configuration 6p45f 2 are shown. It is clear
from this figure that jj coupling increases in going from
the lanthanides to the actinides and also provides the best
description for the p electrons, while the reverse is true for the
f electrons. Because the 6p spin-orbit splitting is much greater
than the 5f spin-orbit splitting, the configuration with the
lowest Eav may not necessarily correspond to that containing
the lowest level. To explore this aspect, ab initio calculations
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TABLE III. Ground-state configurations of numerous actinide ions calculated using Cowan’s suite of codes. Discrepancies between the
NIST database and the current set of calculations are highlighted in bold. All calculated ground-state configurations of charge states in the
range XVII–XXIII are in full agreement with the NIST database. For charge states VII–XI, ground-state configurations listed as 5f n have a
Rn-like core, i.e., (Rn)5f n.

VII VIII IX X XI XII XIII XIV XV XVI ... XXIV XXV

Ac 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5p4 5p3

Th 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5p5 5p4

Pa 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5p6 5p5

U 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d 5p6

Np 5f 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d2 5d

Pu 5f2 5f 6p6 6p5 6p4 6p3 6p2 5f 6s2 6s 5d3 5d2

Am 5f 3 5f2 5f 6p6 6p5 6p4 6p25f 5f2 5f 6s2 5d4 5d3

Cm 5f 4 5f3 5f2 5f 6p6 6p45f 6p25f 2 5f3 5f2 5f 5d5 5d4

Bk 5f 5 5f 4 5f3 5f2 5f 6p45f2 6p25f 3 5f4 5f3 5f 2 5d6 5d5

Cf 5f 6 5f 5 5f 4 5f3 5f2 6p45f3 6p5f5 5f5 5f4 5f 3 5d7 5d6

Es 5f 7 5f 6 5f 5 5f 4 6p55f4 6p35f5 6p5f6 5f6 5f5 5f 4 5d8 5d7

Fm 5f 8 5f 7 5f 6 5f 5 6p55f5 6p35f6 6p5f7 5f7 5f6 5f 5 5d9 5d8

Md 5f 9 5f 8 5f 7 5f 6 6p55f6 6p35f7 5f9 5f8 5f7 5f 6 5d10 5d9

No 5f 10 5f 9 5f 8 5f 7 6p55f7 6p25f9 5f10 5f9 5f8 5f 7 6s 5d10

Lr 5f 11 5f 10 5f 9 5f 8 6p45f9 6p25f10 5f11 5f10 5f9 5f 8 6s2 6s

were performed with the fully relativistic FAC which uses
the Dirac equation as its starting point [32]. For ion stages
in the range Au-like to Rn-like, calculations were performed
with variable numbers of 5f/6s/6p occupancy, i.e. the same
configuration basis as was used for the first set of Cowan’s
code calculations. Only configurations with variable 5f/6p

occupancy were considered in the level-structure calculations
for heavier isoelectronic sequences in the range Fr-like to
Bk-like. Typically, in the FAC calculations, one optimizes the
local central potential using a fictitious mean configuration
with fractional occupation numbers. As advised by Gu [32]
in the documentation accompanying the FAC package, it
is best practice to construct this mean configuration from
the lowest-lying configurations. However, in the presence of

Spectrum number
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FIG. 1. Logarithmic dependence of the ratio F k(nlnl)/ζnl on the
spectrum number. Data points connected by dashed lines correspond
to actinide ions, with diamonds and triangles representing nl = 5f

and 6p, respectively. Data points connected by unbroken lines
correspond to lanthanide ions, with circles and squares representing
nl = 4f and 5p, respectively.

strong configuration mixing, it is quite difficult to determine an
optimum mean configuration from which to derive the local
central potential. To investigate this further, we performed
two independent sets of calculations for each ion stage where
we adopted as the mean configuration (i) the configuration
belonging to the lowest-lying level, e.g., 6p35f 3, and (ii)
the configuration associated with the next-lowest-lying level
not belonging to the ground-state configuration, e.g., 6p45f 2.
Clearly, the definition of a configuration in this context is
quite ambiguous. The purpose of these calculations was to
investigate the variation in calculated level energies using
different mean configurations. For the vast majority of ion
stages considered in this work, only slight variations in
excited level energies were observed between calculations (i)
and (ii) described above. Most importantly, both calculations
consistently yielded the same ground-state configurations. The
lowest configurations, based on the leading eigenvectors of the
lowest energy levels, are presented in Table IV. Note that there
are differences especially around the ground configurations
for the 9th, 10th, and 14th to 16th ion stages with the NIST
database. Compared to the results of the Eav calculation, some
differences emerge, most notably the onset of level crossing
begins at slightly lower ionization states such as Pu11+, then
Am9+, and occurs at the 9th ionization stage for all of the
heavier actinides with the exception of Es8+. The 5f −6p

crossing is predicted not to be fully completed until the 17th
or 18th ion stage, while the Eav crossing is predicted by
the HFCI calculations to happen before the 13th ion stage.
As highlighted in Table IV, it was not possible to calculate
the ground-state configuration of U VIII [NIST ground-state
configuration: (Hg)6p5]. The same was also true for Lr XXV
[NIST ground-state configuration: (Xe)4f 145d105f ]. In both
cases, a convergence issue was encountered in one of the FAC
subroutines. Unfortunately, an effort to increase the maximum
number of iterations to allow for convergence proved futile. Fi-
nally, it is interesting to note that the lowest configuration in no
ion in this table contains a 5f electron rather than a 6s electron.
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TABLE IV. Ground-state configurations of numerous actinide ions calculated using the FAC. Discrepancies between the NIST database
and the current calculations are highlighted in bold. All calculated ground-state configurations of charge states in the range XIX–XXIII are in
full agreement with the NIST database. For charge states VII–IX, ground-state configurations listed as 5f n have a Rn-like core, i.e., (Rn)5f n.
∗Calculation did not converge—corresponding NIST entry tabulated.

VII VIII IX X XI XII XIII XIV XV XVI XVII XVIII ... XXIV

Ac 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5d4 5p4

Th 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5d5 5p5

Pa 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d6 5p6

U 6p6 6p5∗ 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d7 5d

Np 5f 6p6 6p5 6p4 6p3 6p2 6p 6s2 6s 5d10 5d9 5d8 5d2

Pu 5f2 5f 6p6 6p5 6p4 6p25f 6p2 6p 6s2 6s 5d10 5d9 5d3

Am 5f 3 5f2 5f 6p55f 6p45f 6p25f 2 6p25f 6p2 6p 6s2 6s 5d10 5d4

Cm 5f 4 5f3 5f2 6p55f2 6p35f3 6p25f 3 6p25f 2 6p25f 6p2 6p 6s2 6s 5d5

Bk 5f 5 5f 4 5f3 6p45f4 6p35f4 6p25f 4 6p25f 3 6p25f 2 6p25f 6p2 6p 6s2 5d6

Cf 5f 6 5f 5 5f 4 6p45f5 6p35f5 6p25f 5 6p25f 4 6p25f 3 6p25f2 6p25f 6p2 5f 5d7

Es 5f 7 5f 6 6p55f6 6p45f6 6p35f6 6p25f 6 6p25f 5 6p25f 4 6p25f3 6p25f2 6p25f 5f 2 5d8

Fm 5f 8 5f 7 5f 6 6p45f7 6p35f7 6p25f 7 6p25f 6 6p25f 5 6p25f4 6p25f3 6p5f3 5f 3 5d9

Md 5f 9 5f 8 5f 7 6p55f7 6p45f7 6p25f8 6p25f 7 6p25f 6 6p25f5 6p25f4 6p25f3 6p5f3 5d10

No 5f 10 5f 9 5f 8 6p45f9 6p35f9 6p25f9 6p25f8 6p25f 7 6p25f6 6p25f5 6p25f4 6p5f4 6s

Lr 5f 11 5f 10 5f 9 6p45f10 6p35f10 6p25f10 6p25f9 6p25f8 6p25f7 6p25f6 6p25f5 6p5f5 6s2

In order to estimate where the 5f and 6s levels would
cross in heavier elements, calculations were performed using
the FAC for ions of the Rn-like isoelectronic sequence.
Calculations were performed for all possible 6sM6pK5f N

(M + K + N = 8) configurations. The change in positions
of the lowest levels of the 6s26p6, 6s26p55f , 6s26p45f 2,
6s26p35f 3, 6s26p25f 4, 6s26p5f 5, 6s25f 6, 6s5f 7, and 5f 8

configurations with increasing ionization are shown in Fig. 2,
which clearly shows the gradual change from 6s26p6 past
Pu8+ to 6s25f 6 at Rf18+. The inset shows a continuation of
the calculation for the lowest levels of the 5f 8, 6s5f 7, and
6s25f 6 configurations (curves A, B, and C) up to Z = 109.
Unfortunately, the FAC did not run for elements past Z = 109.
Therefore, we carried out two separate least-squares fits for the

Z
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FIG. 2. Lowest-lying energy levels of numerous configurations
along the Rn-like isoelectronic sequence. Curves A–I correspond
to the configurations 5f 8, 6s5f 7, 6s25f 6, 6s26p5f 5, 6s26p25f 4,
6s26p35f 3, 6s26p45f 2, 6s26p55f , and 6s26p6. The inset shows a
continuation of curves A, B, and C up to Z = 109, with a linear
extrapolation being performed above Z = 109.

data points between Z = 104 and 109 and extrapolated these
fits to a level energy of 0 eV. From the plot one can see that
the 5f level first falls below the 6s level at Z≈121 (36th ion
stage), with 5f 8 becoming the ground-state configuration at
Z ≈123. This situation is in stark contrast with the analogous
case in the lanthanides where one would expect to see a 5s−4f

level crossing for the Xe-like sequence occurring around the
16th ion stage [10].

III. STATISTICS OF 6sM6 pK 5 f N CONFIGURATIONS

According to the FAC calculations as shown in the
preceding figure, the lowest configuration in Rn-like Cm10+

is 6s26p35f 3, and the predicted level structure for the
6s26pK5f N (K + N = 6) configurations is presented in
Fig. 3. From this figure, it is clear that because many of
these configurations overlap in energy there will be strong
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FIG. 3. Energies of levels belonging to Rn-like Cm10+. Configu-
rations with variable 5f/6p occupancy are shown.
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configuration mixing. The FAC calculations include config-
uration interaction (CI) effects and the level assignments are
based on leading eigenvector compositions. In the Xe-like
isoelectronic sequence, the lowest configuration in Sm8+

was found to be 5s25p34f 3, and because of CI effects, the
nearest-neighbor separation of levels was found to follow
a Wigner distribution, as mentioned earlier [15]. Flambaum
and co-workers [36] showed that if the mean level spacing
is D and the mean off-diagonal parameter is V , then the
ratio V/D determines the level distribution. If V/D is large,
there is a complete breakdown of the single-particle model
and the resulting states are so highly mixed that only the
total angular momentum J and the parity π are “good”
quantum numbers. Moreover, the level density is such that
the dynamical properties can be modeled using random matrix
theory and obey Gaussian orthogonal ensemble statistics. This
situation was shown to pertain to Sm8+ [37] and it was
further shown that, as in earlier work [36], the off-diagonal
elements tend to vanish between states well displaced in
energy from any particular state in question, giving rise to
the concept of a “spreading width” �, where � = NeigD and
Neig is the number of eigenvector or single-particle basis-state
components present in the mixed basis state in question. Thus if
the states are arranged in order of ascending energy, the random
matrices are “banded” or have finite off-diagonal elements
arranged around the diagonal. Under these conditions, the
nearest-neighbor separations in sets with the same Jπ follow
a Wigner distribution. The presence of a Wigner distribution
of nearest-neighbor separations is a necessary but insufficient
condition for the emergence of quantum chaos. For a Wigner
distribution, the probability density function for a normalized
nearest-neighbor spacing (NNS), s, is given by

P (s) = πs

2
exp

(−πs2

4

)
. (1)

Since compound states clearly result from level crossing
and configuration interaction in lanthanide ions, it is reason-
able to expect that they will also appear in actinide ions.
However, as has been shown by numerous authors, the level
statistics of atomic systems subject to strong configuration
mixing are often best described as somewhere between the
extremes of “regular” (Poisson) and “chaotic” (Wigner) behav-
ior. This intermediate behavior can be described quantitatively
using the Brody distribution [38,39], which is given by

Pq(s) = α(q + 1)sq exp(−αsq+1), (2)

where α = [�( q+2
q+1 )]q+1 and q is known as the Brody or

repulsion parameter. The Brody distribution reduces to the
Poisson/Wigner distributions when q = 0 or 1, respectively.
We evaluated the Brody parameter for the Jπ = 5+ interacting
set in Rn-like Cm10+ using the T -function approach of Prozen
and Robnik [40,41], described in detail by Cummings et al.
[42] and Kilbane et al. [37]. We have obtained a value of
q = 0.932 ± 0.017 for the Brody parameter, indicating the
existence of strong level repulsion in this spectrum. Details of
this calculation will be described in a future comparative study
of quantum chaotic signatures in lanthanide and actinide ions.
In Fig. 4 the distribution of normalized NNSs for this interact-
ing set are presented along with a Brody distribution having

s
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FIG. 4. NNS distribution for the J π = 5+ interacting set in
Rn-like Cm10+. The dimensionless spacings s are defined on the
unfolded energy scale and the histogram is normalized to unity. A
Brody distribution with the Brody parameter q = 0.932 is shown in
red (curved line).

the Brody parameter q = 0.932. In a recent study, Viatkina
et al. [43] have shown that levels belonging to independent
Jπ manifolds of the Pa atom exhibit signatures of a many-
body quantum chaotic system. For example, they obtained a
repulsion parameter of q = 0.89 ± 0.11 for the Jπ = 7/2+
manifold of neutral Pa. Therefore, as in the case for the
lanthanides, the level rearrangement results in the formation
of compound states. The total energy spread of 6sM6pK5f N

(M + K + N = 8) in Rn-like Cm10+ is ≈170 eV compared to
≈100 eV for 5sM5pK4f N (M + K + N = 8) in Sm8+, whilst
the corresponding numbers for 6s26pK5f N (K + N = 6)
and 5s25pK4f N (K + N = 6) are ≈80 eV and ≈20 eV,
respectively. The larger value of the former is due to the larger
6p splitting [ζ6p (Cm10+) = 12.52 eV, ζ5p (Sm8+) = 3.67 eV].

IV. 5 p-5d and 5d-5 f UNRESOLVED TRANSITION ARRAYS
OF IONS WITH Z = 89-103

Energies were determined for 5p65dN+1−5p55dN+2 +
5p65dN5f transitions both with and without CI for all
ions with N = 0-8 of the elements considered. For the CI
calculations, the eigenvector percentage compositions were
used to assign 5d−5f and 5p−5d lines within the overall
arrays. The results of these calculations are presented in Fig. 5
for ions of the elements Ac (Z = 89), Cm (Z = 96), and Lr
(Z = 103). As noted in a recent study for n = 5-5 transitions in
lower-Z elements, in the absence of CI the 5p−5d array splits
due to spin-orbit interaction into 5p1/2−5d and 5p3/2−5d

subarrays. The 5d−5f transition array is dominated by the
5d−5f electrostatic interaction due to the large overlap of the
5d and 5f wave functions and lies between the peak intensity
regions of the 5p1/2−5d and 5p3/2−5d subarrays in every
spectrum. The effect of CI is to modify the spectral profile and
increase the overall intensity of the 5p1/2−5d subarray while
leaving its mean position essentially unchanged. The mixing
of the 5d−5f and 5p3/2−5d arrays also alters the spectral
profiles and shifts the mean energy of the 5d−5f array to a
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FIG. 5. Calculated positions of �n = 0, 5p65dN+1−
5p55dN+2 + 5p65dN 5f transitions for Ac, Cm, and Lr calculated
using Cowan’s suite of codes excluding CI (left) and including CI
(right). Black denotes 5d−5f transitions and orange (gray) denotes
5p−5d transitions.

shorter wavelength while the 5p3/2−5d array appears to be
almost completely quenched and its intensity appears to be
shared among the lower-energy arrays. To further illustrate
this behavior, in Fig. 6, a scatter plot of calculated gA values
versus wavelength data for the 5p65d5−5p55d6 + 5p65d45f

transitions in Cm23+ is shown in the form of binned scatter
plots, where the color bar corresponds to the relative density
of transition points within the bins. Each bin was of size
0.1 nm × 0.1 s−1 [ln(gA)] for each scatter plot. It is clearly
seen that the majority of the transitions are very weak. The
total array width is close to 200 eV, with the 5p65d5−5p55d6

subset essentially splitting into two subarrays, and there is
considerable overlap with 5p65d5−5p65d45f transitions. The
effect of CI is to decrease the intensities of the strongest lines in
the longer-wavelength 5p65d5−5p55d6 subarray, while at the
same time causing some redistribution of oscillator strength
amongst the 5d−5f transitions while the shorter-wavelength
5p−5d subarray remains essentially unchanged. Thus the
effect of CI for 5-5 transitions is far less dramatic than that
for the corresponding 4p64dN+1−4p54dN+2 + 4p64dN 4f

transitions in lanthanide spectra where it leads to complex
redistribution of oscillator strength to the higher-energy end
of the array and causes a pronounced spectral narrowing
[44–46]. In addition, in the lanthanides, the 4d−4f transition
arrays in a particular element move to longer wavelength
with increasing ionisation [10], while in the case of the
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FIG. 6. Calculated gA values versus wavelength data for Cm23+

for �n = 0, 5p65d5−5p55d6 + 5p65d45f transitions shown in the
form of binned scatter plots, where the color bar corresponds to the
relative density of transition points within the bins. Each bin was of
size 0.1 nm × 0.1 s−1 [ln(gA)] for each scatter plot.

5d−5f arrays in actinides, apart from some shift towards
a shorter wavelength at the beginning of the sequence, evident
here in the Ac spectra, they remain at essentially the same
wavelength with ascending ionization both with and without
CI. In the absence of CI, according to the UTA formalism, for
4p64dN+1−4p54dN+2 + 4p64dN 4f transitions the position
of the line strength weighted mean of an array is shifted
from the position of the differences in average energies by
the following amount [47]:

δE = 35

9
(N )

⎛
⎝∑

k �=0

fkF
k(4d4f ) +

∑
k

gkG
k(4d4f )

⎞
⎠, (3)

where Fk(4d4f ) and Gk(4d4f ) are Slater-Condon direct and
exchange integrals, respectively, and the coefficients fk and
gk result from integrals over polar and azimuthal angles that,
in general, decrease with increasing k [48]. Here g1 has the
largest numerical value and the reduction in N is balanced by
an increase in the value of the Slater-Condon parameters.

The shift towards a shorter wavelength at the lower-Z end
of the sequence as seen in the Ac spectra in Fig. 5 arises
due to 5f orbital contraction [49]. From a comparison with
experimental spectra of highly ionized Th and U it was inferred
that the calculated results for the 5d−5f transitions agree
quite well with experimentally observed UTA positions [44].
Thus, as in the case of the lanthanides, where an intense UTA
due to 4d−4f transitions is observed, 5d−5f transitions
dominate the observed spectra of ion stages with an open
5d subshell [49]. The calculated positions of the 5p−5d
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(a) (b)

FIG. 7. Calculated positions of the 5p−5d and 5d−5f transition
arrays in the actinides along the Re I isoelectronic sequence [ground-
state configuration (Xe)4f 145p65d5].

and 5d−5f arrays along the Re I isoelectronic sequence
[ground configuration (Xe)4f 145p65d5], identified from the
upper-state leading eigenvectors, are shown in Fig. 7 and
clearly show the progression to shorter wavelengths of both
families of transitions with increasing Z. They also clearly
show the quenching of the 5p3/2−5d array.

V. CONCLUSION

We have shown that 5f −6p level crossing effects along
different isoelectronic sequences lead to significant changes

in ground-state configurations in actinide ions and that strong
configuration interaction between configurations containing
variable numbers of 6p and 5f electrons resulting from the
near degeneracies of 5f and 6p binding energies leads to the
formation of compound states and the complete breakdown of
a single-particle picture in describing the level structure. In this
regard there are strong similarities with the behavior associated
with 4f −5p and 4f −5s level crossings in lanthanide ions,
though there are differences for homologous ions. First, the
greater influence of relativistic effects in the actinides means
that the 6p configuration widths are significantly greater due
to spin-orbit interaction, and in addition, 5f −6s level crossing
does not cause any changes in ground configurations of the ac-
tinides. Since the dominant features in ionized rare-earth spec-
tra are UTAs resulting from �n = 0, 4d−4f and 4p−4d tran-
sitions, we have also considered the corresponding �n = 0,
5d−5f and 5p−5d transitions in the actinides. Once more,
spin-orbit splitting was found to lead to significant differences
between both sets of spectra. Finally, we hope that these results
will stimulate further calculations to explore the effects of, for
example, the Breit interaction on the level structure of the ions
considered here.
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