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Spectral properties of trapped two-level ions interacting with quantized fields
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In this paper we study the full quantum approach to the interaction of N trapped two-level ions with N

quantized fields in such a way that each of the trapped ions separately interacts with one of the quantized fields.
A semiclassical model of this type of interaction has been already studied, using classical laser fields instead of
quantized fields, by Cirac and Zoller [Phys. Rev. Lett. 74, 4091 (1995)]. During each interaction, the excitation
of a trapped ion occurs due to the occurrence of resonance between the trapped ion and one of the modes of
multimode quantized field. In this way, we are able to find the quantized radiation field, which propagates from
each excited trapped ion after its deexcitation. It is demonstrated that such a propagated field is a function of the
position of ion within the trap, ion number, trapping and ionic transition frequencies, spontaneous emission rate,
and time evolution of trapped ionic operators. In the continuation, to achieve the explicit form of such a field
we propose a method to evaluate the temporal evolution of operators of the system by utilizing the Heisenberg
operator approach. Via the propagated field of each trapped ion, the spectral properties such as intensities as well
as power spectra of their radiations are evaluated. Furthermore, the quantum statistics of field and in particular, its
photon antibunching and sub-Poissonian statistical properties are investigated. Finally, resonance spectroscopy
of the trapped ions is obtained by which one can allocate a characteristic spectrum to each of them.

DOI: 10.1103/PhysRevA.95.063815

I. INTRODUCTION

Nowadays, the ensembles of identical two-level systems
that interact with the quantized fields are an interesting subject
that has attracted a lot of attention [1–7]. In this regard,
Scully et al. investigated the spontaneous emission, which
is directly emitted from an ensemble of N atoms (which
are fixed in a crystal at a low temperature) and interacts
with an incident quantized field [8]. In the continuation of
their work, Sete et al. considered the collective spontaneous
emission from an ensemble of identical N two-level atoms,
which are prepared by absorption of a single photon Dicke
superradiance (see Ref. [9] and references therein). The
authors discussed the dynamical properties of superradiance
for small and large atomic ensembles and also evaluated
the effects of virtual processes on the collective decay rate
and Lamb shift. Svidzinsky et al. studied the evolution of a
collection of N atomic states in single photon superradiance
and presented the analytical solution for such evolution [10].
In addition, the cooperative spontaneous emission has been
investigated in Ref. [11], in which the authors studied the
single photon emission from a spherically symmetric cloud
of atoms and presented exact analytical expressions for the
relevant eigenvalues and eigenstates. They also found that
some atomic states can decay much faster than the single-atom
state, while other states experience very slow decay.

In direct relation to the above-mentioned models, in the
present work we consider an ensemble of N trapped two-level
ions (instead of the atoms in Refs. [8–11]) in a linear Paul
trap with the condition that each ion interacts separately with
a quantized field in the Lamb-Dicke as well as the first blue
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(vibrational) sideband regimes [12]. In this model, we intend to
analyze the emitted spectrum (propagated photons) from each
trapped ion after its deexcitation in the trap. By this study, the
effects of the trapping process on the temporal behavior of the
ionic emitted spectra is quantitatively investigated. The main
advantage of this model is to allocate a characteristic spatial
as well as temporal behavior to the spectrum of each trapped
ion in the first blue sideband for detecting them.

Trapped ions are frequently used in quantum information
science and quantum optics [13–18]. These systems possess
internal and external degrees of freedom. Their internal
(external) degrees are related to their two internal ionic
levels [are related to their center-of-masses (c.m.) vibrational
motion] [12,19]. Quantum computing using trapped ions orig-
inates from the proposal of Cirac and Zoller [20]. They proved
that the trapped ions in the interaction with intense classical
(laser) fields can construct some C-NOT gates for storing and
transporting the information. They accompanied the internal
ionic levels (as the qubits) for storing the data and the external
vibrational modes of the trapped ions for transferring the data
to design a quantum computer architecture [20]. The linear
Paul trap has been frequently used for trapping the ions in the
literature [21–23]. This kind of trap possesses a particular
arrangement of oscillating electric potential at the radio
frequency (rf) [24–26]. In such a trap, the ions can be confined
to oscillate in normal modes around their c.m. equilibrium
positions on the axis of the trap [21]. After trapping the ions via
a linear Paul trap, one can apply the electromagnetic field to the
ions to perform the interaction between the produced trapped
ions and the applied fields. There are two different approaches
to study such an interaction: first, a semiclassical approach,
which has been proposed by Blockly et al. [27]. In this model
the classical intense electromagnetic traveling field interacts
with the trapped ions. Second, a full quantum approach may
be considered in which the field is also quantized; this has
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been suggested by Bužek et al. [28]. The authors implied
that the interaction between a trapped two-level ion and a
quantized field can be performed in the Lamb-Dicke regime as
well as the first vibrational sideband. This kind of interaction
is very similar to the well-known Jaynes-Cummings model
(JCM) [29], which is for the atom-field interaction. It is well
known that the JCM can illustrate quantum features such as
collapse and revival phenomena, bipartite entanglement, etc.,
while the latter effects cannot be observed in the semiclassical
approach [30]. So, as is explained in the above descriptions,
the main difference between the two mentioned approaches
(Blockly et al. and Bužek et al.) is the nature of the applied
field. Meanwhile, both approaches have usually been solved
via the probability amplitude method for the evaluation of their
system states by considering appropriate initial conditions of
the ion-field state vectors.

In this paper, to provide a more complete investigation about
the full quantum interaction between the trapped ions and the
radiation fields we focus on the operator approach. In detail,
we try to utilize the Heisenberg operator method [31] to obtain
the analytical form of the time evolution of the operators
of subsystems (ions and fields) involving in the interaction.
As an advantage of working with the Heisenberg picture,
we may refer to the fact that one can obtain the evolution
of multitime correlation functions straightforwardly [32]. A
correlation function in quantum mechanics is a statistical
correlation between the operators of the system at two different
points in space (spatial) or time (temporal) [32–34]. Also,
by using the operator techniques, the propagated field from
each of the trapped ions after their interactions with the
field may also be obtained, by which one can investigate the
spectral properties of the ions and also allocate a characteristic
spectrum to each of them. These applications led us to use the
Heisenberg operator approach in our present study. Briefly,
in this work we first consider N multimode quantized fields
interacting separately with N trapped two-level ions and then
specialize this model to the first vibrational sideband. It is
supposed that there exists one mode (among a lot of modes)
of a field, which is in resonance with a trapped ion (resonance
fluorescence phenomenon). Performing such an interaction
may lead to the emission of a quantized radiation by each ion
distinctly. We calculate the analytical form of such a quantized
radiated field explicitly. Our main purposes for applying the
quantized field in this investigation may be listed as below. This
model helps us in obtaining (i) the emitted quantized field of
each trapped ion, (ii) the lifetime of the upper trapped ionic
level, (iii) spectral features of the radiations of trapped ions,
(iv) statistical properties of the external quantized field.

This paper is organized as follows. In the next section
we study the full quantum interaction between a string of N

trapped ions and N quantized fields. The explicit form of the
propagated (electric) field from j th trapped ion is obtained in
Sec. III and in Sec. IV the probability of such an emission is
manipulated. In Sec. V the time evolutions of operators of the
subsystems are obtained. Section VI deals with the first-order
multitime correlation function of the trapped ion and Sec. VII
with quantum statistics of the field. Next, in Sec. VIII the
intensities of the emitted fields from the trapped ions and their
power spectra are studied. Our concluding remarks will be
presented in the final section.

FIG. 1. N trapped ions interacting with N quantized fields,
distinctly.

II. IONS-FIELDS MODEL HAMILTONIAN

We consider a system in which a string of N two-level
ions (qubits) are injected from an ion source into a linear
Paul trap [21]. This trap is surrounded by a cavity quantum
electrodynamics (QED) and supported by an oscillating rf
electric potential. The ions are confined to oscillate in c.m.
mode around their equilibrium positions on the trapping ẑ axis.
In particular, for N = 1, z̄1 = 0, and for N = 2, z̄1 = κ( 1

4 )
1
3

and z̄2 = −κ( 1
4 )

1
3 in which κ = (q2/4πε0Mν2)

1
3 [12]; the

parameter z̄j denotes the equilibrium position of j th trapped
ion and q, M , and ν are, respectively, the charge, mass,
and external vibrational frequency in c.m. mode and ε0 is
the vacuum permeability. For more trapped ions (N > 2),
the equilibrium positions have been determined in Ref. [19].
In the c.m. mode, (by considering the quantized vibrational
motion) the position of the j th trapped ion on the ẑ axis
is defined as zj = z̄j +

√
h̄

2MνN
(b̂† + b̂) where b̂ (b̂†) is the

annihilation (creation) operator of the quantized collective
vibrational motion in the c.m. mode [12]. In this situation,
we assume that N quantized fields are separately applied to N

trapped ions and interact with them (see Fig. 1).
Each of the evolved trapped ions possesses two degrees

of freedom. The first relates to the internal ionic levels and
the second relates to its external vibrational motion (external
degree of freedom). These degrees can both interact and couple
with the applied fields. The general Hamiltonian for such a
system reads as

Ĥ (t) = Ĥ0(t) + Ĥint(t), (1)

where

Ĥ0(t) = h̄νb̂†(t)b̂(t) +
N∑

j=1

h̄ω0

2
σ̂ (j )

z (t)

+
N∑

�kj ,λ,j=1

h̄ω
(j )
�kj

ĉ
(j )†
�kj ,λ

(t)ĉ(j )
�kj ,λ

(t), (2)

and Ĥint(t) = ∑N
j=1 Ĥ

(j )
int (t) with

Ĥ
(j )
int (t) = −( �Q(j )

eg σ̂
(j )
+ (t) + �Q(j )

ge σ̂
(j )
− (t)

)
×

⎛⎝∑
�kj ,λ

ε
(j )
�kj

ε̂
λ,(j )
�kj

ĉ
(j )
�kj ,λ

(t)ei�kj zj cos θj + H.c.

⎞⎠. (3)
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In the above equations, ω0 is the frequency of internal ionic
transition and ω

(j )
�kj

= c|�kj | is the frequency of kth mode of

the j th field with c as the velocity of light. In addition,
ĉ

(j )
�kj ,λ

(ĉ(j )†
�kj ,λ

) represents the annihilation (creation) operator of

kth mode of the j th quantized field and λ = 1,2 denotes

the two polarization directions. Furthermore, ε
(j )
�kj

=
√

h̄ω
(j )
�kj

2ε0V

is the amplitude of field, V is the effective volume of the
cavity and ε̂

λ,(j )
�kj

is the polarization direction of kth mode. The

dipole moment vector of the j th trapped ion represents as
�Q(j )

eg (= �Q(j )∗
ge ), and σ̂

(j )
± and σ̂

(j )
z are the pseudoionic operators

of it. Also, θj is the incident angle of j th applied field with
respect to the positive direction of the trapping axis (the polar
angle between the vector �kj and positive ẑ axis). Using the
rotating-wave approximation (RWA) [35], one can arrive at
the interaction Hamiltonian

Ĥ
(j )
int (t) = h̄

∑
�kj ,λ

μ
(j )
�kj ,λ

ĉ
(j )
�kj ,λ

(t)σ̂ (j )
+ (t)eiηj (b̂†(t)+b̂(t)) cos θj eiφj

+H.c., (4)

where μ
(j )
�kj ,λ

= −
�Q(j )

eg .ε̂
λ,(j )
�kj

h̄
ε

(j )
�kj

is the j th trapped ion-field

coupling and φj = kj z̄j cos θj . Also, we have defined ηj =
kj

√
h̄

2MνN
, in which by considering E

(j )
r = h̄2k2

j

2M
as the recoil

energy of j th trapped ion from j th field, ηj can be rewritten

as ηj =
√

E
(j )
r

Nh̄ν
. We consider the Lamb-Dicke regime, i.e.,

η2
j [〈b̂†(t)b̂(t)〉 + 1

2 ] � 1 [12], therefore the effective interac-
tion Hamiltonian can be rewritten as

Ĥ
(j )
eff (t) = ih̄ηj cos θj

∑
�kj ,λ

μ
(j )
�kj ,λ

ĉ
(j )
�kj ,λ

(t)σ̂ (j )
+ (t)

× [b̂†(t) + b̂(t)]eiφj + H.c. (5)

As is observed, the absorption of one photon can excite a
trapped ion to its internal upper level and simultaneously
increase its external vibrational quanta by one. Inversely,
the emission of a photon from a trapped ion accompanies
with the deexcitation of it to its internal lower level and
decreases its external vibrational quanta by one. The terms
ĉ

(j )
�kj ,λ

(t)σ̂ (j )
+ (t)b̂(t) and ĉ

(j )†
�kj ,λ

(t)σ̂ (j )
− (t)b̂†(t) can be ignored in

Eq. (5) using RWA. We can again use the RWA and simplify
the effective interaction Hamiltonian (5) to the following form

Ĥ
(j )
eff (t) = ih̄

∑
�kj ,λ

g
(j )
�kj ,λ

(θj )
(
ĉ

(j )
�kj ,λ

(t)
̂(j )
+ (t)ei�kj .�rj − H.c.

)
,

(6)

where g
(j )
�kj ,λ

(θj ) = ηjμ
(j )
�kj ,λ

cos θj and 
̂
(j )
+ (t) = b̂†(t)σ̂ (j )

+ (t)

and 
̂
(j )
− (t) = b̂(t)σ̂ (j )

− (t) are, by definition, the total raising
and lowering operators of j th trapped ion, respectively [36].
Also, �rj = z̄j ẑ, �kj .�rj = φj and 
̂

(j )
z (t) = [
̂(j )

+ (t),
̂(j )
− (t)] is

defined as the total population inversion operator of j th trapped
ion [36].

In the resonance condition between a trapped ion and
one of the modes of an electromagnetic applied field, i.e.,

ω = ω0 + ν, the effective interaction Hamiltonian reads as

Ĥeff(t) = ih̄g(θ )(ĉ(t)
̂+(t) − ĉ†(t)
̂−(t)), (7)

where g(θ ) = ημ cos θ . This equation is valid for each trapped
ion that interacts with a quantized field in the Lamb-Dicke
regime as well as in the first vibrational sideband. The reso-
nance condition can be regarded as the first vibrational (blue)
sideband of the interaction [28]. As is clear, the interaction
between a trapped ion and a single-mode applied field in this
condition takes the form similar to that of the well-known
Jaynes-Cummings model [29]. Using the presented model, we
aim to propose a method to calculate the propagated field from
each trapped ion.

III. QUANTIZED RADIATED FIELD FROM A TRAPPED
ION INTERACTING WITH A QUANTIZED FIELD

We suppose that, when a multimode electromagnetic field
interacts with a single trapped ion, among its several modes,
there exists only one mode that can be in resonance with
the trapped ion. This situation is called resonance fluores-
cence [37]. In this case, the considered trapped ion receives
the radiation (energy) of this mode and excites to its upper
level. Then, it tends to propagate the same radiation, which is
received via deexcitation to its lower level. In this section, we
try to extract the operator form of such a propagated field and
in the next section, the probability of this emission is evaluated.

Using the Heisenberg operator approach [31] and the
obtained model Hamiltonian [see (2) and (6)] for description
of the interaction between j th trapped ion and j th applied
electromagnetic field, we deduce:

˙̂
c̃

(j )
�kj ,λ

(t) = −g
(j )
�kj ,λ

(θj ) ˆ̃



(j )

− (t)e−i�kj .�rj ei(ω(j )
k −ω0−ν)t ,

˙̂

̃

(j )
− (t) = −

∑
�kj ,λ

g
(j )
�kj ,λ

(θj )
̂(j )
z (t)ˆ̃c

(j )
�kj ,λ

(t)ei�kj .�rj

× e−i(ω(j )
k −ω0−ν)t , (8)

where we have set

ˆ̃c
(j )
�kj ,λ

(t) = ĉ
(j )
�kj ,λ

(t)eiω
(j )
k t ,

ˆ̃



(j )

− (t) = 
̂
(j )
− (t)ei(ω0+ν)t ,


̂(j )
z (t) = ˆ̃



(j )

z (t). (9)

Through the first relation in (8), we obtain ˆ̃c
(j )
�kj ,λ

(t) = ˆ̃c
(j )
�kj ,λ

(0) +
ˆ̃a

(j )
�kj ,λ

(t) where

ˆ̃a
(j )
�kj ,λ

(t) = −g
(j )
�kj ,λ

(θj )e−i�kj .�rj ei(ω(j )
k −ω0−ν)t

×
∫ t

0
dt

′ ˆ̃



(j )

− (t
′
)e−i(ω(j )

k −ω0−ν)(t−t
′
). (10)

The quantity ˆ̃c
(j )
�kj ,λ

(0) physically refers to the annihilation
operator of j th applied field before starting the interaction
with j th trapped ion at t = 0 with t as the interaction time.

Similarly ˆ̃a
(j )
�kj ,λ

(t) denotes the annihilation operator of field
during its interaction with this trapped ion. After receiving
the radiation from the field, the trapped ion emits the same
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FIG. 2. Coordinate system for studying the interaction between
the j th trapped ion with the j th quantized field.

radiation, which is received via an interlevels transition. We
consider this emitted quantized field as

Êj (�r,t) = Ê+
j (�r,t) + Ê−

j (�r,t), (11)

in which

Ê+
j (�r,t) =

∑
�kj ,λ

ε
(j )
�kj

ε̂
λ,(j )
�kj

â
(j )
�kj ,λ

(t) ei�kj .�r , (12)

where â
(j )
�kj ,λ

(t) = ˆ̃a
(j )
�kj ,λ

(t)e−iω
(j )
k t and Ê−

j (�r,t) = [Ê+
j (�r,t)]†. By

exchanging
∑

�kj
with V

(2π)3

∫
d3�kj and utilizing the Weisskopf-

Wigner theory [38], we finally arrive at:

Ê+
j (�r,t) = E+

j (�r) 
̂
(j )
−

(
t − |�r − �rj |

c

)
x̂

= E+
j (�r) ˆ̃



(j )

−

(
t − |�r − �rj |

c

)
e−i(ω0+ν)(t− |�r−�rj |

c
)x̂,

(13)

where E+
j (�r) = −iηj (ω0+ν)2| �Q(j )

eg | sin αj

4πε0c2|�r−�rj | . In deriving the above
relation, we used the vector definitions as shown in Fig. 2
( �Q(j )

eg is in xz plane). Equation (13) has been obtained via
ignoring the incoming wave contribution and in the far-field
region. To apply the Weisskopf-Wigner theory, the resonance
fluorescence between the kth mode of j th applied field and
the j th trapped ion is supposed to have occurred, i.e., ω

(j )
k =

ω0 + ν. It is obviously found from (13) that the propagated
electric field from a trapped ion depends on its internal ionic
transition frequency, its external vibrational frequency, its
position in the ion string and the Lamb-Dicke parameter, which
itself depends on the ion number N . Now, to complete our
investigation about the radiation of trapped ion, we should
encounter the probability of occurrence of such an emission;
this is the subject of the next section.

IV. PROBABILITY OF EMISSION OF A QUANTIZED
FIELD VIA A TRAPPED ION

In this section we intend to obtain the probability of
emission of a quantized field (photon) via a trapped two-level
ion in a special polarization direction. For this purpose, our
model Hamiltonian is comprised of Eqs. (2) and (6) with
substituting N = 1 and λ = 1. We suppose that, at t = 0
the j th trapped ion lives in its ground state |g,m − 1〉 and
via absorbing a photon from the j th applied field at time t0,
excites to its upper level |e,m〉. The state |e〉 (|g〉) refers to the
internal upper (lower) level of trapped ion and |m〉 refers to the
number state of its external vibrational mode. The emitted field
is initially considered in vacuum state |0�kj

〉 at t0. So, the initial

state vector reads as |ψ(t0)〉 = ∑∞
m=0 |e,m,0�kj

〉. The suggested
state vector after occurring the emission from the trapped ion
denotes as

|ψ(t)〉 =
∞∑

m=0

Ce,m,0�kj
(t)

∣∣e,m,0�kj

〉
+

∞∑
m=0

∑
�kj

Cg,m−1,1�kj
(t)

∣∣g,m − 1,1�kj

〉
, (14)

with the initial conditions Ce,m,0�kj
(t0) = 1 and Cg,m−1,1�kj

(t0) =
0. The interaction Hamiltonian in the interaction picture may
be obtained as follows:

ϑ̂(t) = ih̄
∑
�kj

(
g

(j )
�kj

(θj ,�rj )ĉ(j )
�kj

(t)
̂(j )
+ (t)eiδj t

− g
∗(j )
�kj

(θj ,�rj )ĉ(j )†
�kj

(t)
̂(j )
− (t)e−iδj t

)
, (15)

where g
(j )
�kj

(θj ,�rj ) = g
(j )
�kj

(θj )ei�kj .�rj and δj = ω0 + ν − ω
(j )
k .

Now, by utilizing the time-dependent Schrödinger equation,
i.e., ih̄ d

dt
|ψ(t)〉 = ϑ̂(t)|ψ(t)〉, we arrive at the following

coupled differential equations:

Ċe,m,0�kj
(t) =

∑
�kj

g
(j )
�kj

(θj ,�rj )
√

m Cg,m−1,1�kj
(t) eiδj t , (16)

Ċg,m−1,1�kj
(t) = −g

∗(j )
�kj

(θj ,�rj )
√

m Ce,m,0�kj
(t) e−iδj t . (17)

From Eq. (17), one readily obtains:

Cg,m−1,1�kj
(t) = −g

∗(j )
�kj

(θj ,�rj )
√

m

∫ t

t0

dt
′
Ce,m,0�kj

(t
′
)e−iδj t

′
.

(18)

Substituting Eq. (18) into (16), replacing
∑

�kj
with V

(2π)3

∫
d3�kj

and utilizing the Weisskopf-Wigner theory (after some manip-
ulations exactly similar to the previous section) yields:

Ċe,m,0�kj
(t) = −�j

2
Ce,m,0�kj

(t), (19)

where

�j = η2
j (ω0 + ν)3 m | �Q(j )

eg |2
10 πε0h̄c3

(
sin2 αj + 4

3
cos2 αj

)
. (20)

The spontaneous emission rate �j depends on the ionic
characteristics such as ω0, | �Q(j )

eg | and also on ηj , ν, and m,
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which are, respectively, represented to the Lamb-Dicke param-
eter, vibrational (trapping) frequency, and vibrational mode of
the j th trapped ion. So, increasing the trapping (vibrational)
energy of the j th trapped ion, Em = (m + 1

2 )h̄ν, may lead to
an increase in the spontaneous emission rate of its interlevel
transition. The lifetime of the upper state of the j th trapped ion
denotes as t

(j )
lt ≈ 1

�j
(the subscript “lt” refers to lifetime) and

as is discussed above can be varied via changing the trapping
energy of ions. Increasing the trapping energy can lead to a
decrease in t

(j )
lt . In deducing Eq. (19), ε̂

(1)
�kj

has the following

form:

ε̂
(1)
�kj

= (x̂ cos θj cos φj + ŷ cos θj sin φj − ẑ sin θj ). (21)

At last, from (19) we obtain:

Ce,m,0�kj
(t) = Ce,m,0�kj

(t0)e− �j

2 (t−t0) = e− �j

2 (t−t0), (22)

and using Eqs. (18) and (22) in resonance condition (δj = 0)
results in:

Cg,m−1,1�kj
(t) =

2 g
∗(j )
�kj

(θj ,�rj )
√

m

�j

(e− �j

2 (t−t0) − 1). (23)

It can be found from (22) and (23) that the probability of living
the trapped ion in its upper or lower states strongly depends on
its spontaneous emission rate as well as its trapping energy. The
emission of a photon is performed via transition from |e,m,0�kj

〉
to |g,m − 1,1�kj

〉. This occurs with the probability Pm,�kj
(t) =

Ce,m,0�kj
(t)C�

g,m−1,1�kj
(t). We interpret Pm,�kj

(t) as the probability

of emission of a quantized field via an excited trapped ion with
m vibrational quanta (phonon). Henceforth, this probability (as
a correction coefficient) should be multiplied by Eq. (13), so
that the final form of emitted field from the j th trapped ion is
obtained as

Ê+
j (�r,t) = ξ+

j (�r) (e−�j (t−t0) − e− �j

2 (t−t0))

× ˆ̃



j

−

(
t − |�r − �rj |

c

)
e−i(ω0+ν)(t− |�r−�rj |

c
) x̂, (24)

where ξ+
j (�r) =

2E+
j (�r)g(j )

�kj
(θj )ei�kj .�rj √

m

�j
. From Eq. (24), it is obvi-

ously seen that to arrive at the explicit form of the electric field

operator, determining the quantity ˆ̃



(j )

− (t) is necessary. In the
next section, we try to do this task.

V. TIME EVOLUTION OF THE OPERATORS OF SYSTEM

To complete the investigation about the emitted quantized
field via a trapped ion, we need to determine the explicit
analytical form of trapped ionic operators. In this section,
we try to find the time evolution of these operators in the
Lamb-Dicke regime. The model Hamiltonian [see Eqs. (2)
and (7)], which describes the interaction between a trapped
ion with a single-mode quantized field in resonance case
(ω0 + ν = ω) reads as

Ĥ (t) = h̄ω0

2
σ̂z(t) + h̄νb̂†(t)b̂(t) + h̄ωĉ†(t)ĉ(t)

+ ih̄g(θ )(ĉ(t)
̂+(t) − ĉ†(t)
̂−(t)), (25)

where the index “j” from the parameters associated with
the j th trapped ion (also j th applied field) is removed for
simplicity. The evolution of the operators of system yields:

ˆ̃̇c(t) = −g(θ ) ˆ̃

−(t),

ˆ̃̇

−(t) = −g(θ ) ˆ̃c(t) ˆ̃


z(t), (26)

ˆ̃̇

+(t) = −g(θ ) ˆ̃c

†
(t) ˆ̃


z(t),

where ˆ̃

z(t) = 
̂z(t). We determine three integrals of motion

associated with the Hamiltonian (25) as below:

R̂1 = b̂†(t)b̂(t) + ĉ†(t)ĉ(t),

R̂2 = b̂†(t)b̂(t) − σ̂+(t)σ̂−(t), (27)

R̂3 = ig(θ )(ˆ̃c(t) ˆ̃

+(t) − ˆ̃c

†
(t) ˆ̃


−(t)).

So, one can easily find that ˙̂Ri = 0 due to [R̂i,Ĥ (t)] = 0 and
[R̂i,R̂j ] = 0 (for i �= j = 1,2,3). Utilizing Eqs. (26) and (27)
with some straightforward algebraic manipulations (whose
details are in Appendix A) results in:

d2 ˆ̃

−(t)

dt2
− 2iR̂3

d
ˆ̃

−(t)

dt
+ χ̂

ˆ̃

−(t) = 0, (28)

where χ̂ = K2 (1 + R̂2) and K = −g(θ ). The general solution
of (28) is as

ˆ̃

−(t) = [ ˆ̃


+(t)]† = eiR̂3t

[(
cos(�̂t) − iR̂3

�̂
sin(�̂t)

)
ˆ̃

−(0)

+ χ̂

k�̂
sin(�̂t)ˆ̃c(0)

]
, (29)

where �̂ =
√

χ̂ + R̂2
3 (see Appendix A). Using Eqs. (26)

and (29), for the operators of field one yields:

ˆ̃c(t) = [ˆ̃c
†
(t)]† = eiR̂3t

[(
cos(�̂t) − iR̂3

�̂
sin(�̂t)

)
ˆ̃c(0)

+ k

�̂
sin(�̂t) ˆ̃


−(0)

]
, (30)

Substituting (29) into (24) the explicit form of the emitted field
is obtained. With the help of these definitions, we can study
the spectral and statistical properties of the evolved interacting
subsystems.

VI. FIRST-ORDER MULTITIME CORRELATION
FUNCTION OF A TRAPPED ION

In this section we intend to evaluate the first-order multitime
correlation function of a trapped ion. This goal originates from
the fact that according to Eq. (24), this function can physically
be interpreted as the normalized Fourier transform of the power
spectrum of emitted field (via the trapped ion) [39]. We define
the quantity g(1)

T I
(t,τ ) as the normalized first-order multitime

correlation function of a trapped ion, which may be determined
as follows:

g(1)
T I

(t,τ ) = 〈 ˆ̃

+(t) ˆ̃


−(t + τ )〉√
〈 ˆ̃

+(t) ˆ̃


−(t)〉
√

〈 ˆ̃

+(t + τ ) ˆ̃


−(t + τ )〉
. (31)

063815-5



N. YAZDANPANAH AND M. K. TAVASSOLY PHYSICAL REVIEW A 95, 063815 (2017)

FIG. 3. The variation of g(1)
T I

(t,τ ) for a trapped ion interacting
with a quantized field versus the scaled time Kt for two values of
Kτ = 1 and Kτ = 3. Other parameters are β = 0.5 and γ = 1.

To evaluate the above quantity, we suppose that the trapped
ion-field state is initially prepared as

|ψ(0)〉 = |g,β,γ 〉. (32)

This means that at t = 0, the ion is in its ground level (|g〉),
where its vibrational mode and the quantized field are in

the coherent state |z〉 = e− |z|2
2

∑∞
n=0

zn√
n!

|n〉 with the complex
amplitudes z = β,γ receptively. Utilizing Eqs. (29) and (32)
yields:

〈 ˆ̃

+(t) ˆ̃


−(t + τ )〉 = e−|β|2e−|γ |2
∞∑

n=0

∞∑
m=0

{ |β|2m

m!

|γ |2n

n!

× (m + 1) sin2(φn,mt) cos(φn−1,mτ )

}
,

(33)

where φn,m = K
√

n(m + 1). Other expectation values may
be defined by the same method. The first-order multitime
correlation function is shown in Fig. 3 versus the scaled time
Kt for two various values of Kτ = 1 and Kτ = 3. As is
shown in both diagrams, g(1)

T I
(t,τ ) starts from zero at t = 0 and

oscillates drastically around some positive value as time goes
on. Comparing these diagrams demonstrates that for the case

with Kτ = 3, the quantity g(1)
T I

(t,τ ) possesses more regular
oscillation behavior, but its maximum value is less than the
case with Kτ = 1. The Fourier transform of the quantity

〈 ˆ̃

+(t) ˆ̃


−(t + τ )〉 is proportional to the power spectrum of
the emitted quantized field from a trapped ion. Also, the

quantity 〈 ˆ̃

+(t) ˆ̃


−(t)〉 [according to (24)] is proportional to
the intensity of this emitted field at time t . So, an increment
in the intensity at either the times t or t + τ results in
the reduction of the quantity g(1)

T I
(t,τ ) and vice versa. Since

the increment (decrement) in the mentioned intensity occurs
frequently, the quantity g(1)

T I
(t,τ ) possesses oscillatory behavior

as time passes. Also, according to Eq. (31), it is found that
for τ � t , one has g(1)

T I
(t,τ ) ≈ 1, which possesses nearly a

constant behavior.

VII. QUANTUM STATISTICS OF THE FIELD

Now, we concentrate our attention on the quantum statistics
of one of the fields and its photon bunching or antibunching
properties. For these purposes, we calculate the second-order
multitime correlation function of the applied field [30]. This
quantity is defined as

g
(2)
f (t,τ ) = 〈ĉ†(t)ĉ†(t + τ )ĉ(t + τ )ĉ(t)〉

〈ĉ†(t)ĉ(t)〉〈ĉ†(t + τ )ĉ(t + τ )〉 . (34)

From physical point of view, the second-order correlation
function g

(2)
f (t,τ ) determines the probability of detecting a

photon of the field at time t + τ when another photon has
been previously detected at time t [30,40]. If g

(2)
f (t,0) = 1,

then the field has Poissonian statistics otherwise, the cases
g

(2)
f (t,0) > 1 and g

(2)
f (t,0) < 1 show the super-Poissonian

and sub-Poissonian statistics, respectively [30]. Also, if
g

(2)
f (t,τ ) > g

(2)
f (t,0), we have photon antibunching and if

g
(2)
f (t,τ ) � g

(2)
f (t,0), photon bunching occurs [30]. Through

utilizing (30), (32), and (34), the quantities g
(2)
f (t,τ ) and

g
(2)
f (t,0) can be evaluated, numerically. These quantities are

shown in Fig. 4 versus the scaled time Kt . Figure 4(a)
demonstrates the quantity g

(2)
f (t,5). This quantity starts from 1

at t = 0 and oscillates around 1.2 with some typical collapses
and revivals. In Fig. 4(b), g

(2)
f (t,0) is shown, which again

starts from 1 at t = 0. It is observed that in some periods of
time, g(2)

f (t,0) is slightly smaller than 1, which proves the sub-
Poissonian statistics of the field, which can be interpreted as the
nonclassical behavior of the field. Moreover, according to this
diagram the super-Poissonian statistics [g(2)

f (t,0) > 1] is the
dominant statistics of field. In Fig. 4(c), the quantities g

(2)
f (t,τ )

and g
(2)
f (t,0) are shown together in a single diagram. As is

illustrated, the photon bunching or antibunching phenomena
occur frequently as time goes on. However, by analyzing this
diagram it is generally found that the photons mostly tend to
distribute themselves in bunches (photon bunching) rather than
at random due to obeying the relation g

(2)
f (t,5) � g

(2)
f (t,0) in

more intervals of time.
According to Eq. (34), the temporal behavior of g

(2)
f (t,τ )

drastically relates to the time dependence of the operators
ĉ(t) and ĉ†(t), which have been obtained in Eq. (30). It can
be observed from Eq. (30) that the behaviors of ĉ(t) and so
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FIG. 4. Second-order multitime correlation function of the ap-
plied field versus the scaled time Kt : (a) for g

(2)
f (t,5), (b) for g

(2)
f (t,0),

(c) for both of them in one diagram. Other parameters are β = 0.5
and γ = 1.

ĉ†(t) are oscillatory as time goes on and there is no damping
effect, which can stabilize their temporal behavior. So, under

this condition the behavior of g
(2)
f (t,τ ) is also oscillatory

(nonstationary) as time goes on. Such a behavior for the
second-order correlation function of fields can also be found in
Refs. [41–44]. We would like to emphasize that in our applied
fields we did not consider the dissipation effects, which may
lead to the steady-state second-order correlation functions.

VIII. TRAPPED ION RESONANCE SPECTROSCOPY

In this section, the emitted spectra (photons) of trapped
ions in the c.m. mode of their collective vibrational motion
are taken into account via analyzing their emitted fields. The
main reason for applying the proposed model in Sec. II is
that we intend to obtain the spectral properties (intensity and
power spectrum) of all trapped ions (in their collective c.m.
vibrational mode) simultaneously in a reference detection
point of the cavity (via a photodetector). So, we need to
prepare the same interaction condition for each trapped ion
in its interaction with a quantized field. By this preparation,
the obtained spectrum of each trapped ion only depends on its
relative position with respect to the detection point. Moreover,
considering only one (instead of N ) quantized field in the
interaction with a string of N trapped ion leads one to obtain
the spectra of trapped ions, which not only depend on their
relative positions with respect to the detection point but also on
the relative position of applied field with respect to the trapped
ions. This situation makes the analysis of trapped ions’ spectra
more complicated than before and may be impossible. On the
other hand, considering a trapped ion in the interaction with a
quantized field is a simple case of the proposed general model
and can not give us any useful insights about the spectra of the
collection of N trapped ions, which have been trapped in the
collective c.m. mode. The obtained spectra of trapped ions help
us to get more information about the decoherence times due
to the transitions between the two-state of considered trapped
ions. To achieve this goal, we suppose that a high-precision
photodetector has been installed within the trap at the position
�r and is used to detect the radiations, which are emitted via the
trapped ions. The width of detector is selected in such a way
that it covers all over the cavity during its detection. Using
Eq. (24), the intensity of emitted field through the j th trapped
ion reads as

I (j )(�r,t) = 〈Ê−
j (�r,t)Ê+

j (�r,t)〉, (35)

where the initial state has been given in Eq. (32). The
normalized intensity versus the scaled time �j t for N = 1, 2,
and 3 trapped ions are illustrated in Figs. 5(a), 5(b), and 5(c),
respectively. As are shown in these diagrams, this quantity
starts from zero at first (in all plots), immediately reaches its
maximum possible intensity, and then via some oscillations
decays to zero as time goes on. The values of these normalized
intensities are sensitive to the relative positions of the trapped
ions with respect to the detection point. As is illustrated, by
measuring the maximum values of the intensities of emitted
fields from the trapped ions, the ions can be separately detected
via the photodetector by considering their relative positions
from the measuring points.

In fact, the value of the highest peak of the normalized
intensity can be regarded as a special characteristic of each ion
in the ion string. The normalized intensity of the emitted field
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FIG. 5. Normalized intensities of the emission fields from the
trapped ions, which are measured via a photodetector (which is
installed in the trap at the position �r) versus the scaled time �j t for
(a) one, (b) two, and (c) three trapped ions interacting with one, two,
and three quantized fields, respectively (the same as Fig. 1). Other
parameters are ν = 600 kHz, V = 10−6m3, M = 66.52 × 10−27kg,
ω0 + ν = 5 × 1014Hz, | �Q(j )

eg | = 2.9 × 10−30C.m, α = π

4 , θ = π

4 ,
�r = (10,10,50)μm, �rj is selected as in Ref. [12] and the transition
is supposed to perform between the levels |e,1〉j and |g,0〉j . Other
parameters are β = 0.5 and γ = 1.

via the nearest trapped ion to the detecting point is larger than
the far one. Furthermore, the time in which the emissions via all

the trapped ions are approximately stopped in these diagrams
is t

(j )
lt ≈ 1

�j
. At this time, the trapped ions decay to their

lower levels via emitting radiations. In Fig. 5, a photodetector
has been installed in the location �r = (10,10,50)μm. The
equilibrium positions of trapped ions are selected as [12]:

N = 1 −→ z̄1 = 0,

N = 2 −→ z̄1 = −(
1
4

) 1
3 κ ≈ −0.63 κ,

z̄2 = (
1
4

) 1
3 κ ≈ 0.63 κ,

N = 3 −→ z̄1 = −(
5
4

) 1
3 κ ≈ −1.07 κ, z̄2 = 0,

z̄3 = (
5
4

) 1
3 κ ≈ 1.07 κ, (36)

where N is the number of ions. Also, as has been mentioned
before, the position of the j th trapped ion on the ẑ axis is
determined by zj = z̄j + δ[b̂†(t) + b̂(t)], where δ =

√
h̄

2MνN
.

By these considerations, we now turn our attention to the
analysis of Fig. 5. Using the plot parameters of Fig. 5 brings
us to κ ≈ 10−6 and

N = 1 −→ δ ≈ 0.08 μm,

N = 2 −→ δ ≈ 0.06 μm,

N = 3 −→ δ ≈ 0.05 μm. (37)

Also, since we consider the center-of-mass mode for the
oscillations of trapped ions, they oscillate simultaneously (and
in particular, in the same direction) with the same frequen-
cies [12,19]. So, the quantity |�r − �rj (t)|, which denotes the
distance between the detector and j th trapped ion represents
as [�r = (10,10,50)μm and �rj (t) = (0,0,zj )]:

|�r − �rj (t)| =
√

102 + 102 + (50 − z̄j − zj (t))2 (μm), (38)

where zj (t) = δ(b̂†(t) + b̂(t)) and b̂(t) = b̂(0)e−iνt [12]. In
other words we can obtain:

zj (t) = 1√
N

(
zj (0) cos(νt) + pj (0)

Mν
sin(νt)

)
, (39)

where [12]

zj (0) =
√

h̄

2Mν
(b̂†(0) + b̂(0)),

pj (0) = i

√
h̄Mν

2
(b̂†(0) − b̂(0)) =

√
2MEm, (40)

where Em = (m + 1
2 )h̄ν. Consequently, the spectra, which are

demonstrated in Fig. 5 have been obtained by using these
equations.

In each of the cases N = 1, N = 2, and N = 3, the relative
distance between the detector and all the ions [Eq. (38)] alter
with the same frequencies ν. So, although the amplitude
of relative position between each of the trapped ions and
the detector alternatively changes, moreover, the temporal
behavior of this change is approximately the same for all
trapped ions. Therefore, in Fig. 5 the amplitudes of normalized
intensities change oscillatory and can be different for all
trapped ions, however, approximately with the same temporal
behavior of intensities as is shown in this figure.

063815-8



SPECTRAL PROPERTIES OF TRAPPED TWO-LEVEL IONS . . . PHYSICAL REVIEW A 95, 063815 (2017)

Another quantity that can be utilized for the investigation
of the spectrum of emitted field via a trapped ion is its power
spectrum [39]. This quantity is defined as [30]

S(�r,�) = 1

π
Re

∫ ∞

0
dτ 〈E−(�r,t)E+(�r,t + τ )〉ei�τ . (41)

It is noticeable that S(�r,�) is the Fourier transform of
〈E−(�r,t)E+(�r,t + τ )〉 as is seen in (41). The quantity
〈E−(�r,t)E+(�r,t + τ )〉 is a criterion to determine the normal-
ized first-order multitime correlation function of a trapped ion.
So, S(�r,�) is indeed a quantity versus �, which determines
the degree of correlation between E−(�r,t) and E+(�r,t + τ ) at
the time t . This quantity possesses a maximum, which occurs
in the resonance frequency between the trapped ion and the
field and refers to the fact that in this frequency the correlation
between E−(�r,t) and E+(�r,t + τ ) (at the certain time) gets its
maximum value. In other words, S(�r,�) describes the power
spectrum, which is a criterion to determine the maximum of

correlation between the operators ˆ̃



j

+(t) and ˆ̃



j

−(t + τ ) of the
j th trapped ion. For the emitted field from j th trapped ion
S(�r,�) can be calculated with the help of Eqs. (24), (33),
and (41) as follows:

Sj (�r,�) = �j

2π
I

(j )
0 (�r)

∞∑
m,n=0

I (j )
m,n(�r,t)

⎡⎣(e−2�j (t−t0)

− e− 3�j

2 (t−t0))

(
1

P 2
m,n + �2

j

+ 1

Q2
m,n + �2

j

)

+ 1

2
(e−�j (t−t0) − e− 3�j

2 (t−t0))

×
⎛⎝ 1

P 2
m,n + �2

j

4

+ 1

Q2
m,n + �2

j

4

⎞⎠⎤⎦, (42)

where

I
(j )
0 (�r) = |E−

j (�r)E+
j (�r)|,

I (j )
m,n(r̂ ,t) = e−|β|2e−|γ |2 |β|2m

m!

|γ |2n

n!
(m + 1)

× sin2

(
φm,n

(
t − |�r − �rj |

c

))
,

Pm,n = (� − (ω0 + ν − φm,n−1)),

Qm,n = (� − (ω0 + ν + φm,n−1)). (43)

It can be obviously found that if Pm,n = 0 = Qm,n, Sj (�r,�)
gets its maximum value versus � (for a constant value of �r),
so:

Pm,n = 0 =⇒ �(1)
m,n = (ω0 + ν − φm,n−1),

Qm,n = 0 =⇒ �(2)
m,n = (ω0 + ν + φm,n−1). (44)

Therefore, the width of peak in Sj (�r,�) for each given m and
n reads as ��m,n = �(2)

m,n − �(1)
m,n = 2φm,n−1.

The normalized power spectrum for one and two trapped
ions interacting, respectively, with one and two quantized fields
at t = 1

2�j
have been shown in Figs. 6 and 7, respectively.

The frequency of applied field in each plot is ω = 5 × 1014Hz

FIG. 6. Normalized power spectrum for one trapped ion interact-
ing with a quantized field versus the normalized frequency. t(s) = 1

2�j

and other parameters are the same as in Fig. 5.

(= ω0 + ν due to the resonance condition). As is demonstrated
in these figures, the normalized power spectrum possesses
an intense peak exactly in the resonance frequency for each
of the trapped ions, but its amplitude for each of them is
different due to the differences in their positions in the trap.
The maximum correlation between E−(�r,t) and E+(�r,t + τ )
for the j th trapped ion occurs at the resonance frequency as is
discussed above. So, this quantity can be regarded as another
parameter for detecting the trapped ions with respect to their
resonance frequencies with the applied field as well as their
positions in the trap. To analyze Figs. 6 and 7, it should be

FIG. 7. Normalized power spectrum for two trapped ions in the
same conditions as Fig. 6.
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noticed that the power spectrum physically determines the
power of a signal, which exists at a certain frequency [45].
This quantity, in fact, defines the distribution of spectrum as a
function of radiation frequency, so, by calculating this function
one can understand about which frequency in a spectrum
possesses the maximum probability as well as maximum
power for the detection process [45]. According to Fig. 6,
which has been plotted for emitted spectrum from a trapped
ion in the interaction with a quantized field (with frequency
ω), the maximum power (probability) in the emitted spectrum
occurs at the frequency � = ω, i.e., the trapped ion propagates
the same photon, which has been absorbed from the field with
more probability. In Fig. 7, two trapped ions separately interact
with two quantized fields at frequencies � = ω1 and � = ω2,
respectively. As is observed from this figure, the maximum
power of the emitted spectrum from each of the ions occurs
exactly in the field frequency, which interacts with each ion.

IX. CONCLUSIONS AND REMARKS

In summary, we considered the full quantum mechanical
interaction between N multimode quantized fields with N

trapped two-level ions, such that each ion interacts with one
of the quantized fields. In this respect, we supposed that only
one of the modes of each field is in resonance with its front
trapped ion (see Fig. 1), as a result, resonance florescence in
trapped ion-field system can be occurred. Such a model has
been previously discussed in the semiclassical framework [20].
We investigated such interactions to get more information
about the effects of quantized (instead of classical [20]) field
on the physical properties of system. The trapped ions that
have been utilized possess external vibrational degrees of
freedom in addition to internal atomic degrees. We also worked
with the Heisenberg operator approach to discuss on the
second-order correlation function as the criteria of bunching
and antibunching properties of the fields. The spontaneous
emission rate has been obtained for each trapped ion, which
denotes the relations between the lifetime of upper state of
each trapped ion and the trapping (vibrational) energy. We
concluded that increasing the trapping energy leads to an
increase (decrease) in the spontaneous emission rate (lifetime)
of interlevel transitions. Along these lines, to get information
about the fields, we studied their spectral and statistical
properties. In this regard, the quantized field operator, which
is emitted from each trapped ion (after its interaction with
the field) was encountered. Utilizing the obtained emitted
field, the normalized intensity and power spectrum of the
radiation of each trapped ion was deduced by which we
allocated a characteristic spectrum to each of the trapped ions.
Furthermore, via studying the normalized power spectrum
we observed that the maximum of multitime correlation
between the ladder operators associated with each trapped
ion is obtained in its resonance frequency with the field. The
sub-Poissonian and antibunching statistical properties of the
field during the interaction well established the nonclassicality
features of the field. It is therefore found that, even though
the applied filed is initially prepared in the coherent state
(with Poissonian statistics), its statistics during the interac-
tion may changes to both sub-Poissonian (nonclassical) and

super-Poissonian (classical). Moreover, the dominant statistics
is recognized as super-Poissonian as time goes on.

APPENDIX: TIME EVOLUTION OF THE
OPERATORS OF SYSTEM

To obtain Eq. (28), we use the following method. At first,

with the help of Eq. (27) and substituting ˆ̃

+(t) and ˆ̃


−(t) in
ˆ̃

z(t) one obtains:

ˆ̃

z(t) = 2 ˆ̃


+(t) ˆ̃

−(t) − R̂2 − 1, (A1)

and so:
ˆ̃̇

z(t) = 2

d

dt
[ ˆ̃

+(t) ˆ̃


−(t)]. (A2)

To deduce ˆ̃

−(t) in Eq. (26), we first calculate:

d

dt
[ˆ̃c(t) ˆ̃


z(t)]

= d ˆ̃c(t)

dt

ˆ̃

z(t) + ˆ̃c(t)

d
ˆ̃

z(t)

dt

= d ˆ̃c(t)

dt
(2 ˆ̃


+(t) ˆ̃

−(t) − R̂2 − 1)

+ 2ˆ̃c(t)

(
d

ˆ̃

+(t)

dt

ˆ̃

−(t) + ˆ̃


+(t)
d

ˆ̃

−(t)

dt

)
= K (2 ˆ̃


−(t) ˆ̃

+(t) ˆ̃


−(t) − ˆ̃

−(t)R̂2 − ˆ̃


−(t))

+ 2K ˆ̃c(t) (ˆ̃c
†
(t) ˆ̃


z(t)
ˆ̃

−(t) + ˆ̃c(t) ˆ̃


+(t) ˆ̃

z(t)), (A3)

where K = −g(θ ). Since σ̂+σ̂−
ˆ̃

− for a two-level trapped ion

is equal to zero (σ̂−σ̂− = σ̂+σ̂+ = 0), by utilizing Eq. (27) we
can simplify the above relation with the help of the following
definitions:

b̂†(t)b̂(t) ˆ̃

−(t) = R̂2

ˆ̃

−(t),

ˆ̃

−(t) ˆ̃


+(t) ˆ̃

−(t) = b̂(t)b̂†(t) ˆ̃


−(t) = (1 + R̂2) ˆ̃

−(t),

ˆ̃

z(t)

ˆ̃

−(t) = −(1 + R̂2) ˆ̃


−(t),

ˆ̃

+(t) ˆ̃


z(t) = −b̂†(t)b̂(t) ˆ̃

+(t). (A4)

So, Eq. (A3) can be rewritten as follows:

d

dt
[ˆ̃c(t) ˆ̃


z(t)] = K
[(

R̂2 − 1 − 2R̂1 − 2R̂1R̂2 + 2R̂2
2

) ˆ̃

−(t)

− 2ˆ̃c
2
(t)b̂†(t)b̂(t) ˆ̃


+(t)
]
. (A5)

To determine the last term in the above equation, i.e.,
ˆ̃c

2
(t)b̂†(t)b̂(t) ˆ̃


+(t), we notice that using Eq. (27) yields:

ˆ̃c(t) ˆ̃

+(t) = i

K
R̂3 + ˆ̃c

†
(t) ˆ̃


−(t). (A6)

Then by multiplying the operator ˆ̃c(t) ˆ̃

z(t) from left onto (A6),

we arrive at:

− ˆ̃c
2
(t)b̂†(t)b̂(t) ˆ̃


+(t)

= i

K2
R̂3

ˆ̃̇

−(t) + (

R̂1 − R̂2 + R̂1R̂2 − R̂2
2

) ˆ̃

−(t). (A7)
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Substituting 1
K

ˆ̃̇

−(t) instead of ˆ̃c(t) ˆ̃


z(t) [see Eq. (26)], us-
ing (A7), replacing ĉ†(t)ĉ(t) with R̂1 − b̂†(t)b̂(t) and b̂†(t)b̂(t)
with R̂2 + σ̂+(t)σ̂−(t) [see Eq. (27)] and applying R̂2 σ̂−(t)
instead of b̂†(t)b̂(t) σ̂−(t) in Eq. (A5), one arrives at the
differential Eq. (28). In obtaining (28), we also used the
following commutators:

[R̂1,
ˆ̃

−(t)] = − ˆ̃


−(t), [R̂2,
ˆ̃

±(t)] = 0. (A8)

The general solution of the differential Eq. (28) may be written
as

ˆ̃

−(t) = ei(R̂3−�̂)t α̂1 + ei(R̂3+�̂)t α̂2, (A9)

where �̂ =
√

χ̂ + R̂2
3 and [R̂3,�̂] = 0. Using Eq. (26) one can

obtain:

ˆ̃c(t) = K

(
ei(R̂3−�̂)t −iα̂1

R̂3 − �̂
+ ei(R̂3+�̂)t −iα̂2

R̂3 + �̂

)
, (A10)

where ˆ̃

−(0) = α̂1 + α̂2 and ˆ̃c(0) = −iK( α̂1

R̂3−�̂
+ α̂2

R̂3+�̂
).

Therefore,

α̂1 =
(

1

2
− R̂3

2�̂

)
ˆ̃

−(0) − iχ̂

2K�̂

ˆ̃c(0),

α̂2 =
(

1

2
+ R̂3

2�̂

)
ˆ̃

−(0) + iχ̂

2K�̂

ˆ̃c(0). (A11)

Finally, after some manipulations the operators of system are
obtained as in Eqs. (29) and (30).
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