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One of the main goals of any resource theory such as entanglement, quantum thermodynamics, quantum
coherence, and asymmetry, is to find necessary and sufficient conditions that determine whether one resource can
be converted to another by the set of free operations. Here we find such conditions for a large class of quantum
resource theories which we call affine resource theories. Affine resource theories include the resource theories of
athermality, asymmetry, and coherence, but not entanglement. Remarkably, the necessary and sufficient conditions
can be expressed as a family of inequalities between resource monotones (quantifiers) that are given in terms
of the conditional min-entropy. The set of free operations is taken to be (1) the maximal set (i.e., consists of all
resource nongenerating quantum channels) or (2) the self-dual set of free operations (i.e., consists of all resource
nongenerating maps for which the dual map is also resource nongenerating). As an example, we apply our results
to quantum thermodynamics with Gibbs preserving operations, and several other affine resource theories. Finally,
we discuss the applications of these results to resource theories that are not affine and, along the way, provide the
necessary and sufficient conditions that a quantum resource theory consists of a resource destroying map.
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I. INTRODUCTION

A few of the key hallmarks of quantum information science
are characterized with the recognition that certain properties
of quantum systems, such as entanglement, can be viewed
as resources for quantum information processing tasks [1-3].
These realizations have initially sparked the development of
entanglement theory [4,5], and later on the development of
other quantum resource theories (QRTs) [6-8]. Today, in
addition to entanglement, QRTSs provides an ideal platform
to study many properties of quantum systems including (but
not limited to) athermality [9-16], asymmetry [6,17-20],
coherence [21-27], contextuality [28,29], non-Markovianity
[30], knowledge [31], and incompatibility [32]. Other prop-
erties, such as non-Gaussianity (see, e.g., Ref. [33]) or total
correlations (e.g., mutual information) between two parties,
can also be formulated in the framework of resource theories.
However, not much work has been done on them, since
these models are lacking certain convenient mathematical
properties, such as convexity.

All QRTs have in common three ingredients: free states, free
operations, and quantum resources. These components are not
independent of each other, because with free operations alone
itis not possible to convert free states into resource states. This
general structure suggests the existence of general theorems
that can be applied to a large class of QRTs. Indeed, recently
such a theorem was proved in Ref. [34], showing that many
QRTs are asymptotically reversible if the set of free operations
is maximal (i.e., consists of all possible operations that cannot
generate a resource from free states).

In the single-copy regime, where the law of large numbers
does not apply, there are no known such theorems that can
be applied to all QRTs. This is, in part, due to the fact that
the set of free states and free operations can be very different
from one QRT to another. Even the asymptotic reversibility
result of Ref. [34] holds only if the set of free states satisfy
certain conditions and the set of free operations is maximal.
Therefore, in order to better understand QRTs, it is essential
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to classify them according to some general properties that add
an additional structure and then obtain general theorems that
apply to QRTs with this additional structure.

In this paper, we consider one of the core problems of any
QRT in the single-shot regime: given two resource states p and
p’, what are the necessary and sufficient conditions (NSCs)
that determine whether it is possible to convert p to p’ by
free quantum operations? We answer this question for QRTSs
with the property that any density matrix that can be expressed
as an affine combination of free states is itself a free state.
We call such QRTs affine resource theories (ARTs). We show
that QRTs of athermality, asymmetry, and coherence are all
ARTSs, while entanglement theory is not an ART. Remarkably,
our NSC can be expressed in terms of resource monotones
(i.e., functions from the set of density matrices to the non-
negative real numbers that behave monotonically under free
operations). Specifically, we find that

free
operations
e
o o

if and only if for any ¢ € [0, 1], and any density matrix 7,

Ry.(p) < Ry(p), (1)

where R, are functions on the set of density matrices that
are given in terms of the conditional min-entropy [35-40] of
a certain mixture of n ® p with another separable state (see
Definition 2 for the precise definition of R, ;).

Our results can be applied to two sets of free operations:
(1) The maximal set of all resource nongeneration (RNG)
maps (quantum channels), and (2) the set consisting of all
RNG maps with a dual map that is also RNG (for example,
in the QRT of coherence, this is the set of all dephasing
covariant operations [23,24]). We discuss the applications of
our results particularly to the QRT of thermodynamics with
Gibbs preserving operations, and to quantum coherence with
maximal operations or dephasing covariant operations [23,24].
In addition, we show that QRT's with a resource destroying map
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FIG. 1. An heuristic diagram of QRTs, classified according to the
properties of their set of free states. Non-Gaussianity is an example
of a QRT with a nonconvex set of free states. Entanglement theory is
an example of a QRT that is convex but not affine. Real (vs complex)
quantum mechanics (see below) is an example of an affine QRT that
does not have a RDM, and athermality, asymmetry, and coherence
are examples of QRTs with a RDM.

(RDM) [41] form a strict subset of ARTs (see Fig. 1), and we
provide the NSC that a QRT consists of a RDM.

This paper is organized as follows: In Sec. II we define and
discuss the properties of affine resource theories. In Sec. III
we present and prove the main theorem of this paper, which
is applicable to affine resource theory. Then, in Sec. IV we
apply the main theorem to two important examples; namely,
the resource theories of athermality and coherence. In Sec. V
we move to discuss ART under a smaller set of operations that
we call self-dual RNG operations. Finally, in Sec. VI we study
ARTs with a RDM, and provide NSCs that a QRT consists of
a RDM. We end with conclusions in Sec. VIIL.

II. AFFINE RESOURCE THEORIES

Let H,; be the real vector space of d x d Hermitian
matrices, Hy + C Hy be the cone of positive-semidefinite
matrices, and H, 41 C Hg,+ be the set of all d x d density
matrices. Denote by R(Fin,Fou,O) a QRT consisting of
input and output free sets Fiy, C Hy,+.1 and Foue C Hy 4.1,
respectively, and a set of free operations O. The set O consists
all free completely positive and trace preserving (CPTP) maps
from the input space H, 4 to the output space H, 1 ;. By the
definition of a QRT, any free operations £ € O cannot generate
a resource from a free state. Mathematically, if o € Fj, and
&€ € O then E(0) € Fou. We call the set of all such CPTP
maps resource nongenerating (RNG) operations and denote it
by Omax- Note that O C Opax. The main results of this paper
can be applied to a class of resource theories that we call affine
resource theories (ARTS):

Definition 1. A set of quantum states F C Hy, 4 is said to
be affine if any affine combination of states in F that is positive
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semidefinite is itself in F. That is, if

p = ZtiO'i S Hd..t,.,] (2)

for some o; € F and t; € R, then p € F. Moreover, a QRT,
R(Fin,Four,O), is said to be affine if both F;, and F, are
affine.

The QRTs of athermality, asymmetry, and coherence are
all ARTs. The QRT of athermality is affine since the set of
free states contains only the Gibbs state, while the QRT of
coherence is affine since the set of free states contains only
diagonal elements. On the other hand, entanglement theory is
not affine. We know it since the set of bipartite separable
states is not of measure zero and in particular contains a
ball with the maximally mixed state at its center. Hence,
entanglement theory is not an ART and, in fact, it can be
viewed as “maximally nonaffine” in the sense that all states
can be written as an affine combination of free (even pure
product) states.

A. Properties of affine sets

The affine condition also implies that F is convex but, as
we show below, convexity of F does not necessarily imply
that F is affine. Moreover, note that, if F is affine and V =
spang {F} is the subspace of H, consisting of all the linear
combinations of the elements in F, then the only positive
semidefinite matrices in V are the elements of . Therefore,
F is affine if and only if it satisfies the following condition:

F=VNHgi1, V:=spang{F,}, 3)

where V is the subspace of H, consisting of all the linear
combinations of the elements in F.

Lemma 1. Let F C Hg 41 be an affine set with )V as above,
with dimV = n. Then V has a basis consisting of n density
matrices oy, . ..,0, € F, such that V = spang {01, . ..,0,}.

Proof. Let y be a state in F with maximal rank. That is,
the support space of any state o € F is a subspace of the
support of y. Such a state exists since F is convex. Now, let
Xi,...,X, € Vbeabasis of V. Then, foreach j =1, ... ,n,
let t; > 0 be a small enough number such that y +¢;X; > 0.
Denoting by

= 4
% T TeX ] @

we conclude that o; € F since F is affine, and

spang {01, ...,0,} = spang{Xi, ..., X,} = V. (®))]

This completes the proof. ]

Lemma 2. A set F C Hgy 4+, is affine if it is convex,
and for any pair of distinct free states 0,0, € F and any
t € [0,27Pmax(@1ll02)] < [0, 1], there exists a free state w; € F
such that o, is the convex combination o, = to; + (1 — t)w;.
Here,

Dinax(01]l02) = log, min{A[r0z = 01}. (6)

Proof. Suppose first that F is affine. Then, for any distinct
01,02 € F and t € [0,27 Pm(@1192)] " the matrix o; — top > 0.

Hence, since F is affine the matrix o, = "‘f—_tt“’ is free.
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Conversely, let w = Z sjw; be an affine combination of free
states w; € F, with Z s; =1, and suppose w > 0. Then, w
can be written as

Z |Sj |a)j

a):E sjwj = E sjw; —

j {j:5;=0} {j:5;<0}
= (1+s5)op — 5071, (7N
where
s= Y Is;1 =0,
{j:s;<0}
1
= Sj(,()j,
1
*S iz
! > sl ®)
o] = — Silw;.
1 s J1@j
{j:s;<0}

Since o7 and o, are given as a convex combination of the
free states w; they themselves are free. Moreover, since @ >
0 we must have ¢ = = < 27 Pm(@1l9)_ Therefore, from the
assumption of the lemma, w = (1 + s)oy — sop = ’;’2 is
free. This completes the proof.

B. The dual of affine sets

The following notion of duality of a set of density matrices
plays an important role in ARTs. The dual set 7* of a set of
states F € Hy 41 18 defined here as

F ={w € Hy +1|Trlwo] = Trlwo'1 ¥V 0,0 € F}.  (9)

Note that this dual set is affine (and therefore convex) even if 7
is not affine, and the maximally mixed state uy; = Lr, e 7.
In particular, we show now that if F is affine and u; € F then
F*=F.

Theorem 1. Let F C Hg,4+,1 be an affine set of density
matrices, V = spang{F}, and Vy C V be the subspace of
traceless matrices in ).

(1) F*is an affine set and u,; € F*.

(2) Ifuy € Fthen F** = F (and consequently F** = F*
evenifuy ¢ F).

3) Ifuy gé]:then
={ug+Y|—us <Y €W},

and in particular 7 N F = ¢.
Remark 1. Note that F can be written as

F={y+Yl -y <Y el

where y is a state in F with a maximal rank. Therefore,
roughly speaking, F** is a shifted version of F that contains
the maximally mixed state.

Proof 1. Property 1 follows directly from the definitions.
We therefore move to prove property 2. Indeed, if u; € F then

1
Fr = {a)eHd/,+,1|Tr[wa]= 3\7’0’ 6.7-"}, (10)
and since we always have uy; € F* we conclude

1
P*E{J/EHd/,+,l|Tr[J/w]=EVCUEP}- (1
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Hence, if y € F we must have Tr[yw] = 1/d for all € F*,
so that y € F**. This proves F C F**. To prove the converse,
note that if y € F** then we must have

Trly (@ —ua)l =0 (12)
for all w that satisfy

Trlw(c — )] =0V o, o €F. (13)

The condition above is equivalent to w € V. Note also that
all matrices in V* have a zero trace since we assume uy €
F C V. Now, any w € Vol can be written as w = uy +tX
for some arbitrary X € V* and small enough 7 > 0 so that
® > 0. Combining this with Eq. (12) we get Tr[y X] = 0 for
all X € V1. This implies that y € V and since F is affine we
get y € F. This completes the proof of property 2.

Finally, we prove property 3. As before, suppose y € F** so
that Eq. (12) holds for all w that satisfy Eq. (13) or, equivalently,
for all w € V. Similarly to the above argument, any @ € V-
can be written as w = (1 — tTr[X])uy + ¢ X for some arbitrary
X € V* and small enough 7 > 0 so that @ > 0. Combining
with Eq. (12) we conclude that

Ty X] = %Tr[X] VX eVt (14)
Defining ¥ = u, — y we get from the above equation that
Tr[XY] =0 for all X € V*. That is, y =uy +Y with
Y € V. [ |

Consider the function g : 7* — [0,1] defined by g(w) =
Tr[wo ], where o is any state in . Note that the range of this
function g : F* — [0,1] provides further characterization of
F*. For example, if the maximally mixed state u; € F, than
g(w) = 5 for all w € F*. In the other extreme, if F consists of
only one state y, then g(F*) = [Amin(¥), Amax(¥)]. Particularly,
if y is a pure state then g(F*) = [0, 1].

III. SINGLE-SHOT TRANSFORMATIONS UNDER
MAXIMAL RESOURCE NONGENERATING OPERATIONS

One of the main results of this paper (Theorem 2 below)
is expressed in terms of the conditional min-entropy. The
conditional min-entropy is defined by

Hin(A|B)g = —logy min{Tr{z]|I/ @ T > QA8 (15)
where the minimum is over all positive semidefinite matrices
7. It is known to be a single-shot analog of the conditional
quantum entropy S(A|B) = S(A,B) — S(B), where § is the
von Neumann entropy defined by S(p) = —Tr[p log, pl.
This analogy is particularly motivated by the fully quantum
asymptotic equipartition property [38], which states that, in the
asymptotic limit of many copies of 2458, the smooth version
of Hpin(A|B) approaches the conditional (von Neumann) en-
tropy. The conditional min-entropy has numerous applications
in single-shot quantum information (e.g., Refs. [35-38]) and
quantum hypothesis testing (e.g., Refs. [39,40] and references
therein). We first use it to define a class of functions that behave
monotonically under maps in Oyax.

Definition 2. Let R(Fin,Fou,O) be an ART as above, and
set n = dim V. For any € g(F2,) C [0,1], let S™ and S™™
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be the set of all states @48 of the form

1 n
©AB — T '

- > o] ®o (16)
=1
Jo r(®4) = ¢, and for Sti“, o, € Fin, whereas
for S, 0y € Fou. With this notation, for any ¢ € g(Fx,), and
n € Hq 4,1, we define the functions R, ; : H4 4,1 — [0,1] by

Here, w, € F*

_Hmin(Alg)Qny(u)(P) (17)

Ry (p) = @g}l&n 2

where
1
Q;?,IZ)(,O) = m(flT ® p +nO8), (18)

Similarly, for p’ € Hy 4,1 in the output space, R, ,(p’) is
defined exactly as above with S replacing S!™.

Remark 2. We will see in the theorem below that the
functions R, ; form a complete set of resource monotones,
determining whether there exists a RNG map converting a
state in the input space to a state in the output space. Since
2~ Hmin(AlB)20() quantify the amount of correlations in the the
state Q45 (p) [36], the quantities R, ;(p) quantify the minimum
amount of correlations in separable states obtained by mixing
the product state n ® p with the separable states @45 as in
Eq. (18).

Theorem 2. Let R(Fin,Fou,@) be an ART as above,
p € Hyy1 and p’ € Hy 41 be two states, and Op,x be the
set of RNG operations. Assuming that both Fi, and Fo are
nonempty, let n be the dimension of the input subspace Vi, =
spang {Fin} = spang {01, ...,0,}, whereoy, ...,0, € Fi,.De-
note @ = {n,wi, ...,w,} by n € Hy 4 1 and by w; € F, for
J=1,...,n, where F is the dual of F. Finally, for any
such @, denote by Qf,B(,o) the state QWA%(,O) as defined in
Eq. (3) for this fixed choice of oy, . ..,0,. Then, the following
are equivalent:

(1) There exists £ € Opax such that p’ = E(p).

(2) For any @ as above, with w = % Z;l':l wj,
Trlnp'] + ng(e)

2~ Huin(AlB)g,(p) > (19)

n—+1
(3) Forany n € Hy 41 andt € g(Fz,) C [0,1],
Ry.:(p) = Ryi(p). (20)
(4) For all @ as above,
Jo(P) = folp"), 2D
with
folp)= min 2700, (22)
{oe}f=) CFin

where the minimization is over all separable states Q?’% (p) as
defined in Definition 2, while keeping o fixed.

Remark 3. Note that both R, ;(p) and f;,(p) obtained by
optimizing 274100
optimization carried over all wy, ... ot
(and o1, ... ,0, are taken to be a fixed basis of V,,), while the
second one fixes @ = {n,w, ...,w,} with the optimization
carried over any oy, ...,0, € V.

Remark 4. The set F}, is convex, and since w; € F} for

J =1,...,n we conclude that @ € F},. Therefore, r(w) is a

The first one fixes 1 with the
,w, € F* witht = r(w)
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well-defined function from FJ to [0,1]. Since the right-hand
side (RHS) of Eq. (19) depends only on r(w) and wy, we can
minimize the left-hand side (LHS) over all matrices with the
same value of r(w). In fact, note that from the above theorem,
the function

Y Tr[np'] + nr(w)
W , / = 2 Hmm(AlB)Qw(n) -,
(p.p7) = min < n+

where the minimum is over all ® as defined above, is non-
negative if and only if p can be converted to p’ by RNG
operations.

Proof of Theorem 2

Our proof of Theorem 2 relies heavily on the semidefinite
programming (SDP) version of the Farkas lemma. The Farkas
lemma provides a strong-duality relation, stating that, out of
two systems of equations (or inequalities), one or the other
has a solution, but not both nor none. Several versions of this
lemma can be found in standard textbooks on SDP.

Lemma 3.(Farkas) Let Hy,...,H, be d x d Hermitian
matrices. Then, the system

rnd +---+r,H, >0 (23)

has no solution in ry, ...,r, € R if and only if there exists a
positive-semidefinite matrix o 7% 0 such that

Ti[Hjo] =0V j=1,....n. (24)

Proof. Suppose there is no xi,...,x, in R such that
Eq. (23) holds, and recall that the set of positive-semidefinite
matrices Hy 4+ is a convex closed cone in H,;. From our
assumption, its interior intH, 4 is disjoint from the linear
subspace W = Spang{H,, ...,H,}. Therefore, there exists a
hyperplane C C H,_+ containing W such that IC N intH, 4 =
@. The hyperplane is characterized by L = {X : Tr[Xo] = 0},
where o is some nonzero matrix in H,;. Furthermore, the
hyperplane can be chosen such that H, ; is in one of its
half-spaces. We can therefore assume that Tr[Xo] > 0 for
all X € H, 4. This in turn implies that ¢ > 0. Finally, since
H eWCKforalli=1,...,n, we have Tr[H;0] = 0 for
alli =1,...,n. |

Remark 5. The positive-definite condition in Eq. (23) can
be replaced with a negative-definite one. In particular, one can
replace the condition that Eq. (23) has no solution with the
condition that

Wr(Hy, ... Hy) i= Apax(ri Hy + - - +1,Hy) 2 0 (25)

for all r € R". Moreover, since Q" is dense in R”, one can
restrict r € Q. Since the set Q" is countable, the condition
above can be replaced further with

Wi(Hy,...,H,)) 20V k eN, (26)

where W, = er with {ri}reny = Q™.
Next, we use the Farkas lemma to prove the following:
Lemma 4. Let R(Fin, Four,O) be an ART, and let V,, Vi,t,
and Op,.x be as above. Assuming that Foy #£ @, let y € Fou
be a free state, and let p € Hy 41 and p’ € Hy 41 be two
density matrices. Denote by VI := {XT|X € V,,} the set of

the transposed matrices of all the matrices in V;,. Then, there

062314-4



QUANTUM RESOURCE THEORIES IN THE SINGLE-SHOT ...

exists & € Opax such that p” = £(p) if and only if the matrix
M2 = _Tr[Yp'lly @ T+ Y @pT + N B (27)

is not positive definite, for any matrix N4 € VL ®@ VI C
Hy @ Hg, any 0 < t € Hy 41, and any matrix ¥ € ‘H, such
that Tr[Yy] = 0.

Remark 6. The condition that MA42 is not positive def-
inite can be written in terms of the min-eigenvalue; that

is, p XN i Amn(MAB) < 0 for all NAB, 7, and Y.
Therefore, for any choice of of matrices N AB r and Y the
condition —Amin(M48) > 0is necessary and can be viewed as
a “no-go” conversion witness [42,43]. Therefore, the lemma
above provides a complete set of no-go conversion witnesses

. . RNG . .
determining whether the transformation p —— p’is possible.
Remark 7. From the form of M48 above it is not very
obvious why this matrix is never positive definite if p’ = £(p)

and £ € Opax. To see why, note that any matrix N4 e V(in ®

2
VI can be written as N42 = 37"y, ® AT, where the ¥;
form a basis of VOLut and the A; are some matrices in V,. If
there exists £ € Omax such that o’ = £(p) then

d*—m

(@t1ET @Id(M*P)|pt) =) THYEANI-THZE(p)] + |
k=1

=-Tr[Zp']+1=0, (28)

where we used the fact that £(A;) € Vi, [and therefore
Tr[YiE(Ar)] = 0] since Ay € Vi, and € € Oyx. Hence, in
this case Tr[MAB[€ ® id(J¢T){(¢*D]] =0, and since £®
id(|¢*)(¢*]) > 0 we conclude that M48 is not positive
definite (as expected).

Proof of Lemma 4. Denotingby 648 = £ @ id(|¢p ) (¢ T|) €
Hya+ the Choi matrix associated with &, where |[¢pT) =
Z‘le | jj) is the unnormalized maximally entangled state, the
condition o' = E(p) is equivalent to the existence of such a
Choi matrix (of a free operation) that satisfies

p' =Trplo*®(Iy ® p7)]  and Tralo*?1=1,.  (29)

These equations are equivalent to
Trlo22(Y @ pT)] = Tr[Yp 1V Y € Hy, (30)

Tr[c48(I; @ X)] = Tr[X]1V X € Hy. 31

Note that the two equations above are not completely in-
dependent. For example, if ¥ = I; then Eq. (30) follows
from Eq. (31). Hence, without loss of generality (w.l.0.g.)
we can assume that Y € Hy o, where Hy o C Hy is the
subspace of traceless Hermitian matrices. Similarly, denoting
by Z =X —Tr[X ]5161 we get that the above two equations
are equivalent to

Tr|:aAB (Y Qpl —Tr[Yp' sy ® éldﬂ =0, (32)
Trlo*8(I; ® Z)] = 0, (33)

Tr[c4®] = d, (34)

for all Z e Hyo and Y € Hy . Note that the equation
Tr[c 48] = d can be removed since, if there exists a positive
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semidefinite matrix 04 = 0 that satisfies conditions (33) and
(32), then the matrix Tr[fAB]aAB satisfies all three conditions.
Due to the linearity of the above equations with Y and Z, it
is enough to consider only Y € {Y;}; and Z € {Z;};, where
{Y;}; and {Z} are bases of Hy o and Hy o, respectively. We
therefore conclude that for all j =1, ... ,d’? — 1 and for all

k=1,...,d*—1,

1
Tr[a” (Y,- ®p" — ETr[Yj,o/]Id/ ® 1d>] =0,

Trlc*8(I ® Z)] = 0, (35)

The conditions in Eq. (35) can be written as a collection of
equalities Tr[o 48 H;] = 0, for some Hermitian matrices H; €
Hay ® Hy.

In addition to the above conditions, there are constraints on
the Choi matrix o4# that comes from the fact that £ is a free
operation. Particularly, if £ € Opyx then (o) € Foy for all
o € Fin. From the linearity of £, we have £(X) € Vo for all
X € V. Therefore, if £ € Opax, then

TIYEX)=0VX eV, andVY e Vi

out?
where V4, is the orthogonal complement of Ve in H, . In the

Choi representation, the condition above take the form

Tr[c*?Y; ® X{ | =0 (37)

(36)

forall j =1,...,dimV. andk = 1, ..., dim V;, where the
set {X;} form a basis of V,,, and {Y;} a basis for V(i,t.
Combining these conditions with those in Eq. (35) we apply the
Farkas lemma. To do that, note that a linear combination of the
matrices ¥; ® X! provides a matrix N8 € Vi ® VI Simi-

larly, any linear combination of ¥} ® ol — iTr[Ykp/]Idr ® 1
is a matrix of the form

1
W®p' — ETr[W,o’]Id/ ® 1,

with W € Hg o, and any linear combination of Iy ® Z; is
a matrix of the form I, ® Z with Z € H,; 0. We therefore
conclude from the Farkas lemma that there exists a Choi matrix
o8 that satisfies Eqs. (35) and (37) if and only if for any
matrices N48 € V3, @ VI and W € Hy o and Z € Hy o the
matrix

1
M8 = N8B L wp! — ETr[Wp’]Idr QL+1,®7Z
(38)

is not positive definite. Let y € Foy. Then, M AB jsnot positive
definite if LA = (y'/? ® I,)M*B(y'/? ® I,) is not positive
definite. Moreover, note that the matrix N4 can be expressed
as >, H ® o] with oy € F;, = spang{o,...,0,} and Hy €

VL . With these notations we get

LAB _ ZVI/ZHN/I/Z ®O,[T +y Pwyl2g T
¢

1
- ETT[W,O/]V QL +y®Z. (39)

In particular, the marginal state takes the form

1
L =Tr(wylp! — C—{Tr[Wp/]Id +Z. (40)
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Note that, if we choose W and Z such that L? is not positive
definite, then LA is also not positive definite. We therefore
assume w.l.0.g. that L® > 0. In particular, Tr[L?] > 0 so that
Tr[W(y — p’)] > 0. Denoting by
T Wylp” — JTr(Wo'lly + Z
Tr[W(y — p")]

we get that M4® can be expressed as

T > 0, 41

MY =) H®o/ +(W-TiWyll)® p’
12

+Tr(W(y — o)l ® 7. (42)

Next, denoting by ¥ = W — Tr[Wylly € y* (here y+ =
{X € Hy : Tr[Xy] = 0}), we get

MAB =N Ly @ pl —Tr[Yp' 11y Q. (43)

This completes the proof of Lemma 4. |
The condition in the lemma above is given in terms of
Hermitian matrices N2 and X. We now prove Theorem 2 by
expressing this lemma in terms of density matrices.
Proof of Theorem 2. We start proving the equivalence of 1
and 2. Let M2 be the matrix defined in Lemma 4:

MY = —Ti[Yp'll; @t +Y®@p" + > H ®0/.
J4

with Y € Hy such that Tr[Yy] =0. For all £ =1,...,n,
define the traceless matrices

F,=H, —Tr{HJuy andZ =Y —Te[Y]uy. (44)
where uy = I, Equivalently,
Hy=F, —TiFoylly andY = Z —Te(Zylly. (45)

Note that for all o € F,,; we have Tr[Hyo] = 0 which is
equivalent to Tr[Fyo] = Tr[F,;y]. Hence, in terms of these
traceless matrices,

M =Te[Z(y — p)le ® T+ (Z —Tr[Zylls) ® p"
+ Y (F =T Fylly) @0/ (46)
4

Without loss of generality, we can assume that Z,F; < ug
since rescaling of M5 by a positive factor does not change the

signs of its eigenvalues. Therefore, we set forall £ = 1,...,n
Cl)[zud_F[ andn:ud—Z, (47)

with w, satisfying Tr[w,o] = Tr[w,y] for all o € Fj,. With
this notation we get

MAB =Tr[n(p’ — )y @ T + (Telnylly —n) ® p”

+ ) (Trlwylly — 0) @0 . (48)
4

Finally, rescaling M8 — —L_M48 we conclude
n+1

T f—
MAB — Mu QT+ I @QE — Q4% (49)
n+1 4
where for simplicity we denote Q4% = Q48(p) and
QF = Tl ® 1) P @ Il (50)
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Next, note that the conditional min-entropy can be expressed as

27 HuinA1B)e — inf (Tr[]| I, @ T > Q*#}
>0
= inf {Tr[7]|ly @ T > Q")
r}Qf
. B ’ ’ B AB
:Tlgfo{Tr[QV] +Te[c 1|1y ® (7' 4+ QF) > @7},

where in the second equality we used that fact that, if I, ® T >
Q48 then v > Qf , and in the third equality we substitute

'=1— Qf. Hence,

2~ Huin(AlB)g _ Tr[QAB()/ ® I)]
= inf {Tr[t'||l; ® T/ + 1, ® Q% — Q"% > 0}. (51
>0 Y

Comparing this last equality with the expression for M42 in
Eq. (49) we conclude that M5 is not positive definite if and
only if

Trln(p" — y)I

2~ A — TrQA (y @ Ip)] > ——————. (52
n+1

Thus,

1 n
2~ Hun(AlB)g > _° E :T + Tr[ne'1}. 53
—— Z rlwey ] r[np'] (53)

This completes the proof that 1 is equivalent to 2. We now prove
that 1 is equivalent to 3. The necessity of Eq. (20) follows from
the following monotonicity property of the conditional min-
entropy. The conditional min-entropy behaves monotonically
under CPTP maps A that satisfy

Ay ® ) = ug @ Tra[A(ug ® )], (54)

forallo® € Hy 1 Therefore, if there exists a RNG map £ that
satisfies p’ = £(p) thenthe map A = id ® £ (with T being the
transpose map) is a CPTP map that satisfies the above equation.
Moreover,

l n
A(QAB) = p (n ®p+Y o ® 5(@)), (55)
=1

with E(oy) € Fou since £ is a RNG map. Therefore, taking
QA5 to be the optimal matrix in Eq. (17) (see Definition 2 in
the main text), we conclude that

Rn,t(p) — 2 Huin(AlB)g > 2~ Huin(A|B) 52 > Rnﬁz(p/)’

so that the condition (20) is necessary. The sufficiency of the
condition follows from the following duality relation of the
conditional min-entropy that was proved in Ref. [36]:

271D = ' max((¢™lid @ EQP)|gH))
> d' (¢t |p) (56)

for any d’?> x d* separable density matrix Q4% of the form
(18) with p replaced by p’ and @48 € S, Letting Q'4% be
the one that optimizes R, ,(o’), we obtain

Ry(p) = R, (p/) = 27 HnnA1Blar > g/ (¢ |Q 48 |p ),
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Thus, for any Q48 = QA(p) we have
27 B0 > Ry 1(p) > d' (97194 197)

_ Trlnp'l + nr(w)
B n+1 '

Hence, condition (19) holds for any @ as above, and from the
proof of the equivalence of 1 and 2 we get the existence of a
RNG map £ that satisfies o = E(p). This completes the proof
that 1 and 3 are equivalent. To prove that 1 is equivalent to
4, we follow the exact same lines as we did in the proof of
the equivalence of 1 and 3. This is possible since both R, ;(p)
and f,(p) are obtained by optimizing 2~ MmnA1Ba, 000 Thig
completes the proof of Theorem 2. |

(57)

IV. APPLICATIONS OF MAIN RESULT TO SPECIFIC
RESOURCE THEORIES

Theorem 2 can take a much simpler form in specific
resource theories, such as quantum thermodynamics under
Gibbs preserving operations, and the resource theory of
coherence under maximally incoherent operations. In the
following, we discuss the applications of Theorem 2 to these
resource theories.

A. Resource theory of athermality

In the resource theory of athermality, the set of free states
consist of only one state (the Gibbs state) y € Hy 4,1, and
the set of Gibbs preserving operations consists of all quantum
channels, i.e., completely positive and trace preserving (CPTP)
maps, &£ :Hy; — Hy that satisfy E(y)=y’, where y’ €
‘H . +.11s the Gibbs state of the output (in the most general case,
the output Gibbs state ' may be associated with a different
Hamiltonian than the Hamiltonian that is associated with the
input Gibbs state y). Therefore, in this ART of athermality,
n = 1,and Q?% takes the following simple form with n = wy:

Q% (p) = 5@ ® p+ @1 ®y),
Q520 = 3w ® p + w1 ®Y). (58)

where wo, w1 € Hy 41 are two arbitrary density matrices.
Then p can be converted to p’ by Gibbs preserving operations
if and only if for all wy, w1 € Hy 41

Hunin(A|B)g ) < Humin(AIB)g (1) (59)

This remarkable result is the quantum generalization of
thermo-majorization [10]. It demonstrates that the functions
fo(p) = 2~ Hnin(AIB)ou - which are also known to quantify
the amount of correlations in the state Q45(p) [36], form a
complete set of athermality monotones. For diagonal wy and
w; the states Qf,B (p) become classical-quantum states, and
in this case f,(p) can be interpreted as the optimal guessing
probability (i.e., the optimal probability to guess correctly the
classical variable after measuring the quantum system). In
the classical case, it is known that the guessing probabilities
provide conditions that are equivalent to thermo-majorization
(see, e.g., Ref. [40]), however, in the full quantum case, the
coherence or off-diagonal terms of wy and w; in Eq. (59) needs
also to be considered, so that the guessing probabilities are in
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general insufficient to determine if p can be converted to p’ by
Gibbs preserving operations.

B. Resource theory of coherence

The resource theory of coherence is an ART with a free
maximally mixed state. In this case, uy = ild/ € Fou SO that
. 1
Fout i= {a) € Hy +.1|Trlwo] = 7 Vo e ]-"Om}, (60)

and we therefore have the following:

Corollary 1. Using the same notations of Theorem 2,
suppose uy € Fou- Then, the map p — p’ can be achieved
by RNG operations if and only if

n + dTr[ne’]
dn+1)

for all separable bipartite matrices Q48(p) as in Theorem 2
with oy € Fin, wp € Foyoand n € Hy 4 1.
Now, in the resource theory of coherence, the set of free

states are the diagonal states with respect to some fixed basis.

2~ Huin(AlB)gy () > s (61)

The set F}, becomes
1
Fou = {w € Ha +1|A(0) = Eld’}, (62)

where A is the completely dephasing map. Moreover, since
every free density matrix is a convex combination of the states
[€) (€], the matrix Q4F can be written as

d
1
QAB — m(zm QIO +1n® pT), (63)
=1

where wq, ..., w5 € F}, are density matrices with a uni-

form diagonal. For any such set of density matrices @ =

(w1, ...,0q) and any n € Hy 4,1 we define the functions
(no-go witnesses)

_H. 1 + Tr[np’]
W, (p.p') = 2~ Hun(A1B)a _ e 64
wn(0,0") a1 (64)
We therefore arrive at the following corollary:

Corollary 2. Using the same notations as above, p can be

converted into p’ with maximally incoherent operations (MIO)
[23] if and only if

Won(p.p)) = 0 (65)

., wg)Withwy € F*X

forallw = (wy, .. out

andforalln € Hy 4+1.

V. THE SELF-DUAL SET OF RESOURCE
NONGENERATING OPERATIONS

So far we only considered the maximal set of free opera-
tions; namely, the set of all RNG operations Op,x. However,
in many practical QRTs such as entanglement, athermality,
and asymmetry, the operationally and physically motivated
set of free operations O is much smaller than Op,s. For
example, in entanglement theory, local operations and classical
communication is a much smaller set than nonentangling
operations [44]. Also, thermal operations form a much smaller
set than Gibbs preserving operations. The problem in QRTs
such as entanglement theory is that the physically motivated
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set of operations O cannot be characterized in the form
Trlc#8H;] =0, and therefore the techniques from SDP
cannot be applied directly in these important cases. For this
reason, it is natural to search for a smaller subset of RNG
operations that still can be characterized in a form suitable
for SDP and yet contains all the physically motivated free
operations. We show here that for ARTs such a natural set
exists, and we call it the self-dual set of RNG operations. In
the context of the QRT of coherence, this set of operations was
called dephasing covariant operations [23,24].

Definition 3. Let R(Fin, Four,O) be a QRT with O C Opax
a set of free operations. We say that O is self-dual if for any
CPTP map € : Hy — Hy in O, we have

EVin) CVou and E'Vou) C Vin. (66)

Moreover, we denote by Oy the set of all CPTP maps £ € Opax
that satisfy Eq. (66).

Equation (66) for £ is equivalent to Eq. (36), and therefore
the additional condition that E'(Vyy) C Vi, can also be
expressed in a SDP form. Specifically, Definition (66) can
be rewritten as follows:

Definition. Let R(Fin, Four,O) be an ART with O C Opax
a set of free CPTP maps from H, to Hy. We say that O is
self-dual if for any £ € O, with € : Hy; — Hy,

Tr[Y'EX)]=0 and Tr[X'E(Y)] =0 (67)

forall X € Vig, X' € Vou, Y € Viln-, and Y' € Volm. Moreover,
we denote by Oy the set of all CPTP maps £ € Oy that
satisfy the above equations.

‘We have shown that, for ARTSs, the condition that £ is RNG
can be expressed as in Eq. (36). Therefore, the dual map £ of

a RNG map £ € Op,y satisfies

TXE X)) =0VX eV, andVY €V

out*

(68)

Hence, in general £ and £ satisfy two different conditions.
However, if O is self-dual, and £ € O, then both £ and &F
satisfy the same conditions given in Eq. (67).

For ARTs with a resource destroying map [41], A : Hy —
‘H 4, the conditions given in Eq. (67) take the following simple
form:

Ao& =Eo0A. (69)

That is, Oy in ARTs with a resource destroying map is
precisely the set of A-commuting maps and in Refs. [23,24]
were referred to as A-covariant operations.

Since the conditions in Eq. (67) can be expressed in the
form (24), Lemma 3 implies the following:

Proposition 1. Let R(Fin,Fou,O) be an ART with a
self-dual set of free operations O, and let Vi, Vi#, and Oy
be as above. Assuming Fi, # @, let y' € Foy and y € Fiy
be free states, and let p € Hy 41 and p’ € Hy 41 be two
density matrices. Denote by VI := {XT|X € V,,} the set of
the transposed matrices of all the matrices in V;,. Then there
exists £ € Oy such that p’ = E(p) if and only if the matrix

M8 = —Tr{Yp'll; ® T+ Y @ p” + N2 (70)

is not positive definite, for any matrix N8 € (V1 @ VI) @

Vou ® V)T), any 0 < v € Hy 11, and any matrix ¥ € Hy
such that Tr[Yy] = 0.
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Note that this proposition is almost identical to Lemma 4
except that, in this case, the space V, ® VI that N*® belongs
to is replaced with the larger space (Vi ® VI) @ Vou ®
(ViHT). Note that V3., ® VI is a subspace of this larger space,
which is consistent with the fact that the self-dual set Oy is a
subset of Opax. We skip the proof of this proposition because

it follows the exact same lines as the proof of Lemma 4.

VI. QUANTUM RESOURCE THEORIES
WITH A RESOURCE DESTROYING MAP

Finally, we consider QRTs with a resource destroying map
(RDM). Following the terminology of Ref. [41], we call a
CPTP map A : Hy — Hy a resource destroying map (RDM)
if the following two conditions hold:

L. A(P) E-F.E]:in=-7:0ulV:O EHdA—,l;
2. A(p)=pVpelkF.

While there is such a RDM in the QRTs of athermality,
asymmetry, and coherence, a RDM does not always exist.
For example, a simple consequence of the linearity of A
implies that, if F is not convex, then the QRT does not consist
of a RDM [41]. However, convexity of F is not enough to
ensure the existence of A. Here we provide NSCs on the set
of free states F that ensure the existence of a RDM, and
in particular show that a QRT with an RDM must be affine.
We also demonstrate with an example that not all ARTs have
a RDM.

Lemma 5. Consider a QRT with the sets of free states
Fin = Fou =F and let V := spang{F}. If there exists a
RDM A :H; — H, associated with the free set F, then
F =V NHy41;1.e., F is affine.

Proof. From the linearity of A we get that A(A) = A for
all A € V. Moreover, since V N Hy 4 1 is a subset of }V we get
A(p) =pforall p e VN'H,+.1. Hence, V N 'Hy 41 consists
of only free states and therefore is a subset of 7. On the
other hand, F is a subset of V and therefore also a subset of
YV N 'Ha.+.1. We therefore conclude F =V N Hy 4 1. |

Note that, if there exists a RDM A, then we must have
A(X) = X for all X € V (where V is defined in Lemma 5),
and A(Y) eV for all Y € V*, where V' is the orthogonal
complement of V in Hy, so that H,; = V @ V. If in addition,
ifu; = ﬁld € F then A must be unital [i.e., A(l;) = 1], and
A(Y)=0forall Y € V. To see it, note that for any Z € Hy
and Y € V1,

Ti[ZA(Y)] = Tr[A(Z)Y] = 0, (71)

since A(Z) € V. Therefore, if the maximally mixed state u, is
free, then the problem simplifies dramatically:

Theorem 3. Using the same notations as above, let m :=
dimV, n := dimV*+ =d? — m, {X, ..., X} be an orthonor-
mal basis of V, and {Yi,...,Y,} be an orthonormal basis
of V*. Suppose uy = 11, € F, and define the linear map
A : Hy — Hy by the following action on the basis elements
of Hy =V @ Vi

AX)=X;Vjell,....m}, (72)

AY) =0Yke{l,...n. (73)
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Then there exists a RDM associated with the set F if and only
if the following two conditions hold:

1. F=VYNHas1; (74)
d
2. Z A7) kD ® 1) (k| = 0. (75)
k=1

Moreover, in the case in which these two conditions hold, the
RDM is unique and is given by A.

Proof. From the arguments above, if A is a RDM, then since
uy € F we have that A is a unital CPTP map satisfying Egs.
(72) and (73) (with A replacing A). We therefore must have
A = A. This completes the proof. |

Remark. If the maximally mixed state %Id ¢ F, then A is
not unital. In this case, A is not necessarily unique, and the
problem of finding the NSC that determines the existence of a
RDM can be formulated as a feasibility problem in SDP. Below
we use Lemma 3 to find these NSCs for the more general case
of nonunital RDM.

The simplest example of a unital RDM can be found in
the ART of coherence. There, F is the set of all diagonal
density matrices with respect to some fixed basis {|j )}‘;21.
Thus, u; € F and A is the unique completely decohering map
A() = Zj [7)(F1()1j)(j|. Note that, in this case, both Egs.
(74) and (75) are satisfied, and the completely dephasing map
A is the unique CPTP map that satisfys Egs. (72) and (73).

Example. Real vs complex quantum mechanics. To see why
the affine condition in Eq. (74) is not sufficient, consider the
following mathematical model of real vs complex quantum
mechanics. In this model, F is the set of all real density
matrices with respect to some fixed basis {|j)}?:,. That is,
p € F if and only if (j|plk) € R for all j,k €{l,...,d)}.
Thus, L 1, € F, and the affine condition of the theorem holds;
namely, 7 =V N 'Hy, +,1. Note that

V = span{[j) (k| + k) (j1};
and
V+ = span{i(| ) (k] — k) (j ]},

According to the theorem above, if there exists a RDM A
associated with F, then it must satisfy A(|j)(j|) = |j){Jj| for
all j=1,...,d,andforall j <k €{l1,...,d},

A ) k] + 1K) G = 1)kl + k) (1, (78)

j<kefl,....d}, (76)

j<ke{l,...d). (I7)

and
AG(J) Kkl = 1K) (D) = 0. (79)
Thus,
A KD = 5Kk 1K GDY jo ke {l,....d). (80)

The Choi matrix of A is therefore given by

d 1 d
> AU KD ® 1) (k| = 5 DUkl + 1D @ 1) (K,
jok=1 jok=1

which is not positive semidefinite. Thus, there is no RDM
associate with the set of real density matrices.
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Existence of nonunital resource destroying map

In this section we discuss the more general case of nonunital
RDMs; that is, we do not assume here that the maximally
mixed state ﬁld is in F. This makes the results much more
technical since the RDM, if it exists, is not unital. The identity
element I; € H; can therefore be written as I, = P + Q,
where P € V and Q € V*. Since Tr(P Q) = 0 we must have

p :=Tr(P) = Tr(P?) > 0,
q:=Tr(Q)=Tr(Q)=d—p=>0. (81)

Moreover, note that if a RDM exists, F, is nonempty, i.e., VV
contains at least one positive-semidefinite matrix with trace 1.
In this case, I ¢ YV sothat Q # I and P # 0; thus, p > 0.

Set m:=dimV (thus dimV'=d?>—m) and let
{X1,...,X,,} be an orthonormal basis of V with X = \/LEP'
Similarly, let {Y;,...,Y;2_,} be an orthonormal basis of
V1 with V) = ﬁQ if ¢ > 0. Note that X»,...,X,, and
Y5, ..., Yp2_,, all have zero trace (and if ¢ =0 then Y; is
also traceless).

Theorem 4. Using the same notation as above, let V be a
subspace of Hy ® H, given by

W= spanR{Xj ® YkT} (82)

jel2,..myke{l,...d2—m}’

and let YW+ be the orthogonal complement of W in H; @ H,.
Set the matrix G € W+ to be

_ 1 g TN T
G=- \/;X1®Y,+ij®xj. (83)

j=1
Finally, let £ C H; ® H, be the subspace
K :={A € W TI[AG] = 0}. (84)
Then there exists a RDM corresponding to set of free states F if
and only if the subspace X does not contain a positive-definite
matrix.
Proof. With these notations, a CPTP map A : H; — Hy

is a RDM if and only if for all i,j € {1, ...,m} and all k,£ €
{1,...,d*> —m)

1. TI'[X,A(X])] = 81’(1';
2. Tr[Y,A(X))] = 0;

3. Tr[YiA(Y,)] = 0. (85)
We denote the Choi matrix of A by
d
o8 = Z AEj)QEjr € Hy @ Ha, (86)
Jik=1

where Ej; =|j)(k|. In the Choi representation, the three
conditions above take the form

1
(@) Tr[o” <Xi ®X] - 28,1 ® 1)} =0;

(b) Tr[o*® (Y ® X])] = 0;
=0.

© Tre*?(vi®Y/)] (87)
The condition Tra[c 48] = I is equivalent to
Trlc*2(I ® Z)] =0V Z € Hgy. (88)
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Note that the condition Tr[c4%] = d was removed since if
there exists the positive-semidefinite matrix o8 % 0 that
satisfies all the above conditions, then the matrix ﬁo”
will satisfy also this last condition. Moreover, note that
the condition in Eq. (88) is not independent of the three
conditions in Eq. (87). Particularly, conditions (b) and (c)
imply that Tr[c*8(Q ® Z)] =0 for all Z in H,; (and
therefore for all Z € H, ) so that condition (88) can be
replaced with

Trlc?8(X, ® Z)] =0V Z € Hgy. (89)

Next, note that if Z € Hy 0NV then the above condition
follows from (a) in Eq. (87). We can therefore assume that
Z has the form

1 1

Z=u —Xl——Y1>+Y, aelR, YEquomVl,
(-7

(90)

assuming ¢ > 0. If ¢ = 0 we just take Z € Hyo N V*. The
above condition is still not completely independent of condi-
tion (a) in Eq. (87). To make it independent we replace Eq. (88)
with the following condition: For all k € {1, ... ,d? —m},
Tr[aAB <X1 QY — 251,(1 ® 1)} =0, (O
where r := /q/p. Note that the equality Tr[c A2 (X; ® W)] =
Owith W = %ﬁXl — \/%?Yl € H, o follows from Eq. (91) for
k = 1, together with (a) in Eq. (8§7) withi = j = 1.
To see when there exists such a semidefinite positive
matrix 042 that satisfies Eq. (87) we apply the following

generalization of the Farkas lemma from linear programming
to SDP:

Thus, from the Farkas lemma, we get that such a o8 exists
if and only if the matrix
“ 1
. T
M=) a,-,-(xi ® Xj — 81 ® 1)
i,j=1
d*—m m d*—m
+ Z ZbkiYk ® X! + Z Y @Y
k=1 i=1 k=1
d*—m
;
d(x yT — Lol 1) 92
+ ; | X1 ® Yy 701 ® (92)

is not positive definite forall A € R"*", B € R(dz’m)x’", Ce
R@=mx@=m) and d, ¢ R. Note that M can be written as
M = M' — Tr[M'G]I, where M’ is an arbitrary matrix in W+,
Moreover, since Tr[G] = 1 we have Tr[M G] = 0; that is, M
is any matrix in W+ satisfying Tr[M G] = 0. This completes
the proof. |
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VII. CONCLUSIONS

To summarize, we studied ARTs in which the set of free
states satisfies the condition (2). We used the strong duality
of SDP to derive the conditions that determines whether it is
possible to convert one resource to another by RNG operations.
As an application, we showed particularly how our results can
be applied to quantum thermodynamics with Gibbs preserving
operations and to quantum coherence with maximally inco-
herent operations. Remarkably, we were able to express the
conditions in the form of a family of resource monotones that
are given in terms of the conditional min-entropy.

We were able to apply SDP techniques to ARTSs because
the conditions in Eq. (36) are linear in £. However, linear
conditions are clearly not limited to ARTs. There exists QRTs
that are not affine for which techniques similar to those of
SDP can also be applied. One such example is the QRT of
entanglement with PPT operations [45]. On the other hand, as
we have shown, the set of PPT or separable bipartite density
matrices does not satisfy (2) and therefore PPT entanglement
is not an ART.

It is important to note that SDP feasibility problems are not
necessarily computationally easy to solve. In fact, some SDP
feasibility problems are known to be NP-hard [46]. In our
context, the reason we encounter a SDP feasibility problem
is that we only considered exact transformations. Therefore,
the fact that the strong duality leads to an infinite number of
conditions [as in Egs. (19) and (20)] is inevitable for the general
case of ARTs. It may be possible to simplify these conditions
when considering approximate single-shot transformations.

The implications of the results presented here go far
beyond the scope of this paper. They include, for instance,
generalizations of the results to approximate transformations,
as well as catalysis-assisted transformations. Moreover, some
of the techniques we used here can also be applied outside
the scope of resource theories. We hope to report soon [47]
on their applications in quantum hypothesis testing. Finally,
while the work presented here assumes that the free operations
are maximal (or self-dual), we believe that similar techniques
can also be applied to operations that are not maximal,
such as thermal operations in quantum thermodynamics and
symmetric operations in the QRT of asymmetry. We leave
these investigations for future work [47].
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