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One of the current challenges in second-harmonic generation (SHG) is to increase the efficiency of the
second-harmonic conversion process while maintaining or even decreasing the fundamental-harmonic pump
powers in a compact device. Here, we put forward an on-chip scheme to realize high-efficiency optical SHG in
active-passive-coupled microring resonators with the aid of the intrinsic second-order nonlinearity. By careful
analysis and extensive simulations, it is found that the introduction of an active microring resonator makes the
strong SHG process feature an ultralow-power pump threshold, which is about four orders of magnitude lower
than that in a single-microring resonator SHG system reported previously by X. Guo et al. [Optica 3, 1126
(2016)]. The observed SHG is enhanced by a factor of over 200 compared to the single-microring-resonator
SHG system. The SHG conversion efficiency of over 72% can be reached with optical pump power as low as
a few microwatts for our proposed device. This investigation may open a new route towards development of
easily fabricated radiation sources of coherent high-energy (shorter-wavelength) photons with an ultralow-power
laser-triggered SHG process.
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I. INTRODUCTION

Second-harmonic generation (SHG) is a kind of nonlinear
second-order optical process that attains the frequency conver-
sion of light. Since the first experimental observation of SHG
by Franken et al. in 1961 [1], SHG has attracted considerable
attention and interest because of its potential applications
within micron-scale optical structures such as cavities. It is
well known that introducing the second-order (χ (2)) nonlinear-
ity is the key basis of the SHG [2–4]. Generally, the intrinsic
χ (2) nonlinearity of existing material systems commonly used
for applications in integrated optics is quite weak. In particular,
the centrosymmetric lattice structure of unstrained silicon does
not permit this second-order optical nonlinearity. Thus, in
order to raise the conversion efficiency of the SHG process,
long interaction lengths and times and/or strong powers of the
input pump field are usually required in devices.

Optical micro- and nanocavities [5,6] in recent years have
made great progress, which can provide an ideal material
system for reducing the mode volume V , increasing the
optical quality factor Q, and further enhancing the nonlinear
interaction efficiency [7] at the microscale and nanoscale.
In these chip-scalable photonic platforms with the above-
mentioned advantages, various microcavity-enhanced SHG
schemes (e.g., Fabry-Pérot cavities [8–10], microring cavities
[11–14], microdisk cavities [15–18], whispering-gallery-mode
resonators [19–25], microbottle resonators [26], and pho-
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tonic crystal cavities [27–33]) have been demonstrated both
theoretically and experimentally by many research groups.
However, the achievable SHG efficiency is currently limited
by absorption phenomena and is still much lower than the
state of the art of the macroscopic resonator [34]. Moreover,
the SHG setup needs to be driven with high pump power for
achieving large conversion efficiency in this process [14].

Then, a corresponding question arises: is it possible to
optimize the configuration design (e.g., an active microring
resonator is introduced to form an active-passive-coupled
microring-resonator SHG dimer structure, rather than a single-
passive-microring-resonator SHG system [14]) so that optical
SHG efficiency can be significantly enhanced for low enough
pump power? The answer is yes. More recently, it was clearly
shown that the active cavities can be extensively employed to
improve the sensitivity and precision of detection of nanoparti-
cles [35], to improve the monitoring of scatterer-induced mode
splitting [36], to extend photon lifetimes to the millisecond
range (lifetimes that are characteristic of phonons) [37], to
manipulate slow and fast light and dynamic pulse splitting
[38], to control dynamic Fano-like resonances [39], to amplify
a higher-order sideband [40], and to constitute parity-time
(PT )-symmetric microcavities (for recent reviews, see, e.g.,
Ref. [41] and references therein), including PT -symmetric
lasers [42–46] and nonreciprocal light transmission [47,48],
together with other interesting physical phenomena [49–
52]. Thus, the active-cavity-assisted devices may be a rich
playground to significantly boost SHG processes, which have
not been reported so far.

Motivated by the studies above, in the present work we
theoretically propose and investigate in detail an on-chip
scheme to efficiently enhance the SHG via an integrated
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nonlinear optical system based on the active-passive-coupled
double-microring resonators. By pumping the device with a
continuous-wave laser (seed) near the fundamental-harmonic
(FH) mode at the telecommunication wavelength, it is clearly
shown that the strong SHG process can exhibit the following
three important aspects.

First of all, the incident pump powers are rather low.
Even if an ultralow-power-driving pump is applied, an intense
SHG can be triggered in an active-cavity-assisted SHG dimer
system. It is found that the pump power required here is more
than four orders of magnitude lower than that in a standard
single-cavity SHG system reported previously [11–14].

Second, the efficiency of the SHG is large. In this proposed
microring dimer configuration, the observed SHG is enhanced
by factor of over 200 compared to the single-microring-
resonator SHG system reported previously by Guo et al. [14].
At the same time, the SHG conversion efficiency of around
72% can be obtained for a pump power of as low as 5 μW.

Third, the size of the SHG dimer system is small. The
significantly compact device proposed here can be combined
with integrated photonic chips, which are very robust and
scalable. In other words, compared with the previous studies
[11–18], our study achieved considerable improvement of the
nonlinear conversion efficiency that may pave the way for
practical applications using low-power nonlinear SHG-based
all-optical signal processing on chip.

The structure of this paper is as followings. We present
our model and the corresponding dynamical equations of
motion in Sec. II. Subsequently, the formal solutions of the
coupled equations are given in the steady-state case. In Sec. III,
we briefly illustrate the choice of a set of typical system
parameters found experimentally in microring resonators and
experimental feasibility. In Sec. IV, we analyze and discuss
how highly efficient SHG can be achieved with ultralow pump
driving by using experimentally accessible parameters. Also,
the influences of the detunings on the SHG are analyzed in
detail. Finally, we conclude the paper in Sec. V.

II. PHYSICAL MODEL, HAMILTONIAN, EQUATIONS OF
MOTION, AND SOLUTIONS

Referring to the schematic in Fig. 1 for the SHG process,
we consider a dimer configuration comprising two cou-
pled passive-active microring resonators. An optical passive
(loss) microring resonator with second-order nonlinearity
χ (2) possesses two optical modes, one mode at the FH
frequency (represented by â and ωa) and another mode
at the second-harmonic (SH) frequency (represented by b̂

and ωb � 2ωa). In this χ (2)-type microring structure, the
second-order nonlinear optical process relates two photons
at the FH frequency to a photon at the SH frequency, which
mediates a nonlinear coherent interaction (represented by g)
between the two different frequencies, ωa and ωb. We refer the
reader to Refs. [3,14] and references therein for more details
on the specific realization of such dual-resonant χ (2)-type
microcavities. At the same time, an additional active (gain)
single-mode microring resonator (represented by ĉ) with a
resonance frequency ωc � ωa is used to evanescently couple
the FH mode â of the passive microring resonator via their
spectral overlap [43–48], with a coupling strength J . The
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FIG. 1. Schematic for the enhanced SHG process in the coupled-
resonator system under study. An optical passive (loss) microring
resonator with the second-order nonlinearity χ (2) (the gray ring)
involves two optical modes, one mode at the FH frequency ωa (blue
line) and another mode at the SH frequency ωb � 2ωa (green line).
At the same time, the FH mode of the passive χ (2)-type microring
resonator is evanescently coupled to an active (gain) microring
resonator (ωc � ωa , the red ring) with a coupling strength J . A pump
field near the FH frequency (ωp � ωa) is applied on the passive
microring resonator to drive its FH mode through a side-coupled
waveguide (e.g., a fiber taper; gray straight line).

dynamics of the whole waveguide-side-coupled dimer system
with the pump-light driving near the FH frequency (ωp � ωa)
can be described by the Hamiltonian

Ĥ = Ĥ0 + Ĥab + Ĥac + Ĥdri . (1)

The first term describes the energies of the three cavity modes
in the absence of the intermode coupling and is given by

Ĥ0 = h̄ωaâ
†â + h̄ωbb̂

†b̂ + h̄ωcĉ
†ĉ, (2)

where â (â†), b̂ (b̂†), and ĉ (ĉ†) are the annihilation (creation)
operators of the FH, SH, and active photonic modes with the
commutation relations [â, â†] = 1, [b̂, b̂†] = 1, and [ĉ, ĉ†] =
1, respectively.

The second term in Eq. (1) describes a coupling of the FH
mode with the SH mode through the second-order nonlinearity
χ (2) in the passive microring resonator, which converts two
photons at the FH frequency to a photon at the SH frequency:

Ĥab = h̄g[â2b̂† + (â†)2b̂], (3)

where g is a nonlinear coupling constant between the two
modes whose explicit expression is provided in detail in
Ref. [14], with the following form:

g = ζ

√
h̄ω2

aωb

ε02πR

1

εa

√
εb

3χ (2)

4
√

2
, (4)

where the geometrical parameters involved are the radius of the
passive microring R and the effective mode-overlapping factor
at the cross section of the microring ζ . As a result, in order to
achieve a large nonlinear coupling constant g, a large overlap
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of the FH and SH modes of the microring resonator has to be
attained through intracavity photothermal tuning [14,18]. This
formula also emphasizes that a material with a high second-
order susceptibility coefficient χ (2), small microring radius R,
and low relative permittivity of dielectrics εa(b) is preferable.
Above, ε0 is the vacuum permittivity.

The third term in Eq. (1) describes the coupling of the FH
mode in the χ (2)-type microring resonator with the single mode
in the active microring resonator:

Ĥac = h̄J (âĉ† + â†ĉ). (5)

Notice that the intercavity coupling strength J can be tuned and
controlled by the gap between the two microring resonators, as
shown experimentally in Refs. [43–48]. It is also worthwhile
to mention that, in the limit of vanishing value J = 0, the
proposed model reduces to the standard Hamiltonian of the
single-microring-resonator SHG system in Ref. [14].

Finally, the last term in Eq. (1) describes an external driving
field pumping the FH mode:

Ĥdri = h̄
√

ηaκa(εpâ†e−iωpt + ε∗
pâeiωpt ), (6)

where the input pump field can be expressed by sin(t) =
εpe−iωpt , with the drive frequency ωp and field amplitude
εp related to the pump power Pp by the relationship εp =√

Pp/(h̄ωp). The cavity-waveguide coupling coefficient ηa for
the FH mode is given by ηa = κa

e /(κi
a + κe

a ) = κe
a/κa , where

κi
a , κe

a , and κa ≡ κi
a + κe

a denote the intrinsic, external, and
total loss rates, respectively. The former (κi

a) is due to loss in the
resonator itself, whereas the latter (κe

a ) is due to the coupling to
the waveguide. Similarly, ηb = κb

e /(κi
b + κe

b ) = κe
b/κb, where

κi
a , κe

a , and κb ≡ κi
b + κe

b denote the intrinsic, external, and total
decay rates of the SH mode, respectively. In the following, for
the active microring resonator, κc denotes its effective loss
rate, which is reduced by the external pump ξ [35–40] with
the relationship κc = κi

c − ξ (κi
c is the intrinsic loss rate of

the cavity mode ĉ). It is obvious that κc > 0 corresponds to a
passive cavity, and in contrast, κc < 0 corresponds to an active
one.

Applying a unitary transformation (or, equivalently, a
reference frame rotating with pump frequency ωp) Û =
exp[−iωpt(â†â + 2b̂†b̂ + ĉ†ĉ)], we transform the Hamilto-
nian (1) into the form (assuming h̄ = 1)

Ĥrot = �aâ
†â + �bb̂

†b̂ + �cĉ
†ĉ + J (âĉ† + â†ĉ)

+g[â2b̂† + (â†)2b̂] + √
ηaκa(εpâ† + ε∗

pâ), (7)

where �a = ωa − ωp, �b = ωb − 2ωp, and �c = ωc − ωp

are the frequency detunings of the FH, SH, and active
modes from the pump laser. For most of this paper, we
study the situation ωb = 2ωa; thus, we have �b = 2�a .
When considering their detuning W = ωb − 2ωa , we have
the relationship �b = 2�a + W . In addition, when setting the
detuning � = ωc − ωa between the active and FH modes, we
have the relationship �c = �a + �.

According to the resulting Hamiltonian [Eq. (7)] and
Heisenberg-Langevin formalism dF̂

dt
= −i[F̂ ,Ĥrot ], reducing

the operators to their mean values and dropping the quantum
noise terms (all the noise operators have zero mean values),
we can arrive at the following Heisenberg-Langevin equations

of motion:

da

dt
= −(i�a + κa/2)a − iJ c − 2iga∗b − i

√
ηaκaεp, (8)

db

dt
= −(i�b + κb/2)b − iga2, (9)

dc

dt
= −(i�c + κc/2)c − iJ a, (10)

where the decay rates (κa , κb, and κc) of the FH, SH, and active-
cavity modes have been added phenomenologically [53,54].

The formal solutions of Eqs. (8)–(10) in the steady-state
condition by setting all the time derivatives to zero (i.e., dx

dt
=

0, x = a,b,c) can be obtained as

h3|a|6 + h2|a|4 + h1|a|2 + h0 = 0, (11)

b = −iga2

δb

, (12)

c = −iJ a

δc

, (13)

where we have defined the following coefficients:

h0 = −ηaκa|δb|2|δc|2ε2
p, (14)

h1 = |δb|2[|δa|2|δc|2 + (δaδc + δ∗
aδ

∗
c )J 2 + J 4], (15)

h2 = 2g2[(δaδb + δ∗
aδ

∗
b )|δc|2 + (δbδ

∗
c + δ∗

bδc)J 2], (16)

h3 = 4|δc|2g4, (17)

together with δa = i�a + κa/2, δb = i�b + κb/2, and δc =
i�c + κc/2. It is pointed out that, for Eq. (11), the numerical
calculation is needed to solve the value of a.

By means of the connection between the Heisenberg-
Langevin equation formalism and the input-output theory
[53,54], namely, the relation bout = −i

√
ηbκbb for the SHG

process, we can arrive at the intensity transmission of the SH
signal, which is the absolute-value square of the ratio of the
SH output field to the input pump field, as follows:

Tb =
∣∣∣∣bout

εp

∣∣∣∣
2

= ηbκb|b|2
ε2
p

= ηbκbg
2|a|4

|δb|2ε2
p

, (18)

where bout is the field amplitude of the output SH signal.
Equation (18) also yields the absolute conversion efficiency
of the SH signal. It is an important figure of merit to evaluate
the SHG conversion performance.

III. CHOICE OF TYPICAL PARAMETERS FOUND
EXPERIMENTALLY IN MICRORING RESONATORS AND

EXPERIMENTAL FEASIBILITY

Before proceeding, we briefly address the state-of-the-
art parameter set for the numerical simulations. Here, we
make use of typical experimental parameter values for the
dual-resonant aluminum nitride (AlN) microring resonator
reported in Ref. [14], where the intrinsic χ (2)-type nonlinearity
and the coupling conditions for dual-band operation can be
precisely controlled with nanofabrication technology and the
phase-matching conditions can be fulfilled through thermal
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tuning. According to the experiment in Ref. [14], a nonlinear
coupling strength via second-order nonlinearity χ (2) can be
made to be g/2π ∼ 0.1 MHz. The actual values of the other
system parameters in the relevant experiment [14] are chosen
for the microring resonator to be the FH mode wavelength λa =
1550 nm, the SH mode wavelength λb = 775 nm, the total
quality factor of FH mode Qa = 4.6 × 105 [corresponding to
the total loss rate κa/2π = c/(λaQa) � 0.4 GHz], the total
quality-factor of SH mode Qb = 2.3 × 105 [corresponding
to the total loss rate κb/2π = c/(λbQb) � 1.7 GHz], and
the cavity-waveguide coupling coefficients ηa = 0.5 for the
FH mode and ηb = 0.75 for the SH mode. We set the
intercavity coupling strength J/2π = 0.18 GHz without loss
of generality, which can be readily achieved by adjusting the
gap between the two microring resonators [43–48]. The active
resonator is fabricated from rare-earth-ion (e.g., Er3+) doped
silica, and the gain is provided by optical pumping [43–48]. An
individual bus waveguide with the add-through configuration
fabricated by the heat-and-pull technique is used to guide laser
light into and out of the FH and SH modes of the passive
microring resonator.

Subsequently, we give a brief discussion of the more
technical aspects regarding the experimental feasibility of
this double-microring-resonator system (see Fig. 1). First, the
passive microring resonator is made from AlN [14], whereas
the active microring resonator is made from erbium-ion-doped
silica film, which is formed using sol-gel synthesis [47]. The
coupling strength is tuned by varying the distance between the
two microring resonators. A natural question to ask, then, is
how both the Er-doped active microring and the AlN passive
microring are put on the same epitaxial chip by respecting
the design distance between them. This can be done by
fabricating each of the microrings at the edge of a different
chip and by controlling the separation between chips by
using nanopositioning systems on which the chips are placed.
This is a technique that has been successfully employed in
Refs. [47,55].

Second, it has been experimentally shown in Refs. [14,56]
that the energy conservation or, equivalently, the wavelength
matching (ωb = 2ωa or λa = 2λb) can be roughly satisfied by
engineering the width of the microring appropriately. That is
to say, the resonance wavelength of the FH mode a is roughly
2 times that of the SH mode b, with a small misalignment.
In this case, the small misalignment means that the energy
conservation is not perfectly fulfilled. In order to optimize SHG
efficiency, therefore, we need to finely tune the two resonances
to perfectly fulfill the energy conservation condition via
thermal tuning [14,47,55]. As expected, the optimized SHG
efficiency will occur at a certain temperature when the energy
conservation condition holds. The quantitative influence of
thermal tuning on the SHG behavior is beyond the scope of the
current work and will be systematically explored in the future.

Last, on the one hand, as is well known, only when the
frequencies of the two cavity modes [e.g., (i) the FH mode a

and the active mode c in the form of the linear exchange-type
coupling, see Eq. (5), or (ii) the FH mode a and the SH mode
b in the form of the nonlinear double-frequency coupling,
see Eq. (3)] are the same (resonance) or close (near resonance)
does a strong coherent interaction between both modes appear.
Mathematically, this condition is expressed as ωa � ωc for

case (i) and ωb � 2ωa for case (ii). It is worth mentioning
that the frequency of the SH mode b is roughly 2 times that
of the active mode c in the proposed scheme because the
frequencies of the two cavity modes (i.e., the FH mode a

and the active mode c) are the same (at resonance) or close
(near resonance), i.e., ωa � ωc via thermal tuning. At the same
time, the frequency of the SH mode b is 2 times that of the FH
mode a, i.e., ωb � 2ωa via thermal tuning. As a consequence,
cavity modes b and c can be well decoupled owing to a large
frequency space with a value of ∼ωa . On the other hand, the
nonlinear χ (2)-type material between the passive microring and
the active microring does not exist at all, which also avoids
the nonlinear optical response of the intercavity coupling at the
SH wavelength. Overall, we believe that the present model can
provide a qualitative illustration of the following observable
SHG properties.

IV. RESULTS AND DISCUSSION FOR ACTIVE-PASSIVE
RESONATOR-ENHANCED SHG

We now numerically calculate the SHG intensity based on
Eqs. (11)–(13) and (18). Figure 2(a) shows the normalized
intensity transmission spectra of the SH signal for three
different characteristic configurations: (i) a single-microring-
resonator SHG system (the blue dashed line) from [14],
(ii) a passive-microring-resonator-assisted SHG dimer system
(the pink dotted line), and (iii) an active-microring-resonator-
assisted SHG dimer system (the red solid line). First of all,
we find from the blue dashed line in Fig. 2(a) that, for a
single-microring-resonator SHG system, the SHG Tb slightly
increases as Pp quickly increases and Tb is weak. Second,
for a passive-microring-resonator-assisted dimer system, the
SHG follows a trend similar to that in the previous case in
a single-microring-resonator SHG system, as shown by the
pink dotted line in Fig. 2(a). Nevertheless, the SHG becomes
increasingly weaker. Last, it can be easily seen from the red
solid line in Fig. 2(a) that, in an active-microring-resonator-
assisted SHG dimer system, there is a significant enhancement
of the SHG compared with the other two configurations.
In particular, the intensity of the SHG grows much faster
than the other two for low enough pump. Specifically, as the
pump power Pp is increased, the SHG Tb grows considerably,
and then it saturates, and an obvious SHG peak appears
in the transmission spectra. With further increasing Pp, Tb

starts to drop slowly, but it still is much larger than in
the other two cases. The high SHG transmission intensities
(also representing the conversion efficiencies) of 50%, 72%,
and 86% can be achieved at pump powers of 2, 5, and
10 μW, respectively. The SHG transmission Tb is maximized
at Pp � 35 μW with the value Tb � 1 [see Fig. 2(a)].

The reason for the saturation and reduction effects [see
Fig. 2(a)] in the SHG intensity against the pump field in the
active-microring-resonator-assisted SHG dimer system can
be well explained as follows. With high pump power, the
non-negligible back-action of the SH field on the FH field
gives rise to an optical stimulated down-conversion process,
which corresponds to the term −2iga∗b in Eq. (8) [57]. The
interference and competition between the SH field and the
stimulated down-conversion therefore leads to the saturation
to reduction of the SH photon output [3]. Actually, the

013815-4



SECOND-HARMONIC GENERATION WITH ULTRALOW- . . . PHYSICAL REVIEW A 96, 013815 (2017)

0 100 200 300 400 500
0.0

0.2

0.4

0.6

0.8

1.0

P
p
 (μW)

S
H

G
 tr

an
sm

is
si

on
 T

b

 

 

S−MR
P−MR
A−MR

(a)

0 10 20 30 40 50
10

1

10
2

10
3

X: 10
Y: 162.9

P
p
 (μW)

S
H

G
 e

nh
an

ce
m

en
t f

ac
to

r 
R

X: 20
Y: 92.76

X: 30
Y: 65.04

X: 40
Y: 50.21 X: 50

Y: 41

(b)

FIG. 2. (a) Normalized SHG intensity transmission Tb as a
function of the FH pump power Pp for three different characteristic
configurations: (i) a single-microring-resonator (S-MR) SHG system
(J/2π = 0 and κc/2π = 0), (ii) a passive microring resonator (P-
MR) assisted SHG dimer system (J/2π = 0.18 GHz and κc/2π =
0.4 GHz), and (iii) an active microring resonator (A-MR) assisted
SHG dimer system (J/2π = 0.18 GHz and κc/2π = −0.4 GHz).
Here, Tb is normalized to the input pump intensity. (b) SHG
enhancement factor R, defined by R = T

(A−MR)
b /T

(S−MR)
b , versus

the FH pump power Pp . Other system parameters are chosen to be
g/2π = 0.1 MHz, κa/2π = 0.4 GHz, κb/2π = 1.7 GHz, ηa = 0.5,
ηb = 0.75, W/2π = 0, �a/2π = 0, �b/2π = 0, and �c/2π = 0.
The wavelength of the FH pump field is chosen to be λp = 1550 nm.

single-microring-resonator SHG system reported previously in
[14] also exhibits this typical saturation-to-reduction property
in the significantly strong pump regime corresponding to a few
tens of milliwatts, which is about four orders of magnitude
higher than the several microwatts required in the present
active-microring-resonator-assisted SHG dimer system.

In order to further evaluate the enhancement degree of
the SHG process in an explicit way, we define a SHG
enhancement factor, quantified by R = T

(A−MR)
b /T

(S−MR)
b ,

which is the ratio of the SHG intensity from our proposed
active-microring-resonator-assisted SHG dimer system to that

from the previous single-microring-resonator SHG system in
Ref. [14]. Figure 2(b) clearly displays the SHG enhancement
factor R against the pump power Pp. We observe from Fig. 2(b)
that, when the pump power Pp is set equal to the value of
10 μW in this simulation, there is as much as a 163-fold
enhancement of the SHG compared to that reported by the
single-microring-resonator SHG system in Ref. [14]. As Pp

increases, R becomes smaller, but still R � 1, e.g., R = 41
for Pp = 50 μW, as shown in Fig. 2(b).

Moreover, from Fig. 2 another noteworthy feature can be
found; that is, the obtained SHG allows an ultralow pump
threshold for such an active-microring-resonator-assisted SHG
dimer system. For example, we can achieve the SHG intensity
Tb � 0.72–8.85 in the weak-driving regime corresponding to
the ultralow pump power Pp = 5–10 μW. To gain important
physical insights into the feature of this ultralow pump
threshold in the strong SHG response, we follow the approach
in Ref. [14] to introduce the SHG cooperativity parameter β by
the relation β = 8g2|a|2/(κaκb), which is directly proportional
to |a|2 (note that, here, |a|2 stands for the intracavity energy of
the FH mode). This means that the cooperativity parameter
β can measure the intracavity energy of the FH mode in
the passive microring resonator. The intracavity energy at
FH is increased gradually by the pump field from external
driving and the coupling of the second active microring.
When the intracavity energy at FH is enough strong, the FH
intracavity field and the down-conversion can cancel due to
the interference between them [3,14], leading to a saturation
of the SHG intensity transmission and thereafter its depletion.
So there exists a maximum SHG intensity transmission at a
specific input power, which is called the threshold pump power.
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FIG. 3. Cooperativity β for the SHG process against the FH pump
power Pp for three different characteristic configurations: (i) a single-
microring-resonator (S-MR) SHG system (J/2π = 0 and κc/2π =
0), (ii) a passive microring resonator (P-MR) assisted SHG dimer
system (J/2π = 0.18 GHz and κc/2π = 0.4 GHz), and (iii) an active
microring resonator (A-MR) assisted SHG dimer system (J/2π =
0.18 GHz and κc/2π = −0.4 GHz). In the inset we show an enlarged
view of the cooperativity parameter for clarity. The parameters used
for the calculation are g/2π = 0.1 MHz, κa/2π = 0.4 GHz, κb/2π =
1.7 GHz, ηa = 0.5, ηb = 0.75, W/2π = 0, �a/2π = 0, �b/2π = 0,
and �c/2π = 0.
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FIG. 4. Contour plot of the normalized SHG intensity transmis-
sion Tb as a function of the detuning �a between the pump field and
FH mode as well as the detuning � between the active-cavity mode
and FH mode for the active-microring-resonator-assisted SHG dimer
system. Other system parameters are g/2π = 0.1 MHz, J/2π =
0.18 GHz, κa/2π = 0.4 GHz, κb/2π = 1.7 GHz, κc/2π = −0.4
GHz, ηa = 0.5, ηb = 0.75, W/2π = 0, and Pp = 10 μW.

In Fig. 3, we present the dependence of the SHG co-
operativity parameter β on the pump power Pp for three
different configurations corresponding to Fig. 2(a). The inset
in Fig. 3 shows the expanded spectra in a smaller region of the
vertical axis. Note that the blue dashed line in Fig. 3 for the
single-microring-resonator SHG system in [14] corresponds
to Fig. S1 of Ref. [58]. It is easy to see from Fig. 3 that the
SHG cooperativity parameter β can be enhanced significantly
for the active-microring-resonator-assisted SHG dimer system
with respect to the other two cases. Specifically, the SHG
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FIG. 5. Contour plot of the normalized SHG intensity trans-
mission Tb as a function of the FH pump power Pp and the
detuning � between the active-cavity mode and FH mode for the
active-microring-resonator-assisted SHG dimer system. Other system
parameters are g/2π = 0.1 MHz, J/2π = 0.18 GHz, κa/2π =
0.4 GHz, κb/2π = 1.7 GHz, κc/2π = −0.4 GHz, ηa = 0.5, ηb =
0.75, W/2π = 0, and �a/2π = 0.
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FIG. 6. Contour plot of the normalized SHG intensity transmis-
sion Tb as a function of the detuning �a between the pump field and
FH mode as well as the detuning W between the SH mode and FH
mode for the active-microring-resonator-assisted SHG dimer system.
Other system parameters are g/2π = 0.1 MHz, J/2π = 0.18 GHz,
κa/2π = 0.4 GHz, κb/2π = 1.7 GHz, κc/2π = −0.4 GHz, ηa =
0.5, ηb = 0.75, �a/2π = 0, and Pp = 10 μW.

cooperativity parameter β for a pump power of 20 μW is
around 0.014 at the single-microring-resonator SHG system
and 0.004 at the passive-microring-resonator-assisted SHG
dimer system, while it is enhanced by 10 to 35 times up to
0.14 with the active-microring-resonator-assisted SHG dimer
system, as shown in the inset of Fig. 3.

Physically, for our considered dimer configuration con-
sisting of two loss-gain microring resonators, the efficient
FH field localization can occur by introducing the second
gain microring resonator owing to the linear exchange-type
coupling between the FH mode a and the active mode c

[see Eq. (5)]. This process efficiently induces dynamical
accumulation of the intracavity energy at the FH mode in
the χ (2)-type passive microring resonator as depicted in Fig. 3,
which thus produces a greatly enhanced χ (2) nonlinearity (see
[59–63] and references therein). This ultimately leads to the
observed results that the SHG efficiency is enhanced and the
SHG is triggered even if an ultralow pump power is applied.

In the analysis so far, however, we have not yet taken into
account the frequency detunings including (i) �a between
the pump field and the FH mode, (ii) � between the active-
cavity mode and the FH mode, and (iii) W between the
SH mode and the FH mode introduced in Eq. (7) when
calculating the SHG intensity. To this end, we now discuss
the influences of �, �a , and W on the SHG intensity for
the active-microring-resonator-assisted SHG dimer system, as
shown in Figs. 4–6. In Fig. 4, we plot the two-dimensional
color-scale map of the SHG intensity transmission Tb as a
function of the detuning �a between the pump field and the
FH mode as well as the detuning � between the active-cavity
mode and the FH mode. The FH pump power in Fig. 4 is fixed
at a value of 10 μW. We immediately see from Fig. 4 that the
SHG intensity transmission spectrum is modified dynamically
by the presence of the detunings �a and �, regardless of
the sign of these detunings. Specifically, the SHG intensity
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Tb decreases rapidly with the increase in both �a and �.
Physically, this is because, on the one hand, the second-order
nonlinearity-induced interactions become weakened under
the off-resonance pump powers and, on the other hand, the
localization-induced intensity accumulation in the χ (2)-type
passive microring resonator is heavily suppressed under the
off-resonance intercavity coupling intensities. In other words,
in the existence of these nonzero-frequency detunings, the key
consequence is that the second nonlinear process becomes less
efficient in a sense.

In order to further show explicitly the dependency of the
generated SH output spectrum on the detuning � and the pump
power Pp, we plot the density distribution of the SHG intensity
transmission in Fig. 5 under the condition of the detuning
�a = 0. As is seen from the color plot, this SHG phenomenon
can be triggered even though a small amount of pump power is
applied to the system. For given intrinsic resonator parameters
like quality factors and second-order nonlinearity, therefore,
the SHG can be optimized by choosing the appropriate pump
power and vanishing frequency detuning. These results are
consistent with those obtained from Fig. 2(a). Finally, Fig. 6
represents the contour diagram showing the intensity variation
of the SH transmitted field with respect to the detuning W

between the SH mode and the FH mode as well as the detuning
� between the active-cavity mode and the FH mode under
�a = 0. As shown in Fig. 6, characteristics similar to those in
Fig. 4 can be observed as W increases.

V. CONCLUDING REMARKS

In summary, we have proposed and explored an efficient and
low-power SHG process in a compact dimer configuration by
utilizing currently available technology within the framework
of quantum optics. Here, the hybrid system comprises the
active-passive double-microring resonators with the effective
χ (2) nonlinearity of the AlN material. By making the passive

microring resonator doubly resonant at a FH wavelength of
1500 nm (C band) and a SH wavelength of 750 nm (visible
range), the SHG intensity transmission can be enhanced by a
factor of over 200 due to the presence of an active microring
resonator for our device compared with the previous result
in a single-microring-resonator SHG scheme [14]. A SHG
efficiency of about 72% is predicted for a pump power
of as low as 5 μW. At the same time, it turns out that
the strong SHG process features an ultralow-power pump
threshold, which, to our knowledge, was not possible before
in a single-microring-resonator SHG system. The frequency-
doubling scheme demonstrated here may provide a potential
route for development of a new tunable laser source of coherent
high-energy photons with a microwatt-level threshold on a
chip. We believe that our proposal is feasible in experimental
realizations and deserves to be tested with the currently
existing experimental conditions.
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T. Yamamoto, Visible light emission from a silica microbottle
resonator by second- and third-harmonic generation, Opt. Lett.
41, 5793 (2016).

[27] M. W. McCutcheon, J. F. Young, G. W. Rieger, D. Dalacu,
S. Frédérick, P. J. Poole, and R. L. Williams, Experimental
demonstration of second-order processes in photonic crystal
microcavities at submilliwatt excitation powers, Phys. Rev. B
76, 245104 (2007).

[28] K. Rivoire, Z. Lin, F. Hatami, W. T. Masselink, and J. Vučković,
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[59] H. Jing, Ş. K. Özdemir, X.-Y. Lü, J. Zhang, L. Yang, and F. Nori,

PT -Symmetric Phonon Laser, Phys. Rev. Lett. 113, 053604
(2014).
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