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Free-space optical communication links are promising channels for establishing secure quantum communi-
cation. Here we study the transmission of nonclassical light through a turbulent atmospheric link under diverse
weather conditions, including rain or haze. To include these effects, the theory of light transmission through
atmospheric links in the elliptic-beam approximation presented by Vasylyev et al. [D. Vasylyev et al., Phys.
Rev. Lett. 117, 090501 (2016)] is further generalized. It is demonstrated, with good agreement between theory
and experiment, that low-intensity rain merely contributes additional deterministic losses, whereas haze also
introduces additional beam deformations of the transmitted light. Based on these results, we study theoretically
the transmission of quadrature squeezing and Gaussian entanglement under these weather conditions.
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I. INTRODUCTION

By the use of modern quantum communication tech-
nologies, secret information exchange becomes feasible [1].
Light is the most attractive candidate for the practical use
in quantum communication protocols due to its robustness
against the influence of the environment, high bandwidth,
and the possibilities of multiplexing information encoding
using, e.g., polarization or orbital angular momentum. Re-
cently, quantum communication technologies in free-space
channels have developed rapidly. Various experiments have
been performed, with distances ranging from intracity [2—7]
to more than 100 km [8-12], which have shown that the
atmosphere is a reliable medium for the communication with
light exploiting its quantum properties. Moreover, the use of
satellite-mediated links [13-20] paves the way to establish
global quantum communication links.

During the propagation through the atmosphere, optical
beams undergo random broadening and deformation as well as
stochastic deflections as a whole. The major effect comes from
the turbulent fluctuations of the refractive index. Moreover,
the light beam may be attenuated by backward scattering and
absorption. These effects become even more pronounced if
the meteorological conditions deviate from what we usually
call clear weather. Indeed, under bad weather conditions the
optical beam experiences additional broadening, absorption,
and backscattering due to random scattering on dust particles,
aerosols, and/or precipitations. There exist numerous studies
of classical light propagation in turbulent atmosphere in the
presence of haze, fog, or rain [21-27]. Some recent advances
were made in the quantum theory of light propagation through
atmospheric turbulence [28—38]. However, a consistent quan-
tum theory of light propagation in turbulence with the inclusion
of random scattering on particles, aerosols, and precipitations
has not been developed so far. In contrast to the theory of
random scattering of classical light [39-41], the quantum
theory implies additional constraints, such as commutation
rules, so that the classical results cannot be applied in a
straightforward manner.
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The purpose of our article is to develop a basic quantum
theory of light propagation in haze, rain, and turbulence in
close relation to experimental observations. To this end, we
relate the transmitted quantum state to the initial state at the
transmitter site via the input-output relation

Aout = \/ﬁain ++v1—-né, (D

where di ouy 1is the input (output) field annihilation
operator and ¢ is the operator of environmental modes. The
transmittance n€[0,1] is a random variable that describes the
fluctuating-loss channels under study. In terms of the Glauber-
Sudarshan P function [42,43], the input-output relation (1)
reads
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Here the functions Pj,(¢) and P, () are quasiprobability

distributions that completely describe the input and output

quantum states, respectively. The probability distribution of

the transmittance (PDT) P(#n) describes fluctuations of the

transmission efficiency 7.

In many practical situations one deals with phase-
insensitive measurements. Hence, the phase of 7 is not needed
in the input-output relation (1). Moreover, even for homodyne
measurements one may design the experiment such that the
phase fluctuations of the output field amplitude doy can be
neglected (see Refs. [44,45] for the corresponding experiment
and Ref. [46] for its theoretical analysis). In general, the
atmospheric turbulence and the scattering effects may cause
beam deformations, speckles, etc., so a multimode analysis
of the transmitted light seems to be necessary. However, the
experiments under study can be treated by an effective single-
mode scenario (see Appendixes A and C in the Supplemental
Material of Ref. [35]).

Fine properties of fluctuating losses of the channel play
a crucial role in free-space quantum communication. Indeed,
in many cases one postselects events with the large transmit-
tance [4,47-49]. In this context the widely used log-normal
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distribution [31] may fail. This happens when fluctuations,
which are related to the beam wandering [35], are significant.
In important practical situations, such as in the case of the
considered atmospheric link of 1.6 km, both beam wandering
and beam-spot distortion contribute in the PDT. This situation
can be properly described with the recently proposed elliptic-
beam approximation [36].

In the present article we generalize PDT based on the
elliptic-beam approximation [36], in order to incorporate the
influence of random scatterers, such as haze particles and/or
raindrops. There are two major effects of random scatterers
on the beam: distortion of the beam shape including random
deflection of its centroid and random losses due to scattering.
We restrict our attention to the theoretical description of
the former, while the latter effect is considered only phe-
nomenologically. The theoretical PDTs are compared with the
experimental distributions that were measured during daytime
and nighttime campaigns in Erlangen with an atmospheric
link of 1.6-km length. The nighttime measurements were
performed during the buildup of a hazy turbulent atmosphere,
while the atmospheric daytime link was affected by light
rainfall. The good agreement between the theoretical and
experimental PDTs shows that our generalized elliptic-beam
model is capable of describing quantum light propagation
through the turbulent atmosphere even under diverse weather
conditions.

The paper is organized as follows. In Sec. Il we discuss var-
ious theoretical aspects such as the input-output relations and
the PDT model for atmospheric quantum channels. In Sec. III
the experimental setup is discussed and the experimental and
theoretical PDTs are compared. The examples of the transfer
of quadrature-squeezed and Gaussian-entangled light fields
through the turbulent and scattering medium are presented in
Sec. IV. A summary is given in Sec. V.

II. MODEL OF THE TURBULENT
AND SCATTERING MEDIUM

In the absence of absorption and scattering the fluctuating
losses on the receiver site arise mainly due to the finite aperture
size of the receiving (detecting) system. Let us consider
an initially Gaussian beam that propagates along the z axis
through the atmosphere. It impinges the circular aperture of
radius a placed at the distance L from the transmitter. The
atmospheric turbulence leads to random fluctuations of the
beam shape and the beam-centroid position. As a result, the
transmittance of such a beam through the aperture

n=/| d*plu(p,L)* 3)
o?=a?

is a fluctuating parameter (cf. Ref. [35,36]). Here u(p, L) is the
beam envelope initially normalized in the transversal plane.

A. Light beam in turbulent and scattering media

The envelope function u(p,L) for an optical beam is
obtained by solving the corresponding Helmholtz equation
in the paraxial approximation [50]. In this case the norm of the
beam is preserved over the whole transmission path and the
main effect comes from the losses due to the finite aperture
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FIG. 1. Scheme of optical beam transmission through the tur-
bulent and scattering atmosphere. The beam with initial beam-spot
radius W, undergoes random deformations and deflections while
propagating in the atmospheric link of length L. A part of the radiation
field is scattered and absorbed, which is the source of additional
extinction losses. The transmitted beam is cut by the circular receiver
aperture of radius a.

only. Such a technique gives a reasonable result in the case of
turbulent atmosphere, when absorption and scattering effects
can be neglected. However, these effects become essential for
worse weather conditions in the presence of random scatterers,
such as dust particles, aerosols, water droplets, etc. For the
typical scenario, see Fig. 1.

In the presence of random scatterers we can still use
Eq. (3) for determining the transmission efficiency. In this case,
however, the norm of the beam envelope in the aperture plane
can be less than one, due to scattering and absorption losses.
While the absorption losses can be included in the paraxial
approximation of the Helmholtz equation via the imaginary
part of the permittivity, the consistent description of scattering
losses requires consideration beyond this approximation.

The resulting electromagnetic field in the scattering media
is a superposition of two components: the transmitted beam
and the scattered wave. The transmitted beam reaches the
plane of the receiver aperture. The amplitude of the scattered
wave is proportional to the scattering cross section, which
determines the related losses [41]. Since the norm of the whole
electromagnetic wave should be preserved, the transmitted
beam appears to be non-normalized.

In this paper we restrict our consideration to the transmitted-
beam part of the electromagnetic wave. This part can still
be described by using the paraxial approximation. The
corresponding approach consistently describes distortions of
the beam shape and deflections of the beam centroid by
random scatterers. However, it does not yield the value of
the corresponding scattering losses since we do not consider
the nonparaxial part of the scattered field. Hence we use a
phenomenological approach for describing these losses. For
this purpose we additionally multiply the beam amplitude by
the factor ,/Xext. The extinction factor xex€[0,1] is a random
variable that describes the absorption and scattering losses. The
proper analysis of our experimental data (see Sec. III) shows
that the extinction factor can be considered as a nonfluctuating
parameter, for the cases of rain and haze in the experimentally
studied 1.6-km link.
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The solution of the paraxial wave equation together with
the extinction factor in the form of a phase approximation of
the Huygens-Kirchhoff method [36,51] is given by

u(p.L) = Ton fR Epup)Gpp L0, )

Here the Gaussian beam envelope in Eq. (4) at the transmitter
plane z = 0 reads

1
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where W is the beam-spot radius, k is the optical wave number,
and the beam is assumed to be focused at z = F. The integral
kernel in Eq. (4) reads
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is the random-phase contribution caused by the inhomo-
geneities of the fluctuating part of the real relative permittivity
8e(p,z). The random phase has contributions from random
scattering, both at turbulent inhomogeneities and at additional
random scatterers.

The statistical properties of the light field are affected by
the statistical properties of the relative permittivity §e. Note
that the latter can be separated in two major contributions

88 = 85turb + 85scat’ (8)

with the parts related to the turbulence d&y,, and to the random
scatterers d&4... Here we have assumed that the condition
8€scat > O&wrp applies. These two parts are also considered
to be statistically independent. The correlation function for d&
can be written as [50]

(8e(r1)de(ry)) = /d3K @ (K)expliK - (r; —r2)l,  (9)

where r = (p z)T, K=k&K Z)T, and ©.(K) is the permittivity
fluctuation spectrum, which splits as

. (K) = PU"(K) + P(K), (10)

due to the aforementioned statistical independence of §&gcy
and de&yp. Using the Markov approximation [41,50,52], we
can further simplify Eq. (9) and write

(8e(r1)de(ry)) = 2m8(z1 — Zz)/d2lf D (i )e™ PP (11)

where k is the transverse wave vector. The Markov approxi-
mation is well justified for the turbulent atmosphere [37]. For
the scattering medium, this means that along the propagation
direction the scattering on a certain particle is not influenced
by the scattering on its neighbor particles [53].
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For the turbulence part of the spectrum we use the
Kolmogorov model [50,52]

O (k) = 0.132C2|kc| 173, (12)

which is defined in the inertial interval |k|€[xg,km] With
ko~1/Lo and km~1/ly. Here Ly and [, are the outer and
inner scales of turbulence, respectively. The refractive index
structure constant C2 characterizes the strength of optical
turbulence. In the case of vertical or elevated links, such as
ground-satellite links, the dependence of structure constant on
altitude should be taken into account.

In Refs. [25,26] it was shown that the spectrum of the
correlation function of fluctuations &g, can be written for
monodisperse scatterers of size dyca; as

2n
P (k) = n—,;|fo(x;dscal>|2, (13)

where fo(k;dsca) is the amplitude of the wave scattered
from a separate particle and ny is the mean number of
scattering particles per unit volume. The strict calculations of
the amplitude f; can be found in Refs. [40,41]. For scattering
on haze or fog, one uses the Mie scattering theory, whereas
the geometric scattering theory is applied for the description
of scattering on drizzle and rain.

As shown in Refs. [23,26,27] one can approximate | fy| in
Eq. (13) in all aforementioned scattering scenarios by Gaussian
functions. Equation (13) can be written as

noly
8mk?

This approximation means that the fluctuations of the
scattering-related relative permittivity has a Gaussian cor-
relation function with the correlation length 2¢, (see also
Appendix C). As was shown in Refs. [23,26,27], the parameter
Lo is proportional to the particle size dy,c and for the case
of Mie scattering it depends additionally on the light wave
number [23]. We also note that this model resembles the
Gaussian phase screen model for the correlation of phases
due to random scattering [27,54,55].

DX (k) = exp[—¢o 1k [*]. (14)

B. Elliptic-beam model

For many practical purposes we can restrict the effect of
the atmosphere on the beam shape to elliptic deformations
only. It is also important to include random wandering of
the beam centroid into consideration. This is the main idea
behind the recently proposed method of the elliptic-beam
approximation [36].

In this model, the PDT, which appears in Eq. (2), is given
by

2 /2
Pn) = ;/RA d“V/0 de p6(v; 1, 2)8(n — n(v,)). (15)

Here n(v,¢) is defined by Eq. (3) and is specified for the elliptic
beam. Its explicit form is given by Eq. (A2) in Appendix A.
This is a function of the random vector v = (x¢ yp ® @2)T and
the angle ¢ related to the beam-ellipse orientation. The param-
eters xo and yy correspond to the beam-centroid coordinates
and the parameters ©; = In(W?/W2), i = 1,2, correspond to
the ellipse semiaxis W;. The distribution function for these
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parameters, pg(v; u,X%), is assumed to be Gaussian with the
vector of mean values g and the covariance matrix X. The
knowledge of parameters p and X enables one to evaluate
numerically the integral (15) and therefore to estimate the
PDT (for details see Appendix B).

According to the procedure, which is discussed in Ref. [36],
we calculate the values of u and X for the focusedbeam L = F
(for details see Appendixes C and D). Unlike the consideration
in Ref. [36], here we also take into account the contributions
from the spectrum of random scatterers. Specifically, it turns
out that these scatterers do not affect the beam wandering,
such that the diagonal elements of the matrix X related to the
parameters xo and y, are given by

<x2> = (y§) = 0.33W5oz Q2 "°, (16)

where Q = 1s the Fresnel number and

2L
of =1.23CK"eLMe (17)

is the Rytov variance [41,50], which characterizes the strength
of phase fluctuations of transmitted light due to scattering on
turbulent inhomogeneities. This effect can be explained by the
fact that the random scatterers are much smaller than the beam
diameter.

The part of the mean vector and the covariance matrix
related to the parameters ®; are obtained via mean values and
the (co)variances of the squared ellipse semiaxes Wiz,

(W)
(©;) =In 5 ; (18)
Woz(] + (((A‘;/’Z,»>) ))1/2
(AWZAWZ)

These parameters are calculated with the aforementioned
technique and read

2

W,
(Wha) = o2 [1+ E+2.96072%]. (20)
4
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where
o= 3 Sgscal 4{02 (22)

is the beam divergence parameter due to the random scattering.
In Eq. (22) we have introduced the phase variance of
transmitted light due to random scattering as

b
GS%,scat = ZnOLé-Oz (23)

Thus, the random scattering contributes to the beam broad-
ening and to the (co)variances of the beam deformation
fluctuations. It is also worth mentioning that in the considered
approximation the parameters ®; are statistically independent
from the beam centroid coordinates xy and yy such that the
corresponding covariances vanish (for more details see the
Supplemental Material of Ref. [16]).

The beam broadening term due to the random scattering
in Eq. (20) can be compared with the results obtained
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within the small-angle approximation of the radiative transfer
equation [39,56,57]

W 2, s
)= @ +3ATLYY?, (24)
where the first term represents beam broadening in free space
and the second term is due to random scattering. Here A is the
albedo of a single scatterer, i.e., the ratio of the scattering cross
section oy, to the extinction Cross section Oexg, T = — In Yext
is the unitless optical distance [39], and /2 is the mean square
of the scattering angle [40,56]. Comparing Eq. (24) with the
first two terms in (20), we obtain the expression for the beam
divergence parameter

(Wi

scat

C 292A ¥, (25)
L“J_—— T
3 W2

This equation relates the model parameters ¢, and 052‘ scat tO the
properties of scattering media.

III. EXPERIMENTAL RESULTS AND DISCUSSION

We apply the theory to experimental data collected during
nighttime and daytime campaigns for various weather condi-
tions. The experimental data were collected in experiments
on the free-space distribution of squeezed states of light
in an urban free-space channel of 1.6-km length in Erlan-
gen [4,58,59]. During the measurements, the relative trans-
mission is recorded, which can also be used for atmospheric
studies, as it is the case here. The experimental setup is divided
into a sender and a receiver. The former consists of a laser
(Origami, Onefive GmbH) with central wavelength at 1559-nm
emitting pulses with lengths of 200 fs at a repetition rate of 80
MHz. After this light is frequency doubled in a periodically
poled lithium niobate crystal (MSHG1550-0.5-0.3, Covesion
Ltd.), it is guided through a polarization-maintaining photonic
crystal fiber, thereby generating polarization-squeezed states
of light that are sent to the receiver. More details on the sender
may be found in [4].

At the receiver the light is collected by an achromatic
lens with a diameter of 150 mm and a focal length of
f = 800 mm. The beam is split into two beams by a 50-50
or 90-10 beam splitter for the nighttime measurements and
daytime measurement presented here, respectively. Each of the
beams is led to a Stokes detection setup consisting of a half
waveplate, a polarization beam splitter, and two custom-made
pin-diode (S3883, quantum efficiency 74 = 0.9, Hamamatsu
Photonics K.K.) detectors. The dc output of these detectors
is proportional to the intensity of the impinging light and is
sampled with a rate of 80 kHz. The typical data acquisition
time for the PDTs is on the order of several seconds. The exact
durations for the shown data can be found in the captions
of Figs. 2, 3, and 5, respectively. Comparing the sum of
the four detector outputs with the sent laser power gives
the transmission for each sample. The constant losses due
to imperfections of all the optical elements in the setup add up
to a value of nop; = 0.88.

The nighttime measurements on 24 August 2016 were per-
formed at 00:20 and at 02:00 of local time. During two hours
with separate measurements the temperature dropped from
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FIG. 2. Elliptic-beam approximation PDT (solid line) compared
with the experimental PDT (dashed line). The measurement was
performed at night on 24 August 2016 at 00:20 (local time); the
data acquisition time is 12 s. The other parameters are a wavelength
of 780 nm, the initial spot radius W, = 20 mm, the aperture radius
a =75 mm, the Rytov parameter o3 = 1.78, the beam divergence
parameter due to random scattering E = 5, and the extinction factor
Xext = 0.51. The last three parameters are derived from the fitting
procedure of the theoretical PDT to the experimental data.

16°C to 14 °C, whereas the relative humidity increased from
85% to 94%. The increase of humidity has led to the formation
of more dense haze and as a consequence to the reduction of
the optical visibility. The corresponding experimental PDTs
are obtained by the smooth kernel method [60] and are shown
in Figs. 2 and 3.

The theoretical curves in Figs. 2 and 3 were calculated
by using the elliptic-beam approximation for the PDT [cf.
Eq. (15)] by using Monte Carlo methods. We estimated the
value for the Rytov parameter o3, the divergence parameter
8, and the extinction factor xe with the Pierson’s x?2
criterion [61]. The increase of humidity between the two
measurements led to the increase of the haze particle sizes and

12 F = = = Experiment

t ——— Elliptic-beam
model

Probability Distribution

0 b e
0.25 0.30 0.35 040

Transmittance, 1

FIG. 3. Elliptic-beam approximation PDT (solid line) compared
with the experimental PDT (dashed line). The measurement was
performed at night on 24 August 2016 at 02:00 (local time); the data
acquisition time is 9 s. The estimated from the fit Rytov parameter is
U,% = 1.05, the beam divergence parameter & = 12, and x.y = 0.40.
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FIG. 4. Influence of haze on transmission characteristics of
the atmospheric channel. The PDT with the inclusion of random
scattering due to haze (solid line) is calculated for the same parameters
as in Fig. 2, i.e., it corresponds to the experimental data. The PDT
without inclusion of haze (dashed line) is theoretically deduced;
extinction losses are xex, = 0.94 due to molecular absorption.

the haze number density. The decrease of temperature, on the
other hand, reduced the intensity of thermal fluctuations in the
atmosphere and hence the strength of optical turbulence. These
effects cause a significant change of transmittance statistics.
Comparing Fig. 2 with Fig. 3, we see that with an increase of
the divergence parameter the PDT becomes more symmetric
and resembles a Gaussian distribution. Therefore, the channel
presented in Fig. 3 has a smaller probability of attaining high
values of transmittance in comparison to the channel in Fig. 2.

In order to demonstrate the impact of haze, in Fig. 4 we
show the theoretical PDT from Fig. 2 (solid line) and compare
it to the theoretically one deduced when there would not be
any haze (dashed line). The extinction of the light signal
due to haze shifts the distribution to the smaller values of
the transmittance. At the same time, the random scattering
broadens the distribution.

The daytime measurement was performed on 08 June 2016
at 11:15 (local time). The meteorological data for this day
were the following: 76% humidity, a temperature of 17.6 °C,
and 3 mm/h of mean rain rate during the day. Figure 5 shows
the experimental (dashed line) and the theoretical (solid line)
PDTs. During the day measurements the atmospheric channel
is characterized by a larger value of the Rytov parameter
(07 = 2.88) in comparison to the night measurements, because
of increased turbulence due to thermal convection and wind
shear. We have observed that light rain introduces a minor
contribution to the phase fluctuation given by Eq. (7) and
estimated the divergence parameter as £ = 0.2, i.e., the beam
broadening and beam deformation due to rainfall is small. The
more pronounced effect of the rainfall is connected with the
contribution to the extinction factor x.. We have used an
empirical formula [53,62] that connects the extinction factor
with the path-averaged rainfall intensity Z (in mm/h) and
propagation distance L (in m) as

Xew = exp[—210Z" L. (26)
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FIG. 5. Experimental (dashed line) and theoretically fitted (solid
line) PDTs for atmospheric quantum channel in the presence of
rainfall. The measurement was performed at daytime on 08 June 2016
at 11:15 (local time); the data acquisition time is 14 s. The estimated
Rytov parameter o3 = 2.88, the beam divergence parameter due
to scattering on haze = = 0.2, the path-averaged rain intensity

7 = 3.2mm/h, and e = 0.43.

The dependence of the extinction coefficient on the water
content of precipitations is given in Ref. [63]. In analogy to
Fig. 4, Fig. 6 compares the theoretical PDTs with (solid line)
and without (dashed line) inclusion of losses due to scattering
and absorption by rainfall. One can see that the PDT is shifted
to lower values of transmittance and it is narrowed.

IV. QUADRATURE SQUEEZING
AND GAUSSIAN ENTANGLEMENT

In order to illustrate the capability of atmospheric channels
to preserve nonclassical properties of quantum light, we
consider the propagation of quadrature squeezed and Gaussian
entangled states through turbulence, rain, and haze. The
knowledge of the PDT (15) allows us to analyze the quantum
properties of propagating light with the help of the input-output

15t = = = Without rain (theory) -
o
E = With rain (theory)
A 10 | T
[ o
s /
g5t /7 Vo
e / 1
A~ / \
—’, \
0 ——— P L -
0.2 0.4 0.6 0.8 1.0

Transmittance, n

FIG. 6. Atmospheric channel transmittance distribution with
(solid line) and without (dashed line) light rain. The latter PDT
includes additional extinction losses xexx = 0.94 due to molecular
absorption. The solid line corresponds to the elliptic-beam model fit
in Fig. 5, whereas the dashed line is theoretically deduced.
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FIG. 7. Transmitted value of squeezing as a function of postse-
lection threshold nyi,. The input light is squeezed to —2.4 dB and
sent through three atmospheric channels presented in Figs. 2, 3, 5.
The predicted behaviors are theoretically evaluated on the basis of
the experimental PDTs. The solid line corresponds to the nighttime
channel with the Rytov parameter o} = 1.78, divergence parameter
E = 5, extinction losses xexx = 0.51, and mean transmittance () =
0.36. The dashed line corresponds to the rainy daytime channel with
aﬁ =2.88, E=0.2, xexxe = 0.43, and () = 0.29. The dash-dotted
line corresponds to the nighttime channel with haze, o2 = 1.05,
E =12, Xexx = 0.40, and (n) = 0.26. For all curves the additional
losses on optical components 7, = 0.88 and detection efficiency
Naer = 0.9 are included. All other parameters are the same as in Fig. 2.

relation (2). Alternatively, one can use directly the input-output
relation (1) and the PDT is used for the calculation of moments
(7). (), ete.

The propagation of squeezed light through the turbulent
atmosphere has been studied both theoretically [35] and
experimentally [4]. It has been shown that the postselection
procedure of transmission events with transmittance values
greater than the postselection threshold 7y, yields larger
values of the transmitted squeezing [4,64]. We consider the
propagation of quadrature squeezed light (—2.4 dB) at A =
780 nm over 1.6 km under different atmospheric conditions.
Figure 7 shows the values of squeezing as a function of
the postselection threshold for atmospheric channels. The
corresponding PDTs are shown in Figs. 2, 3, and 5. The values
of transmitted squeezing as well as the maximal postselection
threshold values depend on the mean transmittance (5). The
most favorable conditions for squeezing transmission (see the
solid line in Fig. 7) are for the nighttime measurement with
haze and a low value of the divergence parameter E [cf.
Eq. (22)]. The stronger optical turbulence during the daytime
transmission diminishes the detectable squeezing value (see
the dashed line in Fig. 7). At the same time the beam divergence
due to scattering plays a minor role here. The dash-dotted line
in Fig. 7 shows that the presence of denser haze during the
second nighttime measurement contributes to a stronger beam
divergence and hence to a smaller efficiency of squeezed light
transmission.

As the next example we consider the transmission of
Gaussian entanglement of a two-mode squeezed vacuum
(TMSV) state in the turbulent atmosphere with haze or rain.
Here we closely follow the theoretical analysis of Ref. [65],
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FIG. 8. Shaded areas represent the regions where the entangle-
ment can be verified by applying the Simon entanglement test,
which is a function of the squeezing parameter & and of the
coherent displacement |(a@)|. The solid, dashed, and dash-dotted lines
correspond to the bounds of the region where entanglement survives,
for the respective channels listed in the caption of Fig. 7.

where it was shown that, in contrast to the channels with
deterministic losses, the propagation through the atmosphere
with fluctuating transmittance yields certain restrictions on the
squeezing degree of the TMSV.

We consider the scenario when one mode of the entangled
light fields is sent through the atmospheric channel (field
mode A), whereas the second one is analyzed locally at
the transmitter site (field mode B). For the transmitted and
detected state we apply the Simon entanglement criterion [66]
in the form found in Ref. [67], stating that any two-mode
Gaussian state is entangled if and only if

W =detVFT <0, 27)

where VPT is the partial transposition of the matrix

(Aataa)y  (aa™?)  (Aatab)  (AatAbh)
V- (AG?) (AaAaty  (Aanb)y  (Aanbh)
(AaAbhy (aatabhy  (ADTADY  (ADT)
(AGAD)Y  (AaTAD) (AD?) (AbADY)
(28)

The matrix V is the second-order matrix of moments of
the bosonic creation and annihilation operators of the field
modes A and B, where Ax =X — (X) with £ = a,b. The
Simon entanglement test Wy, for the state when one mode is
transmitted through the atmosphere is obtained by applying
the input-output relation (1) to the field mode A, i.e., for
the operators a and a'. As it was shown in Ref. [65], the
entanglement test W, for fluctuating loss channels contains
a term that depends on the coherent displacement |(a)|. This
feature yields some restrictions on the value of the coherent
displacement since for some boundary value |{a)| the Simon
test becomes positive. Similarly, there exists some boundary
value of the squeezing parameter £ above which the Gaussian
entanglement is not preserved.

In Fig. 8 we show the regions where the Gaussian entan-
glement can be verified for the three atmospheric channels
characterized by the PDTs given in Figs. 2, 3, and 5. The
boundary values of the coherent amplitude |{@)| and squeezing
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parameter & are shown by solid, dashed, and dash-dotted lines
for the corresponding channels. The boundary values of the
squeezing parameter lie beyond the experimentally obtainable
squeezing strengths that were obtainable in our experiment.
However, for long propagation paths this border could be
reached already for practically generated TMSV states. This
effect therefore should be taken into account when applying
TMSV-based quantum protocols for long-distance quantum
communication. In Fig. 8 we also see that the presence of
random scattering by haze particles shrinks the area where
the Gaussian entanglement persists, by reducing the boundary
value of the coherent displacement amplitude. Similarly to
the case of quadrature squeezing transmission, the particular
daytime channel with rain preserves Gaussian entanglement
better than the hazy nighttime channels.

V. CONCLUSION

A quantum state that is transmitted through an atmospheric
quantum link experiences fluctuating losses that can spoil
or completely destroy its nonclassical properties. Here we
studied a realistic intracity free-space quantum channel that
has turbulence- and scattering-induced fluctuating losses. Our
experimental results show that the transmittance statistics
for Gaussian beams strongly depends on the meteorological
conditions and can change drastically within a few hours
between two measurements. Our theoretical studies explained
this situation by taking into account not only the atmospheric
turbulence but also the random scattering on haze particles
or on raindrops. Using the elliptic-beam model for the beam
transmitted through the atmosphere and impinging on the
receiver aperture, we have shown that random scattering on
haze particles contributes to the beam broadening and beam
shape deformation. The action of rain shows minor beam
broadening and deformation effects, but it contributes to the
extinction losses.

We have studied the transmission of quadrature squeezing
and Gaussian entanglement through realistic quantum optical
links with turbulence, haze, and rain. We have found that
a detectable squeezing value depends on the propagation
conditions and it is strongly affected by random scattering. For
example, the daytime transmission in rain preserves squeezing
better than the nighttime transmission in haze, despite the
fact that the optical turbulence is considerably stronger during
the day. Similar effects have been found by analyzing the
transmission of Gaussian entanglement through atmosphere.
Random scattering on haze particles constricts the area of the
values of the squeezing parameter and coherent amplitude, for
which entanglement is verified. The obtained results may be
useful for the analysis of quantum communication protocols
in intracity atmospheric channels under diverse weather and
daytime conditions.
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APPENDIX A: APERTURE TRANSMITTANCE

In this appendix we remind the reader of some details on
the elliptic-beam model for the PDT [36]. We choose the
coordinate system such that the z axis is aligned along the line
that connects the centers of transmitter and receiver apertures.
The distance between the transmitter and the receiver aperture
plane is z = L. The transmission efficiency of an elliptic beam
through a circular aperture of radius a is given by Eq. (3),
where the beam intensity at the aperture plane is assumed to
have the Gaussian form

2Xexl

22X exp[—2(p — p0)TS (o — po)l.
- mexp[ (o — po) (o — po)]

(AL)

lu(p,L))* =

Here p=(xy)' is the transverse coordinate, po=
(pocosgy  posingy) is the beam centroid position coor-
dinate, S is the real, symmetric, positive-definite spot-shape
matrix, and x.x is the extinction factor due to absorption and
scattering. In general, the intensity (A1) has an elliptic profile.
Applying the rotation by a certain angle ¢, we can bring the
spot shape matrix into diagonal form with the elements W?,
i = 1,2, which are the squared major semiaxes of the ellipse.

Substituting Eq. (A1) in Eq. (3), one can show that the
transmission efficiency can be approximated by the following
expression (cf. Ref. [36]):

- |: po/a
=1 | =
R( Wei'f(w7¢0))

Here the maximal transmittance for a centered beam

no = 1 — ]0<a2u> exp <_ azw)

A2/ Wesr(gp—g0)]
} (A2)

Wiwy Wiwy
at /1 1
—211 — eXp| — ? Wl — WZ
A RO
X exp | — M (A3)
(w = w)

is a function of the two eigenvalues Wi2 of the spot-shape
matrix S and /,(x) is the modified Bessel function of nth
order. The shape A and scale R functions are given by

e CE L (a2E?)
— exp[—a2£2]Iy(a%E?)
-1
1 —exp [ — %azéz]
x [1“ (21 —ep—ag@en ) | 0 AY

—1/x(&)
. 1 —exp [ — %azéz]
KO= [ln (21 — exp[—a?€?1Io(a’E?) )

ME) = 2a°8? 1
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where the effective squared spot radius

4612 2 2 2
W2 _ =4 2 wl —— 2a“(1/Wi+1/Wy3)
i — do) a [ Wi er

-1
> euZ(l/le1/W22)cos(2¢2¢o)>] (A6)

is expressed with the help of the Lambert function W(x) (cf.
Ref. [68]). Thus, the elliptic beam transmittance (A2) is a
function of the random variables py = (xg yO)T, le, W22, and
¢ = ¢ — ¢ or, alternatively, of the variables pg, ®, ©,, and
¢, where

W? = Wiexp @, (AT)

with W being the beam spot radius at the transmitter.

APPENDIX B: EVALUATION OF THE PDT

In this appendix we discuss how to numerically evaluate
the PDT in Eq. (15), based on the knowledge of relevant
atmospheric and beam parameters. To this end one should
proceed with the following steps.

(1) One calculates the components of covariance matrix X

and mean values p of the random vector v = (xg yo ©; @2)T
using Egs. (16) and (18)—(21) and knowledge about the
corresponding beam, aperture parameters, atmospheric struc-
ture constant C2, and beam divergence parameter E. We
note, however, that the analytical results (16), (20), and (21)
were obtained in the asymptotic case of weak-to-moderate
turbulence. The elliptic-beam approximation in the present
form does not work for arbitrary channels.

(i) Then the numerical integration in Eq. (15) can be
performed within a Monte Carlo method. For this purpose
one should simulate the N values of the vector v and the angle
¢. The angle ¢ is assumed to be uniformly distributed in the in-
terval [0,7r/2]. The simulated values of v and ¢ are substituted
into Eq. (A2) by taking into account that ¢ = ¢ — ¢y. Finally,
the obtained transmittances are multiplied with the extinction
factor xex yielding N values of atmospheric transmittance
XextW(Vi @), i = 1,...,N. The corresponding PDT can be
visualized using the simulated values of transmittance via
histograms or using the techniques of smooth kernels [60].

(iii) In most practical situations the knowledge of mean
value of some quantity that is function of transmittance ( f(1))
is needed. Such a quantity is estimated from the simulated
values of transmittance as

1 N
(FOD) ~ 2 D e Vi), (B1)

i=1

where n(v;,¢;) is obtained from Eq. (A2). For example, one can
obtain the first two moments of the atmospheric transmittance
as

1 N

()~ Xexr D 1(Vio ), (B2)
1 l[:vl

n?) ~ xzmﬁ ; 1 (Vi, ). (B3)
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APPENDIX C: STATISTICAL PARAMETERS FOR THE
ELLIPTIC BEAM AND OPTICAL FIELD CORRELATIONS

The vector v = (xg yo © ®2)T is a Gaussian random vector.
The angle variable ¢ is assumed to be uniformly distributed
in the interval [0, 7 ]. The reference frame is chosen such that
{(x0) = {yo) =0and

1
(X(%) = <y5> = X_2 /4 d2p1d202 x1x2l4(p1,02; L), (C1)
ext /R

where Ta(p1,02;2) = (u*(p1,2u(p1,2)u*(p2,2)u(p2,2)) is
the fourth-order field-correlation function. The means and
(co)variances of ©; are expressed via the means and
(co)variances of Wl.2 by Eqgs. (18) and (19), respectively.
Under the assumptions of Gaussianity and isotropy (for details
see the Supplemental Material of Ref. [36]), the means and
(co)variances of Wi2 read

1
w2,) = 4[
( 1/2> Xext

8 2
(AW AaW?) = ——2{2</ d’p x2r2(p;L)>
’ Xext R?

/ d*p x’Ta(p; L) — (xé)], (€2)
R2

- f d*prd* pa[x7x3(48;; — 1)
]R4
—x1y3(48;; — 3)]

xr4(m,pz;L>} — 16[48;; — 1N{x2)’, (C3)

where we have also used the second-order field-correlation
function I';(p; z) = (u*(p,2)u(p,2)).

For the calculation of the field-correlation functions I', and
I’y in Egs. (C1)—~(C3) we use the expression (4) for the field
envelope u(p,z). Substituting Eq. (4) in the second- and fourth-
order field-correlation functions and performing the statistical
averaging, we get

I2(p; L) = Yext /W d*p\d* py uo(p))ug(py)Gol(p,p}; L,0)
xG(p,p5; L,0)(exp[iS(p,p}; L,0)
—iS(p,p5; L,0)]), (C4)

Ty(p1,02: L) = 02, fRS d*p’ - - d*plyuo(p))uy(pyuo(ph)

xug(p3)Go(p1.p1: L.0)Gi(p1.05: L,0)Go
x (p2,05; L,0)

X Gy(p2. 043 L,0)(expli S(p1,p07; L,0)
—iS(p1.p5; L,0)
+i8(p2.p3; L,0) — iS(p2.p4: L,0)]), (C5)

with

/ / k lk|p _p/|2
Go(p,p'52,2) = eXP[ . (Co)

27i(z — 7/) 2z — 7))

PHYSICAL REVIEW A 96, 043856 (2017)

Assuming that the relative permittivity d¢ is a Gaussian
stochastic field, we can rewrite Eqgs. (C4) and (C5) as

Fa(pi L) = Hox / 0%} o0 (P5) Gl 13 L.O)
R

x Gy(p.ph; L,0Yexp[ — 1Ds(0,p] — p5)].
(€7

Tu(p1,p2; L) = x2, /R Sdzp; - d? ol uo(p)ui(p5)uo(0})

X ug(p)Go(p1,p1; L,0)Gj(p1,05; L,0)
x Go(p2,p5; L,0)G(p2,p5; L,0)

1 /
X CXP[—E {DS(O,P/I — p5) + Ds(0,p05 — p)

— > (=" Dg(py — p2.p; — p})”,
i=12
j=34

(C8)
where

Ds(px — p1,P — P))
= ([S(px.p}:2.2)) — S(p1.p}:2.2)]) (C9)

is the structure function of the phase fluctuations.
Using Eq. (7) and the Markovian approximation (cf., e.g.,
Ref. [50]), we obtain, for 7/ = 0and z = L,

212
4
—8e(pi€ + p)[1 — £1,6)}%),

1
Ds(px — p1.p — o)) = /0 dE (56 (e + pLI1 — £1,6)

(C10)

i.e.,, we assume that turbulent inhomogeneities as well as
random scatterers represented by the relative permittivity de
are 6 correlated in the z direction. In this case the structure
function (C10) can be written in terms of the permittivity
fluctuation spectrum @ (k) as

1
Dy(p.p) = SHL /0 d /R e
x (1 —explik - [p& + p'(1 — §)1}), (CI1)

where, due to the Markovian approximation, the spectrum
depends on the reduced vector k, which is related to the vector
KinEq. (10) as K = (k, «y 0)". Moreover, taking into account
that the spectrum splits into two parts [cf. Eq. (10)], we can
write
Dg = DY™ + D™, (C12)
i.e., the phase structure function also splits into turbulent- and
random scattering-induced contributions.
Based on the Kolmogorov turbulence spectrum (12) and
the proposed Gaussian spectrum (14) for random scatterers,
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we obtain, for the corresponding structure functions,

1
D§™(p.p') = 2403k* O LT/° f ds|ps +p'(1 = ),
0
(C13)

1
DEY(p,0) = 202 /O dé&{1 —exp[—[(p1 — p2)§

+(p) — P — E)2/4¢31).

Here the Rytov variance o3 is given by Eq. (17), ¢ is the

transversal correlation length for random scatterers, and 052, scat
is the corresponding phase variance given by Eq. (23). For
weather conditions with high visibility (haze and thin fog) the
correlation length ¢ is large. In this case the phase structure
function reads

(Cl14)

2

1
T .ca / dElpE + 0 (=8P (CI5)

Do) =55 |
0

and it is a quadratic function of its arguments.
We substitute Eqs. (C13) and (C15) into Egs. (C4) and (C5)

and perform the corresponding integration. This results in the
expressions for the field-correlation functions

P /d"
2P _XeXtT[ZWg R P

2
Yoo . Q2
X eXP<—W|P |2—21W0,0'P/>
0

1
X exp [— EDg"fb(o, p’):|, (C16)
4Q*
2 2 7 32 2
La(pr,p2) = Xextns—wolo /Réd p\d* phd” pl;
1
X exp (— — (o1 + 1051 + y2|pg|2)>
WO
] Q / 4
X exp ZZWOzpl - P
. Q ,
X exp _2ZV§[(M = p2) Py
+(p1 + p2) - pé])
1 w / i 7
X exp [ -3 Z {ngrb[m — p2,p} + (=1 p5]

j=12

+DE™[0, 05 + (= 1)/ p5]

—D{"™®[py — p2,p) + (—l)jp/z]}}- (C17)
Here
L\> 2 w2
yi=1+ 92(1 - f) + gag,scatré% (C18)

is the generalized beam diffraction parameter that includes
the contribution from random scattering and €2 is the Fresnel
number of the transmitter aperture.
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APPENDIX D: BEAM WANDERING AND BEAM SHAPE
DISTORTION IN THE PRESENCE OF RANDOM
SCATTERERS AND TURBULENCE

In this appendix we derive the statistical characteristics of
the elliptic beam, taking into account the presence of random
scatterers. The derivations follow closely the calculations
given in the Supplemental Material of Ref. [36].

1. Beam wandering

The main contribution to beam wandering comes from large
turbulent eddies located close to the beam transmitter [69].
This allows us to replace the integral along the propagation
path in Eq. (C10) with its value at the transmitter aperture
plane [70-72], i.e.,

Z
[ dé (&) ~ (z =) f(@). (D)
o
The phase structure function then reduces to
Ds(p,0') = D§™(p,p') = 2.405k> °L™/°|p'IP7. (D2)

Here we have set Dg“a‘(p, p’) = 0, which is justified if the

characteristic sizes of random scatterers are less than the

characteristic sizes of eddies contributing to beam wandering.

Substituting Eq. (C17) into (C1), we obtain, for the beam
wandering variance, the expression

494 5 5 ~2

(x3) = WD /R d’Rd*p d*p\d*p)d® p} <R§ - %)

1 / / !
X exp (— — (P11 + P57 + g2|p3|2)>

WO

ZiQ ~ / / / D /
X exp —W[P'pz_pl - p5 + 2R p5]

0
X exp [— 1205k L7 3 " {1} + (—=1)7 p5°
j=1.2

+ 105 + (=17 o4 PP — |p} + (—1)jp/2|5/3}}, (D3)

where g2 = 1 + Q?[1 — L/F]? and we have used the variables
p=p — p>and R = (p; + py)/2. The integration over the
variables R and p/ can be performed using the properties of
the Dirac § function, for example, using the relation

~ S5 4 2VR. o/
/1;4 dszngRZe 4(Q/W0)Rp3f(pg)

_ QWS

4Q)y* ’ D4

p3=0

Aigf(ﬁ%)

where Ai, is the transverse Laplace operator and f(p) is

3
an arbitrary function. In the limit of weak optical turbulence
(o ~ 1) the integral can be evaluated as

(xd) = 2‘49201%/‘5/611_5/6/ 2o dpd>p) g Wy _ 52
0 (277.')3 W()6 RS 1 2 202 X

x exp (= — (16} + 105
wg :
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. Q L ’ I ~ !
X eXP{%W[(l - ;)m ~p2—p'pz}}
0

x ( D10+ D oy =200 P~ 2|p;|5/3).
j=12

(D5)

Performing the multiple integration for a focusedbeam L = F,
we obtain Eq. (16).

2. Beam-shape distortion

Along the whole propagation path the eddies whose
sizes are smaller than or comparable to the beam diameter
contribute to random beam broadening and beam-shape
distortion. Here we show that this additional broadening and
beam-shape distortion arise due to the presence of random
scatterers.

J

Q2)(ext

d2 d2 2 2F , — / d2 d2 /d2 /
/R4 p1d°p2x7x5T4(p1,02) —2(271)3W06 s parpydp;

Y Ly, ,
X exp 2!W I_F J R
0

3)/4W3
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The moment (le/z) defined by Eq. (C2) contains the
following integral:

2
W() Xexl / dzp dzp, xze_(yz/zﬂz)‘prlz
R4

A A0 x’Ta(p) = —5

2
X exp |:— ép -0 —2.140 50

! o'\
. / dsa—sfﬁ(—) } (D6)
A Q

Here the expression (C16) was used. The integration
in Eq. (D6) can be performed using the approximation
(lp’/ 273 ~ (|p’/ 2])? (cf. Ref. [69]). The resulting expres-
sion for the first moment of le/2 in the case of a focused beam
results in Eq. (20).

The (co)variances of le/2 defined in Eq. (C3) contain the
following integrals (cf. Supplemental Material of Ref. [36]):

g
4Q4 Q2

2 +x4>e<1/wg><p’,|2+p;|>

Q
—2i—p- p/zi| exp |:— 1.202k3/0L75/6

Wo

1
x /0 ds<2|ps+pa<1—s>|5/3+2(1—s>5/3|p’2|5/3— > |ps+[p’1+<—1>fp’2](1—5)|5/3>],

j=12
(D7)

szezxt
2Q2r W

Q L Q
X exp |:2iw<l - f)p/l S Py — Zin . p’2:| exp |: — 1.203k%/0L75/6
0 0

474 2172
1% W, , ,
/W dzp dzp’ldzp/z(y OEmp s X2+ xzyz)e‘“/wg)("’l'zﬂz')

p1d22x22T4(p1. py) =
./]R4 p1d”p2x7y;3Ta(p1,02) 404 Q2

1
x/o ds<2|ps+pa<1—s>|5/3+2<1—s>5/3|p’2|5/3— » |p§+[ﬂ/1+(—1)jp’2](l—§)|5/3>:|.

j=1.2
(D8)

We evaluate the multiple integrals by expanding the last exponents into a series with respect to 01% up to the first order. For a
focused beam (L = F') we obtain

1 W4 2 W2 2 2 W2 )
X_zl R4 d2p1d202x12x§F4(p1’p2) = 16;)24 |:1 + gag,scaté] + 058Wé|:1 + ggévscaté]algg 19/6’ (D9)
ex

1 A 2 w27 2 w2 _
— | d®p1d?p2x}y3T4(p1,p2) = —2 [1+ 3 "} +O.51W5‘[1+—052,50m—02i|0§§2 19/6, (D10)

2 Jre 160t | 3 Sseage2 38 seat g2
Substituting Egs. (16), (20), (D9), and (D10) into Eq. (C3), we obtain Eq. (21).
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