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We show that a type of two-body interaction, which depends on the momentum of the center of mass (COM) of
these two particles, can be realized in ultracold atom gases with a laser-modulated magnetic Feshbach resonance
(MFR). Here the MFR is modulated by two laser beams propagating along different directions, which can induce
Raman transition between two-body bound states. The Doppler effect causes the two-atom scattering length to be
strongly dependent on the COM momentum of these two atoms. As a result, the effective two-atom interaction
is COM-momentum dependent, while the one-atom free Hamiltonian is still the simple kinetic energy p?/(2m).
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Introduction. In most physical systems the interaction
between two particles is a function of their relative position,
and is independent of the two-body center-of-mass (COM)
degree of freedom. In some other systems, e.g., ultracold atom
gases with interatomic scattering length being modulated by
an inhomogeneous magnetic or laser field [1], the two-body
interaction can be dependent on the COM position. In this
Rapid Communication we show that a type of interaction,
which depends on the two-body COM momentum, can be
realized in ultracold atom gases, while the one-body free
Hamiltonian remains the simple kinetic energy. Explicitly, we
propose an approach to realizing an ultracold atom gas where
the Hamiltonian of every two atoms can be formally expressed
as

2 2
Hy=2L 4 P2 Vett(r1 — r2,p1 + p2), ey
Zm] 2m2

with m;, p;, and r; (i = 1,2) being the mass, momentum, and
position of the ith atom, and Vg being the COM-momentum
dependent effective two-atom interaction. To our knowledge,
this type of interaction, which couples the two-body COM mo-
tion and the relative motion without breaking the translational
symmetry and changing the one-body dispersion relation, has
not been discovered in any quantum system.

Our proposal is based on the magnetic Feshbach resonance
(MFR) modulated by two Raman laser beams propagating
along different directions, which couple the two-body bound
states in the closed channel and are far off resonant for
one-body transitions. When the interatomic interaction of an
ultracold gas is controlled by such an approach, the two-atom
scattering length is determined by the frequencies of these two
laser beams. Furthermore, due to the Doppler effect, when the
atoms are moving the frequency of the laser beams can be
effectively shifted, and the magnitude of the frequency shift
depends on the two-atom COM momentum. As a result, in
this system the two-atom scattering length, which describes
the effective two-atom interaction, becomes COM-momentum
dependent. In addition, the two-body collisional loss induced
by spontaneous emission from excited state atoms can be
significantly suppressed by the molecular dark state effect [2].
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In all the previous research for the optical control of
interaction between ultracold atoms [1-21], the Doppler effect
has always been ignored. This can be explained as follows.
In these control processes the laser beams should be far off
resonant to the two-body transitions so that the collisional loss
induced by atomic spontaneous emission can be suppressed.
As a result, the Doppler shift of the laser frequency is much
smaller than the detuning of the laser-induced two-body
transitions, and thus the Doppler effect is negligible. However,
in our system the two-atom scattering length depends on not
only the one-photon detuning but also the two-photon detuning
of the laser-induced two-body Raman transition. Since the
two-photon detuning can be very small, it can be significantly
changed by the Doppler frequency shift of the Raman laser
beams. Therefore, the Doppler effect can be very important.

Three-dimensional (3D) s-wave scattering length. We
consider the s-wave scattering of two ultracold alkali atoms
in the ground electronic orbital state (i.e., the S state). As
shown in Fig. 1, we assume these two atoms are incident from
the open channel O corresponding to one specific two-atom
hyperfine state. The threshold of this channel is near resonant to
a bound state |¢,,) in the closed channel C, which corresponds
to another hyperfine state of these two S-state atoms. The
energy difference between |¢,) and the threshold of channel
O can be controlled by the magnetic field. Thus, a MFR [22]
can be induced by the hyperfine coupling V}¢ between the open
channel O and |¢,,). We further assume that a laser beam « with
wave vector kK, is applied to couple |¢,) to another two-body
bound state |¢,) in an excited channel F where one atom is
in the § state and another atom is in the excited electronic
orbital state (i.e., the P state). The excited molecular state
|¢.) can decay via the atomic spontaneous emission process.
In addition, |¢.) is also coupled to a bound state |¢g) in the
closed channel C, by another laser beam 8 with wave vector
kg. As mentioned above, we assume the laser beams « and 8
are far off resonant for all the one-atom transition processes.
As a result, they only induce two-body transitions and do not
change the one-atom Hamiltonian.

In our system the scattering length a can be controlled
by both the magnetic field and the laser beams « and . As
we will show below, when these two beams propagate along
the same direction, the Doppler effect is negligible and the
scattering length is still independent of the two-atom COM
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FIG. 1. Schematic diagram for the MFR modulated by Raman
laser beams propagating along different directions (i.e., K, # Kp).

momentum. The control of the interatomic interaction for this
case was proposed by Wu and Thomas in Refs. [2,3] in 2011,
where the wave vectors k, g were reasonably ignored. It was
experimentally realized by Jagannathan et al. in 2016 [4].

In this Rapid Communication we consider the case where
the two laser beams are propagating along different directions,
ie., ky # Kkg. We will show that in this case the Doppler
effect can be very important. As a result, the scattering
length becomes significantly dependent on the two-atom COM
momentum.

Now we calculate the scattering length a. Here we first
ignore the spontaneous decay of the excited molecular state
|¢.) and illustrate the approach of our calculation. Then we
will take this decay into account and derive the explicit
expression for a. In the absence of the spontaneous decay,
in the Schrodinger picture the two-body Hamiltonian can be
written as (& = 1)

2
T oM

+ ) Qe MR |g) (¢ + Hee., )
I=a,B

Hyg + Hwrr + Eglog)(dpl + Eelpe) (el

with Hypr being defined as

2

Hyrr = [;’—M + vbg<r>]|0>l<0| + Eqylda) (¢al

+ Ve (1) 0){C| + H.c. 3

Here |j); (j = O,C,F) denote the two-body internal state
corresponding to channel j [23], M is the total mass and  is
the two-atom reduced mass, E; (I = «,e, ) is the energy of the
bound state |¢;), w; (I = «, B) is the frequency of laser beam /,
and €; (I = «,B) is the strength of the laser-induced coupling
between |¢;) and |¢,. ). We have chosen the zero-energy point as
the threshold of the open channel O. In Egs. (2) and (3) R and
P are the coordinate and momentum of the COM, while r and
p are those of the two-atom relative motion. The interaction

RAPID COMMUNICATIONS

PHYSICAL REVIEW A 95, 060701(R) (2017)

in the open channel O is Vig(r), and the hyperfine coupling
between channels O and C is described by Vp¢(r).

We can simplify our problem and remove the phase
factor ek R-w) (] — ¢ B) by introducing a rotated frame
(interaction picture) where quantum state |W),, is related
to the state |V)g in the Schrodinger picture via the rela-
tion |W), = U|W)s, Here the unitary transformation U is
given by

U = @t KaRIB) 9cl gilwo—pi—Ga—k) Rllgp)dsl - (4)

In this rotated frame, the two-body Hamiltonian becomes

P2
Hi = —— + Hurr + ) Qulde) (1] + Hee.

2M Py
+A P Be) (el + A2p(P)Dg) (Dl )]
where
Ap(P) = A0 ¢ Kl e P 6
Ip - 1p + M + M s )
0, ke —kg? (kg —kp)-P
Ap(P) =AY + = ()

with A{) = E, — 0, and A} = Eg — (0, — wp). The phys-
ical meaning of A,(P) and A,,(P) can be understood as
follows. Scattering length a is determined by the multiorder
transition process from the open channel O to the bound state
|¢o) (induced by hyperfine coupling) and then to the excited
molecular state |¢.) (induced by laser «), and finally to the
bound state |¢g) (induced by laser B). This is essentially a
Raman process induced by the laser beams o« and 8. A,(P)
given by Eq. (6) is the one-photon detuning of this Raman
process (i.e., the detuning of the transition O — [¢y) — |@e)).
Similarly, Ay, (P) is the two-photon detuning of the complete
Raman process from O to |¢g). Moreover, in Eqgs. (6) and (7)
A(l%) and A(Z(l))) can be understood as the bare value of these
detunings, |K,|?>/(2M) and |k, — k,glz/(ZM) are the shifts
induced by the momentum-recoil effects, and the P-dependent
terms are the Doppler shifts.

According to Eq. (4), we have U|0);(0O|U" = |0);(0)|.
Thus, all the operators for the open channel O are unchanged
under the frame transformation. Therefore, we can calculate
the scattering length of two atoms incident from channel
O, which is determined by the behavior of the low-energy
scattering wave function in this channel in the limit » — oo,
by solving the scattering problem in the rotated frame, which is
governed by H;.. Furthermore, Eq. (5) shows that in this frame
the COM momentum P is conserved. Thus, the scattering
length a is a function of P.

Now we consider the spontaneous decay of the excited
molecular state |¢, ). We can theoretically take into account this
decay by introducing an auxiliary scattering channel which is
coupled to |¢,) [24]. With this approach we derive the exact
analytical expression of the scattering length [25]:

. o
Bu)apg A Arp(P) — i % — izpﬂ(‘P)]

OB —Bo)[Arp(P) — i5 — 5]~ Q>
(8)

a(P)=ap;—
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Here ayg, Bo, and Ap are the background scattering length,
the resonance position, and the width of the MFR. Explicitly,
in the absence of the Raman laser beams we have a = apg[1 —
Ap/(B — By)]. 8 is the magnetic moment difference between
the channels O and C, and y is the spontaneous decay rate
of |¢.). The energy of the two-body bound state can also be
calculated via the same approach.

It is clear that the scattering length a(P) depends on
the COM momentum P via the one-photon and two-photon
detuning Ap(P) and Ay (P). In a realistic system, to suppress
the collisional loss induced by the spontaneous decay of |¢,),
one usually sets the bare value A(l(;) of the one-photon detuning
to be very large. As a result, the P dependence of A,(P) is
usually negligible. However, the bare two-photon detuning
A(Z(l)n) can be very small, and thus the variation of A,,(P) with
P can be very significant. Therefore, a(P) can be strongly
dependent on P via A, (P).

Furthermore, according to Eq. (7), when the two Raman
beams are propagating along the same direction (i.e., ky, ~
kg), As,(P) takes a P-independent value A(Z%), and thus the
Doppler effect can be ignored. For this case it was shown that
the two-body loss can be suppressed by the molecular dark
state effect, provided that A(ZO) is small enough [2]. Since
we can reobtain the scattering length for this case [2] by
replacing A,,(P) in Eq. (8) with A(z(:)) , for our system the
two-body loss can also be suppressed when A;,(P) is small
enough. This suppression can also be understood from the fact
lima,, )0 Im[a(P)] o< O(Ag[P)*].

3D ultracold Fermi gas. As an example, we consider
a 3D ultracold gas of two-component *°K atoms in the
lowest two hyperfine states |1) = |F = 9/2,mp = —9/2) and
V)= |F =9/2,mr = —7/2). Here we focus on the MFR
with By =202.2G, A = 8 G, and ap, = 1744y [14,22], with
ap being the Bohr radius, and assume that this MFR modulated
by two Raman beams as discussed above. We take these two
beams to be counterpropagating along the x axis. Thus, the
scattering length a only depends on the x component P,
of P. In the ultracold Fermi gas P, is mainly in the region
between —2ky and 2k, with kr being the Fermi momentum.
We consider an ultracold gas with Fermi temperature TF =
0.5 uK (corresponding to kr = 9.1 x 10° m™").

In Figs. 2(a) and 2(b) we illustrate the real part of a given
by Eq. (8) for B — By = F0.07Ap. It is shown that in these
cases Re[a] is always positive or always negative for P, €
[—2kF,2kF], and can change by about 2500a( with P, ranging
from the region with 1/(kr|Re[a]]) < 1 to the region with
1/(kr|Re[a]]) > 1. Direct calculations show that these results
are robust with respect to the uncertainties of By and A g. For
the case of Fig. 2(a) we further calculate the energy E; of
the most shallow two-body bound state, as a function of the
COM momentum P;. In Fig. 2(c) we show the total dimer
energy Egim(Py) = % + Re[E,(P,)] as a function of Py, i.e.,
the dispersion relation of the shallow dimer. It is clear that if the
Ej, were independent of Py, the minimum point of Eg;,, appears
at P, = 0. As shown in Fig. 2(c), due to the P, dependence
of Ej, in our system E(P,) takes its minimum value when
P, = —0.66kf.

Now we investigate the two-atom collisional loss. If the
scattering length a was independent of the COM momentum,
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FIG. 2. (a) and (b) Re[a(P,)] of K atoms with B — By =
F0.07Ap. The black dotted line indicates the point where
1/(kr|Re[a]|]) = 1. (c) The dispersion relation Egn(Py) = %21 +
Re[E,(P,)] (black solid line) and lifetime 7,(P,) (red dashed line)
of the most shallow dimer for the case in (a). The blue dotted
line indicates the point with minimum total dimer energy. (d) The
loss rate K,(P,) for the cases in (a) and (b). In the calculations
we take A{) 4 [ko|?/(2M) = 27 x 400 MHz while A5 + |k, —
ks|>/(2M) = —2m x 2.1 x 10* Hz for (a) and 27 x 1.2 x 10* Hz
for (b). In the experiment of laser-modulated MFR of YK atoms
[14], the laser-induced coupling intensity between bound states
can be as large as 30 MHz. Thus, here we choose 2, =27 x
50 MHz while Qg = 27 x 10 MHz for (a) and 2 x 12 MHz for (b).
We further choose w, & w, = 27 x 3.9 x 10" Hz and y = 27 x
6 MHz, respectively [14]. Other parameters are given in the main
text.

the two-body collisional loss rate is K, = —8n ki Im[a]/m,
with m being the single-atom mass. Accordingly, the lifetime
of the ultracold gas can be defined as T = 1/[Kj,n¢], where
no is the initial atom density. When a is P, dependent, it
is difficult to exactly calculate the two-body loss rate and
lifetime for the gas. Nevertheless, we can still estimate the loss
effect via the parameter K,(P,) = —8whlIm[a(P,)]/m. As
shown in Fig. 2(d), K»(P,) is below 2 x 107'2 cm? /s for the
systems studied in Figs. 2(a) and 2(b). Using the atom density
ng = 1.28 x 10'3/cm? corresponding to Tr = 0.5 uK, we
can obtain 1/[K,(Py)ng] > 0.04 s. In addition, in Fig. 2(d)
we illustrate the lifetime 7, = 1/(Im[E,(Py)]) of the shallow
dimer. It is shown that 7;, is about 0.1 s at the minimum point
of the dimer energy.

Quasi-one-dimensional (quasi-1D) ultracold Fermi gas.
Now we consider an ultracold two-component Fermi gas
in an axially symmetric two-dimensional harmonic potential
in the y-z plane, with trapping frequency w,. When the
atomic transverse motion is frozen in the ground state of
this harmonic potential, the ultracold gas becomes a quasi-1D
system. For this system the effective low-energy 1D interaction
between two atoms in different components can be expressed
as

1
Vip = gipd(x) = T 8(x). €))

ap

Here ajp is the effective 1D scattering length. It can be
controlled by both the 3D scattering length and the transverse
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FIG. 3. Re[gip(Py)] and Re[aip(Py)] (inset) of the quasi-1D
ultracold gas of “°K atoms. We consider the system where
the one-body momentum k, along the x direction is in the
region between +k\\” =43/4b,) with b, =/2/(mw,).
Thus we have P, € [—Zk(FID>,2k(FID)]. In our calculation we take
A + [k [>/(2M) = 270 x 100 MHz, A} + [k, — Kkg|>/(2M) =
27 x 1.1 x 10° Hz, Q, = 27 x 50 MHz, Qg =2 x 3.5 MHz,
b, =4000ay, and B — By = —0.07Ap. Other parameters are the
same as in Fig. 2.

trapping frequency w, via the confinement-induced resonance
(CIR) effect [26]. As shown above, when the two-atom
interaction is controlled by a MFR modulated by two Raman
beams counterpropagating along the x axis, the 3D scattering
length becomes a function of the COM momentum P;. As a
result, both a;p and the effective 1D interaction intensity gip
become P, dependent.

In particular, when a;p(P, = 0) is tuned to the CIR point,
i.e., when a;p(P, = 0) = 0, one can even obtain a dramatic
quasi-1D system with

<0 for P, > 0
gin(Py)y =0 for P, =0 (10)
>0 for P, < O.
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Namely, in this system the atoms have attractive and repulsive
1D interactions when the COM momentum is along the +x
and —x direction, respectively, and have an infinitely strong
interaction when the COM momentum is zero. In Fig. 3 we
illustrate such a case for a quasi-1D ultracold gas of *°K atoms
in hyperfine states |1) and || ). The lifetime of this quasi-1D
gas is estimated to be larger than 0.04 s [25].

Summary and discussion. In common quantum systems,
the two-body COM and relative motion can be coupled by a
nonharmonic confinement potential, a spin-orbit coupling, or a
COM-position-dependent two-body interaction. Nevertheless,
these approaches either destroy the translational symmetry or
change the one-body dispersion relation. Here we show that
a COM-momentum-dependent interaction between ultracold
atoms can be realized via a laser-modulated MFR. This interac-
tion can couple the COM and relative motion without breaking
translational symmetry or changing the one-body dispersion
relation. Thus, various new effects can be induced by this
interaction. For instance, for a 3D two-component Fermi gas
with COM-momentum-dependent positive scattering length
a(P), the dimers are possible to condense in a superfluid state
with nonzero momentum. When a(P) is negative, it is possible
that the minimum energy of a Cooper pair appears in the region
with nonzero COM momentum, and thus the Fulde-Ferrell
phase [27] can be induced. In addition, the single-atom
momentum distribution or contact relation can also be qualita-
tively modified by a COM-momentum-dependent interaction
[28]. Furthermore, the ultracold quasi-1D gas with this type of
interaction can be used to realize the 1D anyon model [29] or
other high-order nonlinear Schrodinger models [30-32].
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