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An analytical approximation for the eigenvalues of PT -symmetric Hamiltonian H = −d2/dx2 − (ix)ε+2,
ε > −1 is developed via simple basis sets of harmonic-oscillator wave functions with variable frequencies and
equilibrium positions. We demonstrate that our approximation provides high accuracy for any given energy level
for all values of ε > −1.
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I. INTRODUCTION

Bender and Boettcher introduced [1] a family of PT -
symmetric Hamiltonians,

H = − d2

dx2
− (ix)ε+2, ε > −1, (1)

which, despite being non-Hermitian, can nevertheless possess
real and discrete eigenvalues, if one considers the solution
of the corresponding Schrödinger equation on the complex
plane instead of the real axis [2,3]. This remarkable discovery
triggered theoretical investigations [4–30] and experimental
activities towards the realization of systems that can be effec-
tively described by PT -symmetric Hamiltonians [31–48].

Usually, the numerical solution of the Schrödinger equation
with the Hamiltonian (1) is performed either via the shooting
method [1,49], basis expansion [49], by discretizing the
Schrödinger equation and applying the Arnoldi iteration [50],
or via the solution of an integral equation [5].

On the other hand, analytical approximations can provide
qualitative peculiarities of the system in a broad range of
quantum numbers and parameters of the Hamiltonian and can
serve as a basis for further numerical solutions. Moreover, the
applicability of the known approximations for the Hermitian
systems can be investigated in the non-Hermitian case. As
such, an analytical approximation for the Hamiltonian (1)
when ε � 0 was derived through the modified quasiclassical
WKB approximation [1], when the turning points are located
on the complex plane.

In addition, the energy levels were determined by employ-
ing the variational method [51] for the three-parameter func-
tional 〈H(a,b,c)〉 = ∫

C
dxψ(x)Hψ(x)/

∫
C

ψ2(x)dx, where
the path C on the complex plane is chosen in such a way that
the trial function ψ(x) = (ix)c exp(a(ix)b) is exponentially
decaying at infinity. While this procedure straightforwardly
applies to the ground state, the calculation of the energies of
the excited states is difficult due to the necessity of introducing
the supersymmetric partner for the Hamiltonian. This requires
the evaluation of an increasing number of derivatives, which in
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turn demands the knowledge of the ground-state wave function
with very high accuracy.

In our work we propose a simple approach for the evaluation
of an energy level for any given quantum number n and all
values of the parameter ε > −1 with high accuracy.

The idea is based on the method [52,53] which was
employed for the nonperturbative description of various
Hermitian quantum systems. Consequently, we first illustrate
the idea in the Hermitian case.

II. METHOD DESCRIPTION

Let us introduce sets νi
α ≡ ν1

α,ν2
α, . . . ,νs

α , α = 0,1, . . . of
s parameters and a complete basis |ψn(νi

α)〉, which depends
on these parameters. The index n here numerates the state
vectors. For any given set of s parameters νi

α the basis
functions are orthonormal 〈ψn(νi

α)|ψk(νi
α)〉 = δnk . However,

for two different sets of parameters νi
α and νi

α′ , α �= α′ the
basis functions are not orthogonal 〈ψn(νi

α)|ψk(νi
α′ )〉 = Sαα′

nk ,
i.e., the overlapping integral Sαα′

nk is nonvanishing.
For example, let us consider harmonic oscillator wave

functions yn(x). Then the notations yn({ω1,u1},x + u1) and
yn({ω2,u2},x + u2) mean that we have two sets of harmonic
oscillator wave functions, numbered by the same index n =
0,1,2, . . . , which, however, have two different frequencies
and two different equilibrium positions. Therefore in this case
a set of parameters {ν1

1 ,ν2
1} ({ν1

2 ,ν
2
2}) is given by the set {ω1,u1}

({ω2,u2}) correspondingly. Consequently, the basis functions
with the same {ω,u} are orthogonal to each other:

∫ ∞

−∞
yn({ω1,u1},x + u1)yk({ω1,u1},x + u1)dx = δnk,

while for different {ω,u} the functions yn({ω1,u1},x + u1) and
yk({ω2,u2},x + u2) are not orthogonal and define an overlap-
ping integral S12

nk . Another example can include hydrogenlike
basis sets with different charges and localization of nuclei.

Suppose that the eigenvalues En and eigenvectors |�n〉 of
the stationary Schrödinger equation need to be found: H|�n〉 =
En|�n〉, n = 0,1, . . . . Let us take the state vector |�n〉 with
the corresponding eigenvalue En and expand this state vector
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in a complete basis |ψk(νi
n)〉:

|�n〉 = ∣∣ψn

(
νi

n

)〉 + ∑
k �=n

Cnk

∣∣ψk

(
νi

n

)〉
. (2)

Here we set the index α = n in order to highlight that
for different state vectors |�n〉 the parameters can be dif-
ferent. In addition, the state vector |�n〉 is normalized as
〈�n|ψn(νi

n)〉= 1. By plugging Eq. (2) into the Schödinger
equation and projecting on the state vector |ψn(νi

n)〉 and
|ψl(νi

n)〉, l �= n one obtains the system of nonlinear equations
for the determination of the energy En and coefficients Cnk ,
k �= n:

En = Hnn

(
νi

n

) +
∑
k �=n

CnkHnk

(
νi

n

)
, (3)

Cnk = [
En − Hkk

(
νi

n

)]−1

⎡
⎣Hkn

(
νi

n

) +
∑

l �=n�=k

CnlHkl

(
νi

n

)⎤⎦,

k �= n, (4)

where Hnk(νi
n) ≡ 〈ψn(νi

n)|H|ψk(νi
n)〉.

We stress here that the system of Eqs. (3) and (4) is
completely equivalent to the original Schrödinger equation.
Moreover, the system of equations for the determination of
the energy level En is completely decoupled from the system
of equations for the energy level En′ , n �= n′. This should
not be confused with the Galerkin method [54], where the
Hamiltonian of the system is written in a certain basis and the
energy levels are determined as all eigenvalues of the system
of N linear equations

∑
k(Hnk − Enδnk)Cnk = 0. Instead in

our case we have the system of nonlinear equations for any
given energy level and in order to determine N eigenvalues
one needs to solve N nonlinear systems of equations.

By construction of the system of Eqs. (3) and (4) we can
employ the different parameters νi

n and νi
n′ when seeking

different eigenvalues En and En′ . This of course requires the
recalculation of the matrix elements. For example, imagine
that the Hamiltonian in a certain single-parametric basis is
represented as a 3 × 3 matrix. In order to determine the energy
level E0 one employs parameter ν0 for the calculation of the
matrix elements and obtains the system of equations for three
unknowns, namely E0, C01, and C02. However, in order to
calculate the energy level E1 one can employ a different
parameter ν1 �= ν0 and obtain a system of equations for E1,
C10, and C12 in which the matrix element H10(ν1) �= H ∗

01(ν0),
since ν1 �= ν0.

In addition, we mention here that if one can solve the
system of Eqs. (3) and (4) exactly then the choice of the
parameters is not important. In practice, however, it is either
very complicated or impossible to solve the system of Eqs. (3)
and (4) exactly. Consequently, one seeks for an approximate
solution. It is exactly here, when the different values of
parameters come to hand and become very effective. The idea
of our approach consists in adjusting the parameters in a way
that the diagonal element of the Hamiltonian Hnn(νi

n) becomes
the best possible approximation for the eigenvalue En. As an
example, let us examine the case when the Hamiltonian is
represented as a 3 × 3 matrix in a basis which depends on two
parameters ν1

n and ν2
n , n = 0,1,2. If one fixes the parameters

ν1
0 and ν2

0 from the system of equations,

H01
(
ν1

0 ,ν2
0

) = 0, H02
(
ν1

0 ,ν2
0

) = 0,

then the energy E0 is simply given as the diagonal ma-
trix element H00(ν1

0 ,ν2
0 ). Consequently, one can repeat this

procedure for E1 and E2 and obtain these energy levels
as the corresponding diagonal entities of the Hamiltonian
H11(ν1

1 ,ν
2
1 ), H22(ν1

2 ,ν
2
2 ) calculated with the corresponding

parameters, found from the vanishing matrix elements.
In reality, the Hamiltonian of the system in an s-parametric

basis is represented via an infinitely dimensional matrix and
consequently one can make equal to zero only s matrix
elements. The remaining contributions due to the nonvanishing
matrix elements should be taken into account via Eqs. (3) and
(4). However, if the diagonal entity of the Hamiltonian Hnn(νi

n)
with this choice of parameters provides a good approximation
for the exact eigenvalue En, then the corrections due to the
off-diagonal elements can be taken into account perturbatively,
via the iteration scheme (see Refs. [52,53]).

The main advantage of the above described approach is in
fact that if the matrix elements can be evaluated analytically,
then instead of the solution of the differential equation one
employs a root search algorithm for the determination of the
values of the parameters. This procedure was successfully
applied to a variety of problems with Hermitian Hamiltonians,
for example, one-dimensional problems [52] including the
anharmonic oscillator [53], the quantum Rabi model [55], the
polaron problem [56], and scalar quantum field theory [57]. In
addition it was recently employed for multielectron atoms [58],
which provided an analytic approximation for their energy
levels with a relative accuracy of 5% for the whole periodic
table.

III. THE QUANTUM ANHARMONIC OSCILLATOR
EXAMPLE

For example, for the quantum anharmonic oscillator with
the Hamiltonian,

H = −1

2

d2

dx2
+ 1

2
x2 + λx4, λ > 0, (5)

the approximate solution can be found completely analytically.
One employs the single-parametric harmonic oscillator wave
functions yn(ωn,x) with the frequency ωn and finds nonvan-
ishing matrix elements,

Hnn(ωn) = 1

4ωn

(
ω2

n + 1
)
(1 + 2n) + 3λ

4ω2
n

(1 + 2n + 2n2),

Hnk(ωn) = Hkn(ωn) = 1

4

√
(n + 1)(n + 2)

×
(

1 − ω2
n

ωn

+ 2λ

ω2
n

(2n + 3)

)
δn+2,k

+ λ

4ω2
n

√
(n + 4)!

n!
δn+4,k. (6)

Since we introduced the single-parametric basis, we can make
equal to zero only a single matrix element. The closest matrix
element for a given state n is Hn,n+2. Consequently, from the
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TABLE I. Comparison of the eigenvalues for the anharmonic
oscillator with the Hamiltonian (5) obtained through the analytic
approximation with the ones calculated numerically via the Arnoldi
iteration.

λ

E
Analytic
n

(
EExact

n

)
0.1 1 10 100

n = 0 0.5603 0.8125 1.5313 3.1924
(0.5591) (0.8038) (1.5050) (3.1314)

n = 10 17.3748 32.9931 68.9367 147.515
(17.3519) (32.9333) (68.8037) (147.227)

n = 40 96.0745 195.865 416.735 895.387
(95.5602) (194.602) (413.938) (889.325)

condition Hn,n+2 = 0 one trivially finds the equation for ωn,

ω3
n − ωn − 2λ(2n + 3) = 0. (7)

From here, the energy levels of the anharmonic oscillator are
defined through En = Hnn(ωn), where ωn is defined by Eq. (7).
Interesting enough this provides a uniform approximation for
different n and λ. Compare the exact solution with this simple
analytical result (see Table I).

In addition, we mention here that the standard perturbation
theory series for any λ �= 0 has zero radius of convergence [3].

IV. APPLICATION TO THE FAMILY OF PT -SYMMETRIC
HAMILTONIANS (1)

Here, we apply this approach for the determination of an
analytic approximation for the eigenvalues of non-Hermitian
Hamiltonian (1), following the steps outlined below.

First, we introduce a basis. Since for ε = 0 the exact
solution of the problem is known, it is quite natural to employ
a complete and orthogonal harmonic oscillator basis, which
has a single quantum number n and frequency ω. It is well
known that in order to perform the exact diagonalization
of the Hamiltonian H = −d2/dx2 + x2 + x one needs to
shift the equilibrium position of the harmonic oscillator. In
addition, for ε = 2 the Hamiltonian (1) is equivalent [4] to
H = −d2/dx2 + 4x4 − 2x, which has also the linear x term.
For this reason, we assume that our basis should have a shifted
equilibrium position. Moreover, as we are dealing with the

non-Hermitian Hamiltonians the equilibrium position can be
shifted into the complex plane, i.e., x → x + iu. This should
not be confused with the complex scaling method [59,60],
when the rotation of the integration contour is performed, i.e.,
x → x exp(iθ ). Thus, we arrive at the two parametric harmonic
oscillator basis,

yn(ωn,un,x) = 4

√
ωn

π

1√
2nn!

exp

(
−ωn

2
(x + iun)2

)

×Hn(
√

ωn(x + iun)). (8)

Here Hn(x) is the Hermitian polynomial and we have ωn and un

as parameters, which can be different for different states. For
this reason, we denoted them with the index n. Consequently,
the states with different n can have different ωn or un and can
be nonorthogonal.

Second, our basis functions contain only two free parame-
ters and therefore, by adjusting them only two matrix elements,
for a given energy level, can be made equal to zero. The
remaining matrix elements should be taken into account by
means of the iteration scheme of Refs. [52,53]. However,
since we are looking for simple analytical expressions for
eigenvalues we limit ourselves only to the zeroth-order
approximation and disregard the contributions due to the
remaining off-diagonal elements. We consider that the final
answer justifies this approximation.

Third, the scalar product for the calculation of the matrix
elements in the harmonic oscillator basis, with un and ωn fixed
and real, is defined in a PT -symmetric way:

(yn,ym) =
∫ ∞

−∞
y�

n(x)ym(x)dx = (−1)nδnm, (9)

y�
n(x) = PT yn(x) = y∗

n(−x) = (−1)nyn(x). (10)

The relation (10) follows from the fact that under operation
of PT symmetry the argument of the function changes
into −(x + iu), that the exponent has quadratic argument
and the property of the Hermitian polynomials Hn(−x) =
(−1)nHn(x). The relation (9) follows from Eq. (10) and the
orthogonality of harmonic oscillator wave functions.

Fourth, a simple evaluation of the expectation value of the
Hamiltonian and the matrix elements in the harmonic oscillator
basis with un and ωn fixed and real yields

Hnn(ωn,un) = (yn,Hyn)

(yn,yn)
= 1

2
ωn(2n + 1) − 1

ω
(ε+2)/2
n

1√
π2nn!

∫ ∞

−∞
e−(x+iun)2

H 2
n (x + iun)(ix)ε+2dx, (11)

Hnk(ωn,un) = (−1)n
(

−ωn

2

√
n(n − 1)δk,n−2 − ωn

2

√
(n + 1)(n + 2)δk,n+2

− 1

ω
(ε+2)/2
n

1√
π

√
2nn!2kk!

∫ ∞

−∞
e−(x+iun)2

Hn(x + iun)Hk(x + iun)(ix)ε+2dx

)
, k �= n. (12)

Moreover, the integrals in Eqs. (11) and (12) can be evaluated analytically and are expressed through the parabolic cylinder
special functions Dν(x) [61]. This is achieved with the help of the following integral [62]:

∫ ∞

−∞
(ix)νe−β2x2−iqxdx = 2− ν

2
√

πβ−ν−1 exp

(
− q2

8β2

)
Dν

(
q

β
√

2

)
, (13)
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where Re β > 0 and ν > −1. For example, when n = 0 and
k = 1 we get

H00(ω0,u0) = ω0

2
− eu2

0/22− ε+2
2

ω
(ε+2)/2
0

Dε+2(
√

2u0), (14)

and

H01(ω0,u0) = ie
u2

0
2 2− ε+4

2

ω
(ε+2)/2
0

(Dε+3(
√

2u0)

−
√

2u0Dε+2(
√

2u0)). (15)

Fifth, according to the above described calculation scheme
for the Hermitian case the parameters ωn and un are determined
from the condition that the nearest matrix elements are
vanishing. Since we have only two parameters, only two matrix
elements can be made equal to zero. In the case of Eqs. (11)
and (12) the nearest matrix elements are Hn,n+1(ωn,un) and
Hn,n+2(ωn,un). The solution of the system of equations,

Hn,n+1(ωn,un) = 0

Hn,n+2(ωn,un) = 0, (16)

gives ωn and un. The equation for ωn can be solved explicitly
which yields

ωn =
(

− 1√
π2nn!(n + 1)(n + 2)

∫ ∞

−∞
e−(x+iun)2

×Hn(x + iun)Hn+2(x + iun)(ix)ε+2dx

) 2
ε+4

, (17)

while the values of un are determined as the roots of the
function g(un),

g(un) = 1√
π2nn!

1√
2(n + 1)

∫ ∞

−∞
e−(x+iun)2

Hn(x + iun)

×Hn+1(x+iun)(ix)ε+2dx, ⇒ g(un)=0 ⇒ un.

(18)

We also add here that for integer values of ε the roots of
the function g(un) can be found exactly, as the parabolic
cylinder functions are expressed through polynomials. This
yields either quadratic or biquadratic equations for un.
For other values of ε the numerical search for roots was
employed.

Sixth, the previous analysis demonstrates [1] that when
ε < −0.57793 all energy levels except for the ground state
coalesce. For this reason, in the vicinity of the exceptional
points expression (3) is not applicable as is in the zeroth-order
approximation and should be modified as in the perturbation
theory case for the doubly degenerate levels [63]. An anal-
ogous linear combination of multiple energy levels was also
employed in magnetohydrodynamics [64], the PT -symmetric
Bose-Hubbard model [65], and models of multiple coupled
wave guides [66,67].

Consequently, we form a linear combination of odd
n = 1,3,5, . . . and even n = 2,4,6, . . . states instead. Be-
ing precise, we mixed (1,2), (3,4), . . . states. Then the

0

5

10

15

20

−1 0 1 2 3 4

E
n
(ε

)

ε

FIG. 1. The dependence of the eigenvalues En on the parameter ε.
The dashed lines are the exact numerical solutions via the Arnoldi
iteration. The solid lines are the analytic approximation.

energy levels are determined from the system of linear
equations [63],

E1,2 = 1
2 (H11(ωn,un) + H22(ωn,un))

± 1
2

√
(H11(ωn,un)−H22(ωn,un))2+4H 2

12(ωn,un).

(19)

Here H11 is the expectation value for the odd states, H22 for
the even states, and H12 is the matrix element between the
odd and the even states. We pay attention here that due to
the PT -symmetric definition of the scalar product the square
of the matrix element but not the square of the absolute
value appears under the square root in Eq. (19). Since the
matrix element between the odd and the even states in this
case cannot be equal to zero, we choose un and ωn from
the vanishing H(2n+2),(2n+3) and H(2n+2),(2n+4), n = 0,1, . . .

correspondingly.
In addition, Eq. (19) explains the appearances of square

root singularities [3] for non-Hermitian Hamiltonians. In the
non-Hermitian case the expression under the square root can
vanish, thus leading to branching points at ε = εbranching point.

TABLE II. Comparison of the eigenvalues obtained through our
analytic approximation Eanalytic with the ones calculated numerically
via the Arnoldi iteration Eexact and quasiclassical WKB approxima-
tion EWKB [4].

ε n Eexact Eanalytic EWKB ε n Eexact Eanalytic EWKB

1 0 1.156 1.126 1.094 2 0 1.477 1.363 1.377
1 4.109 4.138 4.089 1 6.003 6.104 5.956
2 7.562 7.573 7.549 2 11.802 11.876 11.769
3 11.314 11.290 11.304 3 18.459 18.417 18.432
4 15.292 15.222 15.283 4 25.792 25.583 25.769
5 19.452 19.332 19.444 5 33.694 33.284 33.675
6 23.767 23.592 23.761 6 42.094 41.453 42.076
7 28.176 27.985 28.212 7 50.937 50.044 50.921
8 32.789 32.496 32.784 8 60.184 59.015 60.170
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0
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n
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ε

FIG. 2. The dependence of the eigenvalues En, their real and imaginary parts on the parameter ε, in the region −1 < ε � 0. The dashed
lines are the exact numerical solutions via the Arnoldi iteration. The solid lines are the analytic approximation via Eq. (19). After the point
at ε = εbranching point, where two energy levels coalesce they appear as complex conjugate pairs, whose real parts together with the real energy
levels are plotted on the left pane and imaginary parts on the right pane, respectively.

For ε < εbranching point the energy levels coalesce and become
complex conjugate pairs (see also Ref. [50]). The value
εbranching point is determined from the solution of the equation,
(H11(ωn,un) − H22(ωn,un))2 + 4H 2

12(ωn,un) = 0.

V. RESULTS AND DISCUSSION

In Fig. 1 we compare the exact numerical solution with the
one obtained by the implementation of the above mentioned
steps 1–6. As follows from the figure the agreement between
analytical and numerical solutions is remarkable. In Table II
we provide the numerical values of our analytic approximation,
the exact numerical solution and the quasiclassical WKB
approximation [4] for some selected values of ε. We also
remember that the quasiclassical WKB approximation was
found only for ε > 0. In Fig. 2 we demonstrate that after
the branching point the energy levels coalesce and become
complex conjugate pairs.

The results of our paper demonstrate that the suggested
algorithm based on the solution of the system of Eqs. (3)
and (4) is very effective for obtaining a good approximation
for eigenvalues ofPT -symmetric Hamiltonians. Everything is
reduced to the calculation of integrals, which define the matrix
elements of the Hamiltonian operator. Consequently, our
results could be especially important for quantum field theory
and many-dimensional cases when the numerical solution of
differential equations becomes problematic (in the Hermitian
case please see Refs. [52,55–57]). It is also important to stress
that the good approximation for the eigenvalues of localized
states for the Hamiltonian (1) is mainly defined not by the exact
asymptotic behavior of the wave functions ∼exp(−a|x|(ε+4)/2)
but rather by the correct positions around which they are
localized together with the widths of their maxima. In our
case these are the parameters u and ω, respectively.

Finally, since our zeroth-order approximation provides a
very good accuracy we can assume that the iteration scheme
of Refs. [52,53] may be employed for the incorporation of cor-
rections due to the off-diagonal matrix elements, thus offering
a regular way to improve the zeroth-order approximation.

VI. OUTLOOK

There is a current interest [50] in the determination of the
eigenvalues when ε < −1. Consequently, we have tested the

2

2.5
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0
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2

3

4

5

−1.04 −1.02 −1 −0.98 −0.96

Im
E

n
(ε

)

ε

FIG. 3. The dependence of the real and imaginary parts of
eigenvalues on the parameter ε, in the region −1.05 � ε < −0.95.
The dashed lines are the exact numerical solutions via the Arnoldi
iteration. The solid lines are the analytic approximation via Eq. (19)
in which the states (0,1), (2,3), . . . were mixed.
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suggested approach for −1.05 � ε < −1. For this we also
applied Eq. (19), in which, however, we have mixed the odd
and the even states in a different order. In this case we mixed
(0,1), (2,3), . . . states. The parameters ωn and un were chosen
from the condition that the matrix elements Hn+1,n+2 and
Hn+1,n+3, n = 0,1, . . . are vanishing.

In Fig. 3 we plot the dependence of the real and imaginary
parts of eigenvalues on the parameter ε, in the region −1.05 �
ε < −0.95. By observing the figure we can conclude that all
qualitative peculiarities of the system behavior are reproduced,
however, the accuracy of the results is somewhat worse, than
for ε > −1. Consequently, we suggest employing the iteration
scheme of Refs. [52,53] in this case. In addition, one can

try to introduce the third parameter αn in the state function.
Indeed, the choice of the basis functions yn(αn,ωn,un,x) =
exp(iαnx)yn(ωn,un,x) still allows one to evaluate all matrix
elements analytically, however, Eqs. (3) and (4) should be
generalized for the nonorthogonal basis [57]. The latter is
motivated by the PT -symmetric definition of the scalar
product, since in this case the phase of the wave function
becomes important.
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[36] B. Peng, Ş. K. Özdemir, S. Rotter, H. Yilmaz, M. Liertzer, F.
Monifi, C. M. Bender, F. Nori, and L. Yang, Science 346, 328
(2014).

[37] J. Schindler, A. Li, M. C. Zheng, F. M. Ellis, and T. Kottos,
Phys. Rev. A 84, 040101 (2011).

[38] C. Zheng, L. Hao, and G. L. Long, Phil. Trans. R. Soc. A 371,
20120053 (2013).

[39] N. M. Chtchelkatchev, A. A. Golubov, T. I. Baturina, and V. M.
Vinokur, Phys. Rev. Lett. 109, 150405 (2012).

[40] A. Regensburger, C. Bersch, M.-A. Miri, G. Onishchukov,
D. N. Christodoulides, and U. Peschel, Nature (London) 488,
167 (2012).

[41] M. Liertzer, L. Ge, A. Cerjan, A. D. Stone, H. E. Türeci, and
S. Rotter, Phys. Rev. Lett. 108, 173901 (2012).

[42] A. Szameit, M. C. Rechtsman, O. Bahat-Treidel, and M. Segev,
Phys. Rev. A 84, 021806 (2011).

[43] Y. D. Chong, L. Ge, and A. D. Stone, Phys. Rev. Lett. 106,
093902 (2011).

[44] S. Bittner, B. Dietz, U. Günther, H. L. Harney, M. Miski-Oglu,
A. Richter, and F. Schäfer, Phys. Rev. Lett. 108, 024101 (2012).

[45] J. Rubinstein, P. Sternberg, and Q. Ma, Phys. Rev. Lett. 99,
167003 (2007).

[46] L. Feng, M. Ayache, J. Huang, Y.-L. Xu, M.-H. Lu, Y.-F. Chen,
Y. Fainman, and A. Scherer, Science 333, 729 (2011).

052102-6

https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1016/0375-9601(93)90153-Q
https://doi.org/10.1016/0375-9601(93)90153-Q
https://doi.org/10.1016/0375-9601(93)90153-Q
https://doi.org/10.1016/0375-9601(93)90153-Q
https://doi.org/10.1103/PhysRev.184.1231
https://doi.org/10.1103/PhysRev.184.1231
https://doi.org/10.1103/PhysRev.184.1231
https://doi.org/10.1103/PhysRev.184.1231
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/1751-8113/40/32/R01
https://doi.org/10.1088/1751-8113/40/32/R01
https://doi.org/10.1088/1751-8113/40/32/R01
https://doi.org/10.1088/1751-8113/40/32/R01
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1088/0305-4470/33/1/101
https://doi.org/10.1088/0305-4470/33/1/101
https://doi.org/10.1088/0305-4470/33/1/101
https://doi.org/10.1088/0305-4470/33/1/101
https://doi.org/10.1088/0305-4470/33/48/314
https://doi.org/10.1088/0305-4470/33/48/314
https://doi.org/10.1088/0305-4470/33/48/314
https://doi.org/10.1088/0305-4470/33/48/314
https://doi.org/10.1016/S0375-9601(99)00805-1
https://doi.org/10.1016/S0375-9601(99)00805-1
https://doi.org/10.1016/S0375-9601(99)00805-1
https://doi.org/10.1016/S0375-9601(99)00805-1
https://doi.org/10.1088/0305-4470/32/17/303
https://doi.org/10.1088/0305-4470/32/17/303
https://doi.org/10.1088/0305-4470/32/17/303
https://doi.org/10.1088/0305-4470/32/17/303
https://doi.org/10.1016/j.physleta.2017.05.041
https://doi.org/10.1016/j.physleta.2017.05.041
https://doi.org/10.1016/j.physleta.2017.05.041
https://doi.org/10.1016/j.physleta.2017.05.041
https://doi.org/10.1103/PhysRevA.95.052128
https://doi.org/10.1103/PhysRevA.95.052128
https://doi.org/10.1103/PhysRevA.95.052128
https://doi.org/10.1103/PhysRevA.95.052128
https://doi.org/10.1103/PhysRevA.95.053626
https://doi.org/10.1103/PhysRevA.95.053626
https://doi.org/10.1103/PhysRevA.95.053626
https://doi.org/10.1103/PhysRevA.95.053626
https://doi.org/10.1103/PhysRevA.95.053613
https://doi.org/10.1103/PhysRevA.95.053613
https://doi.org/10.1103/PhysRevA.95.053613
https://doi.org/10.1103/PhysRevA.95.053613
https://doi.org/10.1103/PhysRevA.95.053830
https://doi.org/10.1103/PhysRevA.95.053830
https://doi.org/10.1103/PhysRevA.95.053830
https://doi.org/10.1103/PhysRevA.95.053830
https://doi.org/10.1103/PhysRevLett.118.056401
https://doi.org/10.1103/PhysRevLett.118.056401
https://doi.org/10.1103/PhysRevLett.118.056401
https://doi.org/10.1103/PhysRevLett.118.056401
https://doi.org/10.1088/1367-2630/18/6/065005
https://doi.org/10.1088/1367-2630/18/6/065005
https://doi.org/10.1088/1367-2630/18/6/065005
https://doi.org/10.1088/1367-2630/18/6/065005
https://doi.org/10.1088/1751-8113/49/21/215304
https://doi.org/10.1088/1751-8113/49/21/215304
https://doi.org/10.1088/1751-8113/49/21/215304
https://doi.org/10.1088/1751-8113/49/21/215304
https://doi.org/10.1016/j.physleta.2016.03.035
https://doi.org/10.1016/j.physleta.2016.03.035
https://doi.org/10.1016/j.physleta.2016.03.035
https://doi.org/10.1016/j.physleta.2016.03.035
https://doi.org/10.1103/PhysRevA.93.031802
https://doi.org/10.1103/PhysRevA.93.031802
https://doi.org/10.1103/PhysRevA.93.031802
https://doi.org/10.1103/PhysRevA.93.031802
https://doi.org/10.1103/PhysRevA.93.012123
https://doi.org/10.1103/PhysRevA.93.012123
https://doi.org/10.1103/PhysRevA.93.012123
https://doi.org/10.1103/PhysRevA.93.012123
https://doi.org/10.1088/1751-8113/49/10/10LT03
https://doi.org/10.1088/1751-8113/49/10/10LT03
https://doi.org/10.1088/1751-8113/49/10/10LT03
https://doi.org/10.1088/1751-8113/49/10/10LT03
https://doi.org/10.1088/1751-8113/49/45/45LT01
https://doi.org/10.1088/1751-8113/49/45/45LT01
https://doi.org/10.1088/1751-8113/49/45/45LT01
https://doi.org/10.1088/1751-8113/49/45/45LT01
https://doi.org/10.1103/PhysRevA.96.011802
https://doi.org/10.1103/PhysRevA.96.011802
https://doi.org/10.1103/PhysRevA.96.011802
https://doi.org/10.1103/PhysRevA.96.011802
https://doi.org/10.1103/PhysRevLett.104.061601
https://doi.org/10.1103/PhysRevLett.104.061601
https://doi.org/10.1103/PhysRevLett.104.061601
https://doi.org/10.1103/PhysRevLett.104.061601
https://doi.org/10.1103/PhysRevA.96.012127
https://doi.org/10.1103/PhysRevA.96.012127
https://doi.org/10.1103/PhysRevA.96.012127
https://doi.org/10.1103/PhysRevA.96.012127
https://doi.org/10.1103/PhysRevA.96.013845
https://doi.org/10.1103/PhysRevA.96.013845
https://doi.org/10.1103/PhysRevA.96.013845
https://doi.org/10.1103/PhysRevA.96.013845
https://doi.org/10.1103/PhysRevLett.119.033905
https://doi.org/10.1103/PhysRevLett.119.033905
https://doi.org/10.1103/PhysRevLett.119.033905
https://doi.org/10.1103/PhysRevLett.119.033905
https://doi.org/10.1088/0305-4470/38/1/013
https://doi.org/10.1088/0305-4470/38/1/013
https://doi.org/10.1088/0305-4470/38/1/013
https://doi.org/10.1088/0305-4470/38/1/013
https://doi.org/10.1103/PhysRevLett.101.080402
https://doi.org/10.1103/PhysRevLett.101.080402
https://doi.org/10.1103/PhysRevLett.101.080402
https://doi.org/10.1103/PhysRevLett.101.080402
https://doi.org/10.1038/nphys2927
https://doi.org/10.1038/nphys2927
https://doi.org/10.1038/nphys2927
https://doi.org/10.1038/nphys2927
https://doi.org/10.1038/nphys4204
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1038/ncomms8782
https://doi.org/10.1038/ncomms8782
https://doi.org/10.1038/ncomms8782
https://doi.org/10.1038/ncomms8782
https://doi.org/10.1103/PhysRevA.88.062111
https://doi.org/10.1103/PhysRevA.88.062111
https://doi.org/10.1103/PhysRevA.88.062111
https://doi.org/10.1103/PhysRevA.88.062111
https://doi.org/10.1126/science.1258004
https://doi.org/10.1126/science.1258004
https://doi.org/10.1126/science.1258004
https://doi.org/10.1126/science.1258004
https://doi.org/10.1103/PhysRevA.84.040101
https://doi.org/10.1103/PhysRevA.84.040101
https://doi.org/10.1103/PhysRevA.84.040101
https://doi.org/10.1103/PhysRevA.84.040101
https://doi.org/10.1098/rsta.2012.0053
https://doi.org/10.1098/rsta.2012.0053
https://doi.org/10.1098/rsta.2012.0053
https://doi.org/10.1098/rsta.2012.0053
https://doi.org/10.1103/PhysRevLett.109.150405
https://doi.org/10.1103/PhysRevLett.109.150405
https://doi.org/10.1103/PhysRevLett.109.150405
https://doi.org/10.1103/PhysRevLett.109.150405
https://doi.org/10.1038/nature11298
https://doi.org/10.1038/nature11298
https://doi.org/10.1038/nature11298
https://doi.org/10.1038/nature11298
https://doi.org/10.1103/PhysRevLett.108.173901
https://doi.org/10.1103/PhysRevLett.108.173901
https://doi.org/10.1103/PhysRevLett.108.173901
https://doi.org/10.1103/PhysRevLett.108.173901
https://doi.org/10.1103/PhysRevA.84.021806
https://doi.org/10.1103/PhysRevA.84.021806
https://doi.org/10.1103/PhysRevA.84.021806
https://doi.org/10.1103/PhysRevA.84.021806
https://doi.org/10.1103/PhysRevLett.106.093902
https://doi.org/10.1103/PhysRevLett.106.093902
https://doi.org/10.1103/PhysRevLett.106.093902
https://doi.org/10.1103/PhysRevLett.106.093902
https://doi.org/10.1103/PhysRevLett.108.024101
https://doi.org/10.1103/PhysRevLett.108.024101
https://doi.org/10.1103/PhysRevLett.108.024101
https://doi.org/10.1103/PhysRevLett.108.024101
https://doi.org/10.1103/PhysRevLett.99.167003
https://doi.org/10.1103/PhysRevLett.99.167003
https://doi.org/10.1103/PhysRevLett.99.167003
https://doi.org/10.1103/PhysRevLett.99.167003
https://doi.org/10.1126/science.1206038
https://doi.org/10.1126/science.1206038
https://doi.org/10.1126/science.1206038
https://doi.org/10.1126/science.1206038


ANALYTIC APPROXIMATION FOR EIGENVALUES OF A . . . PHYSICAL REVIEW A 96, 052102 (2017)

[47] K. F. Zhao, M. Schaden, and Z. Wu, Phys. Rev. A 81, 042903
(2010).

[48] C. E. Ruter, K. G. Makris, R. El-Ganainy, D. N. Christodoulides,
M. Segev, and D. Kip, Nat. Phys. 6, 192 (2010).

[49] C. M. Bender, S. Boettcher, and P. N. Meisinger, J. Math. Phys.
40, 2201 (1999).

[50] C. M. Bender, N. Hassanpour, D. W. Hook, S. P.
Klevansky, C. Sünderhauf, and Z. Wen, Phys. Rev. A 95, 052113
(2017).

[51] C. M. Bender, F. Cooper, P. N. Meisinger, and V. M. Savage,
Phys. Lett. A 259, 224 (1999).

[52] I. D. Feranchuk, A. Ivanov, V. H. Le, and A. P. Ulyanenkov, Non-
perturbative Description of Quantum Systems, Lecture Notes in
Physics (Springer International Publishing, Berlin, 2015).

[53] I. Feranchuk, L. Komarov, I. Nichipor, and A. Ulyanenkov,
Ann. Phys. 238, 370 (1995).

[54] V. A. Trenogin, Galerkin method. Encyclopedia of Mathemat-
ics [https://www.encyclopediaofmath.org/index.php/Galerkin
_method], accessed 09-13-2017.

[55] I. D. Feranchuk, A. V. Leonov, and O. D. Skoromnik, J. Phys. A:
Math. Theor. 49, 454001 (2016); I. D. Feranchuk, L. I. Komarov,
and A. P. Ulyanenkov, J. Phys. A: Math. Gen. 29, 4035 (1996).

[56] I. D. Feranchuk, S. I. Fisher, and L. I. Komarov, J. Phys. C 17,
4309 (1984).

[57] O. D. Skoromnik, I. D. Feranchuk, D. V. Lu, and C. H. Keitel,
Phys. Rev. D 92, 125019 (2015).

[58] O. D. Skoromnik, I. D. Feranchuk, A. U. Leonau, and C. H.
Keitel, J. Phys. B: At. Mol. Opt. Phys. (2017), doi:10.1088/1361-
6455/aa92e6.

[59] N. Moiseyev, Phys. Rep. 302, 212 (1998).
[60] W. P. Reinhardt, Annu. Rev. Phys. Chem. 33, 223 (1982).
[61] E. T. Whittaker and G. N. Watson, A Course of Modern

Analysis: An Introduction to the General Theory of Infinite
Processes and of Analytic Functions, with an Account of
the Principal Transcendental Functions (Cambridge University
Press, Cambridge, 1996).

[62] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series,
and Products (Elsevier Science, Amsterdam, 2014).

[63] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-
relativistic Theory (Butterworth Heinemann, Oxford, 1977).

[64] U. Günther and O. N. Kirillov, J. Phys. A: Math. Gen. 39, 10057
(2006).

[65] E. M. Graefe, U. Günther, H. J. Korsch, and A. E. Niederle,
J. Phys. A: Math. Theor. 41, 255206 (2008).

[66] G. Demange and E.-M. Graefe, J. Phys. A: Math. Theor. 45,
025303 (2012).

[67] W. D. Heiss and G. Wunner, J. Phys. A: Math. Theor. 49, 495303
(2016).

052102-7

https://doi.org/10.1103/PhysRevA.81.042903
https://doi.org/10.1103/PhysRevA.81.042903
https://doi.org/10.1103/PhysRevA.81.042903
https://doi.org/10.1103/PhysRevA.81.042903
https://doi.org/10.1038/nphys1515
https://doi.org/10.1038/nphys1515
https://doi.org/10.1038/nphys1515
https://doi.org/10.1038/nphys1515
https://doi.org/10.1063/1.532860
https://doi.org/10.1063/1.532860
https://doi.org/10.1063/1.532860
https://doi.org/10.1063/1.532860
https://doi.org/10.1103/PhysRevA.95.052113
https://doi.org/10.1103/PhysRevA.95.052113
https://doi.org/10.1103/PhysRevA.95.052113
https://doi.org/10.1103/PhysRevA.95.052113
https://doi.org/10.1016/S0375-9601(99)00468-5
https://doi.org/10.1016/S0375-9601(99)00468-5
https://doi.org/10.1016/S0375-9601(99)00468-5
https://doi.org/10.1016/S0375-9601(99)00468-5
https://doi.org/10.1006/aphy.1995.1025
https://doi.org/10.1006/aphy.1995.1025
https://doi.org/10.1006/aphy.1995.1025
https://doi.org/10.1006/aphy.1995.1025
https://www.encyclopediaofmath.org/index.php/Galerkin_method
https://doi.org/10.1088/1751-8113/49/45/454001
https://doi.org/10.1088/1751-8113/49/45/454001
https://doi.org/10.1088/1751-8113/49/45/454001
https://doi.org/10.1088/1751-8113/49/45/454001
https://doi.org/10.1088/0305-4470/29/14/026
https://doi.org/10.1088/0305-4470/29/14/026
https://doi.org/10.1088/0305-4470/29/14/026
https://doi.org/10.1088/0305-4470/29/14/026
https://doi.org/10.1088/0022-3719/17/24/012
https://doi.org/10.1088/0022-3719/17/24/012
https://doi.org/10.1088/0022-3719/17/24/012
https://doi.org/10.1088/0022-3719/17/24/012
https://doi.org/10.1103/PhysRevD.92.125019
https://doi.org/10.1103/PhysRevD.92.125019
https://doi.org/10.1103/PhysRevD.92.125019
https://doi.org/10.1103/PhysRevD.92.125019
https://doi.org/10.1088/1361-6455/aa92e6
https://doi.org/10.1016/S0370-1573(98)00002-7
https://doi.org/10.1016/S0370-1573(98)00002-7
https://doi.org/10.1016/S0370-1573(98)00002-7
https://doi.org/10.1016/S0370-1573(98)00002-7
https://doi.org/10.1146/annurev.pc.33.100182.001255
https://doi.org/10.1146/annurev.pc.33.100182.001255
https://doi.org/10.1146/annurev.pc.33.100182.001255
https://doi.org/10.1146/annurev.pc.33.100182.001255
https://doi.org/10.1088/0305-4470/39/32/S08
https://doi.org/10.1088/0305-4470/39/32/S08
https://doi.org/10.1088/0305-4470/39/32/S08
https://doi.org/10.1088/0305-4470/39/32/S08
https://doi.org/10.1088/1751-8113/41/25/255206
https://doi.org/10.1088/1751-8113/41/25/255206
https://doi.org/10.1088/1751-8113/41/25/255206
https://doi.org/10.1088/1751-8113/41/25/255206
https://doi.org/10.1088/1751-8113/45/2/025303
https://doi.org/10.1088/1751-8113/45/2/025303
https://doi.org/10.1088/1751-8113/45/2/025303
https://doi.org/10.1088/1751-8113/45/2/025303
https://doi.org/10.1088/1751-8113/49/49/495303
https://doi.org/10.1088/1751-8113/49/49/495303
https://doi.org/10.1088/1751-8113/49/49/495303
https://doi.org/10.1088/1751-8113/49/49/495303



