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Comment on “Generating a perfect quantum optical vortex”
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In a recent article, Banerji et al. introduced a novel quantum state of light, coined as the perfect quantum
optical vortex state [Phys. Rev. A 94, 053838 (2016)] due to its mathematical similarity with the classical perfect
vortex beam. This state is obtained by means of the Fourier transform of a Bessel-Gaussian vortex state, and the
authors claim that this can be accomplished by means of a simple lens. Here, we will show that this statement is
wrong since a lens cannot modify the quantum noise distribution related to the input optical quantum state and
this has to be exchanged by an “effective lens.”
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A classical perfect vortex beam is that which shows a
ring diameter independent of the topological charge. It can be
obtained easily by means of the Fourier transform performed
by a lens on a Bessel-Gaussian (BG) beam [1]. The analog of
this input beam in quantum optics is the BG vortex state,
which in cylindrical quantum phase space coordinates at
z = 0 (ρ0,φ0) ≡ (ρ,φ)|z=0, is given by

ψ(ρ0,φ0) = iq√
πIq(α2)

Jq(
√

2αρ0)e−(ρ2
0 −α2)/2eiqφ0 (1)

for α ∈ R, as stated in Ref. [2]. It is important to outline
that these abstract phase-space coordinates are given by ρ =√
E2

a + E2
b , φ = arctan(Eb/Ea), where Ej is the eigenvalue of

the optical field-strength operator Êj ∝ (âj + â
†
j ) associated

with each mode j = a,b [3].
However, in contrast, the Fourier transform of this quantum

state cannot be accomplished by a lens as claimed in Ref. [2]
since it only acts on the spatial structure of the beam which
supports the quantum state, not on the quantum state itself.
In other words, the lens does not act on the optical field-
strength space E . Any spatial structure of a two-mode beam,
such as Gaussian, Hermite-Gaussian, Laguerre-Gaussian, and
so on, can support a BG quantum vortex. The Fourier transform
necessary to obtain the perfect quantum optical vortex state
(PQOVS) can be obtained, for instance, by means of the free
propagation of the BG vortex state in a homogeneous linear
medium where both modes experience the same propagation
constant, that is, ka = kb ≡ k with kj = ωj

c
nj and nj as the

refractive index. The quantum optical propagator related to
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this medium is given by [4,5]

K(ρ0,φ0,ρ,φ; 0,z)

=
(

i

2π sin(kz)

)1/2

exp

{ −i

2 sin(kz)

[(
ρ2

0 + ρ2
)

cos(kz)

− 2ρ0ρ cos(φ0 − φ)
]}

, (2)

and the quantum state obtained at a plane z of the medium is
obtained by means of

ψ(ρ,φ) =
∫ 2π

0

∫ +∞

0
K(ρ0,φ0,ρ,φ; 0,z)ψ(ρ0,φ0)ρ0dρ0dφ0.

(3)

From this, it is then easy to see that the BG quantum vortex
given by Eq. (1) is Fourier transformed at the planes z =
(2m + 1)π/2k with m as any integer number. For m = 1 the
following result is obtained:

ψ(ρ,φ) = i2q+1√
πIq(α2)

Iq(
√

2αρ)e−(ρ2+α2)/2eiqφ. (4)

This is a PQOVS, also known as a modified Bessel-Gaussian
vortex state [6] with a core radius of ρc = α. Besides, it should
be outlined that the same result would be obtained in a z-
inhomogeneous linear medium but with different Fourier z

planes [5].
Finally, we would like to point out that the quantum

optics analogous to the outcome obtained by the use of a
lens on a Bessel-Gaussian beam could be obtained with a
nonlinear medium suitably engineered. To illustrate, two
single-mode parametric down-converters with pumps of twice
the frequency of the signals and equal gain would produce
equal squeezing on both modes of an input state Eq. (1),
generating a radial optical field-strength quantum noise
〈(�ρ)2〉 < 〈(�ρ0)2〉. In the same way as above, there would
be propagation planes where the Fourier transform would be
accomplished but with a scale factor depending on the gain [4].
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In this way the gain would act in an analogous way to the
focal length corresponding to the classical case. Therefore,

this device effectively would play the role of a lens (“effective
lens”) in the optical field-strength space E .
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