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We derived quantum trajectories for a system interacting with the environment prepared in a continuous mode
single-photon state as the limit of a discrete filtering model with an environment defined as a series of independent
qubits prepared initially in the entangled state being an analog of a continuous mode state. The environment
qubits interact with the quantum system and they are subsequently measured. The initial correlation between the
bath qubits is the source of the non-Markovianity. The conditional evolutions of the quantum system for the limit
of the continuous in time observations together with the formulas for the photon counting probabilities are given.
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I. INTRODUCTION

Belavkin filtering equations [1-3] (called also stochastic
master equations [4—7]) describe the conditional evolution of
an open quantum system interacting with the environment
modeled by the Bose field [8]. The quantum filtering theory,
providing the best state estimation based on the result of the
continuous in time measurement, is formulated within the
framework of quantum stochastic Itd calculus (QSC) [9,10].
The stochastic evolution of the system depends on the results
of the measurement performed continuously in time on the
output field—the field after interaction with the system. The
indirect measurement allows us to avoid Zeno effect. The exact
form of the filtering equation depends on the initial state of
the environment and the measurement scheme. The rigorous
derivation of the filtering equation for the Bose field in a
Gaussian state (vacuum, coherent, squeezed) one can find,
for instance, in [1,2,11]. Solutions to the filtering equations
are called quantum trajectories.

Recently there is interest in determination of the stochastic
master equation for nonclassical states of the Bose field. One
of them is a single-photon state [12—14]. About the methods
of its generation and application in quantum computing and
communication one can read in [15-22]. The filtering equation
for a quantum system interacting with the environment
prepared in the single-photon state was derived in [23-26].
The authors of the mentioned papers determined the filters
with the aid of embedding of the quantum system into a
larger Markovian [23,24] or non-Markovian [25,26] system.
In [23,24] the authors used the concept of a quantum cascaded
system [6] and introduced an ancilla being a source of the Bose
field in a desired nonclassical state. The output field from the
ancilla is the input field for the quantum system. The authors
first derived the filters for the extended system consisting of
the system of interest and ancilla and then, by taking the partial
trace over the ancilla degrees of freedom, they determined the
conditional evolution for the quantum system. The cascaded
systems approach to determine the conditional evolution of
a quantum system interacting with the single photon, which
one can find, for instance, in [22], was first proposed in [27].
Derivation of the quantum trajectories for the light prepared in
a continuous mode Fock state in the framework of QSC was
given in [28,29].
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In this paper we present a derivation of the filters for
a quantum system interacting with an environment in the
single-photon state as a limit of discrete filtering. To determine
the quantum trajectories we use, instead of the standard
methods based on the concept of an ancilla producing the
field in a nonclassical state, the quantum repeated interaction
model [30-33]. We present the model with a quantum system
interacting with an infinite chain of identical and independent
quantum systems representing an environment. This approach
gives an intuitive and rigorous interpretation for the conditional
evolution of the open quantum and quantum trajectories.

We consider the model with an environment defined by
a series of independent qubits. The environmental qubits
interact in turn one by one with the quantum system and they
are subsequently measured. Each qubit of the environment
interacts with the system only once and the environmental
qubits do not interact between themselves. We assume that the
environment is prepared initially in an entangled state being
a discrete analog of a continuous mode single-photon state.
We obtain the stochastic evolutions of the quantum system for
the two cases of the monitoring of the environmental qubits:
photodetection and homodyne detection. The conditional
evolutions of the system are derived by making use of the von
Neumann projection postulate. We showed that the quantum
system becomes entangled with this part of the environment
which has not interacted with the quantum system yet. The
prior and posterior evolution of the quantum system are
non-Markovian in this case. The memory effects result from
the initial correlation between the bath qubits. Together with
the stochastic evolution we present also the formulas for the
photon counting probabilities giving the whole statistics of the
output photons.

The model is based on the discrete version of quantum
Itd stochastic calculus. Its rigorous definition together with
discussion of its continuous limit were given in a number of
publications [30,34—42]. Derivations of a discrete version of
quantum filtering equations with its continuous limits for the
case when the environment is initially in a factorized state
with the qubits prepared in some mixed state one can find
in [43], and for the qubits prepared in the ground state (the
environment prepared in the vacuum state) one can find them
in [37,42].
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II. REPEATED QUANTUM INTERACTIONS MODEL

Let us consider a quantum system S of the Hilbert space
'Hs interacting with the environment consisting of a sequence
of two-level systems which interact in turn one by one with the
system S each during the time interval of the length 7. Thus
the Hilbert space of the environment is

+00
He = Q) Heu ()

k=0

where Hge; = C? is the Hilbert space of the k" qubit
interacting with S in the time interval [kt,(k + 1)7). The
Hilbert space H¢ can be split as a tensor product:

j—1
He =M "@H!, HI = Q) Heu
k=0

+00
MY = Q) Heur )
k=j

If jt is the current moment then Héfu can be interpreted

as the part of the space of the environment which refers to
two-level systems which have already interacted with S and
H[g] as the space referring to two-level systems which have not
interacted with S yet. We will call them, respectively, the past
and future environment spaces.

The ground and excited states of the k" two-level system
we will indicate, respectively, by |0); and |1);. We assume that
the environment is prepared in the state

+00
1e) = VT ) _ &0yt |vac), 3)
k=0
where |vac) = |0)o ® |0); ® |0), & |0)3... is the vacuum

vector in ‘Hg, the operators o, = |0) (1| and a,j' = |1)x (0]
act nontrivially only in the space Hg &, and ZZ’;’BH;‘HZI =1
Note that |1¢) has the additive decomposition property

J +00
le) = VT ) _&o;Ivac) + /T Y &oflvac)  (4)
k=0

k=j+1

and it can be written in the form
+o00

1) =7 ) &lle), 5)
k=0

where
1) =100 ®[0)1 ® ... 10)k—1 ® 1)k ® [0)k41 ® [0py2 - ...
(6)

Thus |& |t is the probability that the k™ qubit is prepared
in the upper state and all the other qubits are in their ground
states. The state |1) is a discrete analog of a single-photon
state in the model of continuous modes discussed in [13,14].

Now, let us describe the evolution of the composed
&€ + S system. We consider the well-known repeated interac-
tions model where the unitary operator defining the evolution
of the total system up to the time jt is given by

Uj-[ = j—lvj—2-~-VO» UO = ]1, (7)
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where V; acts nontrivially only in the space H¢  ® Hs and
Vi = exp(—itHy), ®)

where Hy is a bipartite Hamiltonian acting on Hg ; ® Hs. Itis
therefore clear that there is no interaction between subsystems
Her and Hey for k # k'. Since Hg; = C? one has the
following representation:

Voo Vo
Vi = , 9
: (Vm V11> ©)
with V;; being the system operators. We assume that the initial
state of the total system is the pure product state of the form

Ig) ® [¢) (10)

and we stress that the environmental state |lg) is highly
entangled (depending on the profile &).

III. CONDITIONAL EVOLUTION FOR
THE COUNTING PROCESS

In what follows we consider the following collision model:
the system S interacts with an infinite chain of environmental
qubits. Now, after each interaction one performs a measure-
ment on the last qubit which has just interacted with S. Our
goal is to describe an evolution of S conditioned on the
results of the measurements performed subsequently on the
environment qubits at the time instances 7,27,37, . ... Clearly,
since the results of measurements are random this gives rise to
a random evolution of the state of S.

Let us first consider the measurement of the observable

ofor = 1) (1], k=012,.... (11)

We shall prove that the conditional state of S and the part of
the environment which has not interacted with S up to jt is
at the moment jt given by

. W)
Pjn,) = s
(Wi, Wi, )

where [W,.) is the un-normalized conditional vector of the
form

12)

+00
W, ) = ﬁZSka,j'|vac)[j,+oo) ® |ojin,)
k=)

+ [vac)(j o) ® |Bjm,) (13)

where n; is a binary j vector n; = (9,11, ...,71) with
nx € {0,1} which represents results of all measurements of
(11) up to the time jt. We use an obvious notation:

[vac)(j+o0) = 10); ® [0)j11 ® ... (14)
The vectors |ajy,) and |Bjy,) from the Hilbert space Hs
satisfy the recurrence equations

‘“.f—*—“'lm) = V’IHIO’“./W)’ (15)

|Bistins) = Vayuo|Biim,) + VTE Vi |@jm,)  (16)

with the initial condition |ag) = [v), |Bo) = O.
Note that the conditional vectors |« ) and |B;),,) depend
on all results of the measurements up to the time jr. Their
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physical interpretation becomes clear when we write down
explicitly their form for particular trajectories. Usually, one
skips the condition n;. In this section, however, to stress the
character of the conditional states, we keep the conditional
notation. N

It is clear that |Wj, ) belongs to the Hilbert space

,jzoj He x ® Hs. The formof | W}, ) indicates that the system
S becomes entangled with this part of the environment which
has not interacted with S yet. It is the main difference between
the considered situation and the standard cases when the
environment is in the factorizable state [37,42]. The physical
interpretation of [W;, ) is very intuitive.

(1) The first term in (13) represents the following scenario:
all qubits of the environment up to time jt were prepared in
the ground state and the qubit prepared in the excited state
appears only in the future.

(2) The second term represents the situation in which S has
already interacted with the qubit prepared in the excited state

J

+00
|Wii,) = 10); ®
k=j+1

Now the action of V; on |W},.) gives
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and in the future it will interact with the environment being in
the vacuum.

These two scenarios occur as a quantum superposition. The
probability of the first one is

{otjim, [tjin;) 32025 w18l

A7)
(ctjim, |tjim,) 2ois T&l® + (Bjim, | Bim,)
and the probability of the second one is

(cjim, |jim,) 2ok 181 + (B, |Biim,)
Sooner or later, it depending on the profile & of the
environment state |1¢), the system S meets the qubit prepared
in the excited state, so finally only the second term gives a
nonzero contribution to (13), and [¥;,.) becomes separable.
In order to prove (13) it is convenient to rewrite [V}, ) in
the following form:

Z VTEOTIVAC) 41, 400) ® |oin,) + 1VAC) 11 400) ® |Bjim,) | + 1)) ® [Vac) i1, +00) ® VTES |ctji,)-

19)

+o0
Vi W) =10), @ | D VT&0 IVachjsi oo ® Voolejim, ) + IVachjsi 100 © (Voo  Bjim,) + v/TE Vor |ajin, )

k=j+1

+00
+11); ®
k=j+1

The conditional vector |W;,q,,,,) from the Hilbert space
Q121 Hex ® Hy is defined by

(T, ® 1)V, | Wi, ) = 17j51) 5 @ | W)t )

where

21

[Ty = |0),(0],

and n;4; = 0,1 stands for the two possible results of the
measurement of the observable o;”a ; - Finally, using (20) one
finds that |W;),,,,) has the following form:

Iy = 1) (1], (22)

+o0
(Witima) = D E/To IVaC)j 11 100 ® [ 11in,,)
k=j+1

+ |vac) 41,400 @ |,3j+1m,-+,> (23)

with [ 1p;,41), |Bj+1g,+1) satisfying Egs. (15) and (16),
which ends the proof of (13).

Note that knowing the initial state |i) of S, the single-
photon state |lg) of the environment, and the results of
measurements (17;,...,7;) up to time jt one can uniquely
determine the state [ [n;).

Equation (20) shows that after each measurement there are
in general two possible scenarios.

Z VTEOTIVAC) 41 400) ® Vio| i, ) + IVAC) 41,400 ® (Vio|Bjm,) + v/TE Vit |, ) |- (20)

(1) The system S meets in the future the qubit prepared in
the excited state.

(2) It meets in the future all qubits prepared in the ground
state.

In the quantum filtering theory the environment is usually
treated as a model of electromagnetic field. In this interpreta-
tion we see in (20) that when the result of the outcome is zero
then we deal with two possibilities—the system S did not emit
a photon or a photon from the environment was absorbed by
S. When the photon was detected we see that it was emitted by
S or we measured the photon of the external field directly. The
form of (13) depends on the results of all past measurements,
thus it is clear that if all photons achievable for the considered
composed system were observed then only the second term
gives a nonzero contribution to (13) and there is no longer
entanglement between S and the future environment.

The general solution to the set of equations (15) and (16)
can be written in the compact form

|ozjin,) = Vg0V, 00 - - - Vol W), (24)
Jj—1 J

|IBJ|'Ij> = ‘/?ng 1_[ Vﬂlal(kﬂ)h//)' (25)
k=0 =1
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Note that instead of using the notation with the full vector n;
we may equivalently provide the location of “1” in the string
(mj,...,m), that is, (s, ...,l;) means that one observed m
photons at t; = tl; (i = 1, ...,m) and no other photons in the
period from zero to jt. Let us provide the formulas for the
simplest scenarios.

Mn;=(@,....00=0
this case one finds

;, that is, no detections upon 7. In

l@jio,) = Vo), (26)
j—1

1Biio,) = VT Y_ Voo &V Vi) 7)
k=0

(2) One detection at t; = tl;:
|a.i\l|> =

Vi " VioVe T ), (28)

and

|Biin) = ﬁ[de_l'éll—quVéél

=2

+Vgo Vi Z Voo T 8 Vo Vg,
k=0

j—1
+> Vo e v vET Vlovgg)l] ). (29)
k=1,

(3) Two detections (I5,11):

o) = Vo{)_lz Vlovéé_ll_lvlovéb_l V), (30)
and
|Biini)
= \/?|:V0{)_12 Vio Vééflﬁlél,fl Vi Vé(]fl
L—l—1 -1
+ Voo 512 1 V11 Vo Vio Voo
n VOJO b V10V02 h-ly Z V(f(')_k_zé'k Vor Voko
. l"_
Vio " Vio Y Vos P E Vo Vo " Vio V)
k=l
-
+ Z Vojo_k_lfk Vou Vok0712 Vio Vééfllfl Vio Véél:| [¥).
k=l
(31)
In the representation of the moments of counts (,,, ...,l;)
one finds
y)
|t .. vool"[ Vio 1¥). (32)
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and a quite involved formula for |8;):

ZN/?V()IO i 1_[ Vl((l))&p—lvllp)nv(l)

p=1q=p+1

m
1) 1170y I,
+ Z 1_[ V( )Wll+ll_[V( ) (33)
p=0g=p+1
where we defined
O_ -1
Vii'=Voo v, Voo s
and
Ipy1—1
pH —\/_ Z ‘Er lv(;i
_lp+]
provided Iy = 0 and /,,4; = j + 1. The arrows mean that we
use the time-ordered products.
In order to obtain the state of S conditioned on all results
of the measurements up to the time j7, we have to perform a
partial trace of |W;, ) (W ;,, | with respect to the environmental
degrees of freedom (the future space of the environment). Thus
the a posteriori state of S at the time jt is
Pjm;

_— (34
Tepjin,

Ojm; =

where

+00
Pim; = |, Jjin, | Z &+ [Bim, NBim, |- (35)

k=j
The probability of a particular trajectory n; registered from
time zero to jt is therefore given by

+00

= (@i, [@jim,) Y TI& + (Bjm, [Bim,)-  (36)

k=j

Tepjin,

IV. DISCRETE FILTRATION EQUATION FOR
THE COUNTING PROCESS

A. General case

From now on we simplify our notation to |&;) and |8;)
skipping the condition ;. We derive the conditional recurrence
equation describing the stochastic evolution of S. Consider
first the case when the result of measurement at (j + 1)t is
zero. Straightforward calculations lead to

pist = Voor; Vay + VT Vorle) (B Ve + Hee)
+ TIE P (Vorle) e 1V — Vool (e 1V, BT)

where H.c. stands for the Hermitian conjugation. Moreover,
one finds

Joej1) (Bj11 = Voolay) (811 Vil + v/T& Vinla) s V),

loj i) (@1l = Voola) a1V (38)

The conditional probability of the outcome 1;,; = 0 when
the a posteriori state of S at jt was p; is given by the
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formula

Trpjtij0

39
T (39)

pi+1001p;) =
Similarly, if ;. = 1 one obtains

Pt = Viop;i Vi + VTE; Virlo) (B Vi + Hee)
+ 118 (Vi) @ V) = Violaj) a1V (40)

and
lajr1)(Bjr1l = V10|Olj)(ﬂj|V1T0 + \/?ffV1o|0lj)(Olj|V1T1,
letj1){ajp1] = V10|aj)(aj|V1T0- 41

The conditional probability of the outcome 1,1 = 1 when the
a posteriori state of S at jT was p; is given by the formula

Trpj+in
Trp;
and clearly p;1(0|p;) + pj+1(11p;) = 1.

pi+1(11p;) = , (42)

B. “Small”

To consider the case of “small” T one needs to specify the
form of the Hamiltonian. Let us consider [30,37]

i
+ —

He=1e® Hs + —=(0f ® L —0; ® Lh, @3
which means that we work in the interaction picture eliminat-
ing the free evolution of the environment. Now, a time step T
is small if

Twmax = Tmax |E; — Ej|/h < 1, 44)
ij
and E; belongs to the spectrum of Hg, that is, 1/7 is much

larger than the characteristic frequency of the system. One
easily finds

Voo = 1s —itHs — tiLTL + O(¢?),

Vio = ~/TL + O(t%/%),

Vor = —vTL 4+ 0(1*?),

Vii = 1s + O(7). (45)

Now, discrete filtration equation (37) gives rise to
pj+1 = pj — ilHs.p;1t — ${L'L.p;}t — |B;)(e;|LE] T
— L'a;) (BT — loj) el 1&; Pt + O(x?),  (46)
together with
o) Bt | = lay) (B — il Hs.lerj)(B;11e
— ${LTL Jaj) (B}
—loj) e ILES T + O(r?), (47)
and
o)t | = lorj)ety | — il Hs.letj) (a1
— HLTL,Jaj){o;l}r + O(r?).  (48)
The conditional probability p;(0]5;) reads
Pin1015) = 1 -k, (49)
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where
k; =Tr(LTL5; + i L|B) (]
J J TI‘,Oj J J
£ &1
T’ o ,><ﬁ,|L*+T’pJ laj)a;l ). (50)
Now, using
1 2
— (1 +kj7) + 0(x?), (51)

Trpj1 Trp,

one obtains the following equation for the normalized density
matrix (we neglect higher-order terms in 7):

i1 = pj + pik;t — ilHs,pjlt — 3{LTL,p;}e
- |/§j)(dj|L";:;T — LMa;)(B;1&;T — la;)a;ll&; 1 .
(52)

Similarly, for the conditional vectors defined by

loj) Bi) = 1B;)
,/Tr,oj’ ! 1/Tr,oj7

one finds the following formulas (provided 7,1 = 0):

|a;) = (53)

16j41) (Bja1] = 18;)(Bj| + |&;) (Bjlk;T — il Hs,|&;)(B;l]

— ML'L|a;) (B}t — la;) (@, | L&} T,
(54)
and
|6 1)(@ 1| = |a;){a | + |a;){a;lkjT —i[Hs,la;){@;l]t
— HL'L,ja;)(@;l}z. (55)

If n;41 = 1 discrete filtration equation (40) gives rise to

pj+1 = Lp; L't + L|B;)(a,l€f
+ 1 (BHILTE T + o) (o l1E) e, (56)
loj1)(Bja1l = L) (B1LTT + Llaj){ajl&f T (57)
and
oty {etj1] = Llorj) (e |LT. (58)
The conditional probability of the outcome 1 at the moment

(j + 1)t when the a posteriori state of S at jt is ; has the
form

pj+1(11p)) = kj, (59)

where k; is given by (50).
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Finally, for the normalized density matrix, we get n;j+1 read
~ 1 ~ o ~ *
Pj+1 = ;(LPjLT + LIBj)a;lE; E[n;1l4;]1 = kT + O(c?),
J
+ |55j><,3j|L|§j + |&j><&j||§i|2)’ (60) ]E[(anrl) |:Oj] kjf + O(7"). (63)

. 1 ~ . j . .
1&+1)(Bj+1 |=F(L|o7j)(,3j|LT + L|&;)(@;l57), (61)  Introducingn; = >"i_, mx one has an obvious relation:
j

6 1) (@] = 1~ Ll )@ LY (62) Njs1 =N —nj = An;.
J

It is clear that n; (k = 1,2,...) are random variables with
values {0,1} and hence one deals with the discrete stochastic
process (;,nj—1, . ..,Nn1). A single realization of this process
consists of zeros and ones and the conditional expectations for

Hence n; may be interpreted as a discrete counting process.
Therefore to describe the stochastic evolution of S depending
on the (stochastic) results of the measurements we need the
following set of three coupled equations:

|

Pj+1 = pj —ilHs.pjlt — —{L L.pjYt + Lo;L't + [1d;)(B;1, LTE;T + [L,1B) (@118 T

+ {kij(LﬁjL* + LIBi)@, & + la;) (B ILTE; + |a;) @;118;1%) — ,3j}(Anj+l — ko), (64)
) Bl = 158y = iUHs.16,) By 11 — 3 {L1L.1a5) By} + Liag By IL e +L.1a) @108
+ {%(LI&/)(@ILT + Lia;)(@;1§) — |5£‘,~)(,3~.,‘|}(Anj+] —kj1), 65)
870006 1] = 167461 — L5, 13,0 @ e — (L1, 16) 6 e + LIaj)a L'
+ {%LI&,H&,IU — |6:,-)(6:,-|}(An,»+1 —k;7) (66)

with the initial condition gy = |¥)(¥], |@)(Bol =0, and |&o)(&o| = |¥)(¥]. If Anj ;=1 then all terms containing the
infinitesimal 7 are negligible.

It should be clear that as an initial condition one may take an arbitrary mixed state po. Then one replaces |&;){&;| by X; and
|&;)(B;] by Y; with initial conditions Xo = pp and Yy = 0.

V. CONTINUOUS LIMIT FOR THE COUNTING PROCESS

In the continuous limit T — 0 one obtains from (64)—(66) the stochastic differential equations

dp, = —i[Hs,p,)dt — —{LTL prydt + L Ltdt + [p) . L')&dr + [L,p° )&} dt

+ {%(L@U + Lt} + pLTE, + pOIE %) — ,}[dn(r) — kdt], (67)

dpt = —i[Hs,p" |dt — ;{LTL pMdt + L' Lidt + [L,p* )& dr + {kit(Lﬁ;“LT + Lp&r) — "01}[dn(t)—ktdt]
(68)
dp’ = —i[Hg,p°|dt — ;{U L.pP°}dt + L Lidt + (kl LpPLT — ~°°> [dn(t) — k,dt], (69)

where ,b'l (,001)T and the initial condition gy = |¥){(¥|, ,58' =0, and ,580 = | )(¥|. The stochastic process n(t) satisfies
Eldn(®)|p/] = k,dt (70)
and

ke =Te(LTLp, + L5 " + 5" L& + 5°1& ). (71)
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One can easily check that for the nonselective measurement
we obtain from (67)—(69) a priori evolution given by

pr = —ilHs, 5] = S{LL.f} + L L
+[8" L& + [L.5°]57 (72)
pt = —i[Hs.p"] = 5{LTL.5)" ) + L)' LT
+[L.5" ", (73)

p = —i[Hs.p"] —
All realization of the counting process n(¢) may be divided into
disjoint sectors: C,, contains realizations with exactly m counts
atsome moments t,, > ... > f, > t; > 0 and no other photons
from zero to ¢. Denote by pf)(t,,,,tm_] ,...,h,t) the probability
density of observing a particular trajectory corresponding to m
counts att > t,, > ... > tp > t; > 0 and no other photons in

(0,¢] (called also an exclusive probability density). It is given
by

HLIL. 3P} + L LT, (74)

Poltmstm—ts « -« 2, 11)dbydly—y ... d1
el [ e+ B 75
Probability of no counts up to time
RO = ol [ el + [l 79

J
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which follows directly from (36). The probability of having
exactly m counts up to time ¢ reads

t ti )
P = [ty [ dtyer o [ dnp Gt )
0 0 0

(77)

To compute Pj(0) one needs conditional vectors |aj9,) and
|Bi10,). Introducing a non-Hermitian Hamiltonian (like in the
Wigner-Weisskopf theory)

G = Hg — %LTL, (78)
and the corresponding (nonunitary) propagator
T, = e, (79)
one finds
laego,) = Tilr) (80)
from the limit
¢ 2 J
lim |:ﬂ3—iG—,+0(,—2)i| [V) (81)
j—=+oo J J
and
t
Bio,) = — / di' Ty LTy (82)
0
from

Jj—1 t2 —k—1 t2 k
—hmZ []lg—zG +0( )} skLT[ﬂg—zG +0< )} ). (83)
]~>OC J

J?

The limits (81) and (83) one obtains from (26) and (27) by taking (45) and division T = ¢/;.
For a count at the time ¢’ and no other counts in the interval (0,7] we have the conditional vectors

|05t\t’> =~dt'T,_y LTy |Yr), (84)
and
t t
1Bjir) = «/dﬂ[T,sﬂ — Tt_,fL( / ds T,f_sstm) - ( / dsT,_sssUTs_,f)LT,}|w>. (85)
0 I
The conditional vector (84) one obtains as the limit
20D ; 2N\75
lim  /t/j []lg—zG +0( )} L[Ilg—iG—,+0<,—2>} [V) (86)
Jj—+oo ] J J

and the conditional vector (85) one obtains from

-1
t2
lim /t/j |:]15—1G +0< ):| Eir
Jj—+oo _] t

)

2 ja=% ¢ P 2 2k 2\ 1F
[]lg—zG +0( )} L —.[ﬂS—iG—_+0<_—2>] §kU[3—zG +0( )}
J Jj? = J J Jj?
=y ot 2\ 7! ; ot 2N\ ot 2\
—|1s-iG=+0(— &L 1s —iG=+0( — L|1s—iG=+ 0| l¥), (87)
J J J J J J J

i
t

where we put " = [,¢/j and by definition we have dt = ¢ /j. The expressions one gets from (28) and (29).
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In an analogous way, for two counts at t" and ¢”, where 0 < ¢’ < t”, and no other counts in the interval (0,¢], one gets

letgyer i) = Ndt"dt' T, LTy LTy ), (83)

/
|,31|t”,t’> =V dl/ldl/l:Tzr”LTt”ét’ + T, & LTy — Trt”LTz”t’L</ dSTz’sésLTTs>
0

4

t" t
—Tt_,f/L( f dsTw_xst*Ts_,/)LT,f—( f dsT,_.YsXUTS_,/f)LTW_ﬂLT,}|w>. (89)

At first sight the above formulas seem to be complicated
but the physical interpretation of individual terms is very
intuitive. The term defined by the conditional vector |¢;) gives
the contribution to the probability of a particular trajectory
conditioned on the assumption that the two-level system of the
environment prepared in the upper state will appear after the
time ¢, so all photons measured by us up to ¢ were emitted by
the system S. The conditional vector |B,) gives a contribution
to the probability based on the assumption that the system
S has already interacted with the two-level system of the
environment prepared in the upper state. So, for instance, if
we did not observe any photon up to the time ¢, it means the
system S did not emit any photon and if it met a photon of
the external field in the period from zero to ¢ it absorbed it.
For the case of some counts in the expressions for | 8;) one can
recognize two sources of the measured photons: the external
field and the system S. The photon of the external field can be
absorbed by & or directly measured.

The derived formulas can be applied for any quantum
system S. We show the solution to the problem taking as
S a two-level atom prepared initially in the ground state |0).
We take L = +/To~ and for simplicity Hs = 0. From (80)
and (82) one can easily find the analytical expression for
the probability of not having any count in the time interval

0,1]:
! r
/ dt/é[’eT
0

Moreover, we can check easily that the probabilities of two or
more counts are equal to zero and the probability of having one
count in the interval (0,¢] is equal to 1 — P;(0). By considering
all possible trajectories one can check that the a priori solution
has the form

2

“+o0o
PO = [ arier +re ™ (90)
t

[1 = p(®]110)(0] + p()|1)(1] (C2))
where
t , 2
p(t) =Te ™ f di'gper (92)
0 |
V;|W¥;) : |+);®
W) = —=I+);
ﬁ n=j+1
1 +o0
+—=-);®

V2

k=j+1

(

is the a priori probability of excitation at time 7. The problem
of the most efficient excitation of the two-level system by a
single photon in a propagating mode was studied, for instance,
in [17,18,20]. But instead of the numerical treatment of the
problem, our approach offers the analogical formulas for the
probabilities of particular trajectories.

VI. CONDITIONAL EVOLUTION FOR
THE DIFFUSION PROCESS

In this section we consider the measurement of the
observable

of = o + o = [+ — [, (93)

withk =0,1,2, ..., and

1 1
I+ = _2(|O)k + 100, = =—7200 = 1)) (94

V2 V2
being vectors from the Hilbert space Hg .

We prove that the conditional state of S and this part of the
environment which has not interacted with S up to the time jt
at the moment jt can be written in the form of (12) with the
conditional vectors |ct;) and |8;) which satisfy the following
recurrence equations:

1
laji1) = E(VOO + qj+1V10)let), (95)
1
[Bj+1) = ﬁ[(voo +qj+1V10)18;))
+ V& (Vor + g1 Vi) ;)] (96)

with the initial condition |og) = [¥), |Bo) = 0. By gj41 =
1, — 1 we indicated the result of the measurement performed
at (j + 1)t on the jth qubits in the basis (94).

The proof is straightforward if we notice that Eq. (20) can
be written in the form

+00
Z VTEOTIVAC) 41, 400) @ (Voo+Vio)lej ) +1VAC) [ 41,400 R1(Voo + Vio)lBj)++/T& (Vor+Vin)le;)]

Z VTEOTIVAC) 41, 400)®(Voo— Vio) et ) +Ivac) 41,400 ®1(Voo— Vio) | B ) +v/T&j (Vor — Vi)l ) 1§ -

o7
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The conditional vector |¥; ) from the Hilbert space ®:§j +1He x ® Hy is in this case defined by

(M4 @ L) V;|W)) = [+); ® [V)41), (98)
(M- @ L) V;|W¥)) = |=); ® [¥)41), 99)
where 1 = |+); (4| and T[I_ = |—);(—|. By (97) we see that |¥;, ;) has the form (23) with the conditional vectors |o ;) and

|Bj+1) given by 95) and (96), and this ends the proof.

The form of |W;) reflects the fact that the system S becomes entangled with the part of the environment which has not
interacted with S yet. We get the a posteriori state of S by taking the trace from |¥;)(\W;| over the future environment space.
We obtain the conditional normalized density matrix of the form (34) and for the conditional matrix p; we have

20;41 = Voor,; Vo + Vion; Vi + VTIEF Vool B ) e Vo) + ViolBi) e IV + & (Vorlo ) (B Ve + Virle) (B Vi)
+ 185 P2 (Vor o) (e Vo + Vinler) (ot Vi — Voolat) o Vi — Viole) (e Vi)
+q;411V100; Viy + Voo; Vi + ~/TE(Viol Bj) (e Vi, + Vool Bi) (eI Vi) + /T8 Vol ) (B; 1 Vil + Vitle) (B; V)]
J
7118 PT(Vorlo) (| Vi + Vinlag) (@1 Vi — Viola) e 1V — Voola) e 1 Vi), (100)
20etj 1) (Bj1] = Vooler) (B 1V + Violaj) (B 1 Vi + /7€ (Voolaj et I V) + Violerj) e Vi)
+4;41(Viola ;) (B51Vidy + Voolat) (B 1Vi) + q41/TEF (Viola) (et 1V, + Vooley) (e V), (101)
2lej i) {ej 1] = Vooler) (eI Vo + Viole ) eI Vi + g1 (Violet a1 Vg + Voolery) (et Vi), (102)

Hence for a small 7 and the matrix (45) we obtain the difference equations

2pj+1 = pj — ilHs.pjlt — J{L'L.p;}t + Lp; L't + [L,18;) (o [17E] + [l ) (B;|.LT]&;

+ g0 VTLpj + pi LT+ B} e €7 + o) (Bi1E) + O(), (103)
20ej1){Bj+1l = laj) (Bl — i[Hs,loj)(BjllT — %{LTLJ%)(,BH}T + Lloj)(B;ILTT + (L, o) (e l1€] T
+qj+1v/T(Llaj)(B; ]+ lo) (BILT + loj ) (oj167) + 0(x?), (104)

2letjp){ojpr| = loj) (e — i[Hs, o) (ajllt — %{LTLJOQ')(%HT + Lloj) e ILTT

+qj1v/T(Llej) (o] + laj) (o ILY) + O(). (105)
The conditional probability of the outcome g at the moment (j + 1)t if the a posteriori state of S at j7 is
~ Pj
R 106
Pj Trp; (106)
is defined by
~ Trpj
pi+1(qj4110)) = Tr;]>,~ : (107)
where 041 is given by (103) and one can check that
Pin1(@j1lp) = 5(1+ g rjV/T) + O, (108)
where
r; =Tr(Lp; + p; L' + |/§j><&j|§; + 1a;)(B;1&)). (109)
where |&;) = |a;)/,/Trp; and |B_,-) =|B;)/+/Trp;. Let us introduce the stochastic process
J
wj =T ) (g = reiV/o). (110)
k=1

The process w; in the limit T — 0 converges to the Wiener process. One can check using the formula (108) that the mean values
Elqi|pr—1] = re—14/T and E[(gi 41 V| pr—1] =~ 1. By making use of the following approximation for small values t,
1 2

~ 1—qg: . 2 , 111
Trpjq Tr,Oj( qj+lrjﬁ+r1r) ( )
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i+ — Pj = —ilHs.pj1t — 3{L'L.p;)t + Lp; LTt + [la;)(B;|.L1E;T + [L.1B;) (@16 T

+(Lpj + AL+ 1Bi)@; &7 + 1a;)(Bjl& — pjrp)Awji, (112)
|6 41)(Bj1| = |&;)(B;j| — ilHs.|a;)(B;11t — J{LTL.|a;) (B}t + LI&;)(B; L't + [L.1a;)(@;l1&
+(L|&;){(B;] + la;)(B;ILT + &)@l — &) (Bjlr)Awi, (113)
|61 (@1 | = 18040, — i[Hs.|a;)(@; 1T — HLTL.16;) (@1 e + LIa;) @ LT
+ (L&) @] + la;) ;1LY — |a;)(a;lr)Aw;, (114)
where
Awji1 = Wjs1 — W) = qj118/T =1,
In the limit T — O we obtain the following stochastic differential equations:
dp, = —i[Hs.p)dt — 3{LTL,p}dt + L, Lidt + [pY" ,L')&dt + [L,p,°)&; dt
+ (Lo + AL + 5 & + 5,8 — pir)dw (), (115)
dp!" = —i[Hs,p{"1dt — HL'L,p)"}dt + Lp)' L'dt + [L,pP°)&rdr + (Lp" + p0' LT + o2& — ' r,)dw(t), (116)
dp® = —i[Hs,p°|dt — MLTL,pP}dt + Lp®L'dt + (LpY + p°LT — 5°r:)dw(t), (117)
where
re=To(Lp + oL+ 58 + 5)'&), (118)

,5}0 (,501)' and initially we have py =

VII. CONCLUSIONS

In this paper we derived a filtering equation (quantum
trajectories) for a system interacting with the environment
prepared in a continuous mode single-photon state. The initial
state of the “system + photon field” is factorized; however,
the initial state of the field is highly entangled (depending
on the photon profile &). We consider both the counting
and diffusion processes. Although such a filtering equation
was already derived by Gough er al. [23,24] our approach
is different and much simpler. The authors of [23,24] start
with the general quantum stochastic differential equation of
Hudson and Parthasarathy [9] and apply the general technique
to the case of a correlated single-photon state. It is, therefore,
clear that one has to assume the reader is familiar with
quantum stochastic calculus. Our approach is more direct:
starting with the simple repeated interaction model [30-33]
we present the model of a quantum system interacting with an
infinite chain of identical and independent quantum systems
representing the environment. This approach gives an intuitive
and rigorous interpretation for the conditional evolution of the
open quantum and quantum trajectories. Another advantage
of our approach is simple and very intuitive interpretation of

V) (W1 By = 0.and 5 =

= ¥) (¥l

(

quantum trajectories. In particular we derive the probability
density of observing a particular trajectory corresponding to
mcounts att > t, > ... > f, > t; > 0 and probability of no
counts up to time ¢. Our filtering equations in a continuous limit
are consistent with the results given in [23,24,29]. It should
be stressed that initial correlations of the photon field imply
that the averaged filtering equation (over all possible results of
measurements) is not of the standard Kossakowski-Lindbald
form. Due to the presence of initial correlations the resulting
averaged dynamics is highly non-Markovian. Interestingly,
the non-Markovian nature of the physics here is rather due
to the preexisting entanglement in the environment, and not
to any information back flow as is often the case in other
non-Markovian systems [44]. This problem we are going to
analyze in a forthcoming paper.
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