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Orientation dependence of harmonic emission from vibrating HeH2+ versus HeT2+: Effects of a
permanent dipole
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We study high-order harmonic generation (HHG) from the oriented asymmetric molecule HeH2+ and its
isotopic variant HeT2+ in strong few-cycle laser pulses, by numerically solving the non-Born-Oppenheimer
time-dependent Schrödinger equation. Our simulations show that the influence of nuclear motion on HHG of the
asymmetric system is dependent on the molecular orientation and the laser parameters. At relatively weak laser
intensities, the HHG yields of HeH2+ are higher than those of HeT2+ for the parallel orientation and the situation
reverses for the perpendicular orientation. However, at high laser intensities, they become comparable for the
parallel case. With a developed simple HHG model that considers the influences of nuclear motion on all of
the ionization, propagation, and recombination processes of HHG, we show the permanent dipole of the system
plays an important role in these phenomena. Our results shed light on the complex dynamics of the asymmetric
system in strong laser fields.
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I. INTRODUCTION

High-order harmonics generation (HHG) from atoms and
molecules [1] and solids [2] has been a popular subject in both
theoretical and experimental studies of strong-laser-matter
interactions in recent years. It has important applications in
attosecond physics [3] such as producing attosecond pulses
[4–6] and attosecond probing of molecular structure [7–10]
and electron dynamics [11–13]. The HHG is also capable of
probing the nuclear motion [14,15] and tracing a chemical
reaction [16] in the ultrafast time scale. The HHG process
is well described by a three-step model [17,18]: tunneling
ionization of the bound electron from the laser-dressed
potential; propagation of the freed electron in strong laser
fields; and recombination of the rescattering electron with its
parent ion with the emission of a high-energy photon.

In comparison with atoms, molecules with more degrees
of freedom show some new physical phenomena in the
HHG process, such as charge-resonance effects [19–23],
orientation effects [24–26], two-center-interference effects
[27–30], polarization [31–36], and so on. The theoretical study
of molecular HHG is usually based on the Born-Oppenheimer
(BO) approximation, where the motion of the nuclei is
neglected. This approximation is generally reasonable since
the motion of the electron is much faster than the nuclei.
The BO approximation has been widely used in the study
of HHG from heavier molecules such as O2 and N2 [26]
and CO2 [28,29]. However, for lighter molecules such as H2

[14] and H2
+ [15,37], it has been shown that the motion of

the nuclei plays an important role in the HHG. Due to the
influence of nuclear motion, the HHG yields are lower for
H2 than T2 [14], and somewhat higher for H2

+ than D2
+

[15]. In addition, to study the dissociation-related processes of
molecules in strong laser fields such as the stretching of Br2
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[16] in photodissociation, it is also necessary to consider the
nuclear motion.

For asymmetric molecules with a large permanent dipole,
such as NO [38], N2O [39], HCl [40], HeH2+ [41–45],
CO [46–54], and OCS [55], the situation is more complex.
It has been shown that the permanent dipole of the asymmetric
molecule leads to asymmetric ionization [41], the large Stark
effect [47], and multichannel emission of harmonics [42,43].
In particular, as the nuclear motion is considered, there are six
possible recombination channels, which can be identified in
the HHG process of HeH2+ [56]. The permanent dipole also
induces the quick nuclear motion for the asymmetric system
HeH+ [57] in comparison with the symmetric case of H2.

The effect of the permanent dipole is dependent on the
molecular orientation. One can expect that the orientation
effect will importantly influence the electron-nuclei coupled
dynamics of asymmetric molecules. As the orientation effect
related to molecular HHG has been widely studied in the
fixed-nuclei case, it is less studied in the vibrating case,
especially for the vibrating asymmetric system. To understand
the complex dynamics of asymmetric molecules in strong laser
fields, a detailed study in the HHG from oriented asymmetric
molecules beyond the BO approximation is desired.

In this paper, through numerical solution of the non-BO
time-dependent Schrödinger equation (TDSE) for HeH2+

with two-dimensional electron dynamics and one-dimensional
nuclear dynamics, we explore the influence of molecular
orientation on the HHG of vibrating HeH2+, along with
comparing it to its isotopic variant HeT2+ and changing the
laser parameters such as the laser intensity and the laser
wavelength. When the laser polarization is parallel to the
molecular axis (the parallel orientation), the calculated HHG
yields of HeH2+ are almost one order of magnitude higher
than HeT2+. This situation reverses for the perpendicular
orientation. At high laser intensities, the HHG yields of
these two molecules become comparable for the parallel
case. Our analyses reveal that the effect of the permanent
dipole associated with the molecular orientation and the laser
parameters plays an important role in these phenomena. With
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the development of a simple HHG model that considers the
nuclear vibration, the roles of nuclear motion in all of the
ionization, propagation and recombination processes of HHG
is addressed in detail.

II. THEORETICAL DESCRIPTIONS

A. Numerical procedure

1. TDSE simulations

We assume that the laser field is along the x axis, the
molecular axis is located in the xy plane and the center
of mass of the molecular system is located at the origin
of the coordinate system o. The TDSE of the asymmetric
system studied here has the following form (in atomic units of
h̄ = e = me = 1)

i
∂ψ(R,r,t)

∂t
= [H0 + VI (t)]ψ(R,r,t). (1)

Here H0 = TN + Te + Veff(R,r) is the field-free Hamiltonian
with

TN = − 1

2μN

∂2

∂R2
, (2)

Te = − 1

2μe

∂2

∂r2
= − 1

2μe

[
∂2

∂x2
+ ∂2

∂y2

]
, (3)

Veff(R,r) = ZHeZH

R
− ZHee

−ρ(R)r2
He√

r2
He + ε

− ZHe−ρ(R)r2
H√

r2
H + ε

. (4)

Here μN = MHeMH/(MHe + MH ) is the nuclear reduced
mass, and μe = (MHe + MH )/(MHe + MH + 1) is the elec-
tronic reduced mass. MHe and MH are masses of He and H
nuclei. ZHe = 2 and ZH = 1 are the charges for the He and H
centers. R is the internuclear separation. r2

He = (r − RHe)2 =
(x − RHe cos θ )2 + (y − RHe sin θ )2 and r2

H = (r − RH )2 =
(x + RH cos θ )2 + (y + RH sin θ )2. r is the position of the
electron to the origin, and θ is the angle between the molecular
axis and the laser polarization. RHe and RH are the positions
of the He and H nuclei with RHe = MHR/(MH + MHe)
and RH = MHeR/(MH + MHe). ε = 0.16 is the softening
parameter. ρ(R) is the screening parameter, which is adjusted
such that the resulting 2σ BO potential of the model molecule
matches the real 2σ BO potential of HeH2+ calculated with the
approach introduced in Ref. [41]. In this case with ε = 0.16,
the resulting 1σ BO potential of the model molecule is also
very near to the real 1σ BO potential of HeH2+. The HeH2+

system has a stable 2σ state with the equilibrium distance
of R2 = 3.9a.u. and the ionization potential of Ip = 0.53a.u..
This state is chosen as the initial state in our TDSE simulations.

In Eq. (1), the term VI (t) describes the interaction of the
HeH2+ system and the laser field. The laser field used here
has the form of ξ (t) = �exξ (t) = �exf (t)E0 sin ω0t with the
amplitude E0, the frequency ω0, and the envelope function
f (t). The symbol �ex denotes the unit vector along the laser
polarization. In the dipole approximation and the length gauge,
the term VI (t) in our calculations has the following form

[57,58]

VI (t) = V e
I (r,t) + V n

I (R,t) = xξ (t) − γRξ (t) cos θ, (5)

with γ = (ZHeMH − ZH MHe)/(MHe + MH ). Considering the
respective mass of He (including two protons and two
neutrons), H (one proton) and T (one proton and two neutrons),
the value of γ is −2/5 for HeH2+ and it is 2/7 for
HeT2+. The first term V e

I (r,t) = xξ (t) in Eq. (5) describes
the laser-electron interaction. The second term V n

I (R,t) =
−γRξ (t) cos θ describes the laser-nuclei interaction. Similar
to the case of HeH+ in Ref. [57], our extended simulations
show that this term V n

I (R,t) also plays a small role in the
HHG of HeH2+.

In our simulations, we use a seven-cycle laser pulse, which
is linearly turned on and off for two optical cycles, and then
kept at a constant intensity for three additional cycles. The
TDSE of Eq. (1) is solved numerically using the spectral
method [59]. A grid size of Lx × Ly = 409.6 × 51.2a.u with
the steps of �x = �y = 0.4a.u. for the electron and a range
of R = 2.5, . . . ,15.3a.u. with the step of �R = 0.1a.u. for
the internuclear distance have proven sufficient for converged
HHG spectra. The time step used in our calculations is �t =
0.05a.u.. In each time step, a cos1/8 mask function is used
in the boundary of each dimension to absorb the continuum
wave packet. The mask function along the x axis has the form
of F (x) = cos1/8[π (| x | −x0)/(Lx − 2x0)] for | x |� x0 and
F (x) = 1 for | x |< x0. x0 = Lx/8 is the absorbing boundary.
The mask function F (y) along the y axis is similar to F (x). A
similar absorbing procedure with the mask function F (R) is
also used for the upper boundary of R.

2. Electronic states and vibrational states

At the frame of BO approximation with R as a param-
eter, the wave function for the eigenstate of the field-free
Hamiltonian H0 of Eq. (1) can be written as χv

n (R)φn(R,r)
with υ = 0,1,2, . . .. Here, φn(R,r) is the electronic BO wave
function corresponding to the nth eigenstate and χυ

n (R) is
the vibrational wave function associated with φn(R,r). The
BO wave function φn(R,r) and the BO potential Vn(R)
associated with φn(R,r) can be obtained through imaginary-
time propagation of the Hamiltonian

He
0 (R,r) = Te + Veff(R,r). (6)

With diagonalizing the nuclear Hamiltonian

Hn
0 (R) = TN + Vn(R), (7)

we can then obtain the vibrational eigenstates χυ
n (R) and

eigenenergy Eυ
n associated with φn(R,r). Here, Eυ

n is also
the energy of the whole Hamiltonian H0 of Eq. (1) including
electronic and nuclear motions. Using the above approach,
we evaluate the BO wave function χ0

1 (R)φ1(R,r) for the first
excited state 2σ of the system with the eigenenergy E0

1 , which
will be used as the initial state in our TDSE simulations.
With tracing the time evolution of the BO eigenstates obtained
using the above approach, one can also analyze the bound-state
dynamics of the system, as shown in Fig. 4 and Fig. 5.
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3. Rescattering wave packet

The rescattering wave packet ψre(R,r,t) has been shown to
include full dynamical information of the rescattering electron.
It can be obtained numerically following the procedure
introduced in Ref. [60]. That is

ψre(R,r,t) = f (r,rc)ψc(R,r,t), (8)

where

f (r,rc) = 1 (r = |r| < rc),

f (r,rc) = exp[−(r − rc)2/�2] (r � rc)

with rc = 10a.u. and � = 2. The rescattering wave packet
evaluated here is not sensitive to the choice of the pa-
rameters rc and �. The function ψc(R,r,t) appearing in
the above expression is the continuum wave packet, which
can be obtained with excluding the components of the
electronic BO bound states φn(R,r) from ψ(R,r,t). That is,
ψc(R,r,t) = ψ(R,r,t) − �nan(R,t)φn(R,r) with an(R,t) =
〈φn(R,r)|ψ(R,r,t)〉. In our simulations, only the lower
bound states such as the first excited state φ1(R,r) (the
initial state) and the second excited state φ2(R,r) have
large amplitudes. So we have ψc(R,r,t) ≈ ψ(R,r,t) −
a1(R,t)φ1(R,r) − a2(R,t)φ2(R,r). With the rescattering wave
packet obtained using the above approach, one can analyze
the continuum-state dynamics of the system, as shown in
Figs. 6–10.

4. HHG spectrum

Once the TDSE wave function ψ(t) ≡ ψ(R,r,t) is ob-
tained, the coherent part of the HHG spectrum parallel to the
laser polarization can be evaluated using

F (ω) =
∫

〈ψ(t)|�ex · ∇rVeff|ψ(t)〉eiωtdt, (9)

where ω is the harmonic frequency and Veff ≡ Veff(R,r). The
HHG spectra of HeH2+ and HeT2+ obtained with Eq. (9) are
shown in Fig. 1.

FIG. 1. Comparisons of HHG yields for HeH2+ (black solid) and
HeT2+ (red dashed) at θ = 0◦ (the left column) and θ = 90◦ (right),
obtained with different laser intensities and wavelengthes, as shown.

With considering the transition of the electron back to
only the electronic 2σ BO state φ1(R,r), Eq. (9) can be
approximated as

F 1(ω) ≈
∫ 〈

ψ1(t)|�ex · ∇rVeff|ψ(t)
〉
eiωtdt, (10)

with ψ1(t) ≡ ψ1(R,r,t) = a1(R,t)φ1(R,r) and a1(R,t) =
〈φ1(R,r)|ψ(t)〉. Considering the definition of the rescattering
wave packet ψre(t) ≡ ψre(R,r,t), the above expression can be
further approximated as

F 1,r (ω) ≈
∫

〈ψ1(t)|�ex · ∇rVeff|ψre(t)〉eiωtdt. (11)

Our extended simulations show that for HeH2+ in ultrashort
laser pulses, the spectra of F 1,r (ω) evaluated with the rescat-
tering wave packet ψre(t) and the bound wave packet ψ1(t)
are comparable to the accurate ones of F (ω) with the full
TDSE wave function ψ(t). We therefore can explore the HHG
mechanism of the vibrating system through analyzing the
bound and rescattering wave packets ψ1(R,r,t) and ψre(R,r,t),
which are closely relevant to the HHG, as shown later.

B. Analytical description: A simple HHG model

Now, we explore the influence of the laser-induced nuclear
motion on the HHG of asymmetric molecules. Let us return to
the expression of F 1,r (ω) of Eq. (11).

With expanding ψre(R,r,t) on the electronic BO continuum
state φp(R,r), we have ψre(R,r,t) = ∫

cp(R,t)φp(R,r)dp.
Considering ψ1(R,r,t) = a1(R,t)φ1(R,r), we arrive at

F 1,r (ω) ≈
∫∫

ap(R)d(R,p)dRdp, (12)

with d(R,p) = 〈φ1(R,r)|�ex · ∇rVeff|φp(R,r)〉, and

ap(R) =
∫

a∗
1 (R,t)cp(R,t)eiωtdt. (13)

Here, the term d(R,p) is the dipole of the electron between the
BO first-excited state φ1(R,r) and the continuum state φp(R,r).
The dipole term is closely associated with the molecular
structure and is the same for a molecule and its isotopic
variant such as HeH2+ and HeT2+. This amplitude ap(R)
reflects the overlap of the bound wave packet ψ1(R,r,t) and
the rescattering wave packet ψre(R,r,t), and differs for HeH2+

and HeT2+. If we consider that the main contribution to the
harmonic ω comes from the continuum electron with the
energy Ep = p2/2 agreeing with ω = Ep + Ip, we also have

F 1,r (ω) ∼
∫

ap(ω)(R)d[R,p(w)]dR, (14)

with p(w) = √
2(ω − Ip). The above expression clearly shows

the dependence of the HHG on the nuclear motion character-
ized by the amplitude ap(ω)(R). This amplitude is influenced
by both the dynamics of the bound wave packet ψ1(R,r,t)
and the continuum one ψre(R,r,t). The dynamical evolution
of ψ1(R,r,t) is different from that of ψre(R,r,t).

As discussed in Ref. [57], the amplitude a1(R,t) =∑
υ aυ

1 (t)χυ
1 (R) of the bound wave packet is influenced

by the effect of the permanent dipole. This influence can
be understood with a two-level model. Under two-level
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approximations, with expanding the wave function ψ(R,r,t)
on the two lowest vibrational states |0〉 = χυ=0

1 (R)φ1(R,r)
and |1〉 = χυ=1

1 (R)φ1(R,r), we have ψ(R,r,t) = a0
1(t)|0〉 +

a1
1(t)|1〉. Then the Schrödinger equation can be written as

iȧ0
1(t) = a0

1(t)
[
E0

1 + ξ (t) · 〈0|r|0〉] + a1
1(t)[ξ (t) · 〈0|r|1〉];

iȧ1
1(t) = a1

1(t)
[
E1

1 + ξ (t) · 〈1|r|1〉] + a0
1(t)[ξ (t) · 〈1|r|0〉].

(15)
Here, the dipole terms 〈0(1)|r|0(1)〉 and 〈0(1)|r|1(0)〉
are defined as 〈m|r|m〉 = ∫ |χm

1 (R)|2Dp(R)dR,〈m|r|n〉 =∫
[χm

1 (R)]∗χn
1 (R)Dp(R)dR, respectively. E0

1 and E1
1 are the

energy of these two states |0〉 and |1〉. In the above expressions,
the term

Dp(R) =
∫

|φ1(R,r)|2rdr (16)

is the permanent dipole associated with φ1(R,r). The above
two-level model shows that for θ = 00 with ξ (t) · Dp(R) 
= 0,
the asymmetric system initially in the |0〉 state will be coupled
to the |1〉 state due to the effect of the permanent dipole. The
situation is similar for the |0〉 state and a higher vibrational
state such as |2〉 = χυ=2

1 (R)φ1(R,r), resulting in the rapid
motion of the nuclear wave packet associated with φ1(R,r).
Noting, for θ = 900 with ξ (t) · Dp(R) ≡ 0 and for symmetric
molecules with Dp(R) ≡ 0, these two vibrational states do not
couple. In these cases, the motion of the nuclear wave packet
of φ1(R,r) is only related to the laser-induced excitation of
the electronic states. This motion is usually far slower than the
laser-permanent-dipole-induced one.

The amplitude cp(R,t) of the rescattering wave packet is
relevant to the vibrational wave function χ (R,τ ) [14], which
obeys the Schrödinger equation of

i
∂χ (R,τ )

∂τ
=

[
− 1

2μN

∂2

∂R2
+ ZHeZH

R

]
χ (R,τ ) (17)

with the initial condition χ (R,0) = χ ′(R,ti). The function
χ ′(R,ti) is the vibrational wave function of the continuum
electron at the time ti at which the continuum electron is born.

Let us discuss the amplitude ap(ω)(R) in more detail. First,
for the parallel orientation, due to the effect of the permanent
dipole, the bound wave packet ψ1(R,r,t) spreads towards
larger R at which the ionization is usually easier to occur than at
the equilibrium separation. This spreading is more remarkable
for HeH2+ with lighter nuclei than HeT2+. One can expect that
the ionization yields of HeH2+ are also higher than HeT2+.
Accordingly, the amplitude cp(R,t) of the rescattering wave
packet, which is closely related to the ionization is also larger
for HeH2+ than HeT2+. This mechanism potentially increases
the HHG yields of HeH2+ in comparison with HeT2+. Second,
due to the repulsion of these two nuclei, the rescattering wave
packet ψre(R,r,t) also spreads rapidly towards larger R in
the propagation process of HHG. This spreading is also more
remarkable for HeH2+ with lighter nuclei than HeT2+. This
spreading reduces the overlap of these two amplitudes a1(R,t)
and cp(R,t) in recombination and therefore decreases the value
of ap(ω)(R). This mechanism potentially reduces the HHG
yields of HeH2+ in comparison with HeT2+. One can expect
that these two mechanisms compete in the HHG process. Due
to this competition, the HHG yields of HeH2+ can be higher
than HeT2+. For the perpendicular orientation, the permanent

dipole plays no role. This spreading of the bound wave packet
ψ1(R,r,t) can be neglected. In this case, the spreading of the
rescattering wave packet ψre(R,r,t) dominates in the HHG.
As a result, the HHG yields of HeH2+ with lighter nuclei
are usually lower than HeT2+, as in the symmetric cases of
H2 versus T2 [14]. In the following, we will perform a full
analysis on the HHG process of the vibrating system to check
the mechanisms discussed above.

III. RESULTS AND DISCUSSIONS

A. Comparisons between HHG spectra

Figure 1 plots the HHG spectra of HeH2+ versus HeT2+ at
θ = 0◦ (the left column) and θ = 90◦ (right) for different laser
intensities and wavelengths. For the case of low laser intensity
of I = 1.2 × 1014W/cm2 with λ = 1200nm, one can observe
that in Fig. 1(a) of θ = 0◦, the HHG yields of HeH2+ with
lighter nuclei are one order of magnitude higher than HeT2+.
However, in Fig. 1(d) of θ = 90◦, this situation reverses and
the HHG yields of HeT2+ become remarkably higher than
HeH2+. As we change the laser wavelength, the results with
λ = 1000nm are similar to the cases of λ = 1200nm, as shown
in Figs. 1(b) and 1(e). As we increase the laser intensity
to I = 4 × 1014W/cm2, the HHG yields of HeH2+ become
comparable with HeT2+ for θ = 0◦, and are higher than HeT2+

in the high-energy region for θ = 90◦, as shown in Figs. 1(c)
and 1(f). The results in Fig. 1 imply that the HHG of the
vibrating asymmetric system is closely related to the molecular
orientation and the laser parameters.

A careful comparison between these results in Fig. 1 also
shows that the HHG yields at the parallel orientation are
usually several orders of magnitude higher than those at
the perpendicular orientation, for both cases of HeH2+ and
HeT2+. Next, we explore the potential mechanism behind these
phenomena.

B. Roles of nuclear motion in ionization

As the ionization is the first step of HHG, in Figs. 2(a)
to 2(d), we compare the ionization yields of HeH2+ versus
HeT2+ at θ = 0◦ (the first column) and θ = 90◦ (the second
column) for different laser parameters. For the low laser
intensity of I = 1.2 × 1014W/cm2, the ionization yields of
HeH2+ are almost two orders of magnitude higher than HeT2+

at θ = 0◦, as shown in Fig. 2(a). However, they are comparable
at θ = 90◦ (the HHG yields of HeH2+ are only two times
higher than HeT2+), as shown in Fig. 2(c). For the high
laser intensity of I = 4 × 1014W/cm2, the ionization yields
of HeH2+ and HeT2+ are comparable in both cases of θ = 0◦
and θ = 90◦, as shown in Figs. 2(b) and 2(d). In Figs. 2(e)
and 2(f), we also show the comparison between the ionization
yields of HeH2+ or HeT2+ at θ = 0◦ versus θ = 90◦. One
can observe from Figs. 2(e) and 2(f) the ionization yields at
θ = 0◦ are almost four orders of magnitude higher than those
at θ = 90◦.

These results imply that for the parallel orientation, the
ionization is remarkably stronger for lighter nuclei at relatively
low laser intensities. In addition, the ionization yields differ
significantly at θ = 0◦ versus θ = 90◦ for both cases of HeH2+

and HeT2+. These results of ionization are in agreement with
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FIG. 2. Comparisons between ionization probabilities of HeH2+

(black solid) versus HeT2+ (red dashed) at θ = 0◦ (the first column)
and θ = 90◦ (the second column), obtained with different laser
intensities, as shown. For comparison, the result of HeT2+ in
(a) is multiplied by a factor of 10. In the third column of Fig. 2, we
also show the comparisons between ionization probabilities at θ = 0◦

(black solid) vs θ = 90◦ (red dashed) for HeH2+ (e) and HeT2+ (f),
obtained with I = 1.2 × 1014W/cm2. The log10 scale is used in (e)
and (f). The laser wavelength used is λ = 1000nm.

the HHG results in Fig. 1, where the HHG yields of HeH2+

for the parallel case are also strikingly higher than HeT2+ at
relatively low laser intensities, and the HHG yields of HeH2+

or HeT2+ also differ remarkably for the parallel orientation
versus the perpendicular one. One therefore can expect that
the ionization of the vibrating system plays an important role
in the comparisons related to HHG in Fig. 1.

In the following, we analyze the influence of nuclear motion
on the ionization. As discussed in Ref. [57], at θ = 0◦, the
interaction of the laser field and the permanent dipole of
the asymmetric system induces the strong coupling between
neighboring vibrational states. This coupling transfers the
populations of the system from lower vibrational states to
higher ones, resulting in the rapid spreading of the nuclear
wave packet associated with the electronic BO bound state of
the system. In other words, due to the effect of the permanent
dipole, the asymmetric molecule tends to stretch to larger
internuclear distances R at the parallel orientation. One can
expect that this spreading of the nuclear wave packet is more
remarkable for lighter nuclei. On the other hand, the molecule
is also easier to ionize at larger R [19,23]. Consequently, the
ionization yields of HeH2+ with lighter nuclei are higher
than HeT2+. One can expect that this mechanism, which
increases the ionization yields, is more important for lower
laser intensities at which the ionization is more difficult to
occur near the equilibrium distance. At θ = 90◦, the effect
of the permanent dipole disappears and the spreading of
the nuclear wave packet for HeH2+ and HeT2+ is similar.
Accordingly, the ionization yields of HeH2+ and HeT2+ are
also comparable.

To validate the above analyses, in Fig. 3, we plot R-
dependent ionization probabilities ϒ(R) averaged on the

FIG. 3. Comparisons between R-dependent ionization probabili-
ties ϒ(R) of HeH2+ (black solid) versus HeT2+ (red dashed) at θ = 0◦

(the left column) and θ = 90◦ (right), obtained with different laser
intensities, as shown. The laser wavelength used is λ = 1000nm.

whole ionization probability, which are defined as

ϒ(R) =
∫ |ψ(R,r,t)|2[1 − f (R,r)2]d rdt∫ |ψ(R,r,t)|2[1 − f (R,r)2]dRd rdt

, (18)

with f (R,r) = F (x)F (y)F (R). Here F (x), F (y), and F (R)
are the mask functions introduced in the part of numerical
procedure. For the parallel orientation, the results in Fig. 3(a)
of low laser intensity show that the ionization probability
peaks at R = 6.8a.u. for HeH2+ and at R = 6.1a.u. for HeT2+,
implying that the HeH2+ molecule stretches to larger R than
HeT2+. For the case of high laser intensity in Fig. 3(b), the
results show that the main contributions to ionization come
from a broad range of R for both HeH2+ and HeT2+. In
addition, this range of R for large ionization probabilities is
also broader for HeH2+ than HeT2+. For the perpendicular
orientation, however, the ionization for HeH2+ and HeT2+

predominately occurs at a similar R around [Fig. 3(c)] or
somewhat larger than [Fig. 3(d)] the equilibrium separation.
These results are in agreement with our above analyses in
Fig. 2.

To further illuminate the permanent-dipole-induced re-
markable enhancement of ionization for HeH2+ in comparison
with HeT2+, in Fig. 4 and Fig. 5, we plot the populations
of some lower vibrational states χυ

1 (R) associated with the
electronic 2σ BO state φ1(R,r), and the populations of these
two lower electronic BO states φ1(R,r) versus φ2(R,r) at
θ = 0◦. For comparison, the laser field ξ (t) is also plotted
here.

First, for HeH2+ in Fig. 4, one can observe from Fig. 4(c),
the lowest vibrational state χ◦

1 (R) also shows the rapid-
asymmetric-depletion phenomenon, as for the case of HeH+

in [57]. Specifically, the depletion of the state χ◦
1 (R) is not

symmetric in one laser cycle. In the first half cycle with
ξ (t) > 0, this state depletes rapidly, when in the second half
cycle with ξ (t) < 0, this state depletes slowly. This rapid-
asymmetric-depletion phenomenon arises from the effect of
the permanent dipole, which transfers the populations of the
system from the χ◦

1 (R) state to higher vibrational states χυ
1 (R),
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FIG. 4. (c) Time-dependent populations of the first vibrational
states χυ

1 (R) of HeH2+ associated with the electronic BO first-excited
state φ1(R,r) and (d) time-dependent populations of these two lower
electronic BO excited states φ1(R,r) versus φ2(R,r) of HeH2+,
obtained with I = 1.2 × 1014W/cm2, λ = 1000nm and θ = 0◦. In
(a) and (b), the laser field used here is also shown.

resulting in the rapid spreading of the nuclear wave packet
associated with φ1(R,r).

As the molecule stretches to larger R, the energy gap
between these two lower electronic states φ1(R,r) and φ2(R,r)
decreases. As a result, these two electronic states are more
easily coupled together, as shown in Fig. 4(d). Here, one
can observe the crossing of the populations of these two
states, implying the transformation of the population from
the initial electronic state φ1(R,r) to the higher excited state
φ2(R,r). As the excited state φ2(R,r) has a smaller ionization
potential in comparison with that of φ1(R,r), this population
transformation also increases the ionization yields of the
system.

The results for HeT2+ in Fig. 5 are somewhat similar
to those in Fig. 4, but the depletion of the χ◦

1 (R) state is
slower in comparison with HeH2+ and the populations of these
two electronic BO states φ1(R,r) and φ2(R,r) do not cross
here. One can then expect that the spreading of the bound
wave packet and the ionization yields for HeT2+ are smaller

FIG. 5. Same as Fig. 4, but for HeT2+.

FIG. 6. R-time-dependent distributions η(R,t) of bound wave
packet ψ1(R,r,t) [(a), (b)] and α(R,t) of rescattering wave packet
ψre(R,r,t) [(c), (d)] for HeH2+ (the first row) and HeT2+ (second),
obtained with I = 1.2 × 1014W/cm2 and λ = 1000 nm at θ = 0◦.
The log10 scale is used here.

than HeH2+. This phenomenon that the ionization yields of
vibrating HeH2+ are higher than HeT2+ is somewhat similar to
that introduced in Ref. [15] for H2

+ versus D2
+. The difference

is that in the symmetric case, the effect of the permanent dipole
is absent and the laser-induced motion of the nuclear wave
packet associated with the bound electron is far slower than in
the asymmetric case [57].

C. Roles of nuclear motion in rescattering

Previously, we have discussed the influence of nuclear
motion on the ionization process. Next, we turn to the influence
of nuclear motion on the propagation and the recombination
processes of HHG. As discussed in Eq. (14), the HHG depends
on the overlap of the bound wave packet ψ1(R,r,t) and the
rescattering wave packet ψre(R,r,t). In Fig. 6 and Fig. 7,
we plot the distributions of η(R,t) associated with the bound
wave packet and α(R,t) related to the rescattering one, which

FIG. 7. Same as Fig. 6, but I = 4 × 1014W/cm2.
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are defined as

η(R,t) =
∫

|ψ1(R,r,t)|2d r;

α(R,t) =
∫

|ψre(R,r,t)|2d r,
(19)

with ψ1(R,r,t) = a1(R,t)φ1(R,r) and a1(R,t) =
〈φ1(R,r)|ψ1(R,r,t)〉. The definition of ψre(R,r,t) is as
in Eq. (8).

Figure 6 plots the results obtained with I = 1.2 ×
1014W/cm2, λ = 1000nm, and θ = 0◦. One can observe from
Fig. 6(a), the bound distribution η(R,t) for HeH2+ spreads
to distances (near to 8 a.u.) much larger than the equilibrium
separation (3.9 a.u.) as the time increases. The continuum
distribution α(R,t) for HeH2+ in Fig. 6(c) behaves similarly
to the bound one in Fig. 6(a), with spreading towards large
R. By comparison, the distributions in Figs. 6(b) and 6(d)
for HeT2+ spread to distances around R = 6a.u., smaller
than HeH2+. Considering that the HHG is dependent of the
overlap of the bound and the rescattering wave packets in
the recombination process, from these results in Fig. 6, one
can expect that the HHG occurs at larger R for HeH2+ than
HeT2+. As the continuum distribution in Fig. 6(c) for HeH2+

has amplitudes remarkably larger than those in Fig. 6(d) for
HeT2+, the HHG yields of HeH2+ can be higher than those of
HeT2+, as observed in Fig. 1(b).

For I = 4 × 1014W/cm2 and θ = 0◦, all of the distributions
in Fig. 7 for HeH2+ and HeT2+ spread towards large R (up
to R = 8a.u.), and the corresponding distributions for HeH2+

and HeT2+ have similar amplitudes; one therefore can expect
that the HHG yields of HeH2+ and HeT2+ are also similar in
this case, as seen in Fig. 1(c). It is worth noting that in Fig. 7,
the spreading of the distributions for HeH2+ is also quicker
than HeT2+. In particular, although all of the distributions in
Fig. 7 span a wide range of R, they have large amplitudes at
distances near to the equilibrium separation, implying that in
this case the HHG of HeH2+ and HeT2+ mainly occurs near
to the equilibrium geometry.

To provide an intuitive picture of the overlap of the
distributions for HeH2+ and HeT2+, which determines the
HHG intensity, in Fig. 8, we compare R-dependent bound
distributions ζ (R) versus continuum distributions β(R), which
are defined as

ζ (R) =
∫ |ψ1(R,r,t)|2d rdt∫ |ψ1(R,r,t)|2dRd rdt

;

β(R) =
∫ |ψre(R,r,t)|2d rdt∫ |ψre(R,r,t)|2dRd rdt

.

(20)

The overlap of the distributions ζ (R) and β(R) is related to
the part of the distributions where both of the bound and the
rescattering wave packets have relatively large amplitudes.
One can observe from each panel of Fig. 8, when the
bound distribution ζ (R) shows a sharp peak near to the
equilibrium separation, the continuum distribution β(R) has
large amplitudes at larger R. In addition, the bound and the
continuum distributions show a striking crossing point, as
indicated by the vertical arrows. One can expect that when
the position of the crossing point is nearer to the equilibrium
separation, the overlap of the distributions ζ (R) and β(R)

FIG. 8. Comparisons between probability distributions ζ (R) of
bound wave packet ψ1(R,r,t) (black solid) versus β(R) of rescatter-
ing wave packet ψre(R,r,t) (red dashed) for HeH2+ (the first row) and
HeT2+ (second) at θ = 0◦, obtained with different laser intensities,
as shown. The laser wavelength used is λ = 1000nm.

is also larger. The position of the crossing point therefore
reflects the extent of overlap of these two distributions. We use
this crossing point as a reference to approximately estimate
the distance around which the HHG of the vibrating system
mainly occurs. For the low-intensity cases, the position of the
crossing point in Fig. 8(a) of HeH2+ is about 4.6 a.u. and it
is 4.3 a.u. in Fig. 8(b) of HeT2+. For the high-intensity cases,
the position is 4.47 a.u. in Fig. 8(c) of HeH2+ and 4.38 a.u.
in Fig. 8(d) of HeT2+. The corresponding positions related to
HeT2+ are somewhat smaller than HeH2+, implying that the
overlap for HeT2+ is larger than HeH2+, in agreement with the
argument that the spreading of both bound and rescattering
wave packets for HeT2+ with heavier nuclei is slower than
HeH2+. These results in Fig. 8 show how, at the parallel
orientation, the spreading of the bound and the rescattering
wave packets influences the recombination process of HHG.

For the perpendicular orientation, the situation is different,
as shown in Fig. 9 and Fig. 10, where all of the distributions
of η(R,t) and α(R,t) have large amplitudes around the

FIG. 9. Same as Fig. 6, but θ = 90◦.
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FIG. 10. Same as Fig. 7, but θ = 90◦.

equilibrium separation (3.9 a.u.). These results imply that at
θ = 90◦, at which the permanent dipole of the system plays no
role and accordingly the spreading of the bound wave packets
is small, the dynamics of these two asymmetric molecules
HeH2+ and HeT2+ are somewhat similar. The HHG of both
of the two molecules mainly occurs around the equilibrium
separation.

A careful comparison also shows that the spreading
of the continuum distributions for HeH2+ in R space is
somewhat broader than HeT2+ in Fig. 9 and Fig. 10. This
broader spreading suppresses the recombination and therefore
suppresses the HHG of HeH2+ in comparison with HeT2+,
as seen in Figs. 1(e) and 1(f). This suppression effect is
usually stronger for high-energy harmonics associated with the
rescattering electrons with longer excursion times in the laser
field [14].

We mention that at the perpendicular orientation, the
calculated distributions ζ (R) versus β(R) for HeH2+ or
HeT2+ basically coincide with each other with a sharp peak
around the equilibrium separation, so we do not present them
here.

IV. CONCLUSIONS

In summary, we have studied the HHG from the vibrating
asymmetric molecule HeH2+ versus its isotopic variant HeT2+

with different molecular orientations and different laser pa-
rameters in strong few-cycle pulses. Our simulations showed
that for the parallel orientation, the HHG yields of HeH2+

with lighter nuclei can be remarkably higher than those of
HeT2+. Our analyses reveal that the laser-induced vibrational
motion of the bound wave packet plays an important role in this
phenomenon. Specifically, due to the effect of the permanent
dipole, the bound wave packet of the system associated with
the initial electronic state tends to spread to larger internuclear
distances R at which the asymmetric system is easier to
ionize. For HeH2+ with lighter nuclei, the spreading of the
bound wave packet is faster than HeT2+. As a result, the
ionization of HeH2+ is stronger than HeT2+, especially for
relatively low laser intensities at which the ionization near the
equilibrium separation is difficult to achieve. This mechanism
potentially increases the HHG yields of HeH2+. On the other
hand, the rescattering wave packet of HeH2+ associated with
the rescattering electron also spreads more rapidly towards
large R than HeT2+. This spreading diminishes the overlap
of the rescattering wave packet and the bound wave packet
and therefore potentially reduces the HHG yields of HeH2+ in
comparison with HeT2+. These two mechanisms compete in
the HHG process and this competition leads to the HHG yields
of HeH2+ higher than HeT2+ at relatively low laser intensities.
Our analyses based on a developed simple HHG model support
this conclusion. We expect that the effect discussed in the paper
for HeH2+ will also appear for other asymmetric molecules
with a large permanent dipole.
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