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Symmetries in elastic scattering of electrons by hydrogen atoms in a two-color bicircular laser field
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We consider the elastic scattering of electrons by hydrogen atoms in the presence of a two-color circularly
polarized laser field in the domain of moderate intensities below 1013 W/cm2 and high projectile energies. A
hybrid approach is used, where for the interaction of the incident and scattered electrons with the laser field
we employ the Gordon-Volkov wave functions, while the interaction of the hydrogen atom with the laser field
is treated in second-order perturbation theory. Within this formalism, a closed analytical solution is derived for
the nonlinear differential cross section, which is valid for circular as well linear polarizations. Simple analytical
expressions of differential cross section are derived in the weak field domain for two-color laser field that is a
combination of the fundamental and its second or third harmonics. It is shown that the nonlinear differential cross
sections depend on the dynamical phase of the scattering process and on the helicities of the two-color circularly
polarized laser field. A comparison between the two-photon absorption scattering signal for two-color co- and
counterrotating circularly polarized laser fields is made for even (2ω) or odd (3ω) harmonics, and the effect of
the intensity ratio of the two-color laser field components is studied. We analyze the origin of the symmetries in
the differential cross sections and we show that the modification of the photon helicity implies a change in the
symmetries of the scattering signal.
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I. INTRODUCTION

The study of laser-assisted and laser-induced atomic
processes has attracted an increasing theoretical as well
experimental interest in the last 30 years. In particular, such
interest is justified because of the possibility of controlling the
atomic processes by using two-color (or multicolor) fields and
manipulating the laser parameters such as relative phase and
intensity ratios between the monochromatic components of
the fields, polarizations, etc. [1]. The physical mechanism for
controlling laser-assisted and laser-induced atomic processes
using two-color fields resides in the different pathways, due to
monochromatic components of the field, leading to the same
final state of the atomic system involving different numbers
of exchanged (absorbed and/or emitted) photons. Thus, the
quantum-mechanical interference occurring among different
transition amplitudes, which contribute to the same final
state but through distinct pathways, offers the possibility of
controlling laser-assisted and laser-induced atomic processes.
Different kinds of electronic transitions were investigated, such
as laser-assisted elastic and inelastic electron-atom scattering
in a laser field (free-free transitions), laser-induced excitation
of atoms (bound-bound transitions), or laser-induced ion-
ization of atoms (bound-free transitions). It is well known
that laser-assisted electron-atom scattering is a subject of
particular interest in applied domains such as laser and plasma
physics [2], astrophysics [3], or fundamental atomic collision
theory [4]. Detailed reports on the laser-assisted electron-atom
collisions can be found in several review papers [5,6] and books
[7,8]. Recently, the study of electron-atom scattering in the
presence of a laser field has attracted considerable attention
[9–13], especially because of the progress of experimental
techniques.

*buica@spacescience.ro

A two-color bicircular electromagnetic field represents a
superposition of two circularly polarized (CP) fields which
rotate in the same plane, with different photon energies and
the same helicities (corotating CP fields) or opposite helicities
(counterrotating CP fields). More than 20 years ago, it was
suggested that CP high-order harmonics can be generated
by counterrotating bicircular fields for a zero-range-potential
model atom [14] and it was experimentally shown that the
emission of these harmonics is very efficient compared to coro-
tating CP and linearly polarized (LP) fields [15]. The recent
experimental confirmation that the generated high harmonics
are circularly polarized [16], allowing the direct generation
of CP soft x-ray pulses, has generated an increasing interest
in studying different laser-induced processes by co- and
counterrotating CP laser fields such as strong-field ionization
[17], nonsequential double ionization [18], or laser-assisted
electron-ion recombination [19,20].

In the present paper, we study the elastic scattering of
fast electrons by hydrogen atoms in their ground state in the
presence of two-color bicircular laser fields. Obviously, the
physical mechanism occurring in laser-assisted processes for
two-color fields is the interference among different photon
pathways leading to the same final state, and by using CP
fields another parameter (the dynamical phase of the scattering
process) plays an important role. Theoretical studies involving
monochromatic CP fields with the atomic dressing taken into
account in second-order time-dependent perturbation theory
(TDPT) were performed for laser-assisted electron-hydrogen
scattering by Cionga and coworkers [21,22]. In contrast to
these past studies, we investigate here a different regime of a
bichromatic CP field where the monochromatic components
of the field rotate in the same plane and in the same or
opposite directions. To our knowledge, there are no other
theoretical studies regarding elastic laser-assisted electron-
atom scattering processes in a two-color bicircular laser field
which include the atomic dressing in second-order TDPT.
The paper is structured as follows. In Sec. II, we present the
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semiperturbative method used to obtain the analytical formulas
for the differential cross section (DCS) for a two-color CP
laser field with different polarizations. Because the scattering
process under investigation is a very complex problem,
the theoretical approach poses considerable difficulties and
few assumptions are made. Moderate field intensities below
1013 W/cm2 and fast projectile electrons are considered in
order to safely neglect the second-order Born approximation
in the scattering potential as well as the exchange scattering
[23]. The interaction between the projectile electrons and the
laser field is described by Gordon-Volkov wave functions
[24], whereas the interaction of the hydrogen atom with the
laser field is described within the second-order TDPT in the
field [25]. The derived analytical formula for the DCS, which
includes the second-order atomic dressing effects, is valid for
two-color fields with circular and/or linear polarizations. In
Sec. III, we provide simple analytic formulas in a closed form
for DCSs in the laser-assisted elastic scattering in the weak
field limit, for the superposition of the fundamental laser field
with its second or third harmonic, which exhibit an explicit
dependence on the field polarizations. The numerical results
are discussed in Sec. IV, where the DCSs by corotating and
counterrotating CP fields are compared and analyzed as a
function of the scattering and azimuthal angles of the projectile
electron at different intensity ratios of the monochromatic
components of the bicircular laser field. Atomic units (a.u.)
are used throughout this paper unless otherwise specified.

II. SEMIPERTURBATIVE THEORY AT MODERATE
LASER INTENSITIES FOR A TWO-COLOR BICIRCULAR

LASER FIELD

The laser-assisted scattering of electrons by hydrogen
atoms in a two-color laser field is formally represented as

e−(Ep,p) + H(1s) + N1i γ (ω1,ε1) + Nmi γ (ωm,εm)

→ e−(Ep′ ,p′) + H(1s) + N1f γ (ω1,ε1) + Nmf γ (ωm,εm),

(1)

where Ep (Ep′) and p (p′) denote the kinetic energy and
the momentum vector of the incident (scattered) projectile
electron. γ (ωk,εk) represents a photon with the energy ωk and
the unit polarization vector εk , and Nk = Nki − Nkf denotes
the net number of exchanged photons between the projectile-
atom system and each monochromatic component of the
two-color laser field, with k = 1 and m. The two-color laser
field is treated classically and is considered as a superposition
of two coplanar CP electric fields,

E(t) = i

2
[E01ε1 exp(−iω1t) + E0mεm exp(−iωmt)] + c.c.,

(2)

where E0k represents the peak amplitude of the monochro-
matic components of electric field and c.c. denotes the complex
conjugate of the right-hand-side term.

For a bicircular field, the polarization vector of the first laser
beam is defined as ε1 = ε+ = (ej + iel)/

√
2, where ej and el

are the unit vectors along two orthogonal directions, and the
second laser beam has the same polarization εm = ε+ (the so-
called corotating polarization) or is circularly polarized in the

opposite direction εm = ε− = (ej − iel)/
√

2 (the so-called
counterrotating polarization). Thus, the two-color bicircular
electric field vector can be easily calculated as

E(t) = ej (E01 sin ω1t + E0m sin ωmt)/
√

2

− el(E01 cos ω1t + η E0m cos ωmt)/
√

2, (3)

where the helicity takes the values η = +1 for corotating CP
fields and η = −1 for counterrotating CP fields.

A. Projectile electron and atomic wave functions

We consider moderate laser intensities and fast projectiles,
which imply that the strength of the laser field is lower than
the Coulomb field strength experienced by an electron in the
first Bohr orbit of the hydrogen atom and the energy of the
projectile electron is much higher than the energy of the bound
electron in the first Bohr orbit [6]. The interaction between the
projectile electron and the two-color laser field is treated by
a Gordon-Volkov wave function [24], and the initial and final
states of the projectile electron are given by

χp(R,t) = (2π )−3/2 exp[−iEpt + ip · R

− ip · α1(t) − ip · αm(t)], (4)

where R denotes the position vector and αk(t), with k = 1 and
m, describes the classical oscillation motion of the projectile
electron in the bicircular electric fields defined by Eq. (3),

α1(t) = α01(ej sin ω1t + el cos ω1t)/
√

2, (5)

αm(t) = α0m(ej sin ωmt + η el cos ωmt)/
√

2, (6)

where α0k = √
Ik/ω

2
k is the peak amplitude and Ik = E2

0k is the
peak laser intensity. In Eq. (4), the terms which are proportional
to the ponderomotive energy Up,k = Ik/4ω2

k are neglected
since the calculations presented in this paper are made at
moderate field intensities below 1013 W/cm2. For example,
at a field intensity of 1012 W/cm2 and a photon energy of 1.55
eV, the ponderomotive energy is about 0.06 eV and therefore
is negligible in comparison with the photon and projectile
energies.

At moderate field strengths, the interaction of the hydrogen
atom with the two-color laser field is considered within the
second-order TDPT and an approximate solution for the wave
function in the second-order TDPT for an electron bound to a
Coulomb potential in the presence of an electric field, Eq. (2),
is written as

�1s(r,t) = exp (−iE1s t)
[
ψ1s(r,t) + ψ

(1)
1s (r,t) + ψ

(2)
1s (r,t)

]
,

(7)

where r represents the position vector of the bound electron,
E1s is the energy of the ground state, ψ1s is the unperturbed
wave function of the ground state, and ψ

(1)
1s and ψ

(2)
1s represent

the first- and second-order radiative corrections to the atomic
wave function. We employ the following expression of the
first-order correction,

ψ
(1)
1s (r,t) = −

∑
k=1,m

α0kωk

2
[εk · w100(
+

k ; r) exp (−iωkt)

+ ε∗
k · w100(
−

k ; r) exp (iωkt)], (8)
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where w100 is the linear-response vector [25], which depends
on the energies 
±

k = E1s ± ωk , that is expressed as

w100(
; r) = i(4π )−1/2B101(
; r) r̂. (9)

The radial function B101 is calculated using the Coulomb
Green’s function including both bound and continuum eigen-
states [25] and r̂ = r/|r|.

The second-order correction to the atomic wave function
ψ

(2)
1s is written in terms of the quadratic response tensors [26]

as

wjl,100(
′,
; r) = 1

6
√

π

{
3xjxl

r2
B21

10(
′,
; r)

+ δjl

[
B01

10(
′,
; r) − B21
10(
′,
; r)

]}
(10)

and

w̃jl,100(E1s ,
; r) = 1
2 lim

ε→0
[wjl,100(E1s + ε,
; r)

+wjl,100(E1s − ε,
; r)], (11)

where the radial functions B01
10 and B21

10 are calculated in
Ref. [26], with j and l = 1,2,3. The explicit form of the
second-order radiative correction ψ

(2)
1s for a two-color laser

field is given in Appendix A.

B. Scattering matrix

To proceed, once we have obtained the atomic and projectile
electron wave function in the laser field we are able to derive
the scattering matrix for the electron-atom scattering in the
static potential V (r,R) = −1/R + 1/|R − r|. We assume fast
projectile electrons such that the scattering process can be well
treated within the first-order Born approximation in the scatter-
ing potential V (r,R) and we use a semiperturbative treatment
for the scattering process similar to the one developed by Byron
and Joachain [23]. The scattering matrix element is calculated
at high projectile energies, Ep > 100 eV, where the exchange
effects can be safely neglected, as

Sf i = −i

∫ +∞

−∞
dt〈χp′(R,t)�1s(r,t)|V (r,R)|χp(R,t)�1s(r,t)〉,

(12)

where χpi
and χp′ are the initial and final Gordon-Volkov wave

functions of the projectile electron in the two-color laser field
and �1s represents the wave function of the bound electron in
the laser field, given by Eqs. (4) and (7), respectively.

For commensurate photon energies, ωm = mω1, the en-
ergies of the projectile electron satisfy the conservation
relation Ep′ − Ep = Nω1, with Nω1 ≡ N1ω1 + Nmωm. Us-
ing the Jacob-Anger expansion formula exp (ia sin ωt) =∑

N JN (a) exp (iNωt), we develop the field dependent part
of the Gordon-Volkov wave functions in the scattering matrix,
Eq. (12), in terms of the phase-dependent generalized Bessel

functions, BN [27,28], as

exp [−iα1(t) · q − iαm(t) · q]

=
+∞∑

N=−∞
BN (R1,Rm; φ1,φm) exp (−iNω1t + iNφ1), (13)

where

BN (R1,Rm; φ1,φm)

=
+∞∑

l=−∞
JN−ml(R1)Jl(Rm) exp [−il(mφ1 − φm)]. (14)

Here q denotes the momentum transfer vector of the
projectile electron, i.e., q = p − p′, and the arguments of
the generalized Bessel function are Rk = α0k|εk · q| and
φk , where the dynamical phase is defined as eiφk = (εk ·
q)/|εk · q|, with k = 1 and m. Specifically, for a CP
field we obtain Rk = α0k

√
(ej · q)2 + (el · q)2/

√
2 and φk =

arctan (el · q)/(ej · q) + sπ , where s is an integer. Obviously,
a change of helicity of the CP field, i.e., ε → ε∗, leads to
a change of the sign of the dynamical phase, φk → −φk . In
contrast, for a LP field the arguments of the BN function are
simply given by RLP

k = α0k|ej · q| and φLP
k = sπ .

By substituting Eqs. (4), (7), and (13) into Eq. (12), we
obtain, after integrating over time and projectile electron
coordinate, the scattering matrix Sf i for elastic electron-
hydrogen collisions in a two-color laser field,

Sf i = −2πi

+∞∑
N=−∞

Tf i(N ) δ(Ep′ − Ep − Nω1) , (15)

where the Dirac δ function assures the energy conservation,
and Tf i(N ) represents the total transition amplitude for the
elastic scattering process, which can be written as the sum of
three terms:

Tf i(N ) = T (0)(N ) + T (1)(N ) + T (2)(N ). (16)

Finally, the nonlinear DCS for the scattering of the
projectile in the solid angle 
 with the energy of the projectile
modified by Nω1, reads

dσ (N )

d

= (2π )4 p′(N )

p
|T (0)(N ) + T (1)(N ) + T (2)(N )|2,

(17)
in which the final momentum of the projectile is calculated
as p′(N ) = (p2 + 2Nω1)

1/2
. The derivation of the transition

amplitudes T (i)(N ) (i = 0,1,2) is briefly described in the next
subsections.

1. Electronic transition matrix elements

The first term, T (0), on the right-hand side of Eq. (16),
represents the elastic transition amplitude due to projectile
electron contribution in which the atomic dressing is neglected,

T (0)(N ) = BN (R1,Rm; φ1,φm)〈ψ1s |F (q,r)|ψ1s〉, (18)

where the form factor is given by F (q,r) =
[exp (iq · r) − 1]/(2π2q2). By substituting the partial-wave
expansion of the exponential term exp (iq · r) in the form
factor and performing the angular integration, the electronic
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transition amplitude T (0) reads

T (0)(N ) = − 1

(2π )2
f

B1
el (q) BN (R1,Rm; φ1,φm), (19)

where the term f
B1
el (q) = 2(q2 + 8)/(q2 + 4)2 represents the

first-order Born approximation of the scattering amplitude
for field-free elastic scattering process, and the laser field
dependence is contained in the arguments of the generalized
Bessel function only.

If the atomic dressing is negligible in Eq. (17), the DCS for
N -photon exchange is approximated as

dσ (N )

d


 4p′

p

(q2 + 8)2

(q2 + 4)4
|BN (R1,Rm; φ1,φm)|2, (20)

which is the equivalent of the Bunkin and Fedorov formula
[29], for fast electron scattering on hydrogen atoms in a two-
color CP laser field, in which the laser-atom interaction is
neglected.

2. First-order atomic transition matrix elements

The second term, T (1), on the right-hand side of the
transition amplitude, Eq. (16), represents the first-order atomic
transition amplitude and it occurs due to alteration of the
atomic state by the two-color laser field, which is described by
the first-order radiative correction ψ (1)(r,t). Obviously, only
one photon is emitted or absorbed between the two-color laser
field and the bound electron. After some algebra, the atomic
transition amplitude T (1) is expressed as

T (1)(N ) = −
∑

k=1,m

α0kωk

2

[
BN−k M(1)

at (ωk,q)e−ikφ1

+BN+k M(1)
at (−ωk,q)eikφ1

]
, (21)

where M(1)
at (ωk,q) denotes a specific first-order atomic transi-

tion matrix element related to one-photon absorption

M(1)
at (ωk,q) =

3∑
j=1

εkj [〈ψ1s |F (q)|wj,100(
+
k )〉

+ 〈wj,100(
−
k )|F (q)|ψ1s〉], (22)

whereas the transition matrix element M(1)
at (−ωk,q) is related

to one-photon emission and is obtained from M(1)
at (ωk,q) with

the replacements ωk → −ωk (i.e., 
±
k → 
∓

k ) and εk → ε∗
k .

The first term on the right-hand side of Eq. (22) describes
first the atom interacting with the laser field, followed by the
projectile electron-atom interaction, while in the second term
the projectile electron-atom interaction precedes the atom-
laser interaction. For the sake of simplicity, the arguments of
the generalized Bessel functions BN (R1,Rm; φ1,φm) are now
dropped off in Eq. (21) and throughout this paper. By using the
partial-wave expansion of the exponential term exp (iq · r) and
the definition of w100 given by Eq. (9), after performing the
angular integration, we obtain for the atomic transition matrix
element, Eq. (22),

M(1)
at (ωk,q) = − εk · q̂

2π2q2

[
J a

101(
+
k ,q) − J a

101(
−
k ,q)

]
, (23)

in which J a
101 is an atomic radial integral defined as

J a
101(
k,q) =

∫ +∞

0
dr r2R10(r)j1(qr)B101(
k; r), (24)

where j1(qr) represents the spherical Bessel function of first
kind and q̂ = q/|q|. An analytic expression of J a

101 in terms
of hypergeometric functions is given by Eq. (36) of Ref. [21].
Finally, the atomic transition amplitude, T (1), is obtained by
substituting Eq. (22) into Eq. (21)

T (1)(N ) =
∑

k=1,m

α0kωk

4π2q2
[(εk · q̂)BN−kJ101(ωk,q)e−ikφ1

− (ε∗
k · q̂)BN+kJ101(ωk,q)eikφ1 ], (25)

where the radial integral J101 is calculated as the difference
between two atomic radial integrals given by Eq. (24),
J101(ωk,q) = J a

101(
+
k ,q) − J a

101(
−
k ,q).

In addition, in the low-photon energy limit (ω � En −
E1s), the atomic radial integral can be approximated as
J101(ω,q) 
 ω q αd (q), where αd represents the dynamic
dipole polarizability due to polarization of the target by the
projectile electron [21,30,31]. The analytical form of the
dynamic dipole polarizability within the first-order TDPT [21]
in low-photon energy limit is calculated as

αd (q,Z) = αs(Z)

3[1 + q2/(2Z)2]3

[
1 + 2

1 + q2/(2Z)2

]
, (26)

where αs(Z) = 4.5 Z−4 denotes the static dipole polarizability
of a H-like ion in the ground state [7]. We point out that
Eq. (26) describes the target dressing effects at both small
and large scattering angles in contrast to the dynamic dipole
polarizability calculated in Ref. [30] for the hydrogen atom,
αd (q) = αs/(1 + q2/4)

3
, which gives accurate results only at

small scattering angles.

3. Second-order atomic transition matrix elements

The third term, T (2), on the right-hand side of the transition
amplitude, Eq. (16), represents the second-order atomic
transition amplitude and occurs due to modification of the
atomic state by the laser field, described by the second-order
radiative correction ψ (2)(r,t), which is given in Appendix A.
In this approach, only two photons are exchanged (absorbed,
emitted, or absorbed and emitted) between the two-color CP
laser field and the bound electron. After some calculation, the
atomic transition amplitude T (2) reads

T (2)(N ) =
∑

k=1,m

α2
0kω

2
k

4

{
BN−2kM(2)

at (ωk,q)e−2ikφ1

+BN+2kM(2)
at (−ωk,q)e2ikφ1

+BN

[
M̃(2)

at (E1s ,ωk) + M̃(2)
at (E1s , − ωk)

]}
+ α01α0mω1ωm

4

[
BN−m−1N (2)

at (ω1,ωm,q)e−i(m+1)φ1

+BN+m+1N (2)
at (−ω1, − ωm,q)ei(m+1)φ1

+BN−m+1N (2)
at (−ω1,ωm,q)e−i(m−1)φ1

+BN+m−1N (2)
at (ω1, − ωm,q)ei(m−1)φ1

]
. (27)
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We point out that the explicit or implicit presence of the
dynamical phase factors eiφ1 and eiφm in the electronic and
atomic transitions amplitudes, Eqs. (19), (25), and (27), can
give different interference terms in DCS for corotating in
comparison to counterrotating CP field.

Specific second-order atomic transition matrix elements
related to two-photon exchange appear in Eq. (27). Thus, M(2)

at

is related to absorption of two identical photons of energy ωk

and complex polarization εk ,

M(2)
at (ωk,q) =

3∑
j,l=1

εkj εkl

[〈wj,100(
−
k )|F (q)|wl,100(
+

k )〉

+ 〈ψ1s |F (q)|wjl,100(
′ +
k ,
+

k )〉
+ 〈wjl,100(
′ −

k ,
−
k )|F (q)|ψ1s〉

]
, (28)

with 
′ ±
k = E1s ± 2ωk (k = 1 and m). The atomic transition

matrix element M(2)
at (−ωk,q), which is related to emission of

two identical photons, is obtained from Eq. (28) by replacing
ωk → −ωk and the components of the polarization vectors
εkj (l) → ε∗

kj (l). M̃
(2)
at (ωk,q) describes the absorption followed

by emission of the same photon and is derived using the tensor
w̃ij,100(E1s ,
k),

M̃(2)
at (ωk,q) =

3∑
j,l=1

ε∗
kj εkl

[〈wj,100(
+
k )|F (q)|wl,100(
+

k )〉

+ 〈ψ1s |F (q)|w̃jl,100(E1s ,

+
k )〉

+ 〈w̃jl,100(E1s ,

−
k )|F (q)|ψ1s〉

]
. (29)

Similarly, M̃(2)
at (−ωk,q), which describes the emission fol-

lowed by absorption of the same photon, is derived from
Eq. (29) by replacing ωk → −ωk and polarizations εkj (l) →
ε∗
kl(j ).

N (2)
at (ω1,ωm,q) describes the absorption of two distinct

photons of energies ω1 and ωm,

N (2)
at (ω1,ωm,q)

= (1 + P1m)
3∑

j,l=1

ε1j εml

[〈wj,100(
−
1 )|F (q)|wl,100(
+

m)〉

+ 〈ψ1s |F (q)|wjl,100(
′ +,
+
m)〉

+ 〈wjl,100(
′ −,
−
m)|F (q)|ψ1s〉

]
, (30)

in which 
′ ± = E1s ± (ω1 + ωm), where P1m denotes a
permutation operator that interchanges the photon ener-
gies ω1(m) → ωm(1) and polarization vectors ε1(m) → εm(1),
whereas N (2)

at (−ω1, − ωm,q) is connected to emission of two
distinct photons of energies ω1 and ωm and is calculated
from Eq. (30) by replacing ωk → −ωk and εk → ε∗

k (k =
1,m). N (2)

at (−ω1,ωm,q) is related to one-photon emission and
one-photon absorption of two distinct photons of energies ω1

and ωm, and is as well obtained from Eq. (30) by replacing

ω1 → −ω1 and ε1 → ε∗
1,

N (2)
at (−ω1,ωm,q)

= (1 + P ′
1m)

3∑
j,l=1

ε∗
1j εml

[〈wj,100(
+
1 )|F (q)|wl,100(
+

m)〉

+ 〈ψ1s |F (q)|wjl,100(
−,
+
m)〉

+ 〈wjl,100(
+,
−
m)|F (q)|ψ1s〉

]
, (31)

in which 
± = E1s ± (ω1 − ωm) with m 
= 1, where P ′
1m

denotes a permutation operator that interchanges the photon
energies ω1(m) → −ωm(1) and polarizations ε∗

1 → εm and
εm → ε∗

1.
The analytic expressions of the second-order atomic transi-

tion matrix elements for two identical photons after performing
the angular integration are given by Eqs. (A2) and (51) of
Ref. [21]

M(2)
at (ωk,q) = (εk · q̂)2

2π2q2
Q(ωk,q) + ε2

k

2π2q2
P(ωk,q) (32)

and

M̃(2)
at (ωk,q) = |εk · q̂|2

2π2q2
Q̃(ωk,q) + 1

2π2q2
P̃(ωk,q), (33)

in which ε2
k = 0 for a CP field and ε2

k = 1 for a LP field,
where the specific expressions of the polarization-invariant
atomic radial integrals P and Q for two-photon absorption or
emission are given by Eqs. (A3) and (A4) of Ref. [21].

A general form of the second-order atomic transition
matrix elements for the exchange of two distinct photons after
performing the angular integration can be written as

N (2)
at (ωj ,ωl,q) = (εj · q̂)(εl · q̂)

2π2q2
Q(ωj ,ωl,q)

+ εj · εl

2π2q2
P(ωj ,ωl,q), (34)

with the replacements ωk → −ωk and εk → ε∗
k if the photon

k is emitted (k = j,l). Note that for corotating bicircular
fields ε2

+ = ε2
− = 0, while for counterrotating bicircular fields

ε+ · ε− = 1. The specific atomic radial integrals P and Q
depend on the photon energies ωj and ωl , and the amplitude
of the momentum transfer vector, q. We point out that the
general structure of Eq. (34) is also similar for other processes
like the elastic scattering of photons by hydrogen atoms [32],
two-photon bremsstrahlung [33], elastic x-ray scattering by
ground-state atoms [34], two-photon ionization of hydrogen
[35,36], or two-photon double ionization [37], with the vector
q̂ replaced by specific vectors characteristic to each particular
process.

III. TWO-PHOTON SCATTERING PROCESSES IN THE
WEAK FIELD DOMAIN

We aim to provide simple analytical formulas in a closed
form for DCSs that are easy to handle, which would give a
deeper physical insight for electron-hydrogen scattering in a
two-color bicircular laser field. However, we note that at high
laser intensities in the domain where the atomic dressing is
non-negligible the calculations of the multiphoton processes
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(|N | > 2) require that the laser-atom interaction should be
treated at least to third order in the field. Whenever the
argument of the Bessel function of the first kind is small, i.e.,
R1 � 1 and Rm � 1, which is satisfied at low laser intensities
or at small scattering angles with moderate laser intensities,
approximate expressions of the generalized Bessel functions,
BN (R1,Rm,φ1,φm), can be used according to Appendix B. For
N > 0, by keeping the leading terms in the laser fields in the
transition amplitudes T (1) and T (2), given by Eqs. (25) and
(27), and neglecting the terms which are proportional to the
higher powers of the fields, we get the following approximation
formula for the total transition amplitude:

Tm(N ) 
 − 1

4π2
f

B1
el (q)BN

+
∑

k=1,m

α0kωk

4π2q3
(εk · q)BN−kJ101(ωk,q)e−ikφ1

+
∑

k=1,m

α2
0kω

2
k

4
BN−2kM(2)

at (ωk,q)e−2ikφ1

+ α01α0mω1ωm

4
BN−m−1N (2)

at (ω1,ωm,q)e−i(m+1)φ1

+ α01α0mω1ωm

4
BN−m+1N (2)

at (−ω1,ωm,q)e−i(m−1)φ1 .

(35)

The next step is to substitute in Eq. (35) the approximate
expressions of the generalized Bessel functions, BN , which
are given in the Appendix B, and to analyze two simple cases
of even and odd harmonics, m = 2 and 3. The total transition
amplitude that includes the first- and second-order dressings in
Eq. (35) will be written in the next two subsections in a form
that allows us to analyze the dependence on the dynamical
phases φ1 and φm.

A. Case m = 2, superposition of a fundamental field and its
second harmonic

Therefore, for two-photon absorption (N = 2) when the
limit R1(m) � 1 is taken for ω2 = 2ω1, by substituting the
appropriate approximation of the generalized Bessel functions,
Eq. (B3), keeping the second-order contributions in the fields,
and neglecting the higher powers of the fields, the total
transition amplitude in the weak field domain is obtained from
Eq. (35) as

Tm=2(N = 2) 
 α2
01A1(ω1,q)|ε1 · q|2

+α02A2(ω2,q)|ε2 · q|e−i(2φ1−φ2), (36)

that is the sum of the one- and two-photon transition am-
plitudes for the processes depicted in Fig. 1(a), modulated
by a phase factor. The first term on the right-hand side
describes two-photon absorption (ω1), whereas the second
term describes one-photon absorption (ω2), as schematically
shown in Fig. 1(a), with the amplitudes A1 and A2 defined by

A1(ω1,q) = 1

8π2

[
−f

B1
el

4
+ ω1

q3
J101(ω1,q) + ω2

1

q4
Q(ω1,q)

]
,

(37)

ω1

ω1

ω1

ω1

p’E p= E  + 

pE

2ω   1

ω2

ω1

ω3 ω3

ω1

(a) (b)

FIG. 1. Energy diagrams schematically showing the channels
leading to the final energy of the projectile electron Ep′ = Ep + 2ω1.
Channel (a) corresponds to absorption of two photons of energy ω1

and one photon of energy ω2 = 2ω1 of the second harmonic, while
channel (b) corresponds to absorption of two photons of energy ω1

and absorption of the third harmonic ω3 = 3ω1 and emission of the
photon ω1.

A2(ω2,q) = 1

4π2

[
−f

B1
el

2
+ ω2

q3
J101(ω2,q)

]
. (38)

In the limit of low-photon energies (ω1 and ω2 � En −
E1s), the DCS is approximated as

dσm=2(N = 2)

d


 p′

p

∣∣∣∣α2
01

2
|ε1 · q|2

(
αd

ω2
1

q2
− f

B1
el

4

)

+α02|ε2 · q|
(

αd

ω2
2

q2
− f

B1
el

2

)
e−i(2φ1−φ2)

∣∣∣∣2

,

(39)

where the dynamic polarizability αd is given by Eq. (26).
Furthermore, if the atomic dressing is negligible in Eq. (39),
the DCS is simply calculated as

dσm=2(N = 2)

d



 p′

p

(q2 + 8)2

(q2 + 4)4

∣∣∣∣α2
01

4
|ε1 · q|2 + α02|ε2 · q|e−i(2φ1−φ2)

∣∣∣∣2

,

(40)

that is the equivalent of the Bunkin and Fedorov formula [29]
for a two-color CP laser field with different polarizations and
commensurate photon energies ω1 and 2ω1.

We note that the transition amplitude and the DCSs,
Eqs. (39) and (40), have a simple dependence on the dynamical
phases, φ1 and φ2, as e−i(2φ1−φ2), that modulates the quantum
interference between the one- and two-photon processes
depicted in Fig. 1(a).
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B. Case m = 3, superposition of a fundamental field and its
third harmonic

Similarly, for a two-color laser field that is a superposition
of the fundamental field and its third harmonic ω3 = 3ω1, we
get the total transition amplitude for two-photon absorption in
the weak field domain, R1(m) � 1,

T3(N = 2) 
 α2
01C1(ω1,q)|ε1 · q|2

+α01α03 C2(ω1,ω3,q)|ε∗
1 · q||ε3 · q|e−i(3φ1−φ3)

+α01α03C3(ω1,ω3,q)(ε∗
1 · ε3)e−2iφ1 , (41)

that is the sum of the two-photon transition amplitudes for the
processes depicted in Fig. 1(b), modulated by phase factors.
The first term on the right-hand side describes two-photon
absorption (ω1), while the rest of the terms describe one-photon
absorption (ω3) and emission (ω1), as schematically shown in
Fig. 1(b), with the amplitudes C1, C2, and C3 defined by

C1(ω1,q) = 1

8π2

[
−f

B1
el

4
+ ω1

q3
J101(ω1,q)

]
, (42)

C2(ω1,ω3,q)

= 1

8π2

[
f

B1
el

2
− ω3

q3
J101(ω3,q) + ω1ω3

q4
Q(−ω1,ω3,q)

]
,

(43)

C3(ω1,ω3,q) = ω1ω3

8π2q2
P(−ω1,ω3,q). (44)

In the limit of low-photon energies (ω1 and ω3 � En −
E1s) the DCS is approximated as

dσm=3(N = 2)

d



 p′

4p

∣∣∣∣∣α01α03|ε1 · q||ε3 · q|
(

αd

ω2
3

q2
− f

B1
el

2

)
e−i(3φ1−φ3)

−α2
01|ε1 · q|2

(
αd

ω2
1

q2
− f

B1
el

4

)∣∣∣∣∣
2

. (45)

Moreover, if the atomic dressing is negligible in Eqs. (45)
the DCS is simply given by

dσm=3(N = 2)

d


 p′

p

(q2 + 8)2

(q2 + 4)4

α2
01|ε1 · q|2

4

×
∣∣∣∣α03|ε3 · q|e−i(3φ1−φ3) − α01

2
|ε1 · q|

∣∣∣∣2

,

(46)

that is the equivalent of the Bunkin and Fedorov formula [29]
for a two-color CP laser field with different polarizations and
commensurate photon energies ω1 and 3ω1. Similarly to the
case ω2 = 2ω1, the DCS has a simple dependence on the
dynamical phases, φ1 and φ3, as e−i(3φ1−φ3), that modulates
the quantum interference among the different two-photon
processes depicted in Fig. 1(b).
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(d)(c)
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ω1−3ω1
ω1−3ω1

ω1−2ω1 ω1−2ω1

FIG. 2. Parametric plots showing the Cartesian components of the
electric field vector in the (x,y)-polarization plane, Ex(t) and Ey(t),
given by Eq. (3), plotted for 0 � t � T1 at equal laser field intensities
I1 = Im = 1012 W/cm2 (m = 2 and 3), for a two-color left-handed CP
field in the right column with ε1 = ε+ = (ex + iey)/

√
2 and εm =

ε+, and a left- and right-handed CP field in the left column with
εm = ε−. The fundamental photon energy is ω1 = 1.55 eV while the
energy of the harmonic photon is ω2 = 2ω1 in panels (a) and (b) and
ω3 = 3ω1 in panels (c) and (d). The two-color bicircular electric field
satisfies a T1/(m − 1) and T1/(m + 1) rotational symmetry for co-
and counterrotating polarizations, respectively.

IV. NUMERICAL EXAMPLES AND DISCUSSION

In this section, we present representative results for the the
scattering process described by Eq. (1), in which two photons
are absorbed by the e− + H(1s) colliding system. We focus
our discussion on two particular field polarizations in which
the two-color laser beams are CP in the (x,y) plane with one
laser beam propagating in the z-axis direction, ε1 = ε+ =
(ex + iey)/

√
2, while the other laser beam (a) has the same

(left-handed) circular polarization εm = ε+, i.e., corotating
polarization case (LHCP-LHCP), or (b) is (right-handed)
CP in the opposite direction, εm = ε− = (ex − iey)/

√
2, i.e.,

counterrotating polarization case (LHCP-RHCP). In this
polarization geometry, for the simple case of equal intensities
of the monochromatic field components, E01 = E0m, the
bicircular electric field can be written as

E+(t) = E01

√
2 (ex sin ω+t − ey cos ω+t) cos ω−t, (47)

for corotating circular polarizations (εm = ε+), and

E−(t) = E01

√
2 (ex cos ω−t − ey sin ω−t) sin ω+t, (48)

for counterrotating circular polarizations (εm = ε−), in which
the energies are defined by ω± = ηm ω1/2, where ηm = m − 1
for corotating CP fields and ηm = m + 1 for counterrotating
CP fields.
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ey

ex

z

x

y

θ  
’p

q

ϕ  

p

LHCP

RHCP

FIG. 3. Specific scattering geometry assumed for the numerical
calculations of laser-assisted e−-H (1s) scattering in a bicircular
laser field. We consider the scattering geometry with p ‖ ez, where
p and p′ are the momentum vectors of the incident and scattered
electron, θ is the angle between them, ϕ is the azimuthal angle,
and q is the momentum transfer vector. The laser field propagates
along the z axis and is circularly polarized in the (x,y) plane,
with the polarization vectors ε+ = (ex + iey)/

√
2 (LHCP) and ε− =

(ex − iey)/
√

2 (RHCP).

In Fig. 2 is plotted the temporal dependence of the electric
field vectors, given by Eqs. (47) and (48), in the polarization
plane for two-color CP laser fields of equal intensities with
identical polarizations εm = ε+ in the right column and εm =
ε− in the left column. The parameters we employ for Fig. 2 are
I1 = Im = 1012 W/cm2, a fundamental photon energy ω1 =
1.55 eV, with ω2 = 2ω1 in Figs. 2(a) and 2(b), and ω3 = 3ω1

in Figs. 2(c) and 2(d). The electric field vectors are invariant
with respect to translation in time by an integer multiple of
T1/ηm, where T1 = 2π/ω1 is the fundamental field optical
period, and with respect to rotation in the polarization plane
by an angle αm = 2π/ηm around the z axis, such that

E±

(
t + T1

ηm

)
= R

(
2π

ηm

)
E±(t), (49)

where R(αm) is a 2 × 2 rotation matrix with angle αm around
the z axis. The upper sign (+) corresponds to corotating CP
fields, while the lower sign (−) corresponds to counterrotating
CP fields. For counterrotating bicircular field with ω2 =
2ω1, this temporal symmetry means that E−(t + T1/3) =
R(2π/3) E−(t), i.e., the translation in time is one-third of the
optical cycle and the rotation angle in the polarization plane is
2π/3, which implies a threefold symmetry of the electric field
in Fig. 2(a), while for corotating bicircular field the translation
in time is T1 and the rotation angle is 2π in Fig. 2(b), such that
E+(t + T1) = R(2π ) E+(t).

Next, we consider the scattering geometry depicted in Fig. 3
in which the momentum vector of the incident electron p is
parallel to the z axis. The momentum transfer vector is given by
q = (−p′ sin θ cos ϕ, − p′ sin θ sin ϕ,p − p′ cos θ ), with the
amplitude q =

√
p2 + p′2 − 2pp′ cos θ , where θ is the the

scattering angle between the momentum vectors of the incident
and scattered electron, p and p′, and ϕ is the azimuthal angle
of the scattered electron. In this scattering geometry the scalar
product in the argument of the generalized Bessel functions,

Rk , can be simply expressed as ε± · q = −p′ sin θ/
√

2 e±iϕ .
The evaluation of the dynamical phases of the CP laser
fields gives φ± = π ± ϕ with eiφ± = −e±iϕ , and we observe
that a change of the field helicity implies a change in the
sign of the azimuthal angle ϕ. After some simple algebra,
by replacing the exponential term in the weak field limit
of the total transition amplitudes, Eqs. (36) and (41), as
e−i(mφ1−φm) = (−1)m+1e−iηmϕ , we obtain

Tm=2(N = 2) 
 α2
01A1(ω1,q)|ε1 · q|2

−α02A2(ω2,q)|ε1 · q|e−iη2ϕ, (50)

for ω2 = 2ω1, with the parameter η2 = 1 for two-color left-
handed CP fields (equal helicities) or η2 = 3 for two-color left-
and right-handed CP fields (opposite helicities), whereas for
ω3 = 3ω1

Tm=3(N = 2)


 α2
01|ε1 · q|2

[
C1(ω1,q) + α03

α01
C2(ω1,ω3,q)e−iη3ϕ

]
+δη32 α01α03 C3(ω1,ω3,q)e−2iϕ, (51)

with the parameter η3 = 2 for two-color left-handed CP fields
(equal helicities) or η3 = 4 for two-color left- and right-handed
CP fields (opposite helicities), respectively. Therefore, the
transition amplitudes in the weak field domain, given by
Eqs. (50) and (51), as well the corresponding DCSs, depend
on the azimuthal angle of the scattered projectile as e−i(m−1)ϕ

and are invariant with respect to the transformations ϕ →
ϕ + 2π/(m − 1), for corotating polarizations. In contrast, the
transition amplitudes and DCSs for counterrotating CP fields
depend on azimuthal angle as e−i(m+1)ϕ and are invariant with
respect to the transformations ϕ → ϕ + 2π/(m + 1).

Furthermore, if the atomic dressing is negligible in Eqs. (50)
and (51), the following simple analytic results are obtained for
DCSs:

dσm=2(N = 2)

d



 p′

p

(q2 + 8)2

(q2 + 4)4

α2
01|ε1 · q|2

16

∣∣∣∣α01|ε1 · q| − 4
α02

α01
e−iη2ϕ

∣∣∣∣2

,

(52)

and
dσm=3(N = 2)

d



 p′

p

(q2 + 8)2

(q2 + 4)4

α4
01|ε1 · q|4

16

∣∣∣∣1 + 2
α03

α01
e−iη3ϕ

∣∣∣∣2

. (53)

We stress that the analytical formulas obtained for co-
and counterrotating circular polarizations in the weak-field
domain, Eqs. (50) and (51), or for negligible atomic dressing,
Eqs. (52) and (53), indicate that DCSs are invariant with respect
to rotation of the projectile momentum in the polarization
plane by azimuthal angles 2π/(m − 1) and 2π/(m + 1) about
the z axis, respectively. It is obvious that the DCS by the two-
color bicircular laser field with m = 2 in Eq. (52) presents
the maximal interference between the first- and second-order
transition amplitudes at the following optimal ratio of the
two-color laser intensities I2/I1 
 I1|ε1 · q|2/ω4

1, which is
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very sensitive to the intensity and photon energy of the
fundamental field and the scattering geometry. In contrast, for
m = 3 the maximal interference in DCS, Eq. (53), between
the second-order transition amplitudes occurs at the optimal
ratio of the two-color laser intensities I3/I1 
 20.2, that shows
the interference between the different two-photon processes is
more efficient compared to m = 2, being independent on the
scattering geometry.

First, we have checked that the two-photon DCSs for
the elastic scattering of fast electrons by hydrogen atoms
in their ground state are in very good agreement with the
earlier analytical data obtained for the particular case of a
monochromatic CP laser field [21] and a bichromatic LP laser
field [38]. Next, we apply the analytic formulas derived in
Sec. II to evaluate the DCSs for elastic electron scattering
by a hydrogen atom in its ground state in the presence of
two-color co- and counterrotating CP laser fields. Since our
formulas are derived up to second order in the field for the
atomic dressing, we analyze two-photon absorption DCSs
(N = 2) at moderate field intensities. We choose high energies
of the projectile electron and low-photon energies, such that
neither the projectile electron nor the photon can separately
excite an upper atomic state. To start with a simple case, we
present in Fig. 4 our numerical results for an initial scattering
energy Ep = 100 eV, photon energies that correspond to the
Ti:sapphire laser ω1 = 1.55 eV and its second harmonic ω2 =
2ω1, and a fundamental laser intensity I1 = 1012 W/cm2.
These laser parameters correspond to a quiver motion am-
plitude α01 
 1.65 a.u. and an argument of the Bessel function
R1 
 1.65|ε1 · q|. The intensity of the second-harmonic laser
is given by I2 = f I1, with the laser intensity ratios f =
1, 10−1, 10−2, and 10−3 from top to bottom, which results in
a quiver motion amplitude α02 = α01

√
f /4 and an argument

of the Bessel function R2 = R1
√

f /4. The three-dimensional
electron projectile DCSs, projected in the polarization plane
as a function of the normalized projectile momentum, p′

x/p
′

and p′
y/p

′, are plotted for two-color left-handed CP fields
(corotating) in the right column and for left- and right-handed
CP fields (counterrotating) in the left column.

In the weak field domain, as long as ω1 < |E1s |/2 and
ω2 = 2ω1, the one- and two-photon atomic transition matrix
elements M(1)

at , M(2)
at , and N (2)

at are real and the DCS can be
formally expressed from Eqs. (17) and (50) as a function of
the scattering θ and azimuthal ϕ angles,

dσm=2(N = 2)

d

(θ,ϕ)


 a1 sin4 θ + a2 sin2 θ − a3 sin3 θ cos(η2ϕ), (54)

where a1 = 4π4α4
01 A2

1 p′5/p, a2 = 8π4α2
02 A2

2 p′3/p, and
a3 = (2π )4α2

01α02 A1A2 p′4/(p
√

2). The last term in the right-
side hand a3 sin3 θ cos(η2ϕ), with η2 = 1 for equal helicities
and η2 = 3 for opposite helicities, describes the coherent
interference between the first- and the second-order transition
amplitudes in Eq. (50), as schematically shown by the one-
and two-photon pathways in Fig. 1(a). We observe that the
DCS, Eq. (54), is invariant to the following transformations:
(i) ϕ → ϕ + 2π/η2, that is equivalent to a rotation in the
azimuthal plane by an 2π/η2 angle around the z axis and

FIG. 4. Contour plots representing DCSs (N = 2), given by
Eq. (17), for a two-color left-handed CP field in the right column
and a two-color left- and right-handed CP field in the left column, as
a function of the normalized Cartesian components of the projectile
momentum vector in the polarization plane, p′

x/p
′ and p′

y/p
′. The

projectile electron energy is Ep = 100 eV, p ‖ ez, and the laser
field intensities are I2 = I1, 10−1I1, 10−2I1, and 10−3I1 from top
to bottom, with I1 = 1012 W/cm2. The photon energies are ω1 =
1.55 eV and ω2 = 2ω1. The magnitudes of the DCSs in a.u. are
indicated by the color scales in each row.

(ii) π − ϕ → π + ϕ, that is equivalent to a reflection with
respect to the (x,z) plane.

For a better understanding of the numerical results pre-
sented in Fig. 4, we show the DCSs as a function of the
scattering angle θ for I2 = I1 = 1012 W/cm2, at the azimuthal
angles ϕ = 60◦ in Figs. 5(a) and 5(b) and ϕ = 240◦ in
Figs. 5(c) and 5(d), while the rest of the parameters are the
same as in Fig. 4. For the employed laser parameters, the
laser-atom interaction is quite strong at very small scattering
angles, θ < 7◦, only. Excepting the forward scattering angles,
the projectile electron is scattered with a high probability at
θ 
 40◦ and θ 
 46◦ in Figs. 5(a) and 5(d) and at θ 
 29◦ in
Figs. 5(b) and 5(c). At larger scattering angles, the projectile
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FIG. 5. Differential cross sections for N = 2 by a two-color left-
and right-handed CP laser field in panels (a) and (c) and a two-color
left-handed CP laser field in panels (b) and (d) as a function of the
scattering angle θ , at the azimuthal angle ϕ = 60◦ in panels (a) and
(b), and ϕ = 240◦ in panels (c) and (d) for I1 = I2 = 1012 W/cm2.
The dot-dashed lines represent the projectile electron contribution,
calculated as (2π )4(p′/p)|T (0)(N = 2)|2. The rest of the parameters
are the same as in Fig. 4.

electron contribution is dominant due to nuclear scattering
and determines the angular distribution of the total DCS. Very
recently, there have been new experimental observations of the
very sharp peak profile at forward scattering angles for e−-Xe
scattering in LP fields and a few attempts to explain it based on
the Zon’s model [12], which involves the static polarizability.

In order clarify the origin of the symmetry patterns in Fig. 4
for ω2 = 2ω1, we show DCSs in Fig. 6 for counterrotating
(solid lines) and corotating (dashed lines) CP fields as a
function of the azimuthal angle ϕ, at the scattering angle
θ = 20◦, I1 = 1012 W/cm2, and the harmonic field intensity
I2 = f I1, with the laser intensity ratios f = 1 in Fig. 6(a),
10−1 in Fig. 6(b), 10−2 in Fig. 6(c), and 10−3 in Fig. 6(d).
For counterrotating CP fields, we found that the projectile
electron is scattered with a high probability in the directions
of the azimuthal angles ϕ = 60◦, 180◦, and 300◦. DCS has a
specific “three-leaf clover” pattern, as described in the weak
field domain by the cos 3ϕ term in Eq. (54), and is invariant
to rotation around the z axis by an azimuthal angle ϕ = 2π/3.
In contrast, for the corotating CP fields, DCS has a pattern
described by the cos ϕ term in Eq. (54) and the invariant
rotation angle is ϕ = 2π . For both co- and counterrotating CP
fields, the DCSs are symmetric with respect to reflection in the
(x,z) plane, such that dσm=2(θ,π − ϕ)/d
 = dσm=2(θ,π +
ϕ)/d
.

Figure 7 presents similar results as in Fig. 4 but for a
combination of the fundamental laser field and its third
harmonic, ω3 = 3ω1, which results in the quiver motion
amplitude α03 = α01

√
f /9 and the argument of the Bessel

function R3 = R1
√

f /9. In order to understand the different
symmetry patterns in Fig. 7, we show DCSs in Fig. 8 for
counterrotating (solid lines) and corotating (dashed lines) CP
fields as a function of the azimuthal angle ϕ, at the scattering
angle θ = 20◦, and the harmonic field intensity I3 = f I1, with

FIG. 6. Differential cross sections for N = 2 by a two-color left-
and right-handed CP (full line) laser field and a two-color left-handed
CP (dashed line) laser field as a function of the azimuthal angle ϕ,
at the scattering angle θ = 20◦, for I2 = I1 in panel (a), 10−1I1 in
panel (b), 10−2I1 in panel (c), and 10−3I1 in panel (d). The rest of
the parameters are the same as in Fig. 4. The DCSs by the two-color
corotating CP fields are invariant to rotation by an 2π angle while
by the counterrotating CP fields are invariant to rotation by an 2π/3
angle.

laser intensity ratios f = 10 in Fig. 8(a), 1 in Fig. 8(b), 10−1 in
Fig. 8(c), and 10−3 in Fig. 8(d). In contrast with the ω2 = 2ω1

case, we found that the projectile electron is scattered with
a high probability in the directions of the azimuthal angles
ϕ = 45◦, 135◦, 225◦, and 315◦ for counterrotating CP fields.
DCS has a “four-leaf clover” pattern which is described
in the weak field domain, Eqs. (51) and (53), by a cos 4ϕ

term and is invariant to rotation around the z axis by an
azimuthal angle ϕ = π/2 for counterrotating CP fields. For
corotating CP fields, DCS has a specific pattern described
by cos 2ϕ and the invariant rotation angle is ϕ = π . The
DCSs for co- and counterrotating polarizations are symmetric
with respect to reflection in the (x,z) and (y,z) planes,
such that dσm=3(θ,π − ϕ)/d
 = dσm=3(θ,π + ϕ)/d


and dσm=3(θ,π/2 − ϕ)/d
 = dσm=3(θ,π/2 + ϕ)/d
,
respectively. Recently, three-dimensional electron distribu-
tions with one and three lobes were experimentally observed
in strong-field ionization by two-color CP fields [17], using
a superposition of fundamental and second harmonic of a
Ti:sapphire laser. Similar rotational and reflection symmetries
were obtained in above-threshold detachment of negative
fluorine ions by a two-color bicircular laser field [20].

As expected, at relatively low harmonic intensities Im � I1

(m = 2,3), where the one-color (ω1) two-photon processes are
dominating, the DSCs are almost independent on the azimuthal
angle ϕ and have nearly circularly symmetric patterns in the
polarization plane [21], as shown in Figs. 4 and 7 and at θ =
20◦ in Figs. 6(d) and 8(d) for two left-handed CP pulses and two
left- and right-handed-CP pulses, respectively. In conclusion,
the DCSs presented in Fig. 4 and Figs. 6–8 for both co- and
counterrotating CP fields have different interference patterns
between the different paths leading to the same final state and
have almost the same peak magnitude. The counterrotating
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FIG. 7. Similar to Fig. 4 but for ω3 = 3ω1. The laser field
intensities are I3 = 10I1, I1,10−1I1, and 10−3I1 from top to bottom,
with I1 = 1012 W/cm2. The rest of the parameters are the same as in
Fig. 4. The magnitudes of the DCSs in a.u. are indicated by the color
scales in each row.

circular polarization case has a different symmetry profile and
obeys different symmetry operations: The DCS is invariant
to rotation of the projectile electron momentum around the
z axis by an angle 2π/(m + 1) for counterrotating CP fields,
whereas for the corotating CP fields the invariant rotation angle
is 2π/(m − 1).

V. SUMMARY AND CONCLUSIONS

Using a semiperturbative method, we have studied the
electron-hydrogen scattering by a two-color CP laser field
of commensurate photon energies ω1 and mω1, and derived
useful analytical formulas for DCSs that are valid for circular
and/or linear polarization and give more physical insight of the
scattering process and valuable information for experimental
investigations. A comparison between the two-photon absorp-
tion DCSs for two-color co- and counterrotating CP laser

FIG. 8. Similar to Fig. 6 but for ω3 = 3ω1, at I3 = 10I1 in (a), I1

in (b), 10−1I1 in (c), and 10−3I1 in (d). The rest of the parameters are
the same as in Fig. 4. The DCSs by the two-color corotating CP fields
are invariant to rotation by an π angle while by the counterrotating
CP fields are invariant to rotation by an π/2 angle.

fields is made at different photon energies of the harmonic
field 2ω1 and 3ω1 (m = 2 and 3), and the effect of the
intensity ratio of the two-color laser field components on
the DCSs is analyzed. The DCSs of the scattered electrons
by hydrogen atoms in a two-color bicircular laser field of
photon energies ω1 and mω1 present a rotational symmetry
with respect to rotation of the projectile electron momentum
by an azimuthal angle 2π/(m − 1) for corotating polarizations,
while for counterrotating polarizations the invariant rotation
angle is 2π/(m + 1). In addition to the rotational symmetry,
for the studied scattering geometry ε± = (ex ± iey)/

√
2 and

p ‖ ez, the DCSs are symmetric with respect to reflection in
the (x,z) plane for both m = 2 and 3, while the (y,z) plane
is a reflection symmetry plane for m = 3 only. It was found
that the modification of the photon helicity implies a change
in the symmetries of the DCSs and by changing the laser
field intensity ratio the angular distribution of the scattering
signal can be modified. By choosing the photon energies ratio
to be even (m = 2) or odd (m = 3) and varying the intensity
ratio of the co- and counterrotating two-color CP laser field
components we can manipulate the angular distribution of the
scattered electrons. The optimization of the scattering signal
in laser-assisted electron-hydrogen scattering process depends
for ω3 = 3ω1 on the intensity ratio of the two-color laser field
components, whereas for ω2 = 2ω1 depends on the scattering
geometry, fundamental field intensity, and photon energy.
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APPENDIX A: SECOND-ORDER CORRECTION TO THE ATOMIC WAVE FUNCTION FOR A TWO-COLOR LASER FIELD

In order to calculate the second-order atomic transition amplitude, Eq. (27), we use the expression of the quadratic response
tensors defined in Ref. [26] for the two-color laser field given by Eq. (2) to obtain the second-order correction to the atomic
ground state as

ψ
(2)
1s (r,t) =

∑
k=1,m

α2
0kω

2
k

4

3∑
j,l=1

[εkj εkl wjl,100(
′ +
k ,
+

k ; r)e−2iωkt + ε∗
kj ε

∗
kl wjl,100(
′ −

k ,
−
k ; r)e2iωkt

+ εkj ε
∗
kl w̃j l,100(E1s ,


−
k ; r) + ε∗

kj εkl w̃j l,100(E1s ,

+
k ; r)]

+ α01α0mω1ωm

4

3∑
j,l=1

{ε1j εml[wlj,100(
′ +,
+
1 ; r) + wjl,100(
′ +,
+

m; r)]e−i(ω1+ωm)t

+ ε∗
1j ε

∗
ml[wlj,100(
′ −,
−

1 ; r) + wjl,100(
′ −,
−
m; r)]ei(ω1+ωm)t

+ ε1j ε
∗
ml[wlj,100(
+,
+

1 ; r) + wjl,100(
+,
−
m; r)]e−i(ω1−ωm)t

+ε∗
1j εml[wlj,100(
−,
−

1 ; r) + wjl,100(
−,
+
m; r)]ei(ω1−ωm)t }, (A1)

where the tensors wjl,100 and w̃jl,100 are defined by Eqs. (10) and (11), and the energy parameters are 
±
k = E1s ± ωk , 
′ ±

k =
E1s ± 2ωk , 
± = E1s ± (ω1 − ωm), and 
′ ± = E1s ± (ω1 + ωm), with k = 1 and m.

APPENDIX B: APPROXIMATIVE FORMULA FOR THE GENERALIZED BESSEL FUNCTIONS BN (R1,Rm,φ1,φm)

We recall the definition introduced in Subsec. II B of the phase-dependent generalized Bessel function for commensurate
photon energies ω1 and ωm = mω1,

BN (R1,Rm; φ1,φm) =
+∞∑

l=−∞
JN−ml(R1)Jl(Rm) exp [−il(mφ1 − φm)], (B1)

which is a 2π periodic function in φ1/m and φm [28]. Whenever the argument of the Bessel functions of the first kind is small,
i.e., R1 � 1 and Rm � 1, which is satisfied at low laser intensities or at small scattering angles with moderate laser intensities,
the approximate expressions of the generalized Bessel functions can be used. In the present paper, we keep the second-order
terms in the fields in the transition amplitudes and, therefore, we restrict to the following approximate formula:

BN 
 JN (R1)J0(Rm) + JN−m(R1)J1(Rm)e−i(mφ1−φm), for N � 0. (B2)

Using the approximate relation JN (Rk) 
 RN
k /(2NN !) and the symmetry formula J−N (Rk) = (−1)NJN (Rk) of the Bessel

functions of the first kind [27], we further obtain

BN 
 RN
1

2NN !
+ (βR1)|N−m|Rm

2|N−m|+1 |N − m|!e
−i(mφ1−φm), for N � 0, (B3)

where β = −1 for 0 < N < m and β = 1 for N � m. Because the appropriate leading terms are kept in the total transition
amplitude in the weak field domain, Eq. (35), the following approximate expressions are used for two-photon absorption scattering
process: B0 
 1,B1 
 R1/2, B2 
 R2

1/8 + (βR1/2)|2−m|(Rm/2)e−i(mφ1−φm)/|2 − m|!, and BN 
 0 for N � 3. Explicitly, for
N = 2 the generalized Bessel function is approximated as

B2 

{[

α2
01(ε1 · q)2 + 4α02 ε2 · q

]
e−i2φ1/8, for m = 2,[

α2
01(ε1 · q)2 − 2α01α03(ε∗

1 · q)(ε3 · q)
]
e−i2φ1/8, for m = 3.

(B4)

Similar results can be obtained for N < 0 by using the symmetry relation for B−N ,

B−N (R1,Rm; φ1,φm) = (−1)NB*
N [R1,Rm; φ1,φm + (m − 1)π ].

For odd harmonic orders, such that m = 2s + 1, with s being a positive integer, the following symmetry relation occurs:
B−N (R1,Rm; φ1,φm) = (−1)NB*

N (R1,Rm; φ1,φm). For even harmonic orders, such that m = 2s, the following symmetry relation

holds: B−N (R1,Rm; φ1,φm) = (−1)NB*
N (R1,Rm; φ1,φm + π ).
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