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Photon scattering by an atomic ensemble coupled to a one-dimensional nanophotonic waveguide
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We theoretically investigate the quantum scattering of a weak coherent input field interacting with an
ensemble of �-type three-level atoms coupled to a one-dimensional waveguide. With an effective non-Hermitian
Hamiltonian, we study the collective interaction between the atoms mediated by the waveguide mode. In
our scheme, the atoms are randomly placed in the lattice along the axis of the one-dimensional waveguide.
Many interesting optical properties occur in our waveguide-atom system, such as electromagnetically induced
transparency. We quantify the influence of decoherence originating from both dephasing and population
relaxation, and analyze the effect of the inhomogeneous broadening on the transport properties of the incident
field. Moreover, we observe that strong photon-photon correlation with quantum beats can be generated in
the off-resonant case, which provides an effective method for producing nonclassical light in experiment. With
remarkable progress in waveguide-emitter systems, our scheme may be experimentally feasible in the near future.
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I. INTRODUCTION

Since single photons have long coherence times, they
are considered as good candidates for quantum information
processing [1] and quantum memory [2,3]. On the other
hand, atoms are chosen as stationary qubits due to their
potential scalability and stability. In the past decades, strong
photon-atom interaction has been achieved by confining the
photons in the high-quality optical microcavity [4,5]. Recently,
photon transport in a one-dimensional (1D) waveguide coupled
to quantum emitters, known as waveguide quantum elec-
trodynamics (QED), has been widely studied [6–35], which
provides a promising candidate for realizing strong light-
matter interactions. This 1D waveguide can be implemented by
surface plasmon nanowire [9], optical nanofibers [21,27,28],
superconducting microwave transmission lines [18,19,36–
39], photonic crystal waveguide [11,34,40], and diamond
waveguide [20,41].

Using a real-space description of the Hamiltonian and
the Bethe-ansatz method, Shen and Fan studied the transport
properties of a single photon and two photons scattered by an
emitter embedded in a 1D waveguide [6–8]. Interestingly, due
to destructive quantum interference, a photon with frequency
resonant to the two-level quantum emitter can be completely
reflected when the free-space emission is not considered. Later,
several approaches were proposed to calculate single-photon
transport in a 1D waveguide coupled to a two-level emitter,
such as the input-output theory [42], Lippmann-Schwinger
scattering method [43], and the time-dependent theory [44].
Moreover, the scattering of a single photon by a driven
�-type three-level emitter coupled to a 1D waveguide has
been also studied [17,23,45]. In contrast to the single-emitter
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case, a single photon scattered by multiple emitters can
give rise to much richer behavior due to interference effects
from multiple scattering. By solving the eigenvectors of the
Hamiltonian in the single excitation subspace, Tsoi and Law
[12] investigated the interaction between a single photon and
a finite chain of N equally spaced two-level atoms inside
a 1D waveguide. Compared with the single-emitter case,
they found that the transmission spectrum can be strongly
modified in the collective many-body system, and the positions
of the transmission peaks are determined by the spacing
between neighboring atoms. Later, Liao et al. [46] studied this
system with a time-dependent theory, where many interesting
phenomena occur such as Fano-like interference, superradiant
effects, and photonic band-gap effects. In 2012, Chang et al.
[47] demonstrated that two sets of equally spaced atomic
chains coupled to a tapered nanofiber can form an effective
cavity, which has long relaxation time and is highly dispersive
compared to a conventional cavity.

Motivated by the important works mentioned above, we
focus on the scattering property of a weak coherent input
field interacting with an ensemble of �-type three-level atoms
coupled to a 1D waveguide. Different from the previous work
where the emitters are equally spaced, the atoms are randomly
located in the lattice along the axis of the 1D waveguide in
our system, which closely corresponds to the experimental
condition that the positions of atoms can not be manipulated
precisely due to inevitable technological spreading of the
parameters. Since the transmission and reflection spectra are
fluctuant with the changeable configurations of the atomic
positions and the single-shot spectrum is often unavailable
due to finite trap lifetimes, we take the average values from a
large sample of atomic spatial distributions and calculate the
statistical properties of the system.

In this paper, we first assume that the input field is
monochromatic and calculate the transport properties of a
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three-level atomic ensemble coupled to a 1D waveguide. We
analyze the effect of decoherence originating from both pop-
ulation relaxation and dephasing, and quantify the influence
of the inhomogeneous broadening on the transmission and
reflection spectra of the incident field. Then, we consider
a photon pulse with Gaussian shape and study the optical
properties with the parameters of our system, such as the
Rabi frequency of the driving field, the coupling strength
between atomic ensemble and the 1D waveguide, lattice
constant, and the number of atoms. Besides, since atoms
are randomly placed in the lattice, we analyze the variance
of the transmission as a function of the frequency detuning,
concluding that the influence of atomic spatial distributions
on transport properties changes with frequency detuning.
Finally, we calculate the second-order correlation function
in off-resonant case, and observe nonclassical behavior in
our system. We find that, with strong driving field, both
antibunching and bunching appear in the transmitted field,
while only bunching occurs in the reflected field. Moreover,
quantum beats (oscillations) [48] emerge in the photon-photon
correlation function of the reflected and transmitted fields. In
fact, our system provides an effective method for producing
nonclassical light in experiment.

The paper is organized as follows. In Sec. II, we give the
model and present the derivation of the effective Hamiltonian
for the system composed of an ensemble of three-level atoms
and the propagating field in a 1D waveguide. In Sec. III, we
study the transport properties of a weak coherent input field
with the influence of decoherence and inhomogeneous broad-
ening, the variance caused by atomic spatial distributions, and
photon-photon correlation in the off-resonant case. Finally, a
summary is shown in Sec. IV.

II. MODEL AND HAMILTONIAN

In this section, we consider a system composed of an
ensemble of �-type three-level atoms randomly located in
a lattice of period d along the waveguide, as shown in Fig. 1.
We assume that the transition with the resonance frequency
ωa between ground state |g〉 and excited state |e〉 is coupled
to the mode of the 1D waveguide, and the transition |e〉 ↔ |s〉
is driven by a classical field with the Rabi frequency �c.
The Hamiltonian of the full system with the rotating-wave
approximation in real space reads (taking h̄ = 1) [6]

H = ic

∫
dz

[
a†

L
(z)

∂a
L
(z)

∂z
− a†

R
(z)

∂a
R
(z)

∂z

]

+
n∑
j

[
ωaσ

j
ee + ωsσ

j
ss − �c

(
σ j

ese
−iωct + H.c.

)]

− g̃

∫
dz

n∑
j

δ(z − zj )
{
σ j

eg[a
R
(z) + a

L
(z)] + H.c.

}
,

(1)

where a
R

(a
L
) denotes the annihilation operator of right (left)

propagating field, and g̃ = √
2πg. g is the coupling strength

between the atom and the waveguide mode, assumed to be
identical for all the atoms. ωc is the frequency of the driving
field. Here, we take the energy of the ground state |g〉 to be

FIG. 1. Schematic diagram for the scattering of an input field off
an ensemble of �-type three-level atoms (black dots) coupled to a
1D waveguide (the cylinder). A weak coherent field (black arrow) is
input from left to interact with the atomic ensemble, which generates
a transmitted part (red arrow) and a reflected part (green arrow). The
wavy line denotes the lattice, and d is the lattice constant. Each trap
site is either empty or contains a single atom [49].

zero, and ωs is the energy of the level |s〉. The atomic operator
σ

j

αβ = |αj 〉〈βj | with α,β = g,e,s being the energy eigenstates
of the j th atom.

By calculating the commutators with H , we can obtain the
Heisenberg equations of the motion for the atomic operators

σ̇ j
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(
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)
eiδt − ig̃σ j

gs[a
†
R
(zj ) + a†

L
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(2)

Using the same method, we can also write the Heisenberg
equations of the motion for the photons(

1

c

∂

∂t
+ ∂

∂z

)
a

R
(z) = ig̃

c

n∑
j

δ(z − zj )σ j
ge,

(
1

c

∂

∂t
− ∂

∂z

)
a

L
(z) = ig̃

c

n∑
j

δ(z − zj )σ j
ge, (3)

where c is the velocity of the traveling photon. Then, the
Heisenberg equations for a

R
(a

L
) can be integrated, and we get

the real-space wave equation

a
R
(z,t) = a

R,in
(z − ct) + ig̃

c

∑
j

θ (z − zj )σ j
ge

(
t − z − zj

c

)
,

a
L
(z,t) = a

L,in
(z + ct) + ig̃

c

∑
j

θ (zj − z)σ j
ge

(
t − zj − z

c

)
.

(4)

Here, the first term a
R,in

(a
L,in

) represents the freely traveling
field in the waveguide, while the second term corresponds to
the contribution of the field emitted by the atomic ensemble.
θ (z) is the Heaviside step function. Since we are more
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interested in the scattered field induced by atoms, here we
set a

R,in
= a

L,in
= 0. Inserting the above field equation into the

Eq. (2), we get the equations for the atoms alone

σ̇ j
ge = − iωaσ
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− g̃2

c

(
σ j

gg − σ j
ee

)∑
j,k

σ k
ge

(
t − |zj − zk|

c

)
,

σ̇ j
gs = − iωsσ

j
gs + i�cσ

j
gee

iωct

+ g̃2

c
σ j

es

∑
j,k

σ k
ge

(
t − |zj − zk|

c

)
,
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)
.

(5)

Then, by transforming to the slow-varying frame, we can
define the three following quantities:

σ j
ge(t) = Sj

ge(t)e−iωint , σ j
gs(t) = Sj

gs(t)e
−i(ωin−ωc)t ,

σ j
es(t) = Sj

es(t)e
iωct , (6)

where ωin is the frequency of the incident field.
When the atomic resonance frequency ωa is far away from

the cutoff frequency of the waveguide mode, and the photon
has a narrow bandwidth in vicinity of ωa , we can adopt the
linear dispersion approximation [50]. Using this condition,
Eq. (5) is rewritten as

Ṡj
ge = i�Sj

ge + i�cS
j
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− 1D

2

(
Sj
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) ∑
j,k
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Ṡj
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j
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2
Sj
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∑
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Sk
ge(t)eikin|zj −zk |,

Ṡj
es = i�c

(
Sj

ee − Sj
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) − 1D

2
Sj
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∑
j,k

Sk
eg(t)eikin|zj −zk |,

(7)

where � = ωin − ωa , and 1D
= 2g̃2/c. �c = ωc − ωes is the

frequency detuning between the driving field and the transition
|s〉 ↔ |e〉. From the above equations, after eliminating the
fields, we can get an effective Hamiltonian for the system

Heff = −
n∑
j

[
�Sj

ee + (� − �c)Sj
ss

] − �c

n∑
j

[(
Sj

es + Sj
se

)]

− i
1D

2

n∑
j,k

eikin|zj −zk |Sj
egS

k
ge. (8)

In the spirit of the quantum jump, spontaneous emission
into free space other than the waveguide can be modeled by
attributing an imaginary part −i′/2 to the energies of the
states of the atoms [51]. Therefore, the system composed of
the atomic ensemble and the 1D waveguide can be described

by an effective non-Hermitian Hamiltonian

Hnon = −
n∑
j

[
(� + i

′
e/2)Sj

ee + (� − �c)Sj
ss

+�c

(
Sj

es + H.c.
)] − i

1D

2

n∑
j,k

eikin|zj −zk |Sj
egS

k
ge, (9)

where 
′
e is the decay rate of the state |e〉 into the free space,

and zj is the position of the j th atom.
Here, we focus mainly on the propagation of a constant

weak coherent probe field. The corresponding driving is given

by Hdri =
√

c1D

2 E
∑n

j (Sj
ege

ikinzj + S
j
gee

−ikinzj ), where
√

c1D

2 E
is the amplitude of the constant input field [52]. Therefore, the
whole system can be described by the total Hamiltonian H =
Hnon + Hdri. For a sufficiently weak input field (

√
c1D

2 E �


′
e), quantum jumps can be ignored [34]. Provided that all

atoms are in the ground state |g〉 and a weak coherent field
with the wave vector kin is incident from the left, with the
input-output methods [52], we can obtain the transmitted (T )
and reflected (R) fields

a
out,T

(z) = Eeikinz + i

√
1D

2c

n∑
j

Sj
gee

ikin(z−zj ),

a
out,R

(z) = i

√
1D

2c

n∑
j

Sj
gee

−ikin(z−zj ), (10)

where the transmitted (reflected) field is defined for z > z
R

≡
max[zi] (z < z

L
≡ min[zi]). In fact, the optical properties of

the output field are determined by the input field and the dy-
namics of the atom-waveguide system alone. Therefore, the re-
flection of the incident field for the steady state is calculated by

R = 〈ψ |a†
out,R

a
out,R

|ψ〉
E2

, (11)

where |ψ〉 is the steady-state wave vector. For the transmitted
field, the equation is similar.

III. RESULTS

A. Transmission and reflection of the input field

The quantum interference of a single-photon scattering with
a chain of atoms inside a 1D waveguide has been studied in
the previous works [12,46,53–55]. In their calculations, the
atoms are equally spaced with a deterministic separation d,
which can be solved by the Bethe-ansatz approach [12,53], the
transfer matrix method [54,55], and time-dependent dynamical
theory [46]. In this section, assuming that the input field is
monochromatic, we study the scattering spectrum for n = 10
three-level atoms randomly placed in a lattice of N = 200
sites. For comparison, we first give the transmission and
reflection of the input field traveling through ten equally spaced
three-level atoms, as shown in Figs. 2(a)–2(b). While, when
ten atoms are randomly placed in a lattice of N = 200 sites, the
results are quite different, and the calculations for one possible
configuration of atomic positions are shown in Figs. 2(c)–2(d).
Compared with the first row of Fig. 2, the reflection spectrum
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FIG. 2. The transmission T (black solid line) and reflection R (red
dotted line) spectra of the input field as a function of the frequency
detuning �/′

e in two cases. Here, one case is that n = 10 atoms are
placed in a lattice of N = 10 sites, i.e., ten atoms are equally spaced
with (a) �c = 2′

e, (b) �c = 0.5′
e. The other case is that n = 10

atoms are randomly placed in a lattice of N = 200 sites with (c)

�c = 2′
e, (d) �c = 0.5′

e. Parameters: (a)–(d) E = 0.0001
√

1D

2c
,

1D
= 2′

e, kind = π/2, and �c = 0.

of the input field is modified remarkably in the latter case,
and more peaks may appear in some specific configurations of
atomic positions. In fact, the scattering property of the input
field is influenced by atomic spatial distributions.

In Figs. 3(a)–3(b), we plot the transmission and reflection
of the incident field with detuning �/′

e for different values

FIG. 3. The average transmission T (black solid line) and
reflection R (red dotted line) spectra of the input field as a function of
the frequency detuning �/′

e for (a) �c = 0.5′
e, (b) �c = 2′

e. The
width w of the EIT window as a function of the parameter (c) �2

c/1D
,

and the number of atoms (d) n. (a)–(c) n = 10 atoms are randomly
placed in a lattice of N = 200 sites, (d) N = 200, �c = 2′

e. (a)–(d)
we average over 1000 samples of atomic spatial distributions with

E = 0.0001
√

1D

2c
, 1D

= 2′
e, kind = π/2, and �c = 0.

of the control beam Rabi frequency �c, averaged over 1000
samples of atomic spatial distributions. First, we consider the
case that the levels |g〉 and |s〉 are two hyperfine states in the
ground-state manifold, where the level |s〉 is metastable. We
observe that the atomic ensemble becomes fully transparent
when the detuning is zero in the presence of the control field,
which is known as electromagnetically induced transparency
(EIT) [56]. In fact, this phenomenon derives from destructive
interference between two allowed atomic transitions, which
causes the cancellation of the population of the excited state
|e〉. As shown in Figs. 3(c)–3(d), we calculate the width w of
the central transparency window near two-photon resonance.
Here, the width w of the EIT window is defined by T =
T

�=0 exp(−�2/w2) [57], which only holds for small �. We
observe that the width of the EIT window is proportional to
the parameters �2

c/1D
and 1√

n
, which agrees with the results

of the one-atom case [58] and linear array of superconducting
artificial atoms [54]. While, different from the single three-
level atom case [45,58], we see that the transmission is almost
zero in two regions of the frequency detuning, and such a band-
gap-like structure is the result of the scattering of multiple
atoms. In fact, by controlling the coupling strength 1D

and
the number n of atoms, we can tune the bandwidth.

Since the influence of the decoherence in EIT-based light
storage is important, we also analyze the effect of decoherence
originating from both population relaxation and dephasing
between the two states |g〉 and |s〉. In actual atomic systems,
the population relaxation between the two states |g〉 and
|s〉 is usually caused by inelastic atom-atom and atom-wall
collisions, and the dephasing of the forbidden |g〉-|s〉 transition
exists due to elastic atom-atom and atom-wall collisions,
trapping potential and laser fluctuations [56,59]. In our system,
we assume that the decoherence of all atoms is identical. The
photon-mediated dipole-dipole interactions between atoms
can be described by a master equation ρ̇ = −i[HI ,ρ] + Lρ

for the atomic density operator ρ, where

HI = −
n∑
j

[
�Sj

ee + (� − �c)Sj
ss + �c

(
Sj

es + H.c.
)]

+1D

2

n∑
j,k

sin(kin|zj − zk|)Sj
egS

k
ge, (12)

and

Lρ = −1D

2

n∑
j,k

cos(kin|zj − zk|)
(
Sj

egS
k
geρ + ρSj

egS
k
ge

−2Sk
geρSj

eg

) − 
′
e

2

n∑
j

({
Sj

ee,ρ
} − 2Sj

geρSj
eg

)

−
′
p

2

n∑
j

({
Sj

ss,ρ
} − 2Sj

gsρSj
sg + {

Sj
gg,ρ

} − 2Sj
sgρSj

gs

)

−
′
d

2

n∑
j

({
Sj

ss,ρ
}−2Sj

ssρSj
ss + {

Sj
gg,ρ

}−2Sj
ggρSj

gg

)
.

(13)
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FIG. 4. The average transmission T (black solid line) and
reflection R (red dotted line) spectra of the input field as a function
of the frequency detuning �/′

e for (a) ′
t = 0, (b) ′

t = 0.3′
e, (c)

′
t = 3.5′

e. (d) The population of the collective atomic excitation
|E〉 versus time for the total decoherence rate ′

t = 0 (black solid
line), ′

t = 0.5′
e (red dashed line), ′

t = 1.0′
e (blue dotted line),

′
t = 1.5′

e (green dashed-dotted line). (a)–(d) n = 10 atoms are
randomly placed in a lattice of N = 200 sites, and we average over
1000 samples of atomic spatial distributions and set the parameters

E = 0.0001
√

1D

2c
, 1D

= 2′
e, �c = 2′

e, kind = π/2, and �c = 0.

The third term of Eq. (13) accounts for population relaxation
between the two states |g〉 and |s〉, and the fourth term of
Eq. (13) describes the dephasing effect. For simplicity, we
assume that the population relaxation rate from |g〉 → |s〉
is the same as the rate from |s〉 → |g〉 and is given by 

′
p,

and the dephasing rate between the two states |g〉 and |s〉 is
given by 

′
d . Thus, we define the total decoherence rate as

′
t = ′

p + ′
d . With the above assumptions, using the master

equation approach [60], we calculate the influence of the
total decoherence rate ′

t on the transmission and reflection
spectra of the driven �-type atomic ensemble. As shown
in Fig. 4, different values of ′

t have remarkable effect on
both transmission and reflection. In detail, we observe that
only when the total decoherence rate ′

t = 0, the atomic
ensemble coupled to the 1D waveguide can be fully transparent
on resonance, as shown in Fig. 4(a). Furthermore, with the
increment of ′

t , the values of the peaks in transmitted
spectrum decrease, and finally the EIT transparency window
disappears. Interestingly, with a low total decoherence rate
′

t , the reflection on resonance is always zero, while, when
′

t is large enough, the reflection on resonance turns to be
nonzero, as shown in Fig. 4(c). We also give the time evolution
of the population in the collective atomic excitation |E〉,
where four cases are considered, i.e., ′

t = 0, ′
t = 0.5′

e,
′

t = 1.0′
e, ′

t = 1.5′
e, as shown in Fig. 4(d). Note that the

collective atomic excitation is |E〉 = (1/
√

n)
∑

j |ej 〉, where
|ej 〉 denotes the presence of an excitation in the j th atom with
all other atoms in the ground state. We observe that all the
plots of the population show an initial sharp peak and decrease
to a constant value after a time scale. For a fixed driving
field �c, the time scale for the system to reach the steady

FIG. 5. (a) The optical depth D vs the number n of atoms for
kind = π/2 (black squares) and kind = π (red dots) with 1D

= 2′
e.

(b) The optical depth D vs the number n of atoms for kind = π/2
(black down triangles) with 1D

= 0.05′
e. Parameters: (a)–(b) n

atoms are randomly placed in a lattice of N = 200 sites, and we
average over 106 samples of atomic spatial distributions and set the

parameters E = 0.0001
√

1D

2c
, �c = 0, ′

t = 0, and �c = 0.

state is reduced as the total decoherence rate ′
t is increased.

Moreover, the population of the collective atomic excitation
increases with the decoherence rate ′

t . As mentioned above,
in an ideal EIT condition, there is no population in the excited
state |e〉 for every atom, which is the consequence of the dark
state originating from the destructive interference between
the atomic transitions |g〉 ↔ |e〉 and |e〉 ↔ |s〉. In fact, the
presence of the decoherence rate ′

t drives the system out of
the dark state, and the EIT phenomenon is removed.

The field transmission in a medium is determined by the
optical depth D, which is defined by T (� = 0) = e−D in the
absence of the driving field. As shown in Fig. 5(a), we calculate
the optical depths for two choices of the lattice constant d

with a fixed coupling strength 1D
= 2′

e. In detail, when
kind = π/2, the optical depth D increases quickly as we add
the number of atoms, while for kind = π , the optical depth
changes slowly with the number n of atoms. Specifically, in
the limit of 1D

� ′
e, we find that the optical depth is given

by D ≈ 2n1D
/′

e, as shown in Fig. 5(b). Since a medium
requires a large optical depth for high storage efficiency in
quantum memory [3,61], in our system, we can obtain a
requisite optical depth by controlling the number n of atoms
and the lattice constant d with suitably large 1D

/′
e.

In the above calculations, we assume that all the atoms
trapped in the lattice are identical with homogeneous broad-
ening, while, in practice, the emitters in different lattice
sites experience different trapping potentials, which affect
the transition frequencies of the emitters according to their
locations in the lattice. The broadening caused by such effect
is inhomogeneous. In our system, the effect can probably
happen for both the excited state and the metastable state.
However, since EIT only depends on the two-photon detuning,
it is reasonable just to assume that the metastable state
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FIG. 6. The average transmission T (black solid line) and
reflection R (red dotted line) spectra of the input field as a function of
the frequency detuning �/′

e for (a) σih = 0.5′
e, (b) σih = 2′

e,
(c) σih = 5′

e. (d) The height H of the EIT peak as a function
of the parameter σih in the inhomogeneous broadening. (a)–(d)
n = 10 atoms are randomly placed in a lattice of N = 200 sites,
and we average over 106 samples of atomic spatial distributions with

E = 0.0001
√

1D

2c
, 1D

= 2′
e, kind = π/2, ′

t = 0, �c = 2′
e, and

�c = 0.

energy is shifted. In the following, we assume that the
inhomogeneous broadening is Gaussian with the line shape

g
ih

(�ih) = 1
σ

ih

√
2π

exp(− �2
ih

2σ 2
ih

), where 2σ
ih

is the full width at

half maximum of the line shape in inhomogeneous broadening,
and �ih is the inhomogeneous detuning from the metastable
level |s〉.

To proceed, we evaluate the effect of the inhomogeneous
broadening on the transport properties of the incident field.
As shown in Figs. 6(a)–6(c), we give the transmission and
reflection spectra of the input field in three cases, i.e.,
σ

ih
= 0.5′

e,2′
e,5′

e. We observe that, in contrast to the
case with homogeneous broadening shown in Fig. 3(b), the
inhomogeneous broadening of the emitters has remarkable
influence on the transport properties of the input field. In
detail, for the transmission, the value of the EIT peak decreases
quickly with the increment of σ

ih
. Interestingly, when σih >

5.0′
e, the EIT phenomenon will almost completely disappear,

i.e., T (� = 0) ≈ 0. For the reflection, with the presence of
the inhomogeneous broadening of the emitters, the value of
the dip becomes nonzero, which means that the input field is
partly reflected by the emitters at � = 0. Moreover, we study
the height of the EIT peak as a function of the parameter σ

ih

in the inhomogeneous broadening, as shown in Fig. 6(d). We
observe that, when we increase the parameter σ

ih
, the height of

the EIT peak decreases. In other words, the EIT phenomenon is
sensitive to the parameter σ

ih
in the inhomogeneous broadening

of the metastable level |s〉.

B. An input field with Gaussian shape

In practice, the input field is a pulse with finite bandwidth.
Here, we study the scattering property of a Gaussian pulse

interacting with the atomic ensemble coupled to the 1D
waveguide. In experiment, using a single-photon electric-optic
modulation [62], we can produce a photon pulse with Gaussian
shape given by

A(ω) = (8π )
1
4√

σL
e−(ω−ω0)2/σ 2

, (14)

where σ is the width in the frequency space with the
full width at half maximum of the spectrum, L is the
quantization length in the propagation direction, and ω0 is
the center frequency of the pulse. A(ω) denotes the probability
amplitude of the photon component at frequency ω. Note that
(L/2π )

∫ ∞
−∞ |A(ω)|2dω = 1 is the requirement for a single-

photon number, and we set σ = L = 1 in the following section.
As shown in Fig. 7(a), we calculate the spectra of the

incoming, reflected, and transmitted fields with ω0 = ωa ,
�c = 2′

e, and 1D
= 2′

e. We observe that the spectrum of
the transmitted photon is similar to the initial shape of the
incident photon and the photon component around the atomic
resonance frequency ωa can transmit the atomic ensemble
completely, which is the result of EIT shown in Fig. 3(a).
While, the spectrum of the reflected component is different
and has two peaks, which originates from the two peaks in the
reflection spectrum shown in Fig. 3(a). However, when we turn
the condition �c = 2′

e to �c = 0.5′
e with other parameters

remaining unchanged, we can get some different results shown
in Fig. 7(b): compared with the case of �c = 2′

e, the spectrum
of the transmitted photon becomes narrower and the values of
the peaks in the spectrum of the reflected part turn larger
when �c = 0.5′

e. This is because when we decrease the Rabi
frequency �c the width of the EIT window will be reduced,
and the splitting of the two peaks in the reflection spectrum
decreases, as shown in Fig. 3. With more calculations, we
conclude that when �c

′
e

� 1, the shape of the transmitted

photon is very similar to the input photon. While when �c

′
e

� 1,
a Lorentzian peak appears at the frequency ω = ωa in the
spectrum of the transmitted pulse. That is, the transmitted
spectrum of the Gaussian pulse can be effectively controlled
by tuning the Rabi frequency �c of the driving field.

The spectra of the transmitted fields with different numbers
of atoms under the condition ω0 = ωa , �c = 0.5′

e, and
1D

= 2′
e are shown in Fig. 7(c). Here, four cases are

considered: n = 5 (red), 10 (blue), 20 (green), 50 (yellow)
atoms are randomly placed in a lattice of N = 200 sites, and
we average over 1000 samples of atomic spatial distributions
for every case. We see that, when more atoms are placed in the
lattice, the Lorentzian peak in the spectrum of the transmitted
field becomes narrower. This is because the width of the EIT
window will decrease when more atoms are placed in the
system, as shown in Fig. 3(d). Moreover, we study a more
general case where the center frequency ω0 of the incident
Gaussian pulse is different from atomic resonance frequency
ωa . For example, the transmitted spectrum under the condition
ω0 = ωa − 0.5′

e is shown in Fig. 7(d). Although ω0 = ωa ,
the number of atoms has the same effect on the spectrum,
i.e., the component of the incident field at the resonance
frequency can transmit the atomic ensemble completely. As
shown in Figs. 7(a)–7(d), by tuning the Rabi frequency of
the driving field and the number of atoms, we can only

043872-6



PHOTON SCATTERING BY AN ATOMIC ENSEMBLE . . . PHYSICAL REVIEW A 96, 043872 (2017)

FIG. 7. The spectra of the incident (black solid line), reflected (blue dashed line), and transmitted (red dotted line) photons with (a)
�c = 2′

e, and (b) �c = 0.5′
e. The spectra of the incident (black), and transmitted photons for n = 5 (red), 10 (blue), 20 (green), 50 (yellow)

atoms randomly placed in a lattice of N = 200 sites with �c = 0.5′
e, (c) ω0 = ωa , and (d) ω0 = ωa − 0.5′

e. The reflection (black squares),
transmission (blue circles), and loss (green up-triangles) as a function of the coupling strength 1D

/′
e with (e) �c = 2′

e, and (f) �c = 0.5′
e.

(g) The transmission as a function of center frequency deviation for different driving fields �c = 0.5′
e (red asterisks), �c = 1.0′

e (blue
circles), and �c = 2′

e (black squares). (h) The transmission as a function of center frequency deviation for different lattice constant kind = π

(blue squares), kind = 0.75π (green circles), kind = 0.5π (black asterisks), and kind = 0.25π (red down-triangles) with �c = 2′
e. (i) The

transmission as a function of lattice constant d with �c = 2′
e. λ is the wavelength resonant to the atomic transition |g〉 ↔ |e〉. (j) The

transmission (black circles), reflection (blue squares), and loss (red asterisks) as a function of the driving fields �c/′
e. The transmission (red

squares), reflection (black circles), and loss (green asterisks) as a function of the filling factor n/N with (k) �c = 2′
e, and (l) �c = 0.5′

e.

Parameters: (a)–(l) we average over 1000 samples of atomic spatial distributions with ′
t = 0, �c = 0, σih = 0, and E = 0.0001

√
1D

2c
; (a)–(g)

and (i)–(l) kind = π/2; (a)–(d) and (g)–(l) 1D
= 2′

e; (a)–(b), (e)–(f), and (i)–(l) ω0 = ωa ; (a)–(b) and (e)–(j) n = 10 atoms are randomly
placed in a lattice of N = 200 sites, (k)–(l) the number of the sites in the lattice is N = 50.

transmit the frequency component ωa of the Gaussian pulse
completely, and the other parts of the pulse will be reflected
or decay into the free space. That is, our system may be
useful as a photon frequency filter, which circumvents the
challenge of integrating the waveguide system with other
optical components.

The reflection, transmission, and loss as a function of
coupling strength under the condition �c = 2′

e are shown
in Fig. 7(e). We see that the transmission (reflection) of the
Gaussian pulse decreases (increases) when we increase the
coupling strength 1D

, while the loss first increases and then
decreases to a constant value (not zero) as we enhance the
coupling strength. When 1D

≈ 5.75′
e, the loss of the incident

photon pulse reaches the maximum value 19.7%. However, as
we only change the condition �c = 2′

e to be �c = 0.5′
e, the

results are different, as shown in Fig. 7(f). We observe that
the variation trends of the reflection, transmission, and loss
with the coupling strength are the same, while they all change
more rapidly than the results with �c = 2′

e. Moreover, the
transmission will approach zero when the coupling strength is
large enough in both cases. While, it is not easy to obtain
strong coupling between the atomic ensemble and the 1D

waveguide in experiment, and Figs. 7(e)–7(f) show us that the
transport properties of the system can be controlled by tuning
the Rabi frequency �c of the driving field, which should be
more convenient.

We also study the transmission as a function of the detuning
between the center frequency ω0 of the incident Gaussian pulse
and atomic resonance frequency ωa . The results are shown
in Fig. 7(g). Here, we consider three choices of the driving
fields, i.e., �c = 0.5′

e,1′
e,2′

e. The similarities are: (i) a peak
appears at the frequency ω0 = ωa in the transmitted spectrum,
which is actually the result of EIT; (ii) two dips exist when the
center frequency of the Gaussian pulse is red and blue detuned
from the atomic resonance frequency; (iii) the incident photon
pulse will transmit the atomic ensemble with no interaction
when (ω0 − ωa) � ′

e. However, with different choices of
the driving fields, the values of the peaks at the frequency
ω0 = ωa are quite different. When the Rabi frequency of
the driving field is �c = 2′

e, the value of the peak can be
75.9%. While, when it is changed to be �c = 1′

e (0.5′
e),

the value of the peak drops down to 30.2% (8.2%). This is
because the Rabi frequency �c of the driving field influences
the width of the EIT window, as shown in Fig. 3(c). Therefore,
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to effectively control the transmission of the incident Gaussian
pulse, one way is changing the Rabi frequency of the driving
field. The other way is changing the center frequency ω0

of the Gaussian pulse. Furthermore, the transmission as a
function of the detuning (ω0 − ωa) for different choices of
kind is shown Fig. 7(h). When kind = 0.25π , kind = 0.5π ,
and kind = 0.75π , the shapes of functions are very similar.
However, with kind = π , for almost the whole region of the
detuning (ω0 − ωa), the transmission of the Gaussian pulse
becomes smaller than those in the three cases mentioned above.
To show clearly the influence of lattice constant d on the
transmission of the Gaussian pulse, we plot Fig. 7(i) with
�c = 2′

e. An obvious difference appears in the transmission
when the lattice constant is d = 0,λ/2,λ, respectively, while
for any other choices of d, the values of the transmission
are basically the same. In fact, this phenomenon is caused
by the last part of the Hamiltonian in Eq. (9). In the three
special cases d = 0,λ/2,λ, for any possible configurations
of atomic positions, the imaginary component of eikin|zj −zk |,
i.e., i sin(kin|zj − zk|) is always zero, which changes the
transmission of the incident pulse dramatically. Moreover,
we give the transmission, reflection, and loss as a function of
the driving field �c, as shown in Fig. 7(j). We observe that, as
we enhance the driving field, the transmission increases from
zero rapidly, and inversely, both the reflection and loss decrease
to zero quickly. When the Rabi frequency of the driving field is
large enough, for example, �c = 3.5′

e, the transmission will
approach 100%, and both the reflection and loss will touch
zero. That is, by changing the driving field, we can effectively
control the transport properties of the incident photon pulse,
which is consistent with the results shown in Fig. 7(g).

Finally, we study the transmission, reflection, and loss as
a function of the filling factor n/N for two different choices
of the driving fields with N = 50. As shown in Fig. 7(k),
when �c = 2′

e, the transmission decreases slowly from 1 to
a nonzero value as we add the number of atoms, while for the
reflection, it first increases from zero slowly and then decreases
to zero slowly. Moreover, when the filling factor is small (0 <

n/N � 0.2), the loss scales nonlinearly with the filling factor,
when the filling factor is large (0.2 < n/N � 1.0), the loss
scales linearly with the filling factor. For �c = 0.5′

e with
other parameters remaining unchanged, the results are shown
in Fig. 7(l). Similarly, the variation trends of the reflection,
transmission, and loss with the filling factor are basically the
same. Differently, we observe that, with the equal number of
the atoms, both the loss and the reflection of the Gaussian
pulse in this case are larger than that for �c = 2′

e, while
the transmission in this case becomes much smaller than that
for �c = 2′

e. In other words, the driving field influences the
decay rate of the atoms out of the waveguide, i.e., the stronger
the driving field, the weaker the loss, which is consistent with
the results shown in Fig. 7(j).

C. Transmission variance caused by atomic spatial distributions

Different from the previous work where the atoms are
equally located with a deterministic separation, we focus on the
case that the atoms are randomly placed in a lattice along the
waveguide. In our scheme, due to the various configurations
of atomic positions, the scattering properties of the incident

FIG. 8. The variance s2 of the transmission T when n = 10 (black
line with squares), n = 20 (red line with asterisks), n = 40 (green
line with circles), n = 60 (blue line with down triangles) atoms are
placed randomly over N = 200 sites. Here, 1000 samples of atomic
spatial distributions are averaged per detuning with kind = π/2, E =
0.0001

√
1D

2c
, �c = 2′

e, ′
t = 0, σih = 0, and �c = 0.

field are variational. Here, to describe the influence on the
transmission caused by atomic spatial distributions, we use
the variance s2, which is defined as

s2 = 1

m

m∑
i

(Ti − T̄ )2, (15)

where m denotes the sample size of atomic spatial distribu-
tions, Ti is the transmission for the ith sample, and T̄ is the
average transmission for all samples.

As shown in Fig. 8, we obtain the variance s2 of the
transmission as a function of the detuning for 1000 samples
when n = 10 atoms are randomly placed in N = 200 sites. We
observe that the plot is symmetric, and s2 is zero in a range
of the frequency detuning around � = ±�c and when � = 0,
which is the result of EIT and the band-gap-like structure in
transmission spectrum shown in Figs. 3(a)–3(b). There are two
peaks around the detuning � = �c (� = −�c), i.e., when
the detuning is shifted around � = ±�c, the influence of
atomic spatial distributions on transmission become obvious.
Moreover, s2 will approach zero for a large detuning, which
corresponds to the case that the incident field transmits the
atomic ensemble with no interaction, and the transmission is
not affected by atomic spatial distributions. We also study
the variance s2 of the transmission T for different choices of
the number of atoms. Here, we consider another three cases,
i.e., the number of atoms is n = 20,40,60, respectively. We
see that the width of the dip near the Rabi frequency of the
driving field is determined by the number of atoms when the
sites of lattice N is fixed. In detail, as we add the number
of atoms, the width of the dip around the Rabi frequency of
the driving field increases. Moreover, for the region of the
detuning 12 � |�|/′

e � 30, when we increase the number
of atoms, the value of the variance s2 becomes larger. The
results show that more atoms bring more fluctuation on the
transmitted spectrum for a fixed sites N of the lattice.

D. Two-photon correlation

The main signature of nonclassical light is that the photons
can be bunched or antibunched, which can be calculated
by photon-photon correlation function g(2) (also called the

043872-8



PHOTON SCATTERING BY AN ATOMIC ENSEMBLE . . . PHYSICAL REVIEW A 96, 043872 (2017)

FIG. 9. The photon-photon correlation function g(2)(t) of the output field when n = 10 atoms are placed randomly over N = 200 sites. The
first row is for transmitted field with the driving field (a) �c = 2′

e, and (b) �c = 0.5′
e. The second row is for reflected field with the driving

field (c) �c = 2′
e, and (d) �c = 0.5′

e. Here, the frequencies of the incident photons are chosen as one of the frequencies for T = R, and we

average 1000 samples of atomic spatial distributions with E = 0.0001
√

1D

2c
, kind = π/2, �c = 0, σih = 0, and ′

t = 0.

second-order coherence [63]). The two-photon correlation
functions for two-level and three-level atoms coupled to an
infinite waveguide have been considered in the previous works
[48,58,64,65]. For a steady state, g(2) of the output field is
defined as

g(2)(τ ) = lim
t→∞

〈a†(z,t)a†(z,t + τ )a(z,t + τ )a(z,t)〉
〈a†(z,t)a(z,t)〉〈a†(z,t + τ )a(z,t + τ )〉 .

(16)

In our system, we can switch this definition to the Schrödinger
picture:

g(2)
α (τ ) = 〈ψ |a†

α
(z)eiHτ a†

α
(z)a

α
(z)e−iHτ a

α
(z)|ψ〉

|〈ψ |a†
α
(z)a

α
(z)|ψ〉|2 , (17)

where |ψ〉 is the steady-state wave vector, and α = R,T .

Now, with a weak probe field (
√

c1D

2 E � 
′
e), we discuss

photon-photon correlation function g(2) for two choices of the
driving fields in the off-resonant case when n = 10 three-level
atoms are randomly placed over N = 200 sites. Here, the
frequencies of the two identical photons are chosen as one
of the frequencies for T = R, which are labeled by blue
lines in Figs. 3(a)–3(b). As shown in Fig. 9, we observe that
strong initial bunching (g(2) > 1) is present for both reflection
and transmission. Differently, as the time ′

et increases,
bunching dominates at the whole time scale with quantum
beats (oscillation) for reflection g(2)

R
with both �c = 2′

e and
�c = 0.5′

e. While for transmission g(2)
T

, when �c = 2′
e, the

initial bunching is followed by antibunching (g(2) < 1) with
a small region of the parameter ′

et , as shown in Fig. 9(c).
When �c = 0.5′

e, no antibunching appears in the reflected
field, which is shown in Fig. 9(d). Moreover, the intensity of

the driving field �c has an obvious influence on the correlations
properties. By comparing the first and second columns of
Fig. 9, we find that, for both the transmitted and reflected
fields, when we enhance the driving field, the timescale for
the decay of the two-photon correlations will be considerably
shortened with more oscillations.

Specifically, on resonance � = 0, since the incident
photons can transmit the atomic ensemble with 100%, no
correlation will be generated. The correlation function of the
transmitted field is g(2)

T
= 1 (not shown), which is consistent

with the results in Refs. [45,66]. Actually, this phenomenon is
known as fluorescence quenching [67,68] and is not influenced
by the parameters of our system, such as the number of
atoms, the driving field, lattice constant d, and atomic spatial
distributions. The above calculations show that our system
may provide an effective candidate for producing nonclassical
light in experiment.

IV. CONCLUSION

In summary, with an effective non-Hermitian Hamiltonian,
we have explored the interaction between a weak input field
and an ensemble of �-type three-level atoms coupled to a 1D
waveguide. In our system, the atoms are randomly located in
the lattice along the axis of the 1D waveguide, and we calculate
the statistical properties by adopting the average values from a
large sample of atomic spatial distributions. EIT is observed for
the driven �-type atomic ensemble coupled to the waveguide,
and the width of the EIT window is proportional to the
parameters �2

c/1D
and 1√

n
. We calculate the influence of

decoherence on the transmission and reflection spectra of
the driven �-type atomic ensemble. We conclude that, to
maintain the EIT phenomenon, ′

t must be much smaller
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than the coupling strength 1D
. Moreover, we analyze the

effect of the inhomogeneous broadening on the transmission
and reflection spectra of the incident field, and find that the
EIT phenomenon is very sensitive to the parameter σ

ih
in the

inhomogeneous broadening of the metastable level |s〉. Then,
we adopt a pulse with Gaussian shape as the incident field,
and analyze the rich optical properties with the parameters.
The results show that we can effectively control the transport
properties of the input pulse by tuning the Rabi frequency of
the driving field, the number of atoms, and the lattice constant
d. Besides, by calculating the variance of the transmission
caused by atomic spatial distributions, we find that the variance
can approach zero in some region of the frequency detuning,
which indicates that the transmission of the incident pulse
is not affected by atomic spatial distributions. Moreover, we
calculate the photon-photon correlation of the output fields

generated by the scattering between the incident field and the
atomic ensemble coupled to the 1D waveguide, which shows
nonclassical behavior such as bunching and antibunching. That
is, the scattering between an input field and atomic ensemble
in a 1D waveguide may provide an effective method for
generating nonclassical light in experiment.
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