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Protected ultrastrong coupling regime of the two-photon quantum Rabi model with trapped ions
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We propose a robust realization of the two-photon quantum Rabi model in a trapped-ion setting based on
a continuous dynamical decoupling scheme. In this manner the magnetic dephasing noise, which is identified
as the main obstacle to achieve long-time coherent dynamics in ion-trap simulators, can be safely eliminated.
More specifically, we investigate the ultrastrong coupling regime of the two-photon quantum Rabi model whose
realization in trapped ions involves second-order sideband processes. Hence, the resulting dynamics becomes
unavoidably slow and more exposed to magnetic noise requiring an appropriate scheme for its elimination.
Furthermore, we discuss how dynamical decoupling methods take a dual role in our protocol, namely they
remove the main source of decoherence from the dynamics while they actively define the parameter regime of

the simulated model.
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I. INTRODUCTION

Dealing with almost perfectly isolated quantum registers
is nowadays possible thanks to the development of modern
quantum technologies [1,2]. However, inherent experimental
imperfections still challenge the achievement of isolated
quantum systems leading to decoherence [3] and, therefore, to
the loss of the quantum properties of the system. Although the
impact of these imperfections might be reduced by upcoming
technological advances, the use of schemes of external
control that provides robustness against noise is preferred
as they are currently feasible and potentially adaptable to
different quantum platforms. In this respect, decoherence-free
subspaces [4], quantum error correction [5], and dynamical
decoupling techniques [6] find themselves among the most
employed strategies to cope with different sources of noise as
a result of their simplicity and versatility.

On the other hand, trapped-ions represent one of the
most promising platforms for quantum information processing
due the combination of long coherence times for the qubits
with the ability to initialize the registers, and to perform
high-fidelity coherent operations and measurements [7—11]. In
particular, while different setups may suffer from distinct noise
sources, quantum coherence in typical experiments involving
metastable states of optical ions or microwave-driven ions is
mainly limited by fluctuating magnetic fields, which leads to
dephasing noise. In addition, thermal noise and imperfections
in the applied-radiation parameters, to be commented later,
might be also of importance [7,8]. It is then desirable to
develop methods to cope with magnetic-dephasing noise; see,
for example, the techniques in Refs. [12—14] that are designed
to achieve noise-resilient two-qubit gates. These methods,
besides being feasible to implement, ought to extend the
quantum coherence of the system by removing different noise
contributions and provide with a wide range of parameter
regimes to display the aimed quantum evolution.

In this article we propose a scheme based on continuous
dynamical decoupling techniques to carry out a robust re-
alization of the two-photon quantum Rabi model (2PQRM)
in a trapped ion. This is achieved via the application of
external radiation (laser) that plays multiple roles in our
scheme; it couples the internal degrees of freedom of a single
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trapped-ion with the external (vibrational) ones, determines the
range of simulated parameter regime, and suppresses magnetic
fluctuations in the dynamics. A trapped-ion simulation of the
2PQRM has been recently proposed in Ref. [15] as a natural
extension of the quantum Rabi model (QRM) simulation.
The latter in its different forms, e.g., [16,17], has served
to study intriguing phenomena of the QRM such as the
emergence of a quantum phase transition [18,19], or the
appearance of collapses and revivals of the qubit population
in the deep strong coupling regime [20]. The 2PQRM features
interesting physics especially in its ultrastrong coupling (USC)
regime, which we define in analogy to the USC regime in the
QRM [21,22], namely, when the coupling constant becomes
comparable to the bosonic frequency. However, because the
two-photon interaction terms in the 2PQRM is realized through
slow second-order sideband processes, the simulation of the
dynamics in the USC regime is unavoidably slow and is
therefore prone to noise that spoils its realization. Therefore,
a robust scheme against magnetic fluctuations may become
inevitable for a faithful realization of the dynamics in the USC
regime.

This article is organized as follows. Section II is dedicated
to introduce the 2PQRM, while in Sec. III we discuss the
applicability of dynamical decoupling methods in the context
of optical trapped ions. In Sec. IV it is demonstrated, by
means of detailed numerical simulations, that our protected
trapped-ion scheme enhances the completion of the 2PQRM
with respect to the bare case where the magnetic-dephasing
noise damages its realization. As a result, a faithful and robust
simulation of the 2PQRM is accomplished. Finally, in Sec. V
we summarize the main results.

II. TWO-PHOTON QUANTUM RABI MODEL

The 2PQRM describes the interaction between a single two-
level system and a bosonic mode. However, the coupling term
differs from that of the QRM because the interaction is based
on the exchange of two bosonic excitations. The Hamiltonian
of the 2PQRM reads (& = 1)

Y, . % <2 2
Hoporm = >0 + @pa'a + gla” + (a')]oy. (D
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The Pauli operators oy, . act on the two-level system, whose
frequency splitting is Q. Additionally, a and a' represent the
usual annihilation and creation operators of the quantized
bosonic mode with a frequency &y, and a corresponding
coupling parameter ¢ between both subsystems. For the sake
of clarity, parameters with tilde will refer throughout the article
to those of the HopgrMm-

The 2PQRM has been acknowledged to play a role in
preparing nonclassical states of light and to correctly describe
second-order processes across different systems [23-27].
Furthermore, the 2PQRM exhibits some interesting features,
which have been recently subject to study, such as its
integrability or the appearance of spectral collapse [15,28-30].
Indeed, regardless of the specific value of €2, when the coupling
constant reaches the value g, = @y/2, the spectrum becomes
continuous above a certain excitation energy and the bosonic
population diverges in excited eigenstates [15,30]. In addition,
Hsporm becomes unbounded from below for larger couplings,
g > g,.. Certainly, these phenomena take place in the USC
regime as g becomes a large fraction of the bosonic frequency
@y. This regime can be achieved in a trapped-ion experiment as
recently proposed in Ref. [15] where the coupling parameter
can be brought close to g, = @o/2.

However, as we will see later, a major constraint to the
exploration of the USC regime for two-photon processes in a
trapped-ion setting resides in the relatively small couplings that
can be accomplished. As a consequence, the desired dynamics
takes place in a time scale that may exceed the coherence
time in the trapped-ion setup, and thus, it will be spoiled
by the presence of realistic experimental imperfections, such
as magnetic-field fluctuations. Hence, a prolonged coherence
time or a noise-resilient scheme turn out to be crucial to explore
this regime. In the following we propose a scheme to faithfully
realize the 2PQRM based on continuous dynamical decoupling
to prolong the coherence time of the system, originally limited
by the presence of dephasing noise.

III. 2PQRM REALIZATION WITH A TRAPPED ION

In this section we present first the standard or bare scheme
for achieving a 2PQRM using a trapped ion. Then, in Sec. IIT A
we describe the magnetic-field fluctuations, their incorporation
to the trapped-ion dynamics, and how these fluctuations
certainly spoil the bare realization of the 2PQRM. However,
they can be overcome by means of a continuous dynamical
decoupling scheme, which is explained in Sec. III B together
with its actual trapped-ion implementation.

Consider a single atomic ion where two particular internal
electronic states, separated by a corresponding frequency
splitting w; define a qubit, and itis placed in a trap of frequency
v. Then, the corresponding Hamiltonian of the trapped ion and
its interaction with different irradiatign sources, characterized
by Rabi frequency 2;, wave vector k; with k; its component
in the direction of the ion’s vibration, frequency w;, and initial
phase ¢;, can be written as [7,8]

Hyp; = %Uz +vata + Z 7](7,5 [ekit=@it=¢) 4 H .
j

2
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Here, X stands for the ion position operator in the harmonic
trap, £ = 2mv)~"?(a +a'), with m the ion mass. It is
useful to introduce the so-called Lamb-Dicke parameter
n; = k;j(2mv)~'/2, which quantifies the coupling between the
internal qubit states and the motional states of the ion. To
better understand the forthcoming approximations, it is helpful
to have in mind typical values for trapped-ion experiments.
In particular, we consider those of an optical ion,*°Cat,
which are v =27 x 2.0MHz and w; = 27 x 4 x 10'* Hz,
which corresponds to an optical wavelength of 729 nm. The
corresponding Rabi frequencies of the lasers lie in the range of
kHz, while the Lamb-Dicke parameter is typically n ~ 1072
[31,32]. We will focus on this specific system through the rest
of the article.

As a consequence of the considered parameters, the optical
rotating-wave approximation (RWA) can be safely invoked
[7,8], ie., terms oscillating at frequency w; + w; can be
neglected (note that w; + w; >> £2;), while keeping those that
evolve at a speed of w; — w;. Then, in an interaction picture
with respect to the free Hamiltonian Hy = %o, + vala,

and within the Lamb-Dicke regime, n+/{(a + a’)?) < 1, the
previous Hamiltonian can be further developed to give rise
to Jaynes-Cummings and/or anti-Jaynes-Cummings structures
[8]. In order to achieve the two-photon coupling, two driving
lasers tuned to w,, = w; F 2v — §,;, are needed. In the latter
equation the subscripts » and b denote the lasers that drive
second-order red and blue sidebands, respectively [7,15].
The detunings §,; are chosen to be small, |§,,| < v, which
together with the condition £2,., < v, allow us to apply the
vibrational RWA, and thus, the trapped-ion Hamiltonian adopts
the following form

Q . .
H}, ~ —Trnf(a+a2e’5”e”¢’ +H.c.)

- Tbn§[0+(a1)ze’5”’e_’¢b +Hel @)

ChOOSil’lg ¢r =¢b =7, Qr = Qb =Q and nr="mnp =1,
the previous Hamiltonian acquires the form of a 2PQRM
Haporm = /20, + @oa'a + gla® + (a')*]o, in an interac-
tion picture with respect to Hy = Q/20. + @oa'a, where
Q=8 +6)/2, @ =8 —5)/4, and § =n>Q/4. This
corresponds to a realization of the 2PQRM with a trapped
ion [15]. Nevertheless, beyond the correct functioning of the
aforementioned approximations, magnetic-field fluctuations
may set a tighter constraint to the actual realization of the
model, which have not been introduced so far. As anticipated,
as a consequence of small coupling, § o 1%, a simulation
time for the strong and ultrastrong coupling regime dynamics
becomes long. Note that § ~ 10> Hz and consequently, to
achieve USC, @y ~ 10?> Hz. As a rough estimate, relevant
effects of the Hamiltonian will take place when gr ~ 1/2,
which leads to simulation times, t ~ 5 ms, already of the
order of the coherence time 7, (see following subsection).
It is therefore desirable to attain, by means of a simple
scheme, a longer and noise-resilient, yet tunable, realization
of the 2PQRM, which is precisely the objective of the present
article.
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A. Magnetic-dephasing noise

Typical experiments performed with the metastable internal
states of optical ions, as it is the case for the 4OcCat ion, show
magnetic fluctuations, which set a coherence time of the qubit
to T, ~ 3 ms [32], while noises such as phonon heating and
qubit decay (with rates ~10 Hz and ~1 Hz respectively)
are expected to play a role in a much longer time scale
[33]. In the same manner, trapped-ion experiments involving
magnetic-field gradients are also affected by magnetic-field
fluctuations exhibiting similar coherence times, as in the case
of the microwave-driven "' Yb* ion [12]. Therefore, no further
sources of noise have been included in our analysis since
the examined total evolution time is, at least, one order of
magnitude shorter than their typical rates. It is then expected
that their effect is negligible.

The effect of magnetic-field fluctuations in the trapped-
ion Hamiltonian can be effectively captured by adding an
extra stochastic o, term. Therefore, the noisy trapped-ion
Hamiltonian becomes Hr; , = Hr; + Hy,, where Hy, simply
reads

Hdp = —70;. (4)

This magnetic-field fluctuation can be modeled as an Orstein-
Uhlenbeck process [34-37], as illustrated in Refs. [17,38,39],
since it successfully describes the decay of coherence due to
dephasing noise [40,41].

The time evolution of the stochastic variable &(¢) within
the Orstein-Uhlenbeck model depends only on two variables,
namely, correlation time t and diffusion constant c,

1/2
§0 =50+ [T N0, ©)

N(@)=0, N@ON@)=358t—1), (6)

where the overline denotes stochastic average and N(7)
represents a normal-distributed random variable. While the
correlation time 7 determines the width of the spectral density,
the diffusion constant is proportional to the total power. That is,
7 defines a characteristic frequency, f., = 1/(2x 1), at which
the spectral density changes from S(f < f.,) o« f%to S(f >
fer) X f -2, Accordingly, both values, ¢ and 7, are linked to
the coherence time 7, of the system, 7, ~ 2/ (ct®)fort < T
[36,37]. This is indeed the typical scenario in trapped ions,
where the quantum coherence decays exponentially in a time
longer than the correlation time of magnetic-field fluctuations
[40]. In Ref. [42], based on trapped-ion measurements, T =
100us is proposed as a good estimate for the correlation
time of the magnetic noise. Hence, in the following we will
consider t = 100us and a coherence time 7, = 3ms. We refer
to Appendix A for further details.

B. Protected 2PQRM: Continuous dynamical decoupling

In this part we summarize how to overcome the effect of
dephasing noise by continuous dynamical decoupling, and
how to implement it in a trapped-ion setup for a robust
realization of the 2PQRM. In short, this method consists in
using an additional driving field that gives rise to a dressed
basis in which the effect of the noise is suppressed. This
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is achieved if the energy gap in the new dressed basis is
sufficiently large such that noise is not capable of producing
transitions due to energy conservation [17,41]. Continuous
dynamical decoupling is useful in providing protection when
a system is subject to a time-correlated noise, that is, a noise
with a finite spectral width. This is indeed the case of the
magnetic-dephasing noise, which can be modeled as described
earlier. For the case of pulsed dynamical decoupling, see, for
example, Refs. [6,43].

The simplest case consists in considering the Hamiltonian
H =£&(t)/20, + wy/20,, i.e., one qubit with an energy split-
ting wy that it is affected by the noise £(¢). Then, if a resonant
driving field is introduced in the system, after the RWA and in
a suitable interaction picture the dynamics is described by

(1) Qpp
2 %t
where Qpp corresponds to the intensity of the dynamical
decoupling driving field. This Hamiltonian can be approx-
imated by the noiseless Hamiltonian H =~ Qpp/20, if the
time-dependent & (¢) is not too strong and has vanishingly small
Fourier components at frequency Q2pp. More precisely, let
E(f) = [ dt &(t)e'* /" be the Fourier transform of & (¢), then, in
arotating frame with respect to Qpp /20, the Hamiltonian (7)
becomes approximately the identity if |E(f)| < |Q2pp £ f1,

as a result of applying the RWA.

In our effective description of magnetic-field fluctuations
&(t) corresponds to an Orstein-Uhlenbeck process, and hence,
the basic requirement for noise suppression is Qpp > f., (see
Appendix A for further details). Finally, we would like to
comment that the presented scheme allows for a concatenated
scheme [41], in which further sources of noise can be handled
introducing consecutive driving fields, as shown recently in
Ref. [17].

In the following we show how to implement a two-photon
Rabi model with protection against magnetic-dephasing noise
based on the aforementioned continuous dynamical decou-
pling technique. Besides the lasers that give rise to the
two-photon (phonon) Hamiltonan, in our scheme dynamical
decoupling is achieved by introducing an additional laser
driving a carrier interaction (denoted with a subscript c),
i.e., the laser frequency w, is tuned as w, = w;, with its
corresponding Rabi frequency and Lamb-Dicke parameter
denoted by €2, and 1., respectively. In this manner, in a rotating
frame with respect to Hy, and considering optical RWA,
Lamb-Dicke regime and vibrational RWA, the trapped-ion
Hamiltonian reads

Hp, ~ %0 + %W*e*""’f +o7e%)

H = Oy, @)

Q, o
- Tnf(0+aze"s"e_"”' +H.c)

Q o
- Tbni(aJr(aT)ze"sb’e_”bb +H.c), (8)

where we have set the frequencies of the sidebands to w,;, =
oy F 2v — ;. Then, choosing an initial phase for the carrier
driving ¢. = 0, we obtain a new free-energy term for the qubit,
Q./20,, which is orthogonal to the magnetic-dephasing noise.

Note that if €2, is directly used to define the new dressed
basis to simulate the 2PQRM then Q, = Q in Eq. (1), as in
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TABLE 1. Values of the trapped-ion parameters used in the numerical simulations, together with the coefficients of the magnetic-field
fluctuations. The frequency splitting of the trapped ion is w;, v defines the trap frequency, while the employed lasers to produce detuned
second-order sidebands carry Rabi frequency €2, ,, Lamb-Dicke parameter 7, , = n and initial phase ¢, ,. The additional carrier interaction is
driven with a Rabi frequency €2, that takes a dual role, as discussed in Sec. III B (see third paragraph of Sec. IV for further details), 1. is the
Lamb-Dicke parameter and ¢, the initial laser phase. The magnetic-dephasing noise sets a coherence time 75> and exhibits a relaxation time
T (see Sec. III A for further details). Unspecified parameters, such as detunings of the second sidebands, §,;,, or Rabi frequency 2., will be

different depending on the simulated 2PQRM.

wy v SZr,b

n Ne ¢r,b ¢c T T2

27 x 4 x 10" Hz 2w x 2 MHz 2 x 100 kHz

0.06 0.01 b4 0

100 us 3 ms

the scheme used in Refs. [17,41]. However, the accessible
simulated parameters of a 2PQRM will be constrained to
the cases where /@y > 1, as Q. must be large enough to
ensure decoupling, i.e., Q2. > f. ~ kHz for t = 100us, and
because @y ~ § ~ 10%> Hz to explore USC regime.

Therefore, in order to avoid this unnecessary restriction,
which reduces the tunability of the protected 2PQRM, we make
use of a more general scheme, which grants a wide tunability
of simulated parameters. More specifically, the intensity of
the carrier laser can be divided in two parts, Q2. = Qpp +
Q. Then, we move to an additional interaction picture with
respect to Qpp/20,, where it can be seen that magnetic-field
fluctuations are largely suppressed when Qpp > f.,, while
leaving Q as a tunable free parameter. Therefore, the driven
carrier takes a double role in our protocol, i.e., it allows us to
average out magnetic-field fluctuations, while defines Q, the
desired energy gap of the two-level system. Choosing 71, =
np, = n and Q, = Q, = 2, the Hamiltonian reads

11 Q 7°Q . .
Hpp ~ 0%~ T{[UX +i(cos(Qppt)o, — sin(ppt)o,)]

x [a%e e + (aT)?e!®e™ ] + H.c.). 9)

Finally, we require that the detunings of second sidebands are
8, = Qpp F 2y, and then we invoke an additional RWA to
neglect terms rotating at frequencies =2 p and higher, which
leads to
& 2

Hﬁ ~ %O’x + %az[aze’w"” + (ahzedion, (10)
where we have set already ¢, = ¢, = 7. The previous Hamil-
tonian corresponds to the 2PQRM in Eq. (1), in the rotating
frame of @pala, where the spin basis has been rotated. In
addition we have that the coupling constant § = n%>Q/8, is
half of the achieved coupling that appears in the case without
protection, see Eq. (3). In this manner, the evolution time
for the protected case has to be doubled to observe the same
dynamics than in the bare realization, nevertheless dynamical
decoupling enables a faithful realization during much longer
times, as we demonstrate in Sec. IV.

Note that to attain Eq. (10) one requires the conditions
Qpp > @ and Qpp > n*Q/8. Certainly, a large intensity
Qpp works in favor of the previous RWA and to better
decouple the system from the addressed fluctuations. However,
trap frequency sets a fundamental limitation since second
sidebands are driven, and thus, |§, ;| < v, or equivalently, the
intensity 2pp must be small enough when compared with
the trap frequency, Q2pp < v. To the contrary, we emphasize

that & is a free parameter only limited by the intensity of
the driven carrier, whose typical value does not restrict the
validity of any approximation to achieve the desired 2PQRM,
Eq. (10). Thus, the proposed scheme allows us to realize the
2PQRM in far detuned scenarios, Q > @y or Q < @, or
in near-resonant condition, Q & @y. In this respect, typical
trapped-ion parameters provide enough room to faithfully
implement the 2PQRM in different regimes with simultaneous
noise elimination as shown by means of numerical simulations
in the following section.

Finally, we would like to comment that the suitability
of the proposed continuous dynamical decoupling is not
constrained to the Lamb-Dicke regime, which is only required
here to achieve the corresponding interaction terms of the
2PQRM by second-order sidebands. Hence, this method to
cope with magnetic-dephasing noise may be useful also for
implementations beyond the Lamb-Dicke regime [44,45].

IV. NUMERICAL SIMULATIONS

In this part we show the results of the trapped-ion numerical
simulations, demonstrating the improved performance of the
proposed scheme compared to an unprotected realization of the
2PQRM. We have considered typical values of experiments
involving 4OCat ions [31,32], which have been gathered in
Table I, together with the parameters used to model magnetic-
field fluctuations (see Appendix A for further details).

We simulate the noisy trapped-ion dynamics described by
the Hamiltonian

t Q; i —ivt 4t yive
R N
x et =i% 4 Hel, (11)

which is accomplished only after the assumption of optical
RWA. Note that this approximation is known to hold in this
setup as a consequence of the large frequency w;, and w; ~
wy. It is worth emphasizing that no further approximations
have been taken, hence our simulations take Eq. (11) as the
starting point. The previous Hamiltonian is indeed general
as it does not specify either the number of employed lasers
nor their corresponding parameters. It therefore encompasses
the protected and unprotected realization of the 2PQRM,
depending on the utilized lasers. Furthermore, as we have seen
in Sec. III, the 2PQRM can be written in a compact way as
&5U. P
UHU’P + d)g’PaTa + gU’P[aZ + (aT)z]af’P,

12)

U,P
HZPQRM = _2
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TABLE II. Relation between trapped-ion and simulated parame-
ters of the 2PQRM, for both protected and unprotected realization.

Qv gy @,

(8, — 8,)/4

~U,P QP gP

n°Q2/8

6y +6,)/2 n*Q/4 Q. — Qpp

where the superscript U (P) explicitly specifies the un-
protected (protected) realization. Although both realizations
are completely equivalent, the relation between trapped-ion
parameters and the simulated values of the Hpgrm is not.
This can be found in Table II. In addition, the spin basis
of the simulated 2PQRM results in O'HU =o,, 0V = o, while
a”P =00l =0,

We demonstrate the advantage of the proposed scheme to
achieve a 2PQRM, averaging several stochastic trajectories
of the simulated noisy trapped-ion Hamiltonian, given in
Eq. (11). In particular, we consider three different situa-
tions in the USC regime, namely, g/@&y = 0.1, 0.2, and
0.3 with Q/(Z)o =3, 2, and 1, respectively. The considered
initial states are [}),|0) for §/@y = 0.1, and ||)[2) for
the other two. Recall that the spectral collapse takes place
at g/@y = 0.5. The targeted coupling g/@&y = 0.1 leads to
&) =2m x 900Hz and @} = 27 x 450 Hz. For g /@y = 0.2
and 0.3, the corresponding simulated bosonic frequency are
even smaller, @ =27 x 450Hz and & = 27 x 300 Hz,
respectively. Note that @} = @ /2 as a consequence of the
resulting couplings g7 = g /2. Therefore, the dynamics of
the simulated 2PQRM in the USC regime appears in the
range of few milliseconds, since gU =27 X 90Hz. From the
previous values, and those in Tables I and II, the rest of the
parameters follow, except Qpp for the decoupling scheme,
which is set to Qpp = 27 x 20kHz. Hence, we drive the
carrier with an intensity Q2. = Qpp + Q, which results in
Q. ~ Qpp as aconsequence of the aimed 2PQRM parameters,
Q< 3@f < 27 x 1.35 kHz. Note that decoupling is ensured
since Qpp > f.r = 1/(2m 1), while Qpp < v enables a cor-
rect driving of detuned second sidebands, §,, = Qpp F 2&)(1)) s
as explained in Sec. III B. It is worth mentioning that the time
scale of the protected realization is doubled with respect to
the unprotected one, which together with smaller detunings
dy.», make the unprotected scheme better suited to fulfill all the
approximations listed in Sec. III. Succinctly, if no dephasing
noise is included, the trapped-ion simulation of the 2PQRM is
better accomplished when no protection scheme is employed,
as the latter relies on an additional RWA and required detunings
deteriorate the vibrational RWA. In contrast, when realistic
dephasing noise is included, dynamical decoupling scheme
largely surpasses in performance its unprotected counterpart.
This is illustrated in the Appendix B, where we show results
of noiseless trapped-ion simulation of a 2PQRM with both
schemes, i.e., when &(r) = 0 V¢. Accordingly, it can be stated
that the reported deterioration of simulated dynamics arises
from magnetic-field fluctuations and not from the different
RWASs used in the construction of the 2PQRM Hamiltonian.

In Fig. 1 we show the results, obtained after an ensemble
average over 400 stochastic trajectories of an initial state
evolving under H;, ,, Eq. (11). In particular, we show the time
evolution of relevant observables, namely bosonic excitations,
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FIG. 1. Dynamics of the trapped-ion realization of the 2PQRM,
with protection (P) (blue solid line) and without (U) (red dotted
line), together with the ideal noiseless 2PQRM (black solid line).
In the left column qubit observables, and (afa) in the right. The
results were obtained averaging 400 stochastic trajectories. Three
different scenarios are examined. (a) and (b) correspond to /@, =
0.1, /@, = 3 and initial state ||} |0). (c) and (d) to §/@, = 0.2,
Q /@y = 2 and initial state [1)12), and at the bottom, (¢) and (f),
8/@o = 0.3, /@y =1 and initial state || );|2). The total time for
the unprotected realization is 5 ms, and the corresponding double
time for the protected scheme, 10 ms. See Tables I and II, as well
as the main text, for further details. Note the meaningful improvement
in the simulated dynamics using continuous dynamical decoupling,
which basically lies on top of the noiseless 2PQRM.

(ata), and (o)) or (o) depending on the considered initial
state for each of the three different scenarios, listed above. For
a better comparison, the targeted 2PQRM is displayed as well.
Itis indeed clear that the protected scheme allows for a faithful
realization of the 2PQRM, allowing us to explore dynamics
otherwise spoiled by magnetic-field fluctuations. Note that
&y =2k, which leads to longer real-time simulations. In
the results shown in Fig. 1, the total time of the unprotected
realization is 5 ms, while for the protected scheme reaches 10
ms. In order to quantify the deviation of simulated trapped-ion
dynamics with respect to the ideal 2PQRM, we make use of
the standard fidelity

FUL @) = (W)Y |y (1) P&RM)), (13)

where | (£)V°?) represents the evolved state including internal
and motional degrees of freedom, either on the unprotected
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FIG. 2. Infidelity, 1 — FY", between the initial state ||)[2)
evolving under the unprotected (red dotted line) and protected (blue
solid line) trapped-ion Hamiltonian realization and the targeted
ideal 2PQRM, with simulated parameters §/@, = 0.3 and Q = @.
The results correspond to an ensemble average over 400 stochastic
trajectories. Note the substantial improvement of one order of
magnitude in the infidelity respect to the unprotected scheme, whose
total time amounts to 5 ms; double time for the protected version.

(U) or protected (P) scheme, while [ (£)?PQRM) corresponds
to the evolved state under the ideal and targeted 2PQRM
Hamiltonian, Hopgrm. An ideal trapped-ion realization would
then provide the highest fidelity, F = 1. In Fig. 2, and for the
sake of a better visualization, we show the time evolution of
the infidelity, i.e., 1 — FU:-P(¢), for the worst case among the
three shown in Fig. 1, namely, §/@o = 0.3, /@y = 1 and
initial state ||);]2), which correspond to Figs. 1(e) and 1(f).
The enhancement of the protected scheme is noticeable, which
in this case leads to 1 — F¥ ~ 10~'(1 — FY). At the end of
the evolution, the fidelities drop to 0.75 in the unprotected
scheme for the three cases, while they remain above 0.97 for
the protected one.

Then, and despite of the prolonged times, trapped-ion
simulation of the 2PQRM based on the protected scheme
faithfully accomplishes the targeted 2PQRM. This suggests
that an exploration of USC regime dynamics of the 2PQRM is
indeed feasible in a trapped-ion setup, even in the presence of
magnetic-dephasing noise. Nonetheless, we stress that another
sources of noise might distort the reported dynamics, which
have not been included here as they are expected to have
an impact in longer time scales, as for example heating
noise, whose rate can be estimated as 1 phonon per 100 ms.
Therefore, the latter may deteriorate the reported results at
final times as the simulated dynamics in the protected case
reaches 10 ms. While heating noise will have an impact in both
schemes, the improvement of the protected one with respect
to its unprotected counterpart is noticeable at shorter times
(because of the elimination of the dephasing noise) where
heating is negligible. In addition, the total evolution time for
the protected case can be further reduced by adjusting the
considered parameters. Finally, we remark that the proposed
scheme can be subject to further optimization depending on
specific setup parameters and noise conditions.

V. SUMMARY

In summary, we have proposed a continuous dynamical
decoupling scheme to attain a two-photon quantum Rabi
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model in a trapped-ion setup, which is shown to be robust
against magnetic-field fluctuations. This source of noise is
recognized as the main obstacle in the considered trapped-ion
experiments for keeping coherent dynamics. Therefore, robust
schemes to overcome noise effects may be of great interest
for long-time quantum simulations. In addition, when targeted
dynamics occurs in a time scale comparable to coherence time
of the trapped-ion setup, robust schemes become an essential
requirement to have access to its experimental exploration. In
this regard, the two-photon quantum Rabi model appears as
a good example because while it exhibits interesting physics
in the ultrastrong coupling regime, its trapped-ion realization
gets necessarily slow and a proper exploration of this regime
demands a scheme intrinsically robust against noise.

With help of a continuous dynamical decoupling method,
we propose a scheme that can be implemented with current
trapped-ion technologies where magnetic-dephasing noise is
averaged out. In particular, 2PQRM is accomplished by three
lasers, driving carrier, and second red and blue sidebands,
respectively, where the former plays a crucial (double) role
since permits decoupling from magnetic-dephasing noise and
defines the simulated free-energy term of the two-level system.
We demonstrate the advantage of such a scheme with respect
to an unprotected realization by means of detailed numerical
simulations with typical trapped-ion parameters.

Although the applicability of the proposed scheme has been
asserted in a trapped-ion setup, it might be employed as well
in distinct experimental platforms as superconducting circuits.
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APPENDIX A: ORSTEIN-UHLENBECK NOISE TO MODEL
MAGNETIC-FIELD FLUCTUATIONS

In this Appendix we provide additional material regarding
how to model magnetic-field fluctuations by an Orstein-
Uhlenbeck (OU) noise [34-37]. A Markov process & evolving
intime according to Eq. (5) is known as OU noise. As discussed
in the main text, this Gaussian noise depends on two variables,
namely correlation or relaxation time t and diffusion constant
c. In this context, an important property is the so-called spectral
density S(f) = limy_ o 2|1E(f)|?/T, which quantifies the
portion of noise intensity at a particular frequency, with () =
[ dfé(f)e >7/! the Fourier transform. It is then defined in
terms of the autocovariance C(¢') of a stationary &, which for
an OU process can be calculated [36,37]

_—— CT _,.
Cith=EME(l+1) = > >0, (Al
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Then, it can be shown that S(f) can be written as

S(f)=4 / S ar C(t'ycosm ft')
0

2¢7?

= Trap 120 (A42)

Additionally, the total intensity of the noise is given by £2(¢) =
C(0) = ct/2 or equivalently obtained from fooo dfS(f). Note
that it is useful to define a characteristic frequency, f., =
1/(2m t), which settles the transition from white noise, S(f <
fer) o< f° to Brownian noise, S(f > f.,) & f~2. Having in
mind the relation between 7 and ¢ and the noise properties, we
consider now how they relate to the loss of coherence and 75
to model magnetic-field fluctuations.

Let consider a simple case where an initial state [1),,
ox|1)y = +I1),, evolves under a noisy Hamiltonian, H =
&(t)o,/2 that effectively models magnetic-field fluctuations.
Therefore, the expectation value of o, after a single run and
time ¢ is given by

(0x(2)) = cos [E(1)]

with E(t) = fot dt’ £(t) the integral of the stochastic noise.
After stochastic average, the result becomes

(A3)

{0x(1)) = cos[B()] = ¢ 250, (A4)

where we have assumed thﬂhe sgchastic noise & is Gaussian,
that is, the moments fulfill£2" = £2 (2n)!/(2"n!), asis the case
for an OU noise. Finally, E2(¢) can be obtained analytically as
a function of T and ¢ [36]; thus, we obtain a relation between
¢, 7 and T since (0,(T»)) = e~!, which leads to
2
C = .
12T, — 7(3 — 2eT2/7 + Lo 22/7)]

(A5)

Therefore, knowing 7, and a t the corresponding diffusion
constant is determined. In the context of trapped ions, the
noise is short correlated, i.e., T <« T», which simplifies the
previous equation to ¢ ~ 2/(T»t?). This correctly predicts the
exponential decay of (o, (¢)) observed experimentally [40].

APPENDIX B: NOISELESS TRAPPED-ION HAMILTONIAN

Here we show that, based on the developments discussed in
the main text, the performance of the unprotected trapped-ion
scheme in fact surpasses its protected counterpart if magnetic-
field fluctuations are not included in the model. As commented
in the main text, in this noiseless scenario, the proposed
dynamical decoupling scheme is expected to provide worse
results than its unprotected counterpart as the former relies on
an additional rotating-wave approximation (see Sec. III B) and
the required detunings for the second red and blue sidebands
are higher, thus, they may deteriorate the vibrational RWA.

We simulate the general trapped-ion Hamiltonian, Eq. (11),
assuming only the optical RWA (as in Sec. IV) and neglecting
any stochastic fluctuation, i.e., £(t) = 0 V¢. Therefore, no
stochastic average is needed. The simulated 2PQRM pa-
rameters, as well as the initial states, are the same as the
ones presented in Sec. IV (Fig. 1), which facilitate a direct
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FIG. 3. Dynamics of the noiseless trapped-ion simulation of the
2PQRM, with protection (P) (blue solid line) and without (U) (red
dotted line), together with the ideal 2PQRM (black solid line). In the
left column qubit observables, and (afa) in the right. The trapped-ion
results were obtained from a single evolution under the Hamiltonian
Eq. (11) since £(¢) = 0. Three different scenarios are examined. Top
panels, (a) and (b), correspond to g /@, = 0.1, /@, = 3 and initial
state |}, |0). Middle row, (c) and (d), §/@y = 0.2, Q/@&, = 2 and
initial state ||}, |2), and for the bottom panels, (¢) and (f), § /@y = 0.3,
/@y = 1 and initial state ||}, |2). In this noiseless scenario the three
curves overlap, in contrast to the results shown in Fig. 1. The total
time for the unprotected is 5 ms, while it is doubled for the protected
scheme, 10 ms. See Tables I and II, as well as the main text, for further
details.

comparison. In the Fig. 3, we show the results of these
noiseless simulations. Note that the simulated results lie almost
perfectly on top of the ideal 2PQRM. However, a closer
inspection of the fidelities reveals the better performance of
the unprotected scheme in the noiseless scenario: while the
results of the protected scheme do not differ significantly from
those obtained when the noise is included, F* 2> 0.98, the
unprotected scheme reaches higher fidelities, £V > 0.99. We
recall that FY drops to 0.75 when noise is incorporated (see
Sec. IV). Hence, the deterioration of the simulated 2PQRM
without protection in the noisy scenario is an exclusive
consequence of the magnetic-field fluctuations (see Fig. 1),
which can be suppressed using the protected scheme. This
supports the suitability of the discussed continuous dynamical
decoupling scheme to enhance the realization of the 2PQRM
under realistic magnetic-field fluctuations, as discussed in the
main text.
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