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Charge transfer in ultracold gases via Feshbach resonances
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We investigate the prospects of using magnetic Feshbach resonance to control charge exchange in ultracold
collisions of heteroisotopic combinations of atoms and ions of the same element. The proposed treatment,
readily applicable to alkali or alkaline-earth metals, is illustrated on cold collisions of 9Be+ and 10Be. Feshbach
resonances are characterized by quantum scattering calculations in a coupled-channel formalism that includes
non-Born-Oppenheimer terms originating from the nuclear kinetic operator. Near a resonance predicted at
322 G, we find the charge exchange rate coefficient to rise from practically zero to values greater than 10−12 cm3/s.
Our results suggest controllable charge exchange processes between different isotopes of suitable atom-ion pairs,
with potential applications to quantum systems engineered to study charge diffusion in trapped cold atom-ion
mixtures and emulate many-body physics.
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Since the original studies of ultracold atom-ion scattering
[1–3], advances in experimental techniques for direct ma-
nipulation of small ensembles composed of ultracold atoms
and ions have opened new research venues [4–6]. Production
and trapping of cold ions below the critical mass ratio
is making possible direct studies of atom-ion collisional
dynamics and chemistry at ultracold temperatures [7–11],
surpassing the temperature limitations of the experiments
in dual overlapping traps of ions and neutrals [12–18]. Of
particular interest are applications of such hybrid systems
to atom-ion interactions and chemistry [19–23], precision
measurements [24], many-body physics [2,25–31], and quan-
tum information processing [32,33]. In addition, a num-
ber of theoretical proposals suggested different approaches
to forming ultracold molecular ions in their ground state
[34–41]. Developing a solid understanding of two-body atom-
ion interactions at ultra-low temperatures, and the means to
control them, e.g., using external electric, magnetic, or optical
fields, is central to advancing such research and constitutes
an essential step towards envisioning new experiments and
developing many-body theoretical descriptions. In atom-ion
mixtures, as in our studies in neutrals [42–44], Feshbach
resonances (FRs) are expected to play a key role in con-
trolling the strength and sign of the two-body interaction,
consequently altering macroscopic properties of the ensemble
[45–47].

First theoretical studies of FRs within a given asymptotic
charge arrangement in cold atom-ion mixtures have already
been undertaken [48–51]. Additionally, near-resonant atom-
ion scattering in heteroisotopic mixtures (of H, Be, Li, Rb, and
Yb) has been explored theoretically [48,52–57] where it has
been shown that non-Born-Oppenheimer (non-BO) couplings
originating from the nuclear kinetic operator influence charge
exchange (CX) and scattering cross sections in cold mixtures.
These investigations, which did not include hyperfine nor
Zeeman interactions, showed that this effect is especially
significant in the ultracold regime. In particular, it could
strongly affect transport properties of charged particles, in-
cluding their diffusion and mobility (see Ref. [2]), with broader
consequences for engineered atom-ion systems, e.g., an ion
immersed in a Bose-Einstein condensate (BEC) [25,58,59].

Since resonant CX between an identical ion and parent atom
is impossible to distinguish from elastic scattering at ultracold
temperatures, our choice of near-resonant CX in heteroisotopic
atom-ion pair provides a simple way to discriminate among the
processes.

In this study, we show that magnetic Feshbach resonances
can be used to control the charge exchange between asymptotic
charge arrangement of different isotopes for selected atom-ion
mixtures (Fig. 1). The treatment below applies to systems with
one valence electron (e.g., alkali-metal atoms, including H), or
one valence hole (e.g., alkaline-earth-metal and some rare earth
atomic ions, like Yb+), where at least one of the partners has
a hyperfine structure. We note that since both alkaline-earth-
metal atoms and ions possess closed optical transitions, it is
possible to image them separately, as opposed to alkali species
for which ions cannot be optically imaged. For this reason, we
focus our attention on alkaline-earth-metal mixtures. Without
loss of generality, we select the simplest element, Be, and
study the CX process in cold collision of 9Be + 10Be+ in
an external magnetic field. For this system, the molecular ion
potential energy curves as well as their non-BO corrections
are known [56] and the value of the isotope shift energy
between the two lowest asymptotes suggests that Feshbach
resonances will occur at experimentally attainable magnetic
fields (Fig. 1). Moreover, the fact that 9Be has a nonzero
nuclear spin (I = 3/2) and 10Be has zero nuclear spin is
suitable for exploring many-body charge dynamics in quantum
systems.

If the kinetic energy operator in the center of nuclear
mass (CNM) motion is separated out, a collision between an
alkaline-earth-metal atom and its ion in a magnetic field can be
described by an effective Hamiltonian in the body-fixed frame
as [46,60]

Ĥ = T̂N + T̂e + T̂mp + V̂ (�r, �R) + Ĥint, (1)

where T̂N is the kinetic energy operator describing the relative
motion of the nuclei, T̂e is the electronic kinetic energy
operator, V̂ (�r, �R) is the electrostatic interaction operator, �r
are electronic coordinates in the CNM frame, and �R is the
vector connecting the two nuclei. T̂mp is the mass polarization
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FIG. 1. Schematics of the process. Left: Field-free scattering for
a collision energy Ecollision smaller than the asymptotic isotope shift
�Eisotope. Only the lower asymptote is energetically accessible and
CX to the upper asymptote does not occur. Right: Magnetic field B

present. The upper asymptote, dressed by B, is shifted down by �EB

so that Ecollision coincides with a closed channel in the vicinity of a
bound state. At specific B fields, charge exchange can be resonantly
enhanced.

term [56], defined as

T̂mp = − 1

2m

Ne∑
i,j=1

�∇i
�∇j , (2)

where m = m1 + m2 is the total mass of the nuclei of masses
m1 and m2, and the summation runs over the total number
of electrons Ne. The operator Ĥint = V̂B + V̂hf describes the
interactions of the particles’ internal degrees of freedom,
namely electronic and nuclear spins, in the external magnetic
field, �B = Bẑ. Specifically, V̂B can be written as

V̂B = 2μ0B
(
Ŝz1 + Ŝz2

) − B

(
μ1

I1
Îz1 + μ2

I2
Îz2

)
, (3)

where μ0 is the Bohr magneton, Ŝzi
(i = 1,2) is the z-

projection electronic spin operator of the colliding particles,
with corresponding nuclear magnetic moment μi , nuclear spin
quantum number Ii , and z-projection nuclear spin operator Îzi

.
The term V̂hf is given by

V̂hf =
2∑

i=1

α
(i)
hf Îi · Ŝi , (4)

where α
(i)
hf is the atomic hyperfine constant (i = 1,2).

The total wave function �(�r, �R) can be expanded as a sum of
partial waves given by the total angular momentum quantum
number J and its projection M onto the internuclear axis,
where, for each (J,M) we have

�J,M (�r, �R) = eiMϕ

R

∑
α,�

χJ
α,�(R)�J

M,�(ϑ)|α〉, (5)

where � is the projection of �L, the total orbital angular
momentum of the electrons, onto the internuclear axis. The
angles of the vector �R in spherical coordinates are ϑ and ϕ,
�J

M,�(ϑ) is the corresponding generalized spherical harmonic,
χJ

α,�(R) is the radial wave function describing nuclear motion,
and |α〉 is an eigenstate composed of a BO electronic state and
nuclear and electronic spins of the particles. Alkali-metal and

alkaline-earth-metal elements have s-state valence electrons
(or holes) with no orbital angular momentum (Li = 0),
so that � = 0 (since �L = �L1 + �L2 = 0) and the total spin
is �J = �I + �S, where �S = �S1 + �S2 and �I = �I1 + �I2. In the
coupled molecular basis, we can express the state |α〉 as
|α〉 = |nJM; SMSIMI 〉, where n is the ordinal number of
the electronic state of the same symmetry, while S and I and
the total spin and nuclear spin quantum numbers associated
with �S and �I , respectively, with their projections onto the
internuclear axis given by MS and MI . The eigenvalues of
the nonrelativistic Born-Oppenheimer electronic Hamiltonian,
Ĥel = T̂e + V̂ (�r, �R), for the state |α〉 are denoted as εα .

Since we are primarily interested in dynamics at ultracold
conditions, where only the lowest asymptote is energetically
accessible, we restrict our analysis to the two energetically
lowest electronic states. This approximation is valid for
systems whose electronic structure is similar to that of a
dimer composed of an alkaline-earth-metal atom and alkaline-
earth-metal ion, where a single valent electron (or hole)
can participate in the CX process. In addition, we assume
s-wave collisions (J = 0,� = 0,M = 0) and neglect higher
partial waves. Consequently, we label the two electronic
states as n = 1 and 2, respectively. Due to the internal spin
degrees of freedom, for each of the electronic states there will
exist a total of Nhf = (2I1 + 1)(2S1 + 1)(2I2 + 1)(2S2 + 1)
hyperfine states.

We insert Eq. (5) in the time-independent Schrödinger
equation and integrate out the electronic coordinates to obtain
a system of coupled-channel equations for the radial wave
functions χβ(R) at the interaction energy E (in atomic units):

(
− 1

2μ

d2

dR2
+ εβ − E

)
χβ +

∑
α

ε
mp
βαχα

= 1

μ

∑
α �=β

〈β| ∂

∂R
|α〉dχα

dR
+ 1

2μ

∑
α

〈β| ∂2

∂R2
|α〉χα

+
∑

α

〈β|Ĥint|α〉χα , (6)

where μ = (m9m10)/(m9 + m10) is the reduced mass. We used
m9 = 9.0121821 and m10 = 10.013534 amu. The system can
be expressed in a matrix form:

[
I

d2

dR2
+ 2F

d

dR
+ k2 − 2μ(V − Z)

]
χ = 0, (7)

where I is the identity matrix of dimension 2Nhf , k2 is a
diagonal matrix of electronic states’ threshold energies k2

j , that
satisfy k2

β − k2
α = 2μ�E, where �E is the threshold energy.

The matrix F is given by

Fαβ = −Fβα = 〈α| ∂

∂R
|β〉. (8)

The matrix V originates from the radial and angular part
of the nuclear kinetic energy operator, including the mass
polarization. Its elements are

Vαβ = δαβεα + ε
mp
αβ + 1

2μ
〈α| ∂2

∂R2
|β〉. (9)
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The matrix Z includes the hyperfine and Zeeman interactions
given by the last two terms in Eq. (1):

Zαβ = 〈α|(V̂hf + V̂B)|β〉. (10)

It is convenient to define a hermitian matrix Ṽ with

Ṽαβ = Vαβ − 1

2μ

d

dR
Fαβ, (11)

and rewrite Eq. (7) so that the proper asymptotic scattering
boundary conditions are restored in the atomic representation.
The coupled-channel matrix equation is obtained by adding
and subtracting two Eqs. (7) and substituting Ṽ:[

I
d2

dR2
+ 2F

d

dR
+ k2 + 2μZ − 2μC

]
χ̃ = 0, (12)

where C is defined by

Cαα = 1

2
(Ṽαα + Ṽββ) + Ṽαβ,

Cββ = 1

2
(Ṽαα + Ṽββ) − Ṽαβ,

Cαβ = 1

2
(Ṽαα − Ṽββ) − d

dR
Fαβ,

Cβα = 1

2
(Ṽαα − Ṽββ) + d

dR
Fαβ, (13)

with α = 1, . . . ,Nhf , and β = (Nhf + 1), . . . ,2Nhf .
Let us take a closer look at the matrix elements in

Eqs. (8) to (12). The matrix F is off-diagonal and contains
first derivative couplings between the two electronic states.
The diagonal elements of the matrix V introduce non-BO
corrections to εα , while its off-diagonal elements couple
the two electronic states and asymptotically separate their
eigenvalues to the correct limits: ±�E/2. See Ref. [61]
for a detailed discussion. The matrix Z contains couplings
between electronic and nuclear spins and the external magnetic
field B. For the nonzero value B, it breaks the degeneracy
of hyperfine states’ manifolds and splits them into Zeeman
sublevels. This phenomenon is responsible for the existence
of magnetic Feshbach resonances in diatomic collisions of
neutrals [47]. In case of different nuclear spins and different
charge arrangements (e.g., 9Be10Be+ versus 10Be9Be+), in a
nonzero B field, the matrix Z splits each hyperfine state into
Zeeman sublevels that will be coupled if permitted by the
symmetry (for B > 0 the total projection quantum number
MF = MS + MI is conserved and the nuclear spins of two
particles are equal, while the total electronic spin S > 0).
However, the nuclear kinetic operator (matrices F and V)
will couple individual hyperfine channels as long as the
total projection MF is conserved, giving rise to Feshbach
resonances between the states of different asymptotic charge
arrangement and leading to magnetically controllable charge
exchange. Note that asymptotic couplings in coupled-channel
systems in the context of low-energy atomic collisions were
discussed in detail by Grosser, Menzel, and Belyeav [61],
whose work justifies our approach and clarifies several points
related to a choice of coordinate systems that are outside of
the scope of this article.

To illustrate the effects of controlling charge transfer via
Feshbach resonances we apply our model to 9Be+ + 10Be in
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FIG. 2. Electronic potentials and non-Born-Oppenheimer cou-
plings for (9Be10Be)+ molecular ion.

the external magnetic field �B = Bẑ. The electronic potential
energy curves (PECs) X̃2�+

u and B2�+
g relevant for this

work were studied previously [56,62,63], and the effects of
the nuclear kinetic operator and isotope shift were calculated
[56]. We adopted the PECs from Ref. [62], the non-BO
couplings from Ref. [56], and parametrized the electronic
exchange as Vexch(R) = ARαe−βR(1 + B/R), where A =
0.6316, B = −2.72527, α = 1.416097, β = 0.827781, all in
atomic units. We have implicitly assumed the uncertainty of
the ab initio methods in the exchange region of up to 10%
and selected the values that fit Refs. [56] and [62]. The curves
were smoothly connected to the long-range form Vlr(R) =
±Vexch(R) − C4R

−4 − C6R
−6 at about R = 20 Bohr, where

C4 = 19.06 and C6 = 274.2 a.u., and the positive (negative)
value of Vexch corresponds to B2�+

g (X̃2�+
u ), respectively. The

final PECs and couplings are given in Fig. 2.
For a nonzero magnetic field, the hyperfine states will split

into Zeeman sublevels according to the nuclear spins of the Be
isotopes: I = 3/2 for 9Be and I = 0 for 10Be (Fig. 3). Note
that the electronic spin is S = 0 for atomic Be and S = 1/2 for
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Be+ ion. Consequently, there will be Nhf = 8 channels for each
charge arrangement λ [8 × 1 for 9Be+ + 10Be (arrangement
λ = 1) and 2 × 4 for 10Be+ + 9Be (arrangement λ = 2) for a
total of 16 coupled channels. The channels for which the total
MF is conserved will be coupled, reducing the system size
depending on the choice of the entrance channel.

To illustrate the magnetically controlled charge exchange,
we select |1〉 = |1,−1,0,0〉λ=1, in the |F1,mF1 ,F2,mF2〉λ basis,
as the entrance channel with the total projection quantum
number MF = −1. Here, for λ = 1, |F1,mF1〉 correspond
to 9Be+, |F2,mF2〉 to 10Be and, for λ = 2, |F1,mF1〉 to
10Be+, and |F2,mF2〉 to 9Be. It couples to an open channel
|2〉 = |2,−1,0,0〉λ=1 and two closed channels in the upper
hyperfine sublevel manifold: |3〉 = | 1

2 ,− 1
2 , 3

2 ,− 1
2 〉λ=2, and

|4〉 = | 1
2 , 1

2 , 3
2 ,− 3

2 〉λ=2, expressed in the same basis. We per-
form a basis transformation to the |S,MS,I,MI 〉λ basis (see,
e.g., [47,49]) and solve the Eq. (12) using the log-derivative
method [64] to calculate the S matrix and extract the complex
scattering length η(B) ≡ a(B) − ib(B) in the ultracold limit
[47,65,66] as a function of the magnetic field for the scattering
energy E = 10 μK above the lower asymptote (λ = 1).
The scattering length is shown in Fig. 4 and compared to
the asymptotic bound-state model (ABM) [47] with mass-
polarization couplings.

For the selected entrance channel, we find four Feshbach
resonances caused by the coupling of the entrance channel
|1〉 and closed channel |3〉. The long-range form of atom-ion
potentials, V (R) ∝ −1/R4, supports a higher density of bound
states than the atom-atom interaction, contributing to a larger
number of resonances. The broadest resonance occurs at
about B0 = 322 G and has a width �B = 3 mG (Fig. 4).
We can estimate the CX cross section σ cx

1→3 in the ultracold
limit from the expression σ cx

1→3 = π
k2 (1 − |S1,3|2) = 4π

k
b [66],

where k = √
2μ(E − ε1) and ε1(B) is the threshold energy

of the channel |1〉. For the conditions considered, the CX
cross section at the full-width-half-maximum (FWHM) of
the resonance at B = B0 becomes σ cx

1→3 ≈ 10−14 cm2 (for k

corresponding to 10 μK), where we assume b = 0.02 a.u. over
the resonance width �B = 3 mG. This value compares to the
elastic cross section σ el = 4π (a2 + b2) ≈ 10−12 cm2 for the
same conditions. Therefore, at the Feshbach resonance, about
1% of collisions will result in charge exchange. The resulting
CX rate at ultracold conditions, Kcx(B) = 4πb(B)/μ is given
in Fig. 4 (bottom panel) for the lowest-field resonance. At
the resonance, the CX rate increases from negligible values
to about 7 × 10−12 cm3s−1. Similar results are obtained for
higher B-field resonances and for other channels. At the given
energy, the contributions from higher partial waves (first four
partial waves are significant) do not visibly affect the resonance
effects. Note that the position and width of the Feshbach
resonance at 322 G discussed above are very sensitive on the
details of the potential energy curves and presently impossible
to determine accurately from ab initio calculations alone.
Consequently, while we know that the resonances will be
present, as well as their number, their properties could be
different in reality.

The CX discussed above takes place between an open
channel (|1〉) and a closed channel (|3〉) in different asymptotic
charge arrangements (labeled as λ = 1 and λ = 2, and corre-
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FIG. 4. Top: Asymptotic model of Feshbach-resonant bound
states. Two sets of curves indicate Zeeman-split hyperfine manifolds
[for λ = 1 (red) and λ = 2 (black)] separated by the isotope shift
energy �E. Near-dissociation bound vibrational levels v−1(X̃) and
v−1, . . . ,v−4 are shown for X̃2�+ (blue) and B2�+ (violet) states,
respectively, while thick dashed lines (blue for X̃2�+ and violet
for B2�+) correspond to the entrance channel |1〉λ=1 shifted up by
their binding energy. The crossings of thick curves indicate magnetic
fields for which Feshbach resonances occur. Middle: Real part of
the scattering length a(B) given as a function of magnetic field B

for the entrance channel |1〉. The dotted vertical lines indicate the
resonant hyperfine states based on the asymptotic model. Bottom:
Charge exchange rate and the corresponding imaginary part b(B) of
the complex scattering rate given as a function of B near the resonance
at 322 G.

sponding asymptotically to 9Be+ + 10Be and 9Be + 10Be+,
respectively). It results in population transfer to a loosely
bound state of the molecular ion (9Be10Be)+ that is not
asymptotically free (see Fig. 1), but rather “quasifree” since
such states near the dissociation limit of R−4 potential
are extremely extended (up to thousands of bohr radii).
Therefore, strictly speaking, the “CX rate” for these states
corresponds to the rate of formation of a magnetically induced
Feshbach resonance rather than to the rate of CX between two
asymptotically open channels of different charge arrangement.
The picture changes qualitatively at very high magnetic fields,
above 5000 G (Fig. 4), where more than one channel of
different charge arrangement is open and the CX takes place
between the asymptotes with different charge arrangement
separated at infinity by the mass polarization term. We did
not study this regime in detail due to very high magnetic
fields involved. However, it is conceivable that for different
heteroisotopic pairs significantly smaller fields would suffice.
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In summary, using 9Be+ and 10Be as a model system,
we analyze the prospects of controlling charge exchange in
ultracold atom-ion collisions via an external magnetic field.
We show that weak couplings due to mass polarization terms
are responsible for the appearance of Feshbach resonances
between two lowest electronic states with different asymptotic
charge arrangements (9Be+ + 10Be and 9Be + 10Be+), leading
to resonantly enhanced charge exchange between the entrance
channel and near-threshold bound vibrational states of the
“Feshbach molecular ion.” These states are very loosely bound
and extend spatially to thousands of Bohr radii due to the long-
range character of atom-ion interaction. The reported Feshbach
resonances exhibit the usual properties as in neutral systems,
and, for the analyzed system, allow the CX cross sections to be
tuned from zero to about 1% of the elastic cross section value.
Even though elastic scattering remains the dominant process
at ultracold temperatures, the CX rate coefficient can be
tuned to significant values of 10−12 cm3/s or greater, that are
experimentally observable. A possible CX detection scheme
could use multi-photon ionization of the resonantly populated
bound states. Alternatively, in analogy to magnetoassociation
of neutral dimers, performing a time-dependent sweep of the
magnetic field across the resonance would likely retain some
of the resonantly transferred population in the bound state
of the molecular ion. This previously unexplored mechanism
involving Feshbach resonances has possible applications in
studies of charge mobility and diffusion in ultracold gases
(see, e.g., Ref. [2]) and physical systems involving one or
more ions in a BEC [15,25,59,67].

In concluding, we note that the analyzed system likely
exhibits a reduction of the resonant coupling strength due
to the fact that the B2�+ state is weakly repulsive and, at
ultracold conditions, prevents the interaction to take place at
smaller nuclear separations where the mass polarization term
is stronger. Consequently, Feshbach-resonant charge exchange
cross sections in atom-ion systems with similar electronic
configurations, such as (CaCa)+, (MgMg)+, or (SrSr)+, are
likely to be larger [63,68]. In a broader sense, if more than one
open channel is present, the described CX process involving
different isotopes can be understood as a chemical reaction
with the energy barrier equal to the isotope shift. In fact,
as opposed to previous studies of the effect of Feshbach
resonances within a given charge arrangement on radiative
charge exchange, this work can be seen as an illustration
of a controlled chemical reaction, albeit a trivial one, where
it becomes possible to tune the probability for selecting a
particular exit channel, or a reaction product, via an external
magnetic field.
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