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Photon-pair generation in a lossy microring resonator. II. Entanglement in the output mixed
Gaussian squeezed state
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In this work we examine the entanglement of the output signal-idler squeezed vacuum state in the Heisenberg
picture as a function of the coupling and internal propagation loss parameters of a microring resonator. Using the
log negativity as a measure of entanglement for a mixed Gaussian state, we examine the competitive effects of
the transfer matrix that encodes the classical phenomenological loss, as well as the matrix that that incorporates
the coupling and internal propagation losses due to the quantum Langevin noise fields required to preserve the
unitarity of the composite system (signal-idler) and environment (noise) structure.
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I. INTRODUCTION

In the first paper of this two-part investigation [1] (desig-
nated AH-I) we developed the theory for entangled photon-pair
generation in a microring resonator (mrr) using a recent
input-output formalism based on the work of Raymer and
McKinstrie [2] and Alsing et al. [3] that incorporates the
circulation factors that account for the multiple round-trips
of the fields within the cavity. In AH-I we considered
biphoton-pair generation within the mrr via both spontaneous
parametric down-conversion (SPDC) and spontaneous four-
wave mixing (SFWM) processes and computed the generated
two-photon signal-idler intracavity and output state from
a single bus (all-through) mrr. In addition, we also com-
puted the two-photon generation, coincidence-to-accidental,
and heralding efficiency rates and compared our results to
related derivations of the Schrodinger-picture biphoton state
[4-6] obtained using the standard Langevin input-output
formalism.

In this work, we examine entanglement of the output
signal-idler squeezed vacuum state from the mrr in the
Heisenberg picture as a function of its coupling and internal
propagation loss parameters. The squeezed output fields
arising from either SPDC or SFWM generated within the
mrr contain two types of terms: (i) a transfer matrix that
encodes the classical phenomenological loss and (ii) a matrix
that incorporates the coupling and internal propagation loss
due to the quantum Langevin noise fields that are required to
preserve the unitarity of the composite system (signal-idler)
and environment (noise) structure. Using the log negativity
as a measure of entanglement for a lossy Gaussian state, we
examine the competitive effects of both of these terms as a
function of the mrr loss parameters. Authors such as Agarwal
and Chaturvedi [7,8] have investigated the entanglement of
two-mode mixed Gaussian states using the log negativity,
while authors such as Vernon and Sipe [6,9] have investigated
loss in a mrr. However, the work presented here represents
an investigation of the entanglement of the squeezed output
of a lossy mrr as a function of the parameters of this passive
feedback device.

This paper is organized as follows. In Sec. II we briefly
review the main results of AH-I for the output operators for a
lossy single-bus mrr given the input driving fields. In Sec. III
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we examine the form of the output squeezed vacuum state
from a Heisenberg operator perspective. This allows us to
form the operator that generates the output squeezed state, as
well as the unitary operator that evolves the external input
operators to the output operators, in the presence of loss. We
further examine the entanglement of the output squeezed state
employing the log negativity and explore its dependence on
the mrr coupling and internal propagation loss. In Sec. IV
we summarize our results and indicate avenues for future
research.

II. A BRIEF REVIEW OF AH-I: SPDC AND SFWM
PROCESSES INSIDE A (SINGLE-BUS)
MICRORING RESONATOR

A. Preliminaries

Consider a single-bus mrr of length L = 27 R, as illustrated
in Fig. 1. Here, a is the intracavity field which is coupled to
a waveguide bus with input field a;, and output field ayy. The
parameters p,, T, are the beam-splitter-like self-coupling and
cross-coupling strengths, respectively, of the bus to the mrr
such that |p,|> 4 |74|*> = 1. z = 0O, is the point just inside the
mrr which cross couples to the input field a;,, and z = L_ is
the point after one round-trip in the mrr that cross couples to
the output field aqy.

In the work of Raymer and McKinstrie [2] an internal cavity
field a satisfies a traveling-wave Maxwell ordinary differential
equation in the absence of internal propagation loss given by

(at + v, az)a(Zat) = Qpolz P(Zyt)’ (1)

where a(z,t) is the ring-resonator cavity field (in the time
domain), v, is the group velocity, P(z,t) is the polarization,
and apo, is a coupling constant. The carrier wave frequency
has been factored out so that all frequencies are relative
to the optical carrier frequency. The input coupling and
periodicity of the cavity are captured by the boundary
conditions

a(04.1) = pga(L—.1) + Tq ain(t), (2a)
aou(t) = Ta a(L—,1) — pa ain(t), (2b)
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FIG. 1. A single-bus (all-through) microring resonator (mrr) of
length L = 27 R with intracavity field a, coupled to a waveguide bus
with input field a;, and output field a,y. p, and 7, are the beam-
splitter-like self-coupling and cross-coupling strengths, respectively,
of the bus to the mirr such that |p,|*> + |7,|*> = 1. z = 0, is the point
just inside the mrr which cross couples to the input field a;,, and
z = L_ is the point after one round-trip in the mrr that cross couples
to the output field aoy.

where we have taken the beam-splitter-like self-coupling p,
(buss-bus, mrr-mrr) and cross coupling 7, (bus-mrr) to be real
for simplicity and the minus sign in Eq. (2b) accounts for the
7 change in phase arising from the “reflection” of the input
field off the higher index of the refraction mrr to the output
(bus) field. The input and output fields satisfy the free-field
commutators

[ain(t).al,(t")] = 8t — 1') = [dou(t).alu(t)]. 3)

In the absence of loss, the above equations in the Fourier
domain yield the unimodular transfer function Gy in(®)
defined by [2]

Aout(w) = Gout,in(w) ain(w),

4
i|’ |G0ul,in(a))| =1.

) 1 0 e*ina
T, a
Gouin(@) = €' ;
’ 1 — p, eivta

With the inclusion of internal propagation loss, Alsing et al.
[3] obtained the form

Aout(®) = Goug,in(®) Gin + Houl,in(w) fa(®), (5a)

Pa — Uy 310”
1 — pra,el )

|Hout,in(a))| = 1 - |G0ut,in(w)|2a

which defines the quantum noise operator f,(w) from the
requirement of the preservation of the free-field output

J

Gout,in(a)) = (
(5b)

Gaa(w)

_ Gab(a))
Glw) = (Gba«o) )

Gpp(w)

D irp Ty T, et

_ l<(6i5“L — pa) (1 = pp Ly + 1y 1y, py
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commutator. Here, Gy in(w) has the same form as the
semiclassical case (see e.g. Yariv [10] and Rabus [11]) that
one obtains with the inclusion of a phenomenological loss
factor 0 < o, < 1 (see also [12]).

B. Biphoton generation within the mrr

For biphoton generation arising from either a x® process
of SPDC or a x® process of SFWM, AH-I considers a signal
mode a and an idler mode b circulating within the mrr. In
the nondepleted pump approximation the authors consider the
Hamiltonian

HVE = / 20 @)larp(z.w)a o) b (2.o)

o 2T
+a,(z,0)a(z,0) b(z,w)], (6a)
3(haw)? x@
g(w) = gspeda(@) = m, (6b)
3 we)* x¥
— &Ssfwm I R —— 6
8(w) = gstwm(®) deo 7 Ving (6¢)

where «, is the complex c-number (constant) amplitude for
the pump. Thus, for each of the nonlinear processes the signal
and idler modes satisfy the equation of motion in the frequency
domain

(—iw+v,0;)a(z,w) = —i ga,(z,w) bl(z,w) — % a(z,w)
‘I'Ofpolz fa(sz)a (7a)
(—io+1,0)b'(0) = i ga(z.0)aG.0) — 2 bl(zw)

+ Qpolz fb (z,a)). (7b)

Here, y,é is the internal propagation loss for mode k € {a,b},
and f; are corresponding Langevin noise operators added to
preserve the canonical form of the output commutators. Each
mode k satisfies its own pair of mrr input-output boundary
conditions of the form of Eqgs. (2a) and (2b). By using these
boundary conditions to eliminate the internal signal and idler
cavity modes and by defining

in(@) = (). ot = (0).

s f a (a))

() = ( L), 8)
T =Jiw)

AH-I obtained the following expression for the output fields

in terms of the input fields and quantum noise operators:

Gout(@) = G() Gin(@) + H() f(w). 9)

The expressions for the matrices G(w) and H (w) are given by

(10a)

—q i&L
ir, T, Tpe >, (10b)

(€&t = pp) (1= pq €LY+ 141y pp
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with
D =(1—p, %Y1 = pp ™)y —rory, 1o =goapTy, rp=gapTy, (11a)
o =e WPl g =wT, for kelab), (11b)
and
Haa(w) Hub(a)) 1 Ta (1 - pbeisbL) _l g Tq
H = = — . . . 12
(@) (Hba@) Ho@) =D\ inn 50— peh (12)

In the above, we have defined e’*" = qy % with oy = e %2, 6y = w Ty, 1y = g, Ty, and 1y = gas Ty, where T, = L/v;
is the cavity round-trip time for mode k € {a,b}. To lowest order in the coupling |ga,|, we have 1/D ~ S, S}, where S; =

= Z;o:o (pr €LY = Z?:o (o o €' %)" for k € {a,b} are the geometric series factors resulting from the round-trip

Ty/2

1
1—py ek L
circulations of the internal fields k € {a,b} inside the ring resonator. Note that terms such as (1 — p, e’%L) S are of the single-mode
Yariv form Gy in(@) of Eq. (5b), so that the diagonal terms Gy ; in Eq. (10) represent their interacting, multimode generalization.
For a typical ring resonator of radius R = 20 um and a pump laser power of I mW (x® ~ 2 x 1072 m/V, &, ~ 10* V/m) and
round-trip times of 7y ~ 1 ps, we have r, ~ 1073 [13].

C. Commutators of the noise operators

The commutation relations between the noise operators are fundamentally determined by the canonical commutators of the
free input and output fields. Given that the input fields satisfy [ain(a)),ajn(a)/)] = [bin(a)),bifn(a)/)] = 8(w — @') and that they each
commute with the noise operators f,(w), f»(®) (via causality), one must also have that [aom(a)),aiut(w’)] = [bom(a)),blut(w’)] =
8(w — @'). Thus, the requirement of independence and unitarity of the output field modes determines the set of linear equations

[aou(@),aly(@)] = 8(w — @) = |Hyal® Caq — |Hap|* Copp + 2Re(Huq HY, Dap) = 1 — (1Gaal® — |G, (13a)
[bou(@).bly(@)] = 8(@ — @) = —|Hpal? Caa + | Hpp|? Chpp + 2Re(Hpa Hyy Dap) = 1 — (1G> — 1Gpal®),  (13b)
[dou(®),bou(@)] = 0 = Hug Hy, Caa — Hap Hyy Cop + Haa Hjy Dap + Hup Hiy Dy = Gap Gy — Gaa Gpyr - (130)
[ou(@),bly(@)] = 0 = det(H) Cup = 0 (13d)

for the four constants Cuy, Cpp, Cap, Dgp defined by the
commutation relations

[ fa(@). £} ()] = Caa 8(0> — ),
Lf5(@). £ (@)] = Cpp 8( — ),
Lfa(@), 5/ (@)] = Cap 8( — ),
Lfu@). fo(@)] = Dap (@ — o).

Since det(H) # 0, Eq. (13d) reveals that C,;, = 0. The first
three equations are four equations in the four (real) unknowns
Coua> Cpp, Re(Dyp), Im(D,p), which therefore have a unique
solution given by [1]

(14)

(14b)

Cal@) =1 —a} — > =1 — e % — |ga, T |?

— YT —lga, Tel*, k€ {a,b}, (15a)
highQ

Dy =i(ry —ra) =iga,(Ty — To), (15b)

where for C,,(w) and Cpp(w) we have also indicated their
values in the high-cavity- Q limit. Note the high-cavity-Q limit
is defined through the physical conditions (see [2], Sec. III):
(i) the cross coupling 7, is very small so that the cavity storage
time is long, (ii) the cavity round-trip time 7, is small compared

(

to the duration of the input-field pulse, i.e., T, < 1, and
(iii) the input field is a narrow band and thus well contained
within a single free spectral range of the mrr. Therefore, with
the inclusion of internal propagation loss, the high-cavity-Q
limit is defined by the limits

pa =€ R =y, T)2, w=/1-p2~ T,

g =e V2 x 1 —y/'T, /2, ClinltioT, (16)

III. THE SQUEEZED VACUUM STATE ANNIHILATED BY
aout(®) AND boy(w) AND THE UNITARY EVOLUTION
OPERATOR

A. Squeezed vacuum state

In this section we consider the form of the squeezed vacuum
state |0)oy annihilated by the output operators aou(w) and
bout(w) from a Heisenberg operator perspective. An expression
for |0)oy is needed, for example, when one computes output
correlation functions using the input operators (employed, say,
in formulating input states) expressed in terms of the output
and noise operators via the inversion of Eq. (9) in the form
ain(@) = G~ (@) [dow(®) — H(w) f(w)].

The “input” vacuum |0);, = |0), |0}, |vac)eny for the signal
and idler modes a, b and the noise (environment) modes
fu» fo at the entrance port to the mrr is the usual vacuum
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annihilated by the input operators, namely, aj,|0), =
bin|0)p = fu IvaC)eny = fb [vac)eny = 0. After the process of
pair production within the mrr, the Heisenberg operators at the
input port of the mrr are unitarily transformed from aj, — oy
at the output port, as given by Eq. (9). Equivalently, one can
consider the vacuum state as being transformed from |0);, —
|0)out, Where the “out” vacuum is defined as that state annihi-
lated by the output operators, i.e., doyt |0)out = bout|0)our = 0.
In the absence of loss and noise, the unitary operator that
affects this transformation is the two- mode squeezing operator
[8,14,15] Uou,in = S(€) = expl (§ oty by — &% ain bin)], such
that the two-mode squeezed vacuum is given by [0)yy =
S(£)|0)i, = cosh™' r 3% | tanh" r |0), |0),, where £ = r ¢/¢
is the complex squeezing parameter of magnitude r. Here, we
wish to find the appropriate squeezed vacuum state |0) o, and
unitary transformation U when we allow for loss and retain
the noise operators f,, f, in ayy and byy as in Eq. (9).

From Eq. (9) we wish to solve the operator equations
(dropping the argument w in this section)

doul0)out = [Gaq GintGap bls+Haa fut-Hap 1110} ou = 0,
(17a)

boulOow =[G, alh+Gi, bintHyy Fi+H, 75110)ou = 0,
(17b)

where we have rescaled H and f such that Hf = H f where
H;=H;,/Cj; and f; = f;/,/Cj; so that [f;,f'1=1.In

addition, we consider the physically relevant case where
T, = Tb T, so that by Eq. (15b) we have D,;, = 0, so that

i f] ;1 =8, implying now that the in and noise operators din,

b, fa and f;, all mutually commute with each other. (Note
that Cj; still contains power-dependent contributions.)

To solve Egs. (17a) and (17b) we seek a solution of the
form

S =explAdal bl + B fi 7 + A'al, £ + B' I b} 110)i
= exp[O']]|0)in. (18)

We note that for any annihilation operator a such that [a,a'] =
1 and @ |0);, = 0 and for any operator function f(a,a’) one
has af(a,a’)|0)in = [a, f(a,a")]|0)in = 34 f(a,a")|0)in. For
the form of S given in Eq. (18) this implies aj, S |0)i, =
(Ba;“ ohH s |0)in, leading to the operator equations

[Guaa (8,5, ON)+Gap byt Haa (01 ON) + Hap F1]S10)in = 0,
(19a)
(G alh Gy (3, ON)+Hy, fi + Hyy, (871 ON]S10)in = 0.
(19b)

Using the explicit expression for O in Eq. (18) and equating
the resulting coefficients of the operators aiTn, bifn, fj , and flj
to zero lead to a set of four linear equations:

Goa A+ Hyy B = —Goyp, (20a)
Gy, A+ Hj, A = G}, (20b)
Gaa A + Haa B = —Hap, (20¢)
G, B + H}, B=—H}, (20d)

PHYSICAL REVIEW A 96, 033848 (2017)

The determinant of the above four linear equations for the
four unknown coefficients A,B,A’, B’ is zero, indicating that
there are only three independent equations. Using Eq. (13c) for
the condition [aout,bou] = O, written in the form —G,;, G}, +
H, H, = —G ., G}, + H,p, H},, we observe that upon solv-
ing for A’ in Eq. (20c) and B’ in Eq. (20d) in terms of B and
substituting into Eqs. (20a) and (20b), A can be written in two
equivalent forms,
A= _Gab GZb + Haa Hl;ka + Haa Hb*b B,
Gua Gy Gua Gy

I 2D
—Guq Gy, + Hup Hy, H, H
_ b . b b 4 bh g
Gua Ghb Gaa Ghb
Since the coefficient multiplying B is identical in both terms
in Eq. (21), this implies B is an undetermined free parameter.
Here, we take B =0 as the simplest choice, so that the

coefficients in the operator S = ¢ in Eq. (18) are given by

A= — Gub + ﬁaa [:I;a _ Gza I:Iub I:I;b
Gaa Gaa GZ}, GZ[; Gdd GZb ’
H H;

A=-2 p=_"t (22)
Gaa be

containing a signal-idler pair production A, an idler loss term
A’, and a signal loss term B’. In general, a nonzero B term
would contribute to corrections to the bare vacuum |0);,.

B. Unitary evolution operator

To construct an evolution operator U such that dgy =
U Gy, UT as per Eq. (9), we note that the two-mode squeezing

operator U; = exp[A aiy bly — A* @y bin] transforms Uj ay,
Ul = cosh|A| a, — €% sinh |A] bl and Ugbh UL = cosh
|A| biy — =% sinh|A|a;,, where A |A|e'%. Let us also
similarly define Uz = exp[A’am fb A*ay, fp] and U =
expl E’fa bfn — B* fy biy], with A’ = |A le'% and B =

|B'| % and, lastly, Uy = exp[—z 06, @in ain + i 06, b binl,

aa

where G,m = |G yy| €% and Gpp = |Gpp| €' %vs. Then the
operator

U=UzpUz Uz Uy (23)

implements the transformation

Aout —U Ain UT
blut B bjﬂ
— Gaa din + Gab b;rn + I:Iaaf; + I:Iab fbr (24)
Goa ain + Gy bl + Hya fou + Hop f) |

with the assignments (after some straightforward algebra)

Gua = cosh |A| cosh |A'|e! %6ae

Gpa = —sinh|A| cosh |A| ¢! Citb6n),
Gap = — sinh|A| cosh | B'| ¢ ¥it06u),
Gy, = cosh |A| cosh |B'| e %om

H,, = sinh |A| sinh |B'| ¢' =0 06a)
Hy, = —cosh |A| sinh |B'| ¢ 0506

033848-4



PHOTON-PAIR ... .II. ENTANGLEMENTIN ...

H,, = cosh |A| sinh |A'| ¢! C4*06aa)
H,, = sinh |A| sinh |A'| ¢' 0at0a+06,,) (25)

These assignments identically satisfy the output commutator
relations in Egs. (13a)—(13c) for arbitrary A, A’, B’. Substitut-
ing Eq. (25) into Eq. (22) yields the identifications

|G| 1G] = |Haal | Hpal tanh |A|

| Al

|G aal |Gl cosh |A’| cosh |B'|’
H ~
A = :G“”: — tanh |A'], (26)
H,. -
|B'| = :G” : = tanh |B'|,
bb

where the phases ¢’% for X e {A,A’, B’} have identically
canceled on both sides of the equalities in the three formulas
in Eq. (22) if we take 05 = 04,04 = 64, and 0 = Op.
Note that in the weak field limit |ga, T| <1 we
have |A|,|A’|,|B’| ~ O(|g ap T|) since each contains an off-
diagonal element of either the G or H matrices. Assuming
the same holds true for X e {A, A’, B'} justifies the use of the
first-order approximations tanh |X| ~ |X| and cosh | X| ~ 1.
Under these conditions the three equations in Eq. (26) simply
reduce to |A| &~ |A|, |A’| ~ |A’|, and |B’| &~ |B’|, which are
effectively what has been utilized in the previous sections to
produce the two-photon state (see also [1]). Last, note that
without the transformation Uy in Eq. (23) the quantities G,
and Gy, would have been assigned real values in Eq. (25)
under the remaining transformations alone. Thus, Uy was
introduced to take into account the complexity of G,, and
G by introducing the phases ¢! %« and e/ %w in Eq. (25).

C. Entanglement in the two-photon mixed output state

In this section we compute the entanglement between the
generated signal and idler modes of the output mixed Gaussian
two-photon state in the presence of loss. For the entanglement
measure we compute the log negativity [16,17] (see also
[18] and pp. 66-67 of [8] for succinct reviews). The log
negativity En(p) for a mixed Gaussian state p is given by
Eyn(p) = max[0, — In(2D.)], where ¥_ is the smaller of two
symplectic eigenvalues . of the real, positive, symmetric
covariance matrix o;;,

o = X X; + X; Xi) — (Xi) (X)), (27)

which defines the Gaussian mixed state. In the above, X; =
(Xa»YasXp,yp) is the row vector of quadrature variables, where
o = (a+a/v2 ya = (a —a)/(V2i), xp = (b +b1)/V2,
vy = (b — b")/(+/21), such that the Wigner function for the
normalized Gaussian state is given by W(X) = exp[—(X —
(XHo ' (X — (XNT1/[2 )" /det(o)] [8]. Entanglement is
present in the state when 7. < %, yielding En(p) > 0.

The log negativity capitalizes upon the symplectic structure
of the Gaussian correlation matrix. For Gaussian states, linear
optical operations simply transform the covariance matrix o
while retaining the Gaussian structure of the transformed state.
Under linear optical transformations it becomes relatively
straightforward to compute bounds on the discrimination of
different transformed Gaussian states [18]. This advantage of

PHYSICAL REVIEW A 96, 033848 (2017)

quantifying Gaussian states has currently found great utility
in analyzing the security of quantum key distribution systems
based on quantum illumination [19] and for the development
schemes to detect the residual correlations [20] between the
interrogating signal and (memory) held idler of the two-mode
squeezed state used to determine the presence or absence
of a remote target. With respect to the work investigated
here, a mrr is essentially a linear optical beam splitter with
passive feedback, whose transformation properties preserve
the Gaussian nature of the two-mode squeezed state in the
presence of loss.

In Eq. (27) we take expectation values of in op-
erators with respect to the out state |0)oy. Thus,
Trsys,env“())oul (O| g(ainvajn)]zout (O| g(ainsa;[n) |O)0ut: in <O| UT
G@in,@n) U 10)in = in (0] G(@out,Gdur) [0)in, Where GG, i) is
some function of the input operators [21] and the trace is take
over both the system (sys) a,b and environment (env) f,, f,

subsystems. Thus, defining x, — (@out + alut)/«/i, etc., we
find using
aout = Gaa ain + Gap b:fn + I:Iaa ﬁz + I:Iab f[jv (28a)
biut = Gpa ain + G bl + Hpu fu + Hyp JF; (28b)
that the covariance matrix has the form

A 0 B ¢

0 —-C B
o=\ g ? A o |=96+ou 29
-C B 0o A

where

A=o0y ., = H(Gawl® + 1Gap?) + (|Haal* + | Hap|H)]

= Ag + An, (30a)
A' = 0y,5, = 311G 1> +1Gbal®) + (Hpp* + | Hpa|*)]
= A, + Ay, (30b)
B = oy, v, = Re(Guu G, + Hu Hy,) = Bg + Ba,
(30c)
C =oy,y, =Im(Gy, G}, + Huo HY) = Co +Ch,
(30d)

where Eq. (13c) has been used to simplify Egs. (30c) and (30d).
The matrix o in Eq. (29) of the state pout = Treny[|0)out (0]] has
the form of a mixed thermal two-mode squeezed state, whose
symplectic eigenvalues for the covariance matrix associated
with its “partial transpose” are given by (see p. 67 in [8])

be = HA+ )£ VA- A2 +4B+C)]. (3D

The log negativity of the squeezed vacuum state ooy in the
presence of loss is then given by

EW"Y = max[0, — In27.)], . = min(7;.0-)
= EY" >0 for v < 3 (32)

where entanglement Eg‘,’ut) > 0 occurs when 7. < % The

influence of loss on the entanglement of the state can be

033848-5



PAUL M. ALSING AND EDWIN E. HACH, III

PHYSICAL REVIEW A 96, 033848 (2017)

r=0.01, 6 =7n/2 r=0.01, 6=n

FIG. 2. Symplectic eigenvalues (top) U_ and (bottom) ¥ for (left) phase accumulation angles on mrr resonance 6 = 0, (middle) slightly
off mrr resonance 6 = /2, and (right) midway between mrr resonances 6 = 7 for the case of signal-idler photon loss.

easily identified in Egs. (30a)—(30d) as the terms H;;(w) which
accompany each corresponding classical-like loss (for ¢ < 1)
term G;j(w) fori,j € {a,b}.

Let us examine the symplectic eigenvalues for the case
of equal self-coupling p, = p, = p and equal propagation
loss «, = a; = « for the signal and idler modes a and b,
respectively. Since we have considered 7, = T;, = T, we also
have 6, = 6, = 6 = w T. For simplicity, we take the pump «,,
to be real, so that r, =r, = ga, T = r. Since, in general,
r=ga,T <1, we expand the symplectic eigenvalues to

Contours of v_ < 172

O(r?) to obtain
b~ L (1= p)[S(p.60,0)
+377 (1= p)[S(p.0.0)* B —a® p* =2 p cos),
(33)

where [S(p.0,0)> =1/|1 —pae??> =1+ p’a®>-2pa
cosf)~! is the square modulus of the round-trip circulation
factor. In Fig. 2 we plot the full expressions for vy for
which Eq. (33) is numerically a very good approximation for

Contours of Ey

FIG. 3. Contour plots

of (left)
to right in the cube, corresponding to log negativity E;‘,’m) € {0.020,0.015,0.010,0.005,0.002}) and (right) log negativity
Ej(f,’m) € {0.01,0.025,0.05,0.075,0.10,0.20} (outer to inner surfaces in the cube, corresponding to symplectic eigenvalues ¥_ €
{0.495,0.488,0.476,0.464,0.452,0.409}) for the case of signal-idler photon loss.

symplectic eigenvalues

V. = v_ € {0.490,0.4925,0.495,0.4975,0.499} (surfaces

from left

033848-6



PHOTON-PAIR ... .II. ENTANGLEMENTIN ...

r=0.01, ¢=0

PHYSICAL REVIEW A 96, 033848 (2017)

FIG. 4. E 5\‘,"“) for (left) & = 0, (middle) & = 7 /2, and (right) & = 7 for the case of signal-idler photon loss, where 0 = w T'.

r < 0.01. In general, the mrr has resonances at 0 = w T =
2mm, and 6 = (2m + 1) represents off-resonance points
located midway between cavity resonances (in the middle
of the cavity free spectral range). (Note that experimental
values of r for typical pump values of 1 mW are on the
order of r ~ 1075 [13,22], but in order to illustrate the effects
of entanglement we will use a value of r = 0.01 in the
plots.) Thus, we see that 7} > % and that a small amount
of entanglement occurs whenever 7. = J_ < % In Fig. 3 we
plot the contour values of ¥_ and the corresponding values of
the log negativity E;f,’“t)(f),) as a function of 0 < p, @ < 1,
and —m <0 < 7 for r =0.01. The more the symplectic
eigenvalue U_ is less than 1/2, the larger the log negativity
E;:,’“t) (7—) = —In(2 ¥_) is, and hence, the larger the entangle-
ment between the generated signal and idler occupation modes
is (for fixed frequencies that add up to the pump frequency for
SPDC or twice the pump frequency for SFWM). In the left

J

1—pxrp 2 1
1—pFr 1
1

N 1
D == = =T (pvr) —Zt
b =3 So=r)2 > 5 Er

2
I+pFrp
( 1+pEr )

where fy_, ,2(p,r) is an involved function of p and r that
does not reduce to a simple form for 8 = 7 /2. From Eq. (34)
we can infer that as r = ga, T increases (e.g., pump power
or cavity round-trip time), ¥_ is driven to be less than one
half, thus increasing entanglement, while ¥y is driven to be
greater than one half. But there is a limit as to how much
we can increase, say, the pump power before other parasitic
effects are introduced. However, by inspection of Eq. (34)
we can further enhance entanglement on resonance 6 = 0, so
that to O(r?) we have 5_ ~ 1 —2r/(1 — p) +4r%/(1 — p)*
as we approach the high-Q limit, thus further decreasing
P_ below one half [for fixed r < 2/3, where the O(r) term
equals the O(r?) in this approximation]. In Fig. 5 we plot
the full expression D@ZO’O‘)(p,r) as a function of p for
r =(0.1,0.01,0.001) for the ideal lossless case o =
1.0 (top left panel), showing V_(p*)=0 at p*=
(0.909091,0.990098,0.998998), respectively. At such values
of p* the squeezing is formally infinite, but this idealized case
of no internal propagation loss o« = 1 is used to illustrate the

panel of Fig. 3 we plot the prominent contour values of
P_ near 1/2 since the loss has degraded the entanglement
[small values of EE\‘,’“‘)(T)_)]. However, in the right panel of
Fig. 3 slightly larger values of the log negativity do exist
in the presence of loss, but these contour surfaces (from
outward to inward) become smaller as the value of Eff,’m)(f}_)
increases. In Fig. 4 we plot the log negativity E;{,)m)(ﬂ_) for
fixed values of 0 = wT = (0,7/2,r). We see that that the
entanglement is largest for & = 0, which corresponds to the
resonance condition for the mrr, and drops off precipitously
for nonzero 6. Note that & = m corresponds to the midpoint
in the free spectral range of the mrr between resonances (at
integer multiples of 27).

From Figs. 2, 3, and 4 and from Eq. (33) we see that as we
approach the case of no internal propagation loss in the mrr
o — 1, we have the following limits as we also approach the
high-Q limit p — 1:

1. 0=p)B+p) —
+ 3 r W fOI' 0 = O
1. (1-p»)(B=p?) _
s +5r 7 for 6 =m/2¢, (34)
I—p 1. d4+p)B=p) —
o + 3V o for 6=m

(1+p)?

(

effect of a high cavity Q on the entanglement. [Note that
1

for the other values of 6 = (/2,7) in Eq. (34), v — 3 as
o — 1.] Of course, the smaller the value of r is, the closer p*
isto 1.

In Fig. 5 we also show the case of more realistic propagation
loss: 1% loss (o = 0.99; top right panel) and 5% loss (o =
0.95; bottom left panel). These plots indicate that although
P_(p) cannot be reduced identically to zero when realistic
loss is present, it can still be substantially reduced below the
value of one half on resonance # = 0. The bottom right plot
in Fig. 5 collects the graphs of ¢ :0)(,0) for fixed r = 0.01
for o = (1.0,0.99,0.95), showing the effects of operationally
realistic propagation loss (1%, 5%) over that of the idealized
lossless case (¢ = 1). In Fig. 6 we plot the log negativity
Ey(p,a) for on mrr resonance & = 0 as a function of 0 < p <
1.0 and 0.95 < o < 1.0 for » = (0.1,0.01,0.001) (compare
with Fig. 5). Again, this plot indicates that at realistic values
of internal propagation loss (o < 1), a high cavity Q (p nearer
to unity) enhances entanglement.
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V(_a=0.99, 6=0)
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FIG. 5. The top left, top right, and bottom left plots show, respectively, 17(6=0)(,0,r) for o = (1.0,0.99,0.95) with » = 0.1 (gray solid line),

r = 0.01 (black solid line), and r = 0.001 (gray dashed line). The bottom right plot shows p?=0.r=00D (p) with a = 1.0 (gray solid line),

o = 0.99 (black solid line), o = 0.95 (gray dashed line) .

D. The effect of only the G terms on the log negativity

It is instructive to compare the above symplectic eigenval-
ues and log-negativity plots which include signal-idler photon
loss with the corresponding plots using only the G terms
A, A;.Ba,Cq in Eqgs. (30a)-(30d) in the symplectic eigen-
values [Eq. (31)], which we will label as ﬁf). Note that for
the (ideal) lossless case o« = 1, the H terms Ay, A}, By,Ch
in the symplectic eigenvalues are identically zero. For the case
of loss a < 1, these H terms are responsible for driving the
full symplectic eigenvalues (using both G and H terms) in
Eq. (31) towards the value of %, where the log negativity has

the value zero. By considering the symplectic eigenvalues f)f)
composed of only the classical-like loss (for ¢ < 1) G terms,
we can infer their influence for arbitrary values of «. To give
this a name we will refer to it as “no quantum noise signal-idler
photon loss.”

~ r=(0.1,0.01,0.001), 6=0

FIG. 6. E{™"(p,a) = —In[25="(p,a)] for r = 0.1 (top sur-
face), r = 0.01 (middle surface), and r = 0.001 (bottom surface).

Using only the G terms in Eq. (31) yields
7~ L1S(p,0,01 folp,0,a)
+ra(l—p?)|[S(.0,0)" fi(p,0,0)
+ir7a (1= p)[S(p.0.0)* fi(p,0,0),  (35)

which should be compared with Eq. (33). As in Eq. (33),
1S(p,0,0))>=|1—paef?2=0+p*a®>—2pa cosh)!
is the square modulus of the round-trip circulation factor. Here,
folp.0,a) = |ae? —p>=a>+p* — 2pacosh, and
fi1(p,0,) and f>(p,0,) are other polynomials of p,o and
trigonometric functions of 6. In Fig. 7 we plot the full
expressions for f)f) for which Eq. (35) is numerically a
very good approximation for r < 0.01. As opposed to the
full symplectic eigenvalues ¥y in Eq. (33), we see that both
(& % over the entire range of parameters, indicating that a
degree of entanglement is always present via the log-negativity
equation (32), as indicated in Figs. 8 and 9. Using the full
expression for the G-term symplectic eigenvalues, we have
Py — 0 in the limit p,o — 0, which is why the contour
surfaces of high log negativity in Fig. 9 converge to the lower
left edge of the cube. This is also evident in Fig. 8, where the
log negativity peaks for p,a — 0, where, correspondingly,
in Fig. 7 the symplectic eigenvalues f)f) are zero. The point
is that the symplectic eigenvalues f)f) using only G terms
favor large entanglement for parameter values p,o — O,
while the physical case of signal-idler photon loss (including
both G and H terms in the symplectic eigenvalues) 7. favors
the parameter regime of low internal propagation loss and
high cavity Q, p,& — 1. The G terms in the full symplectic
eigenvalues drive 7, towards values less than one half, even
towards zero, while the H terms drive 74 towards values
near one half. Depending on the value of the dimensionless
pump parameter » = g o, T and the mrr parameters 0,0,0,
a balance can be reached between the competing G and H
terms such that a degree of entanglement is preserved by the
mrr, even in the case of signal-idler photon loss.
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_ r=0.01, 6=n/2

ey )
(I
L
A

FIG. 7. (top) 59 and (bottom) ﬁf) (compare with Fig. 2) for (left) on mrr resonance 6 = 0, (middle) slightly off mrr resonance 6 = /2,
and (right) midway between mrr resonances 6 = 7 for the case of no quantum noise signal-idler photon loss [i.e., Ey computed without the

H terms in Eq. (9)].
IV. SUMMARY AND DISCUSSION

In this work we have investigated the entanglement of the
output signal-idler squeezed vacuum state in the Heisenberg
picture as a function of the coupling and internal propagation
loss parameters of a microring resonator. We constructed
the operator expression that produces the output squeezed
vacuum state in the presence of noise. We also constructed
the unitary operator that evolves the input modes to the output
modes doy(w) = G(w) din(w) + H(w) f(w) [see Eq. (9)] with
the inclusion of loss. Since the mrr is essentially a linear
optical beam splitter with passive feedback, Gaussian input
states are evolved to Gaussian output states even in the
presence of noise. Hence, we investigated the entanglement
of the mrr output two-mode squeezed state using the log
negativity and the symplectic structure of mixed Gaussian
states. We showed that the transfer matrix G (w) which encodes
the classical phenomenological loss (for o < 1) pulls the
symplectic eigenvalues of the covariance matrix of the mixed

Gaussian state towards zero, where the log negativity is large,
indicating strong entanglement. On the other hand, the noise
matrix H(w) pulls the eigenvalues towards the value of 1/2,
where the log negativity, and hence the entanglement, is
small. We investigated the role of the (constant) driving pump
and nonlinear coupling constant ger,, on the entanglement of
the output mixed Gaussian squeezed state and showed that,
depending on its strength, the symplectic eigenvalues can be
driven towards zero for certain values of the self-coupling
(reflection) parameter p when propagation losses are small («
near unity).

This work represents the most recent step toward our
overarching goal of developing a comprehensive theoretical
framework and computational tool kit for the design and
optimization of a class of scalable, on-chip linear quantum
optical information processing devices. Previously, we have
(1) examined the quantum dynamics of a single-bus microring
resonator [23], (ii) proposed and analyzed a “fundamental-
circuit” element for this class of devices [12], and (iii) extended

r=0.01,

@ =n/2 . r=0.01, ¢=n

FIG. 8. E;j’“t)(f)(f)) for (left) on mrr resonance 6 = 0, (middle) slightly off mrr resonance 6 = 7 /2, and (right) midway between mrr
resonances 6 = x for the case of no quantum noise signal-idler photon loss [i.e., Ey computed without the H terms in Eq. (9)].
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Contours of Ey

FIG. 9. Contour plots of E""(5%) € {0.1,0.5,1.0,2.0,5.0,10.0}
(surfaces from right to left in the cube, corresponding
to symplectic eigenvalues ¥_ € {0.450,0.300,0.180,0.068,3.4 x
1073,2.3 x 107%}) for the case of no quantum noise signal-idler
photon loss [i.e., Ey computed without the H terms in Eq. (9)].

the analysis of the fundamental-circuit element to examine its
response in the presence of quantum noise [3]. Specifically, in
Refs. [3,12,23] we demonstrated theoretically advantageous
enhancements of the operating parameter spaces of the devices

PHYSICAL REVIEW A 96, 033848 (2017)

we consider owing to the passive quantum optical feedback
(PQOF) that is a signature feature of the architecture for
this class of device. In this paper and in the first paper
in this two-paper sequence (AH-I), we have extended the
analysis to include on-chip, intraring photon generation via
the processes of SPDC and SFWM. In this paper specifically,
we have analyzed the competitive effects due to (i) (amplitude)
attenuation noise and (ii) quantum noise arising from coupling
with the environment on the level of entanglement present in
states transmitted from a single-bus device featuring PQOF.
These results are instrumental to understanding the practical
quantum information processing capabilities of devices of this
sort under more realistic operating conditions.

Our current and future work is focused upon using the
theoretical and computational tools we have developed so
far in [1,3,12,23] and this current work to inform the design
and to optimize the function of devices of high impact for
linear quantum optical information processing, such as the
Knill-Laflamme-Milburn controlled-NOT (CNOT) gate [24].
Further, we are investigating larger networks of directionally
coupled silicon-nanophotonic-waveguide—mrr arrays for pos-
sible quantum advantages with respect to communications,
sensing, and metrology [25,26].
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