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Quantum walks and random walks bear similarities and divergences. One of the most remarkable disparities
affects the probability of finding the particle at a given location: typically, almost a flat function in the first
case and a bell-shaped one in the second case. Here I show how one can impose any desired stochastic behavior
(compatible with the continuity equation for the probability function) on both systems by the appropriate choice of
time- and site-dependent coins. This implies, in particular, that one can devise quantum walks that show diffusive
spreading without losing coherence as well as random walks that exhibit the characteristic fast propagation of a
quantum particle driven by a Hadamard coin.
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I. INTRODUCTION

Quantum walks (QWs) [1] and random walks (RWs) [2]
have a long list of affinities and disparities. One can find the
(now mostly deprecated) mixed expression “quantum random
walks” in the first references exploring these new processes
[3–6] because they were developed as the quantum variants
of the discrete random walk in one dimension: The Markov
process in which, at every time step, a particle moves (either
leftward or rightward) to one of the two neighboring sites as
a result of the random outcome of a coin toss. The quantum
particle however, such as in the renowned case of the double-
slit experiment, moves to both directions simultaneously, and
this propagation takes place in a deterministic way: The
wave function describing the system evolves unambiguously
according to the value of some inner binary property—as,
e.g., the spin or the chirality—whose state is locally updated
by the action of a unitary operator, known as the coin operator.
Therefore, in this case, the location of the particle at a given
instant in time is a probabilistic magnitude due to the intrinsic
uncertainty inherent in every quantum phenomenon.

One of the first coin operators considered in the quantum-
walk literature is the Hadamard coin [7], a real-valued unitary
operator that performs a Hadamard transformation on the chi-
rality of the particle. Since all the probabilities associated with
this transformation are identical, the Hadamard walk can be
considered as the quantum counterpart of a random walk with a
fair coin. In both cases, the occupation probabilities of the more
distant (although accessible) locations are exponentially small.
But, whereas the central part of the distribution of the unbiased
random walk quickly converges to a Gaussian, the location of a
particle performing a Hadamard walk after t steps is distributed
almost uniformly in the range of [−t/

√
2,t/

√
2], centered

around the initial position of the particle, and therefore the
quantum walker connects this point with any site within
this interval after a lapse in time that is thus proportional
to its relative distance. To perform the same operation, the
unbiased random walker needs an amount of time that grows
quadratically with the separation between the sites.
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These two diverging statistical traits sometimes are seen
as paradigms of the two processes. The truth, however,
is that these properties depend strongly on how the coin
(operator) is chosen and correspond to the homogeneous
time-independent (Markovian) case. Researchers have relaxed
these conditions in the past and detected the emergence of
new features in the system as, e.g., Anderson localization.
Thus, among the publications on quantum walks, one can
find examples of processes whose evolutions are driven by
site-dependent coins [8–15], time-dependent coins [16–20],
history-dependent coins [21–23], and even random coins,
unitary operators which are chosen randomly [24–28]. The
lack of homogeneity is also a recurrent topic in the random-
walk literature [29–32].

My goal in this paper is, in a sense, just the opposite:
Starting from a given probability function, I want to deduce
what is the proper coin selection to retrieve this distribution.
With this aim, I consider here the discrete-time evolution of
a particle moving on the integers as a result of the interaction
with a set of site- and time-dependent (either quantum or
random) coins. In a previous work [33], I examined a particular
instance of this problem, the design of a quantum walk
that showed a binomial probability function, the distribution
of a random walk with a fair coin. Here, I am going to
generalize these results in both directions: I will find quantum
walks with classical distributions as well as random walks
with quantumlike properties, provided that the comparison is
limited to their common probabilistic aspects.

The paper is organized as follows. Section II considers the
case of the discrete-time quantum walk on the line with time-
and site-dependent coin operator. Section III is devoted to
random walks with the same degree of freedom in its design.
In Sec. IV I show how one can recover a uniform probability
function in both cases. Section V explores the possibility of
interchanging the traditional roles of the two processes. The
paper ends with Sec. VI where conclusions are drawn, whereas
some technical discussion is left for the Appendices.

II. QW WITH DESIRED DISTRIBUTION

Let us begin with the fundamentals of the quantum-
mechanical side of the problem. As I announced previously,

2469-9926/2017/95(6)/062326(7) 062326-1 ©2017 American Physical Society

https://doi.org/10.1103/PhysRevA.95.062326


MIQUEL MONTERO PHYSICAL REVIEW A 95, 062326 (2017)

throughout this paper we will identify particle positions
through integer numbers, so let us call Hp the associated
Hilbert space with the usual span {|n〉: n ∈ Z}. Hc will
represent the Hilbert space of the coin states, and {|+〉,|−〉}
will represent its orthogonal basis. The mathematical represen-
tation of the state of our discrete-time discrete-space quantum
walk resides in the tensor-product space H ≡ Hc ⊗ Hp and
changes as a result of the action of the evolution operator T̂t on
it: T̂t ≡ ŜÛt where the coin Ût is a time- and site-dependent
real-valued unitary operator of the form

Ût ≡
∞∑

n=−∞
[cos θn,t |+〉〈+| + sin θn,t |+〉〈−|

+ sin θn,t |−〉〈+| − cos θn,t |−〉〈−|] ⊗ |n〉〈n|, (1)

with 0 � θn,t � π and Ŝ is the operator that shifts the walker
position according to the coin component of the state vector,

Ŝ|±〉 ⊗ |n〉 = |±〉 ⊗ |n ± 1〉. (2)

In the discrete-time version of quantum (and random) walks,
time increases in regular ticks, so one can adjust time units so
that t becomes an integer variable: The state of the system at
a later time |ψ〉t+1 is recovered after applying T̂t to |ψ〉t ,

|ψ〉t+1 = T̂t |ψ〉t . (3)

Equation (3) leads to the following set of recursive equations
that fully characterizes the dynamics of the system:

ψ+(n + 1,t + 1) = cos θn,tψ+(n,t) + sin θn,tψ−(n,t), (4)

ψ−(n − 1,t + 1) = sin θn,tψ+(n,t) − cos θn,tψ−(n,t) (5)

expressed in terms of the wave-function components ψ±(n,t),
the projections of the state of the walker into the elements of
the basis of the Hilbert space,

ψ+(n,t) ≡ 〈n| ⊗ 〈+|ψ〉t , (6)

ψ−(n,t) ≡ 〈n| ⊗ 〈−|ψ〉t . (7)

We will assume that the particle is located initially at the origin
ψ±(n,0) = 0 if n 	= 0, implying this that ψ±(n,t) = 0 for |n| >

t , in general. We also assume that the wave function is real. The
reason behind considering real-valued magnitudes is to clearly
ensure that quantum walks and random walks introduced here
share the same number of degrees of freedom. The viability
of approaches to this same issue based on complex-valued
operators and wave functions is not discarded, however.

My first aim is to show how a quantum experiment can be
designed with custom probabilistic properties—as long as the
null sets are kept unchanged. So, let us introduce ρ(n,t), the
likelihood of finding the particle in a particular position n at a
given time t , the probability function. In the case of a quantum
walker, this probability is recovered through the wave-function
components,

ρ(n,t) ≡ ψ2
+(n,t) + ψ2

−(n,t). (8)

The free parameters that determine the features of the coin
operators are in this case the angular variables θn,t . Therefore,

one has as many unknown quantities as independent equa-
tions,1 so, it is not surprising that our objective can readily be
attained. To this end, let us begin by focusing our attention on
the conditions that the wave-function components must satisfy
for ensuring the self-consistency of the problem. From Eqs. (4)
and (5) one gets

ψ2
+(n + 1,t + 1) + ψ2

−(n − 1,t + 1) = ρ(n,t), (9)

but, at the same time, compare Eq. (8),

ψ2
+(n + 1,t + 1) + ψ2

−(n + 1,t + 1) = ρ(n + 1,t + 1).

(10)

In particular, for n = t, t � 1, one has ψ−(t,t) = 0, see
Eq. (5), and therefore

ψ2
+(t + 1,t + 1) = ρ(t + 1,t + 1). (11)

This means that by subtracting Eq. (10) from Eq. (9) for n = t

one gets

ψ2
−(t − 1,t + 1) = ρ(t,t) − ρ(t + 1,t + 1). (12)

This result can be used to compute ψ2
+(t − 1,t + 1) through

Eq. (10), and we may continue with this reasoning until
obtaining the general rule, valid for t � 1,

ψ2
+(n,t) =

t∑
m=n

ρ(m,t) −
t−1∑

m=n+1

ρ(m,t − 1), (13)

ψ2
−(n,t) =

t−1∑
m=n+1

ρ(m,t − 1) −
t∑

m=n+2

ρ(m,t). (14)

Since ψ2
+(n,t) and ψ2

−(n,t) are positive-definite magnitudes,
in practice, this introduces a constraint on the evolution of
ρ(n,t). This limitation does not stem from our assumption
that the wave function is real valued, however: It has its
origin in the nearest-neighbor restriction of both quantum and
random walker dynamics—see Appendix A for a more detailed
discussion.

Satisfying this requirement, it can be checked how Eqs. (8)
and (9) are fulfilled as well as the boundary conditions:
ψ+(−t,t) = 0 and ψ2

−(−t,t) = ρ(−t,t). Alternatively, one can
show the soundness of the solution by induction. Now we can
use either Eq. (4) or (5) to finally find

cos θn,t = ψ+(n,t)ψ+(n + 1,t + 1)

ρ(n,t)

−ψ−(n,t)ψ−(n − 1,t + 1)

ρ(n,t)
, (15)

1After a raw inspection, it could be concluded that in this problem
the number of unknown quantities exceeds the number of constraints
and that the system of equations is underdetermined: After all,
different choices for ψ+(n,t) and ψ−(n,t) may be (in principle)
congruent with the same value of ρ(n,t). This is not true here with
only one marginal exception: ψ+(0,0) and ψ−(0,0) are arbitrary,
provided that ρ(0,0) = 1. The adequate choice for θ0,0 is recovered
from Eqs. (15) and (16) below.
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sin θn,t = ψ−(n,t)ψ+(n + 1,t + 1)

ρ(n,t)

+ ψ+(n,t)ψ−(n − 1,t + 1)

ρ(n,t)
. (16)

Equation (9) reflects the law of probability conservation.
Rearranging this expression, one can see how the same
statement can also be expressed as follows:

ρ(n,t) = 1
2 [ρ(n − 1,t − 1) + J (n − 1,t − 1)

+ ρ(n + 1,t − 1) − J (n + 1,t − 1)], (17)

where J (n,t) is the net flux of probability leaving site n,

J (n,t) ≡ ψ2
+(n + 1,t + 1) − ψ2

−(n − 1,t + 1)

= cos 2θn,t [ψ
2
+(n,t) − ψ2

−(n,t)]

+ 2 sin 2θn,tψ+(n,t)ψ−(n,t), (18)

a vectorial quantity: It is positive if there is a net flux to larger
values of n and negative otherwise.2 This magnitude is very
useful in subsequent derivations as we will see below.

III. RW WITH DESIRED DISTRIBUTION

The inhomogeneous time-dependent random walk Xt is
a non-Markovian process whose one-step evolution can be
expressed as follows: If at time t the walker is at a given
location, Xt = n, then at time t + 1 one has

Xt+1 =
{
n + 1, with probability pn,t ,

n − 1, with probability (1 − pn,t ).
(19)

The corresponding recursive equation for the probability
function reads

ρ(n,t) = cos2 θ̄n−1,t−1ρ(n − 1,t − 1)

+ sin2 θ̄n+1,t−1ρ(n + 1,t − 1), (20)

where we have expressed pn,t as pn,t = cos2 θ̄n,t for com-
parison purposes. From Eq. (20) one easily can conclude the
validity of expression (17) also in this case since now

J (n,t) ≡ (2pn,t − 1)ρ(n,t) = cos 2θ̄n,tρ(n,t). (21)

The general solution of the classical problem for arbitrary
ρ(n,t) can be attained in this case with the help of the z

transform,

ρ̂(z,t) ≡ Z[ρ(n,t),n,z] =
∞∑

n=−∞
ρ(n,t)z−n,

Ĵ (z,t) ≡ Z[J (n,t),n,z] =
∞∑

n=−∞
J (n,t)z−n.

Equation (17) leads to

Ĵ (z,t) = 2zρ̂(z,t + 1) − (1 + z2)ρ̂(z,t)

1 − z2
, (22)

2Since we have a bipartite graph, all the probability leaves the site
after every clock tick: i.e., if ρ(n,t) 	= 0, then ρ(n,t + 1) = 0. J (n,t)
is not the difference of these two quantities.

and therefore,

cos 2θ̄n,t = 1

ρ(n,t)
Z−1[Ĵ (z,t),z,n]. (23)

IV. UNIFORM DISTRIBUTION

I will illustrate these ideas through a simple but paradig-
matic example where closed expressions can be found.
Consider, for instance, the uniform distribution,

ρ(n,t) = 1

t + 1
, (24)

for n ∈ {−t, − t + 2, . . . ,t − 2,t}. Equations (13) and (14)
lead to

ψ+(n,t) =
√

t + n

2t(t + 1)
, (25)

ψ−(n,t) =
√

t − n

2t(t + 1)
, (26)

and correspondingly,

cos θn,t = 1

2

√
(t + n)(t + n + 2)

t(t + 2)

− 1

2

√
(t − n)(t − n + 2)

t(t + 2)
, (27)

sin θn,t = 1

2

√
(t − n)(t + n + 2)

t(t + 2)

+ 1

2

√
(t + n)(t − n + 2)

t(t + 2)
. (28)

We can use the results above to assess the value of J (n,t),

J (n,t) = n

(t + 1)(t + 2)
. (29)

Provided with this information, we can solve the classical
problem without passing through Eq. (22) in this case:3 recall
that J (n,t) is the same in both flavors of the walk, so we can
substitute (24) and (29) in Eq. (23) to find

cos 2θ̄n,t = J (n,t)

ρ(n,t)
= n

t + 2
, (30)

3The explicit functional forms of ρ̂(z,t) and Ĵ (z,t) for this case are
as follows:

ρ̂(z,t) = z−t

t + 1

1 − z2t+2

1 − z2
,

Ĵ (z,t) = z−t

(t + 1)(t + 2)

t(1 + z2)(1 + z2t+2) − 2z2(1 − z2t )

(1 − z2)2
.

The surprising disparity in the complexity of these formulas when
compared to Eqs. (24) and (29) is in great measure due to the fact
that the last expressions only apply for alternating sites, i.e., n ∈
{−t, − t + 2, . . . ,t − 2,t}, being zero otherwise.
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that implies

pn,t = cos2 θ̄n,t = 1

2

(
1 + n

t + 2

)
. (31)

V. INTERCHANGING ROLES

Finally, I want to explore the possibility of role interchange.
In a recent work [33], I considered the case in which the
ρ(n,t) corresponding to a time- and site-dependent quantum
walk matched the probability function of a site-homogeneous
Markovian random walk, i.e., the binomial distribution,

ρ(n,t) = t!(
t+n

2

)
!
(

t−n
2

)
!
p(t+n)/2(1 − p)(t−n)/2, (32)

for n ∈ {−t, − t + 2, . . . ,t − 2,t}. There it was shown that the
solution for this problem reads

ψ+(n,t) = √
p
√

ρ(n − 1,t − 1), (33)

ψ−(n,t) =
√

1 − p
√

ρ(n + 1,t − 1), (34)

two expressions whose suitability can be checked by direct in-
sertion in Eqs. (8) and (9). On the other hand, the computation
of J (n,t) is very elucidative since in this case,

J (n,t) = (2p − 1)ρ(n,t), (35)

which corresponds to the flux of probability of a random walk
with a constant jump likelihood, compare Eq. (21).

Here, I will examine the opposite situation: How a time-
and site-dependent random walk can mimic the characteristic
properties of a standard quantum walk. In particular, we are
going to focus our attention on the celebrated Hadamard
walk for which θn,t = π/4. This means that, on one side, see
Eq. (18),

J (n,t) = 2ψ+(n,t)ψ−(n,t), (36)

and, on the other side, see Eq. (21),

pn,t = ρ(n,t) + J (n,t)

2ρ(n,t)
, (37)

that is

pn,t = [ψ+(n,t) + ψ−(n,t)]2

2ρ(n,t)
. (38)

Closed expressions for the wave-function components
of plain quantum walks (including Hadamard walks) are
unwieldy but available—see, e.g., Appendix B or Ref. [34].
In Fig. 1 we can observe the almost perfect correspondence
between the probability function of the random walk with
inhomogeneous probabilities and the one of the Hadamard
walk with initial state,

|ψ〉0 =
[√

2 − √
2

2
|+〉 +

√
2 + √

2

2
|−〉

]
⊗ |0〉. (39)

This apparently capricious choice was made to get a quasisym-
metrical ρ(n,t) [34–38]. Full symmetry in quantum walks
endowed with a real-valued homogeneous coin operator as
in the case of a Hadamard walk necessarily involves the use

FIG. 1. Probability functions at t = 30. The red dots were
obtained by averaging 10 000 simulated trajectories of an inhomoge-
neous time-dependent random walk. The solid black line corresponds
to the probability function of a quantum walk with a Hadamard coin.
Only even locations are shown as the probability is zero for odd sites.

of complex coefficients for describing the initial coin state
[6,34].4

VI. CONCLUSION

In this paper, I have shown how a time- and site-dependent
coin is an extremely useful and versatile tool for the design
of both quantum and random walks on the line. Such an
approach entails enough generality to give rise to any desired
probabilistic fingerprint either through quantum or classical
randomness: I have deduced the rules that must be employed
for unambiguously assessing the values of the parameters that
fully determine the evolution of the two kinds of systems.

This means, in particular, that the extra degree of freedom
of the quantum walker associated with its chirality does not
introduce further arbitrariness into the problem. This fact is
not the consequence of the restriction that I have considered
throughout the text by demanding that the Hilbert space of
the quantum particle is defined on the reals rather than on
the complex plane: Since a quantum walk with a time- and
site-dependent coin operator taking values on the reals can
mimic any desired probability function, it is also capable of
reproducing the probabilistic behavior of general complex-
valued quantum walks.

As a final remark, note that heterogeneity is a degree of
freedom that could eventually be superfluous: This opens the
possibility for finding new optimal simulating strategies, a task
which is left for future research.
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APPENDIX A: VALID SEQUENCES OF DISTRIBUTIONS

A property shared by random and quantum walks on a line
is that the particle can jump to one (or both) of the nearest sites.
This means that the present probability transition matrix can
only connect adjacent points. This condition is summarized in
the probability conservation equation,

ρ(n,t) = 1
2 [ρ(n − 1,t − 1) + J (n − 1,t − 1)

+ ρ(n + 1,t − 1) − J (n + 1,t − 1)], (A1)

which proves valid in general: The net flux of probability
leaving site n at time t, J (n,t) reads

J (n,t) ≡ |ψ+(n + 1,t + 1)|2 − |ψ−(n − 1,t + 1)|2, (A2)

in the complex-valued quantum case, and

J (n,t) ≡ (2pn,t − 1)ρ(n,t), (A3)

in the classical case. In both instances, one has the natural
constraint,

−ρ(n,t) � J (n,t) � ρ(n,t). (A4)

Note that Eq. (A1) can be rewritten as

J (n + 2,t) = J (n,t) + ρ(n,t) + ρ(n + 2,t)

− 2ρ(n + 1,t + 1), (A5)

with the following boundary condition if one assumes that the
walker starts at the origin:

J (−t,t) = ρ(−t,t) − 2ρ(−t − 1,t + 1), (A6)

and where the usual restrictions apply, ρ(n,t) = 0 for |n| > t .
Therefore, given a certain sequence of probability functions
ρ(n,t), t � 0, it will correspond to the evolution of some
physical system governed by our dynamics if and only if
Eq. (A4) holds for every J (n,t) thus obtained.

APPENDIX B: SIMULATING QWS ON THE
COMPLEX PLANE

Let us consider the most general homogeneous QW on the
line, driven by the unitary coin operator,

Û ≡ eiχ [eiα cos θ |+〉〈+| + e−iβ sin θ |+〉〈−|
+ eiβ sin θ |−〉〈+| − e−iα cos θ |−〉〈−|] ⊗ |n〉〈n|. (B1)

The evolution operator T̂ ≡ ŜÛ induces in this case the
following set of recursive equations in the wave function:

ψ+(n,t) = eiχ [eiα cos θψ+(n − 1,t − 1)

+ e−iβ sin θψ−(n − 1,t − 1)], (B2)

and

ψ−(n,t) = eiχ [eiβ sin θψ+(n + 1,t − 1)

− e−iα cos θψ−(n + 1,t − 1)], (B3)

whose general solution [34] can be written in a compact way
by using ψ+(0,0) and ψ−(0,0),

ψ+(0,0) = cos η,

ψ−(0,0) = eiγ sin η,

and the nonzero components of the wave function at time
t = 1,

ψ+(+1,1) = eiχ [eiα cos η cos θ + ei(γ−β) sin η sin θ ],

ψ−(−1,1) = eiχ [eiβ cos η sin θ − ei(γ−α) sin η cos θ ],

since one has ψ+(−1,1) = ψ−(+1,1) = 0, compare Eqs. (B2)
and (B3). In terms of the preceding quantities and for n ∈
{−t, − t + 2, . . . ,t − 2,t}, the chiral components of the wave
function read

ψ+(n,t) = ei(χt+αn)[ψ+(0,0)�(n,t)

+ e−i(χ+α)ψ+(+1,1)�(n − 1,t + 1)], (B4)

and

ψ−(n,t) = ei(χt−αn)[ψ−(0,0)�(n,t)

+ e−i(χ−α)ψ−(−1,1)�(n + 1,t + 1)], (B5)

where

�(n,t) ≡ 1

t + 1

{
1 + (−1)t

2

+
t∑

r=1

1

cos ωr,t

cos

[
(t − 1)ωr,t − πrn

t + 1

]}
,

(B6)

and

ωr,t ≡ arcsin

(
cos θ sin

πr

t + 1

)
. (B7)

Observe how �(n,t) does not depend on χ, α, β, γ , or η;
it is a function of θ through the value of cos θ . The probability
function does not depend on χ either; and α, β, and γ will
appear in ρ(n,t) only through the following combination ϕ =
α + β − γ . (Therefore, a common simplification made in the
literature is considering that χ = α = β = 0.) The asymptotic
behavior of the probability function for |n| � t cos θ is known
to be

ρ(n,t) → 2

π

t

t2 − n2

sin θ√
t2 cos2 θ − n2

× [t + n(cos 2η + sin 2η tan θ cos ϕ)], (B8)

a symmetric function around the origin whenever

cos 2η cos θ + sin 2η sin θ cos ϕ = 0. (B9)

The selection used in the main text θ = π/4, η = 3π/8,
and ϕ = 0 is one of the multiple solutions of this equation.
Moreover, given {θ0,η0,ϕ0} such that

cos 2η0 cos θ0 + sin 2η0 sin θ0 cos ϕ0 = a0, (B10)

with |a0| � 1, there is always an alternative choice {θ1 =
θ0,η1,ϕ1} with | cos ϕ1| = 1, leading to the same value of a0.
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Equation (B9) is a necessary but not a sufficient condition
in order to have exact symmetry in ρ(n,t). In addition, one
must demand that

cos 2η cos 2θ + sin 2η sin 2θ cos ϕ = 0. (B11)

The richer solution of this set of equations, the one which does
not require that either cos θ = 0 or sin θ = 0, corresponds
to η = π/4 and ϕ = ±π/2. In particular, for η = π/4 and
γ = π/2, one has

ψ+(0,0) = 1√
2
,

ψ−(0,0) = i√
2
,

ψ+(+1,1) = 1√
2
eiθ ,

ψ−(−1,1) = −i√
2
eiθ ,

and therefore,

ψ+(n,t) = 1√
2

[�(n,t) + eiθ�(n − 1,t + 1)], (B12)

ψ−(n,t) = i√
2

[�(n,t) − eiθ�(n + 1,t + 1)]. (B13)

Since here

ρ(n,t) = |ψ+(n,t)|2 + |ψ−(n,t)|2,
one has

ρ(n,t) = 1
2�2(n + 1,t + 1) + 1

2�2(n − 1,t + 1)

+�(n,t)�(n,t + 2), (B14)

where the following general recursive formula for �(n,t) has
been used [34]:

�(n,t) = cos θ [�(n + 1,t + 1) − �(n − 1,t + 1)]

+�(n,t + 2). (B15)

Let us consider in the first place the inhomogeneous RW that
mimics this stochastic evolution. The time- and site-dependent
probabilities must be set in such a way that

pn,t = ρ(n,t) + J (n,t)

2ρ(n,t)
= |ψ+(n + 1,t + 1)|2

ρ(n,t)
,

where

|ψ+(n + 1,t + 1)|2 = 1
2�2(n + 1,t + 1) + 1

2�2(n,t + 2)

+ cos θ�(n + 1,t + 1)�(n,t + 2).

In Fig. 2 we can see the good agreement between the
analytic expression and the numerical results obtained after
the simulation of 10 000 trajectories for θ = π/4.

FIG. 2. Probability functions at t = 30. The red dots were
obtained by averaging 10 000 simulated trajectories of an inhomoge-
neous time-dependent random walk. The solid black line corresponds
to the probability function of a symmetric Hadamard walk. Only even
locations are shown as the probability is zero for odd sites.

Finally, let us consider the design of an inhomogeneous
QW on the reals with the same statistical properties of this
symmetric Hadamard walk. In the remainder of this Appendix
we will denote by ψ̃±(n,t) the real-valued wave functions
of this inhomogeneous QW, and by θ̃n,t we will denote the
parameter associated with its coin operator, and we keep
ψ±(n,t) and θ for the homogeneous QW on the complex plane.

The solution of this problem is almost straightforward.
We simply must choose the time- and site-dependent coin
operators for which

ψ̃+(n,t) =
√

|ψ+(n,t)|2,
ψ̃−(n,t) =

√
|ψ−(n,t)|2,

since in this case one has automatically granted the same value
of ρ(n,t). But this demand can readily be accomplished—see
Eqs. (15) and (16) in the main text—through

cos θ̃n,t = ψ̃+(n,t)ψ̃+(n + 1,t + 1)

ρ(n,t)

− ψ̃−(n,t)ψ̃−(n − 1,t + 1)

ρ(n,t)
,

sin θ̃n,t = ψ̃−(n,t)ψ̃+(n + 1,t + 1)

ρ(n,t)

+ ψ̃+(n,t)ψ̃−(n − 1,t + 1)

ρ(n,t)
.

The Cauchy-Schwarz inequality ensures that these quantities
are well defined, i.e., | cos θ̃n,t | � 1, | sin θ̃n,t | � 1.
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